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ON A NEW CLASS OF INTEGRALS INVOLVING
GENERALIZED MITTAG-LEFFLER FUNCTION

Naresh Menaria, Sunil Dutt Purohit and Rakesh K. Parmar

Abstract. In this paper, we aim at establishing two generalized integral formulae involving
generalized Mittag-Leffler function which are expressed in terms of the generalized hypergeometric
function and generalized (Wright) hypergeometric function. Some interesting special cases of our
main results are also considered. The results are derived with the help of an interesting integral

due to Lavoie and Trottier.

1 Introduction and Preliminaries

In recent years, many integral formulae involving a variety of special functions have
been developed by various authors [2, 6, 8] for a very recent work, see also [1].
Integrals involving generalized Mittag-Leffler functions are of great importance since
they are used in applied physics and in many branches of engineering.
First we begin by recalling some known Mittag-Leffler functions and earlier results
including other special functions.

In 1903, the Swedish mathematician Gosta Mittag-Leffler [5] introduced the
function E, (z) known as one-parameter Mittag-Leffler function defined by

Sk
Eq (2) :Zma (1.1)
k=0

where z is a complex variable and I'(.) is a Gamma function. The Mittag-Leffler
function is a direct generalization of the exponential function to which it reduces
for « = 1. For 0 < a < 1 it interpolates between the pure exponential and a
hypergeometric function i Its importance is realized during the last two decades
due to its involvement in the problems of physics, chemistry, biology, engineering
and applied sciences. Mittag-Leffler function naturally occurs as the solution of
fractional order differential equation or fractional order integral equations.
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The two-parameter generalization of E, (z) was studied by Wiman [11] as:

=Y o a T ak B) (o, B € C;R(a) > 0,R(B) > 0), (1.2)

k=0
which is known as Wiman’s function or generalized Mittag-Lefler function as
Eq1(z) =Eq (2) .

The three-parameter generalization of (1.2) was introduced in terms of series
representation by Prabhakar [7]

DINEESS (M) (1.3)

k=0

called usually Prabhakar function. Where «, 8, v € C; R(a)> 0, R(S)> 0) , R
(v) > 0, and ()i is the well-known Pochhammer symbol.

Further generalization of (1.3) is generalized Mittag-Leffler function E7? k. B (2)
due to Shukla and Prajapati [9], which is defined for k, 8, v € C; R(k) > 0, R(S)
>0,%R(y) >0, >k>0and q € (0, 1)U N is

[e.e]

. _ (V) gnz"
E’Yk’ 5(2) = nz:;) (n T (kn+ 5))3 4

where (f)/)qn L I(:er()ln)

reduces to

denotes the generalized Pochhammer symbol which in particular

(),

r=1

An interesting generalizations of the generalized hypergeometric series ,F, are due
to Fox [3] and Wright [12, 13, 14], who studied the asymptotic expansion of the
generalized (Wright) hypergeometric function defined by [10]:

(o + Ajk
g | Lan AL e Ay ] Z AN )
(ﬁl;Bl) (/qu ) (ﬁ] + B; k) k'
where the coefficients Ay,..., A, and By, ..., B, are real positive numbers such that

q p
1+Y Bj—=> A;20 (1.7)
j=1 j=1

A special case of (1.6) when A; =B; =1 (i=1,...,pand j=1,...,q)
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(a1, 1) ...,(Oép71);2]_H];_1F(aj) [al,...,ap;z}
p\Ijq|: (ﬂl;l),...,(,@q,l); B ngr (ﬁj) qu Bl;”-;ﬁq; ) (18)

where, I, is the generalized hypergeometric series defined by (see [10]):

Q1yeee,Qp 32 | > (al)n-~-(ap)nzn
qu[ Bi. B }_Z(ﬁl)n...(ﬁq ol (19)

n=0

:qu(ala"'7ap;617"'>6q32)'

We also recall Lavoie-Trottier integral formula [4] for our present study

/01 20711 — )28~ (1 - §>2a_1 (1 . %)de

~(2\* T (a)T (B)
_ (3) Ty (@) > 0 and 3(9) > 0). (1.10)

In this present paper, we establish two general integral formulae involving generalized
Mittag-Leffler function (1.4) by using Lavoie-Trottier integral (1.10) in terms of
the generalized hypergeometric and generalized (Wright) hypergeometric functions.
Certain corollaries and special cases are also obtained.

