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VARIOUS NOTIONS OF AMENABILITY

FOR NOT NECESSARILY LOCALLY COMPACT
GROUPOIDS

Madalina Roxana Buneci

Abstract. We start with a groupoid G endowed with a family VW of subsets mimicking the
properties of a neighborhood basis of the unit space (of a topological groupoid with paracompact
unit space). Using the family W we endow each G-space with a uniform structure. The uniformities
of the G-spaces allow us to define various notions of amenability for the G-equivariant maps. As
in [1], the amenability of the groupoid G is defined as the amenability of its range map. If the
groupoid G is a group, all notions of amenability that we introduce coincide with the classical

notion of amenability for topological (not necessarily locally-compact) groups.

1 Introduction

There are several notions of amenability for groupoids. An extensive study of
amenability both for measured groupoids and topological locally compact groupoids
can be found in [1]. The topological amenability defined in [15] implies the measure-
wise amenability (the amenability with respect to all quasi-invariant measures).
Moreover J. Renault proved that for locally compact topological groupoid endowed
with a (continuous) Haar system the Borel amenability (a notion introduced in
[16]) is equivalent to topological amenability. The definition of Borel amenability
makes sense for arbitrary Borel groupoids and, in particular, for topological groups.
However, in the case of a non locally compact topological group, it is strictly stronger
than the classical definition. The notions of amenability that we propose here
coincide with the classical notion of amenability for topological groups (which is
the existence of a left invariant mean on the space of all right uniformly continuous
bounded functions on the group).

Our definition requires two kinds of information about the groupoid G:
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a family W of subsets mimicking the properties of a neighborhood basis of the
unit space G (of a topological groupoid with paracompact unit space).

a family of subsets I'¢ of G such that G € T'¢.
For instance if G is a topological space, possible choices for I'g are
-I'¢={ACG: Aopen}
-T'¢={ACG: ABorel}
- I'¢ ={A CG: A p-measurable}, where p is a fixed probability measure on G

- I'c ={A C G: A universally measurable}

We use the same definition, notation and terminology concerning groupoids as in
[4]. Let us state some conventions and facts about measure theory (see [2, Chapter
3]). By a Borel space (X,B (X)) we mean a space X, together with a o-algebra
B (X) of subsets of X, called Borel sets. A subspace of a Borel space (X, B (X)) is
a subset S C X endowed with the relative Borel structure, namely the o-algebra of
all subsets of S of the form S N E, where E is a Borel subset of X. (X,B (X)) is
called countably separated if there is a sequence (E,),, of sets in B (X) separating
the points of X: i.e., for every pair of distinct points of X there is n € NV such that
E,, contains one point but not both. A function from one Borel space into another
is called Borel function if the inverse image of every Borel set is Borel. A one-one
onto function Borel in both directions is called Borel isomorphism. The Borel sets
of a topological space are taken to be the o-algebra generated by the open sets. The
Borel space (X, B (X)) is called standard if it is Borel isomorphic to a Borel subset
of a complete separable metric space. (X, B (X)) is called analytic if it is countably
separated and if it is the image of a Borel function from a standard space. By a
measure y on a Borel space (X, B (X)) we always mean a map u : B (X) — R which
satisfies the following conditions:

1. wis positive (u(A) >0 for all A € B (X))

2. n(@) =0

3. p is countable additive (i.e. p ( U An> = > pu(Ay) for all sequences {A4,},
n=1 n=1
of mutually disjoint sets A,, € B (X))

Let (X,B (X)) be a Borel space. By a finite measure on X we mean a measure
pu with 4 (X) < oo and by a probability measure a measure with value 1 on X.
We denote by e, the unit point mass at x € X, i.e. the probability measure on
(X,B(X))suchez (A)=1ifrx € Aande, (A) =0if z ¢ A for any A € B(X).
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The measure p is o-finite if there is a sequence {A,}, with A4, € B(X) for all n,
[e.e]
such that |J A, = X and p(A,) < oo for all n. A subset of X or a function on X

n=1
is called p-measurable (for a o-finite measure ) if it is measurable with respect to
the completion of p which is again denoted p. The complement of a p—null set (a
set A is p—null if x4 (A) = 0) is called p—conull.

If (X,B(X)) is analytic and p is a o-finite measure on (X, B (X)), then there
is a Borel subset X of X such that u (X — Xy) = 0 and such that X is a standard
space in its relative Borel structure. Analytic subsets of a countably separated space
are universally measurable (i.e. py-measurable for all finite measures ).