2 Main Results

In this section, we established two generalized integral formulae which are expressed
in terms of the generalized hypergeometric function (1.9), by inserting generalized
Mittag-Leffler function (1.4) with the suitable arguments into integrand of (1.10).

Theorem 1. For k, 5, v, p, j € C;R(k) > 0,R(B) > 0,R(y) >0, 8 > k >
0, R(p) > 0,R(p+j) >0,R(p+n) >0, >0 and qg € (0,1) UN, the following
integral formula holds true:

e (e e (S N T LR

2\ (1T () Agn), () . wa®
:<3> F</3>P<2p+j)qﬂFk+l[ } (2.1)

A(k;B),(2p+7) " K
A(g;v) is g — tuple <7> : (’m) (WH)
q q q
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A (k; B) isk—tuple(i),(T),...,(W).

Proof. By applying (1.4) in the integrand of (2.1) and interchanging the order of
integral and summation which is valid under uniform convergence of the involved
series with the given condition, we get

[l (2 ) e o (D) )

and

n 1 . (o+)— (pin)—
= Z kn—|—ﬂ n' / p+3—1(1 _x)2(ﬂ+n)—1(1 B §>2 ptj 1(1 B 2) ot 1dx'

Applying integral formula (1.10) and then using (1.5) we obtain

[l a2 12 g, (00 2) )

BORTATE S (”*é”>n<p>ny”

. 1 -1
B (2)2@*]) Foeit () oo | (F5ER ) 0 e
- q+ — k
3) T @0+)) (.28, 281 24 )5 F
This completes the proof of Theorem 1. O

Theorem 2. The following integral formula holds true:

/01 v $)2(p+j)—1 (1 B g)zp—l (1 B z>(p+j)_1E7é? p <y x(l — ;3)2) dx

(2P T (p+)T (p) ¥ Agy),(p) | g’ (2.9)
“\3) T (BT @p+5) L AMKRE),(20+7) T 9KF ] '
where k, B, v, p, 7 € CG;R(k) > O,R(B) > O,N(y) >0, B >k > 0,R(p) >
0,R(p+37)>0,R(p+n)>0, 2>0andqe (0,1) UN.

Proof. 1t is easy to see that a similar argument as in the proof of Theorem 1 will
establish the integral formula (2.2). Therefore, we omit the details of the proof of
this theorem. O
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Corollary 3. Let the condition of Theorem 1 be satisfied, then the following integral
formula holds true:

(R e (T LR

(2T (p+)) (v:4),(p,1)
—<3> F(y)z%{(ﬂ,k%@pﬂ,l)’y} 2

Corollary 4. Let the condition of Theorem 2 be satisfied, then the following integral
formula holds true:

/01 xp,l(l - x)Q(p+j)*1 (1 B g)QtJ—l <1 B £>(p+j)_1E7];(,1 5 (y x(l _ §>2> dx

(2\*T (p+37) (@), (p1) 4y
<3) w2m2[(6,k)7(2p+j,1) ’9}' .

Following the proofs of Theorem 1 and 2, we can easily establish the integral
formulas of Corollary 3 and Corollary 4 by using the definition (1.6). Therefore, we
omit the details of the proof of corollaries.

3 Special cases

In this section, we derive some new integral formulae by using some known generalized
Mittag-Leffler functions, which are given in corollaries 5 to 12.

If we employ the same method as in getting Theorems 1 and 2 and Corollaries 3
and 4, we obtain the following four corollaries with the help of (1.3) which is well
known generalized Mittag-Leffler function due to Prabhakar [7].

Corollary 5. Let the condition of Theorem 1 be satisfied and for g =1, Theorem 1
reduces in following form

[ (T ) (- ) 0 o) e

_ <2>2(p+j) I (p+4)T(p)

3

(7)7(p) Ly
L (BT 2o+j) =" [ A (k; B),2p + kjk} (3.1)
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Corollary 6. Let the condition of Theorem 2 be satisfied and for ¢ = 1, Theorem 1
reduces in following form

/01 xp_l(l B x)2(p+j)—1 (1 B g)zpfl <1 B %)(PJrj)*lE’Yk’ 5 (y gg(l _ §>2> dzx

) <2>2pr (P+)T (p) o [ (), (p) ,4y]
3) T (BT 2p+4) 2 "' | A(k:B).20+5 "9k

Corollary 7. Let the condition of Theorem 1 be satisfied and for ¢ = 1, Corollary
3 reduces in following form