The measures p and A on a Borel space (X, B (X)) are called equivalent measures
(and we write u ~ v) if they have the same null sets (i.e. p(A) =0 iff v (A) = 0).
Every measure class [p] = {v: v~ pu} of a o-finite measure p # 0 contains a
probability measure. If (X,B(X)) and (Y,B(Y)) are Borel space, p : X — Y a
Borel function and p a finite measure on (X, B (X)), then by p. (1) we denote the
finite measure on (Y, B (Y)) defined by p. (1) (A) = p(p~* (A)) for all A € B(Y),
and we call it the image of u by p. It is also possible to define the image p. (C') of a
measure class C' of a o-finite measure as the class of p, (1), where u is a probability
measure in the class C. A pseudo-image by p of a o-finite measure p is a measure
in ps ([1])-

We shall not mention explicitly the Borel sets when they result from the context
(for instance, in the case of a topological space we shall always consider the o-algebra
generated by the open sets).

2 A neighborhood basis of the unit space of a topological
groupoid with paracompact unit space

We record some basic observations about the connection between the topology near
the unit space of a topological groupoid and the topology of the fibres. If G is
a topological groupoid whose unit space is a Tj-space (the points are closed in
G(O)), then the topology of the r-fibres, as well as the topology of the d-fibres, is
determined by a neighborhood basis {W };;,cyy, of G Indeed for each u € G® and
each x € G" (respectively, x € Gy), {xW } ¢y (vespectively, {Wa}y, o)y ) isa is
a neighborhood basis (local basis) for x with respect to the topology induced by G
on G* (respectively, G,). In order to prove that {xW }y;.,, is a neighborhood basis
for z with respect to the topology of G"*) let us notice that:

e Since the map y — zy [: G=) GT(“”)] is a homeomorphism, it follows that if D
is an open subset of G then x (D N Gd(””)) = 2D is an open subset of G"(*).

e If D is an open subset of G containing z, then there is an open neighborhood U of z
and an open neighborhood V of d () such that UV C D. Thus 2V ¢ DNG"@).
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Since G is a T} -space, G\Gd(m) is open and VU (G \ Gd(z)) is a neighborhood
of GO, Moreover z (VU(G\ Gd(x))) cDNG@,

Similarly, we can prove that {Wz}y; ¢, is a neighborhood basis for x with respect
to the topology of Gy(y).

If G is a topological group, then for each neighborhood V; of the identity e there
is a neighborhood V5 of e such that VoVo C Vi. For a topological paracompact
groupoid a similar result was proved by Ramsay [14]. However non-Hausdorff
groupoids occur in many important examples of foliations such as Reeb foliations.
Let us show that the result is also true for (not necessarily Hausdorff) topological
groupoids but having paracompact unit space.

Definition 1. A topological space X is called reqular if for any point v € X and
neighborhood V' of x, there is a closed neighborhood F' of x that is a subset of V.

Definition 2. A paracompact space is a topological regular space in which every
open cover has an open refinement that is locally finite.

Proposition 3. Let G be a topological groupoid whose unit space G is paracompact.
Then for each neighborhood Wo of GO there is a symmetric neighborhood W of G(©)
such that W1Wy C W.

Proof. Let u € G, Since G is topological and uwuu = w, it follows that there is
an open symmetrical set U, C Wy such that U,U,U, C Wy N W, 1 Since GO is
paracompact and regular, {Uu N G(O)}u co has a closed locally finite refinement
{K} ger (10, Lemma 29/p. 157]. For each K € 7, there is Ux € {Uy},cq) such
that K ¢ Ug NG and consequently, Ux KU C Wy N W(fl. Let

Wi =UgU(Won Wyt \ (rH (K)ud ! (K))) = (Wk)™ € Won Wy}

and
W= () Wk.
KeZl

Let (z,y) € (Wi x W1) N GP). There is K € T such that d(z) = 7 (y) € K, and
consequently, z,y € Ug. Hence xy = xzd(x)y € Wo N Wy L Therefore WiW; C
Won Wyt

Let v € G and let us prove that u is in the interior of Wi (with respect to
the topology on G). Let V,, C G be a neighborhood of u (with the respect to the
topology induced on G()) that intersects only finitely many of the sets K € Z. Let

Ju C T be the collection of the sets K that intersect V,, and let D, = [| Wk.
Kedy
Then D, is a neighborhood of u with respect to the topology on G. Let us notice

that

(N Wk | nr ' (V)nd ' (V) =Won Wy ne !t (V) nd ' (Vi)
KeT\Ju
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is also a neighborhood of u with respect to the topology on G. Therefore

Do () Wk |nrt(Vund ' (V) C < N WK) Nt (V) nd™" (Vo)
KeI\Ju KeT,

is also a neighborhood of u (with respect to the topology on GG) contained in Wy. [

In this paper we work with a collection of subsets of a groupoid mimicking the
properties of a neighborhood basis of the unit space (of a topological groupoid with
paracompact unit space). Let us consider that {W}y;¢,y is a family of subsets of G
satisfying

e GO CcW G forall WeWw,;

o If Wy, Wy € W, then there is W3 C W7 N Wy such that W3 € W,
e For every Wi € W there is Wy € W such that WoW, C W,

Then there is a topology 7y, (respectively, 7'{/1\,) on G such that for all x € G,
V" (z) (respectively, V¥ (z)) is a neighborhood basis (local basis) for z, where

V' (z) ={V C G : there is W € W such that zIWW C V'}.
respectively,

V&(z)={V C G: thereis W € W such that Wz C V'}.

Indeed, it is enough to prove that all V € V" (z) (respectively, V € V¢ (z)) there is
U € V" (z) (vespectively, U € V¥ (z)) such that V' € V" (y) (respectively, V € V¢ (y))
for all y € U. Since V € V" (x) (respectively, V € V¥ (x)), it follows that there is
W1 € W such that xW; C V (respectively, Wiz C V). There is Wy € W such that
WoWy € Wi, If we take U = Wy (respectively, U = Waz), then for all y € U there
is 2z, € Wan GU®) (respectively, zy € Wa N Gyy)) such that y = 2, (respectively,
y = zyx) and
yWQ = JZZyWQ C zWyWs C l’Wl,

respectively,
Wgy = WQZyHJ C WoWsox C Wy

Definition 4. Let G be a groupoid and {W }y.c, be a collection of subsets of G.
Let us consider the following conditions:

1. GO CcW CG foral WeWw.
2. If W, Wo € W, then there is W3 C W1 N Wy such that W3 € W.
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3. W=W-for al W eW.
4. For every W1 € W there is Wy € W such that WoWo C Wy,

5. For every W1 € W and x € G there is Wy € W such that WgﬂGng c z "Wz
( or equivalently, sWox~t C W1 ).

Let us notice that if {W}y; ., satisfies conditions 1,2,4 and 5 from Definition
4, then the multiplication on G is continuous with respect to 7y, (respectively, T{fv).
Indeed by 4, for all W € W, there is Wy € W such that Wi W; C W and by 5, for
all y € G there is W, € W such that W, N G:EZ; cyWiy ' Ifz e G, (y), then
aWyyWy = :chy_lwyle C xyWh Wy C ayW,

Similarly, the multiplication on G is continuous with respect to T{/lv. However the

inversion is not necessary continuous with respect to 7y, or ..

If for every = ¢ G(©) there is W € W such that = ¢ W, then topology induced
by 7y, on r-fibres (respectively, by 7'{/1\, on d-fibres) is Hausdorff.

In the following we use a family W of subsets satisfying conditions 1 — 5 from
Definition 4 to define various uniform structures. Let us first recall basic terminology
from uniform spaces.

A uniform space (S,U) is a set S equipped with a nonempty family U of subsets
of the Cartesian product S xS (U is called the uniform structure or uniformity of

S and its elements entourages) that satisfy the following conditions:

1. if U is in U, then U contains the diagonal A = {(s,s) : s € S}.
2. if Uisin U and V is a subset of S x S which contains U, then V € U.
3. if Uand V areinUd, then UNV e U

4. if U is in U, then there exists V' in U such that, whenever (si, s2) and (s2, s3)
are in V, then (s1,s3) € U.

5. if U € U, then UL = {(t,s) : (s,t) € U} is also in U

One usually writes U [s] = {t: (s,t) € U} for U € U and s € S. Then there is a
topology (associated to the uniformity &) on S such that for all s € S

(U[s]: U ecu}

is a neighborhood basis for s.