/01 2L (1 — ) (1 g)Qwﬂ)_l (1- Z)p_lE”h s(v(1-7) 1 -2?)da

(2T (p+ ) (v 1), (1)
=(5) e e &

Corollary 8. Let the condition of Theorem 2 be satisfied and for ¢ = 1, Corollary
4 reduces in following form

/01 xp_l(l B x)z(pﬂ')—l (1 B g)zp—l (1 B z>(p+j)_1E7k, 5 <y x(l _ ;3)2) dx

_(2\*T (p+)) (1), (0 1) Ay
- (3> T [ (B,k), (20+j,1) ’9} (3-4)

Again, if we set ¢ = v = 1 and use definition (1.2), we obtain the following
results involving generalized Mittag-Leffler function due to Wiman [11]:

(3.2)

Corollary 9. Let the condition of Theorem 1 be satisfied and for ¢ = v =1, then
Theorem 1 reduces in following form:

I TR e TG e

(2 2(p+3) T (p+3)T(p) (p) Ly
N <3> I (B)T (2o+g) " { A (k; B), (20 + ) kk] (3.5)
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Corollary 10. Let the condition of Theorem 2 be satisfied and for ¢ = v = 1,
Theorem 2 reduces in following form

/01 xp—l(l B x)2(P+j)_1 (1 B §>2p71 (1 B %)(Hj)il%E b <y x(l _ ;)2) dx

(2\*T (p+ )T (p) (p) 4y
B <3> L (BT (2p+45) " ! [ Ak B), (2p+ 4) %k] (3.6)

Corollary 11. Let the condition of Theorem 1 be satisfied and for g =~y =1, then
Corollary 3 reduces in following form.:

/01 (1= ) (1 g)%’”)_l (1- %)‘H;E o(v(1-7)a-2?)d

(2T (p+)) (p, 1) .
‘(3) T () 1%[<ﬁ,k>,<2p+j,1>’y]' (3.7)

Corollary 12. Let the condition of Theorem 2 be satisfied and for ¢ = v = 1,
Corollary 4 reduces in following form

/01 v x)2(ﬂ+ﬂ')—1(1 B 2)2/}—10 B z)(pﬂ‘)—l;!E y (y m<1 B :;)2) dx

_ (2 pr (p, 1) Ay
_ <3> ANEREA [ o) o i) 9} (3.8)

References

[1] P. Agarwal, S. Jain, S. Agarwaland M. Nagpal, On a new class of integrals
involving Bessel functions of the first kind, ISPACS, 2014 (2014), 1-7.

[2] J. Choi, A. Hasanov, H. M. Srivastava and M. Turaev, Integral representations
for Srivastava’s triple hypergeometric functions, Taiwanese J. Math, 15(2011),
2751-2762. MR2896142. Zbl 1250.33009.

[3] C.Fox, The asymptotic expansion of generalized hypergeometric functions, Proc.
London Math. Soc, 27(1928), 389-400. MR1575398. JEM 54.0392.03.

[4] J. L. Lavoie and G. Trottier, On the sum of certain Appell’s series, Ganita, 20
(1969), 43-46. MR0267147. Zbl 0208.08201.

kst sk ok sk ok sk s ok sk sk ok ok sk sk ok sk sk sk s ok sk sk sk s sk sk sk ok sk sk sk s ok sk sk sk st sk sk sk ok sk sk sk sk ok sk sk sk s sk sk sk sk sk ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk ok

Surveys in Mathematics and its Applications 11 (2016), 1 — 9
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=MR2896142
https://zbmath.org/?q=an:1250.33009
http://www.ams.org/mathscinet-getitem?mr=MR1575398
https://zbmath.org/?q=an:54.0392.03
http://www.ams.org/mathscinet-getitem?mr=MR0267147
https://zbmath.org/?q=an:0208.08201
http://www.utgjiu.ro/math/sma/v11/v11.html
http://www.utgjiu.ro/math/sma

N. Menaria, S.D. Purohit and R.K. Parmar

[5]

[6]

7]

[12]

[13]

[14]

G. M. Mittag-Leffler, Sur la nouvelle fonction E,(x), C. R. Acad. Sci. Paris
137 (1903), 554-558.

F. W. L. Olver, D. W. Lozier, R. F. Boisvert and C. W. Clark, NIST
Handbook of Mathematical Functions, Cambridge University Press, 2010.
MR2723248(2012a:33001). Zbl 1198.00002.