A fundamental system of entourages of a uniformity U is any set B of entourages
of U such that every entourage of U contains a set belonging to B. Thus a fundamental
systems of entourages B is enough to specify the uniformity & unambiguously: U
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is the set of subsets of S x S that contain a set of 5. Every uniform space has a
fundamental system of entourages consisting of symmetric entourages.

If W satisfies conditions 1 — 4 from Definition 4, then {(r,d) (W)} is a
fundamental system of symmetric entourages of a uniformity on G(°). Thus induces
a topology on G(©).

Let us consider the trivial groupoid G = X x X on a set X. W satisfies conditions
1 — 4 from Definition 4 if and only if W is a fundamental system of symmetric
entourages of a uniformity on X. Condition 5 is automatically satisfied.

Let us reformulate the definition of uniform continuity [3, Definition 3.1/p. 39] in
the setting of a groupoid endowed with a family of subsets satisfying the conditions
from Definition 4.

Definition 5. Let G be a groupoid, W be a family of subsets of G satisfying
conditions 1 — 5 from Definition 4, A C G and E be a Banach space. The function
h: A — FE is said to be left uniformly continuous on fibres if and only if for each
g > 0 there is W, € W such that:

|h(z) = h(zy)|| <e forally € We andx € AN G, such that vy € A

The function h : A — E is said to be right uniformly continuous on fibres if and
only if for each € > 0 there is W, € W such that:

|k (z) — h(yz)|| <e forall y € W andz € AN G such that yx € A.

If h: A — E is left (respectively, right) uniformly continuous on fibres, then h
is continuous with respect to the topology induced by 7y,, (respectively, T{fv) on A.

If f,g : G — C are left uniformly, respectively right uniformly on fibres, then
\fl, f, f + g are left uniformly, respectively right uniformly continuous on fibres.
If f,g : G — C are left uniformly, respectively right uniformly continuous on
fibres bounded functions, then fg is a left uniformly, respectively right uniformly
continuous on fibres bounded function.

3 Invariant systems of means for equivariant maps

In order to fix notation let us recall the notions of groupoid action and semi-direct
product.

Definition 6. Let G be a groupoid. A set S is said to be a (left) G-space if G acts
on S (to the left).

We say G acts (to the left) on S if there is a map p : S — GO (called a
momentum map) and a map (x,s) — x - s from

Gaxp S ={(z,s) :d(x)=p(s)}
to S, called (left) action, such that:
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1. p(x-s)=r(x) for all (v,z) € Gx*,S.
2. p(s)-s=s forallseS.
3. If (v,y) € G and (y,s) € G *, S, then (zy)-s =2 (y- ).

In the same manner, we define a right action of G on S, using a map o : S —
GO and a map (s,x) — s-x from

Se % G ={(s,2):0(s)=7r(z)}
to S.

The simplest example of a left (or right) G-space is the case when the groupoid
G acts upon itself by either left (or right) translation (multiplication). Also G(©)
can be seen as a left, respectively, right G-space under the action (x,u) — 7 (x),
respectively, (u,z) — d (z) from

Gy *ig G = {(z,u) : d (z) = u}, respectively, GES) x, G ={(u,z):r(x)=u}.

to GO,
Let us notice that if S is a left G-space, then

Sptr G ={(s,2): p(s) = (x)}

has a groupoid structure (called semi-direct product) with the following operations

(s, ) (x_l . s,y) = (s,zy)

(s,2)" ! = (:c_l : s,x_l) .

When S, *,. G is viewed as a groupoid, it will be denoted by S x G. The unit space
of S x G will be identified with S. If S is a left G-space, then the momentum map
of the action of G on S will be denoted pg.

In the following we shall assume that the groupoid G is endowed with a family
W of subsets satisfying conditions 1 —5 from Definition 4. Obviously every groupoid
can be endowed with such a family (for instance, we can take W = {G(O) }) However
the topology 7, (respectively, 7i,) induced on the r-fibres (respectively, d-fibres) by
W = {G(O)} is the discrete topology.

According to a result of Ramsay, Mackey’s groupoids [11] may be assume to
have locally compact topologies. More precisely, a Mackey’s groupoid G [11] has
an inessential reduction Gy which has a locally compact metric topology in which
it is a topological groupoid [13]. Thus Gy can be endowed with a family W of
subsets satisfying conditions 1 — 5 from Definition 4 and such that the topology 7,
(respectively, T{,iv) coincides on the r-fibres (respectively, d-fibres) with the topology
coming from Gy.
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Proposition 7. Let G be a groupoid endowed with a family W of subsets satisfying
conditions 1 — 5 from Definition 4. If S is a left G-space then the family

{Sps #r W: W e W}
satisfies conditions 1—5 from Definition 4 with respect to the groupoid S < G. Hence
{(r:d) (Sps % W) W € W}
s a fundamental system of symmetric entourages of a uniformity on S.

Proof. Let us check condition 5, for instance. Let W7 € W and (s,z) € S x G.
Then there is Wy € W such that Wy N ngz; Ca Wiz, Let (s',y) € (Spq % Wa) N
(S x G’)ZEZS Then s’ =z ' s, a7t -s=y ' - (z7' s) andy € Wan ngig
Since W5 N Gigg C 2~ "Wz, it follows that there is z € W; such that y = 2= 2x.
Moreover since z = zyz~ ! and 27! - s =y~ - (xfl . s), it follows that

z7l.s= (a;yilafl) S=x- (yil . (afl . s)) =x- (xil . s) =s.
Consequently,

(sy) = (@' s,z tza) = (a7 5,27 (s,2) (271 s, 2)

O]

Definition 8. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4 and let S be a left G-space. Then any subset A
of S is a uniform space with respect to the uniformity induced from S. The family

{(A x A) N (r,d) (Spe # W) : W €W}

1 a fundamental system of symmetric entourages of the uniformity on A. Let us
denote by RCUB (A) the space of uniformly continuous bounded functions f : A — C
with respect to above uniformity on A. A function f € RCUB (A) will be called right
uniformly continuous bounded function on A (with respect to the action of G on S ).

If W € W, then
(r,d) (Spg #r W) ={(s,27"-5):s€S, €W, ps(s)=r(z)}.

Thus a function f : A — C belongs to RCUB (A) if and only if f is bounded
and for each ¢ > 0 there is W, € W such that

}f (s)—f (33_1 : s)‘ <eforallse Aandall z € W.nNGPS®) satisfying 27" - s € A.
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Remark 9. Let G be a groupoid endowed with a family W of subsets satisfying
conditions 1 — 5 from Definition 4 and let S be a left G-space. Then the family

{Spg %r W : W e W}

satisfies conditions 1 —5 from Definition 4 with respect to the groupoid S X G. Thus
the family
{Sps *r W : W e W}

defines a uniformity on S x G viewed as a left S x G-space. On the other hand the

space

Sps #r G={(s,2) :7(x) =ps(t)} =5 xCG

can be seen as a left G-space under the action

z-(s,y) = (x5 zy)

with momentum map (s,x) — r(x). The uniformity defined by the action of G on
S % G coincides with the uniformity defined by the action of S x G on itself by
multiplication.

Proposition 10. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4 and let A C G. If G is seen a left G-space (G
acting on G by multiplication), then a function f € RCUB (A) if and only if f is
bounded and f is right uniformly continuous on A in the sense of Definition 5.

Proof. As we have remarked f € RCUB (A) if and only if f is bounded and for
each € > 0 there is W, € W such that

{f (y)—f (Jr_ly)’ <eforallye Aandall x € W.NG'W satistfying 2~ 'y € A.

This is means that f is right uniformly continuous on A in the sense of Definition
5. O

Definition 11. Let G be a groupoid and let T and S be two left G-spaces. A map
m: T — S is said to be G-equivariant if the following conditions are satisfied

1. ps(m(t)) =pr(t) forallt €T

2. mw(x-t)=a -7 (t) for all (x,t) € Gg*p. T.

If s € S and x € GPs©), then for each function f : 7= ({s}) — C the left
translate of f by x with respect to m is the function f&gj) st ({mfl . s}) - C
defined by

[lopy @) =f(x-1) forallte t({z7ts)).
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(Obviously, the equivariance of 7 guarantees the fact that fg; ) is correctly
defined.)

In particular, for the equivariant map pp : T — G (where G() is considered a
left G-space under the action x - d (x) = r (z)) we use the notation f, for fpﬁw)vz).