T.R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler
function in the kernel, Yokohama Math. J. 19 (1971), 7-15. MR0293349. Zbl
0221.45003.

M. A. Rakha, A. K. Rathie, M. P. Chaudhary and S. Ali, On A New Class of
integrals involving hypergeometric function, J. Inequal. Spec. Funct., 3(2012),
10-27. MR2914525. Zbl 1312.33013.

A. K. Shukla and J. C. Prajapati, On a generalization of Mittag-Leffler
function and its properties, J. Math. Anal. Appl.,, 336(2007), 797-811.
MR2352981(2008m:33055). Zbl 1122.33017.

H. M. Srivastava and P. W. Karlsson, Multiple Gaussian Hypergeometric Series,
Halsted Press (Ellis Horwood Limited, Chichester), John Wiley and Sons, New
York, Chichester, Brisbane, and Toronto, 1985. MR0834385(87f:33015). Zbl
0552.33001.

A. Wiman, Uber den fundamental Satz in der Theorie der Funktionen E(z),
Acta Math. 29(1905), 191-201. MR1555014. JFM 36.0471.01.

E. M. Wright, The asymptotic expansion of the generalized hypergeometric
functions, J. London Math. Soc, 10(1935), 286-293.

E. M. Wright, The asymptotic expansion of integral functions defined by Taylor
series, Philos. Trans. Roy. Soc. London, A. 238(1940), 423-451. MR0001296.
Zbl 0023.14002.

E. M. Wright, The asymptotic erpansion of the generalized hypergeometric
function II, Proc. London Math. Soc., 46(1940), 389-408. MR0003876.

Naresh Menaria
Department of Mathematics, Pacific college of Engineering, Udaipur-313001,
Rajasthan, India.

e-mail: naresh.menarial4d@gmail.com

Sk ok koo ok ok >k kR Sk ok okok ok sk ok kook sk sk okok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk ok okok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

Surveys in Mathematics and its Applications 11 (2016), 1 — 9
http://www.utgjiu.ro/math/sma


http://www.ams.org/mathscinet-getitem?mr=MR2723248
https://zbmath.org/?q=an:1198.00002
http://www.ams.org/mathscinet-getitem?mr=MR0293349
https://zbmath.org/?q=an:0221.45003
https://zbmath.org/?q=an:0221.45003
http://www.ams.org/mathscinet-getitem?mr=MR2914525
https://zbmath.org/?q=an:1312.33013
http://www.ams.org/mathscinet-getitem?mr=MR2352981
https://zbmath.org/?q=an:1122.33017
http://www.ams.org/mathscinet-getitem?mr=MR0834385
https://zbmath.org/?q=an:0552.33001
https://zbmath.org/?q=an:0552.33001
http://www.ams.org/mathscinet-getitem?mr=MR1555014
https://zbmath.org/?q=an:36.0471.01
http://www.ams.org/mathscinet-getitem?mr=MR0001296
https://zbmath.org/?q=an:0023.14002&format=complete
http://www.ams.org/mathscinet-getitem?mr=MR0003876
http://www.utgjiu.ro/math/sma/v11/v11.html
http://www.utgjiu.ro/math/sma

ON A NEW CLASS OF INTEGRALS 9

Sunil Dutt Purohit
Department of HEAS (Mathematics), Rajasthan Technical University, Kota-324010,
Rajasthan, India.

sunil_a_purohit@yahoo.com

Rakesh K. Parmar
Department of Mathematics, Govt. College of Engineering and Technology, Bikaner-334004,
Rajasthan, India.

e-mail: rakeshparmar27@gmail.com

License

This work is licensed under a Creative Commons Attribution 4.0 International
License. &

Sk ok koo ok ok >k kR Sk ok kok ok ok ok kook sk ok kok ok sk ok skok sk sk skokook skook kokook sk ok skokook sk kokok sk ok kokook sk okokok sk sk skokosk sk sk skokosk sk skokok skok kokok skokokok

Surveys in Mathematics and its Applications 11 (2016), 1 — 9
http://www.utgjiu.ro/math/sma


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.utgjiu.ro/math/sma/v11/v11.html
http://www.utgjiu.ro/math/sma

	Introduction and Preliminaries
	Main Results
	Special cases