Proposition 12. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4 and let T and S be two left G-spaces. Let m :
T — S be G-equivariant map and s € S. If f € RCUB (77_1 ({5})), then fZ; ) €

RCUB (7r*1 ({:cfl . s})) for all x € GPs),

Proof. Let € > 0. Since f € RCUB (7! ({s})), it follows that there is W. € W
such that

) —f'-t)<e

forallt € 7= ({s}) and all y € W.NGT") satisfying y‘l-s = s. Let W, € W be such
that W/ NG gi; Cx 1W x (or equivalently, zW/x~t C W.). Since z -t € 71 ({s})
for all t € 71 ({ }), it follows that

‘f(w-t)—f(:n'(y_l-t))‘:‘f(:v't)—f((xy_lx_l)~(x-t))|<5

for all t € 77! ({xil : s}) and all y € W/ N GPr() satisfying y~! - (afl . s) =
z7ls. ]

Definition 13. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4. Let T and S be two left G-spaces, and let
w: T — S be G-equivariant map. A G-invariant w-system of means (with respect to
W) (or a G-invariant system of means for 7) is a family {m?®, € S} of states m* on
RCUB (! ({s})) such that for all ¢ € RCUB (=~ ' ({s}))

m’ (¢) = m® ° (80 sa:)) for all (s,x) € Sy, * G.

In the preceding definition by a state m* on RCUB (7! ({s})) we mean a linear
map m*: RCUB (77! ({s})) — C that is positive (m* (f) > 0 for f > 0) and such
that m?® (1) = 1. Thus m® is continuous with respect to sup-norm.

If the groupoid G is a group then a G-invariant system of means for the map
G — {1} (where 1 is the unity of G) is in fact a left invariant mean on RUCB (G).
Thus the existence of a G-invariant system of means for the map G — {1} is
equivalent in this case to the amenability of the group G seen as a topological group
with the topology defined by W (as neighborhood basis of the unity).

If G is a principal groupoid (seen as the graph of an equivalence relation G C X x
X) then a G-invariant system of means (with respect to W) for the G-equivariant
map 7 : G — X (r is the first projection) in the sense of the preceding definition is
in fact a family {m®, € X} of states m” on {*° ([z]) (the space of bounded function
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66 M. R. Buneci

¢ : [x] = C on the class [z] of z) such that m® = m? for all y € [z]. Usually we
write ml¥l = m¥ for all y € [z].

For each equivalence relation G C X x X, the map » : G — X admits G-
invariant system of means. Indeed, let o be a section of the canonical quotient map
p: X — X/G (this means po o =idx) and let us define

m* (p) = ¢ (z,0(p(x), z € X, p €l ({a} x [z]) =17 ([z]).
Then {m®, € X} G-invariant system of means for the map r : G — X.

Proposition 14. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4. Let T and S be two left G-spaces, and let
{m?*, € S} be a G-invariant system of means for the G-equivariant map 7w : T — S.
IfAC S and p € RCUB (77! (A)), then the map m (p) : A — C defined by

m(¢) (s) =m?® (gp\ﬂ_1({s})) forallse A
is a right uniformly continuous bounded function on A (i.e. m(p) € RCUB (A)).
Proof. Since p € RCUB (7~ (A)), it follows that there is W. € W such that

o) -y -t) <e

for all t € 71 (A) and all y € W. N GPT®) satisfying y ' -t € 7! (A). Therefore for
all s € A and all z € W, N GPS() such that 271 - s € A, we have

‘m (90) (S) -—m (()0) (xil ’ 3)| = ‘mxfl-s (Qp?s,x)‘ﬂ’l({$*1-s})> - mx’l-s (@’Wfl({arflﬁ}))‘

\m‘”_l's ((%m - %0) |w-1<{x—1-s}>)‘

sup o (z-t) — ¢ (t)]
ter—1({z—1-s})

€.

IAN

A

4 Amenable equivariant maps

Definition 13 does not use any information on the additional structure of the G-
spaces. If we assume that these spaces are endowed with additional structures (such
as topologies or o-algebras) then the map

s m’

should be compatible with those structures. We use an approach similar to that in
[9].
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Definition 15. If S is a set endowed with a family of subsets I's C P (S) such that
S €Tg, then (S,I's) will be called "measurable” space.
If A is a subset of a "measurable” space (S,I's), then A can be seen as a
"measurable” space endowed withT'y = {ANX : X € I's}.
Let (T,T'r) and (S,T's) be two "measurable” spaces.
- A function f : T — S is said to be (', T's)-"measurable” if f~1 (A) € I'r
for all A eTg.
- T xS will be always endowed with a family of subsets I'ryg with the
property that for all X € U'p and Y € I'g we have X XY € I'pyg.
If (T,T7) is a "measurable” space, then a function f : T — C is said to be
['p-"measurable” if f~1(A) € Ty for all open sets A C C (C is endowed with the
usual topology).

For instance if T" is a topological space, possible choices for 't are
-I'r={ACT: Aopen}
-I'r={ACT: ABorel}
- I'r={ACT: A p-measurable}, where p is a fixed probability measure on T’

- I'r={ACT: A universally measurable}

Definition 16. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 —5 from Definition 4. Let (T,I'r) and (S,T's) be two left "measurable”
G-spaces, and let w : T — S be a G-equivariant map. An invariant mw-system of
means {m?®, € S} (with respect to W) is said to be (I'p,T's)-"measurable” if for
all bounded T'r-measurable maps ¢ : T — C with the property that gp\ﬂfl({s}) €

RCUB (n=! ({s})) for all s € S, the map

s+ m?’ (gp\w,l({s})) [ S — C]

is I'g-"measurable”.

The G-equivariant map 7 : T — S is said to be a (I'r,I's)-amenable map (with
respect to W) if there is a (I'r,T'g)-"measurable” invariant w-system of means (with
respect to W).

Proposition 17. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 —5 from Definition 4 and let (S1,T's,), (S2,T's,) and (S3,,T's,) be three
left G-spaces. If my : S1 — Ss, respectively mo : So — Ss, is a G-equivariant
(T's,, s, )-amenable, respectively (I's,,I's,)-amenable map, then mo om : S1 — S
is a G-equivariant (I's,,T's,)-amenable map.
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Proof. Let {mfj, s € Sa}, respectively {m3, s € S3}, be an invariant m-system,
respectively mo-system, of means.

For each s € S3 and each ¢ € RCUB ((7T2 om) ({s})) let us define m; (@) :

' ({s}) — C by s (@) (t) = m} <g0|7r;1({t})) for all t € 751 ({s}). According
to Proposition 14 7, (¢) € RCUB (73" ({s})). Thus for each s € S3 and each
¢ € RCUB ((7‘(’2 o)~ ({s})) we can define

S ~

m® () = m3 (s () -

Obviously, m?® is a state on RCU B ( Ty o)~ {s})) For each (s,z) € Szpg, #r G
) the left translate of ¢ by = with respect to

and ¢ € RCUB ((7r2 o)~ ({s})

20T

79 o 1 1s the function Plon) - :(mgomy)” ({:E_l s}) — C defined by

(pzrsz%fl( )=¢(x-t) forallt € (mpom)” ({x })

Let us denote by 154 () the left translate of /s () by z with respect to m, i.e.
the function ms 4 (¢) : Tyt ({z=! - s}) — C defined by

Msa) (9) () = ms(p) (x-1)
B mf't(QO'w;l({x-t}))

o =1 (zt) T 0T
- <¢<;’$)1 w#({t}))

o t TQOT
= m]_ (W(;,{L’)l ﬂ_l—l({t})>

= Mg-1g (sOZ?;T)”) (t) forall t € my ' ({z.71 - s}).

Hence for each (s,z) € S35, #, G and ¢ € RCUB ((772 o)~ ({5})) we have

s S (.~ =1
m®(p) = mj (s (p)) = m3 ( ( ))
x=ts [~ Moo z=1.s ToOT
= w5 (s (6 >)) = (o)
Let ¢ : S; — C be a bounded I'g,-"measurable” map with the property that
@\(ﬂwm)ﬂ({s}) € RCUB ((772 om)~! ({3})) for all s € S3. Let us define m (¢p) :

Sy — C by m(e)(s) = ms <¢|ﬂ;1({s})) for all s € Sp. Since {ms, € Sy} is

(T's,, I's, )-"measurable”, if follows that m (¢) is I'g,-"measurable”. On the other
hand for all s € S;

m* (Dlimsemyt i) =75 (7 @legi o)
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and {m3, € S3} is (I's,, I's, )-"measurable”. Thus

3121 (limyomy ) [ S = €]
is I'g,-"measurable”. O

Proposition 18. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 =5 from Definition 4 and let (S1,T's,), (S2,T's,) and (S3,,T's,) be three
left G-spaces. If w1 : S1 — Sy and my : So — S3 are G-equivariant such that my o mq
is (I'sy, I'sy)-amenable and if mp is (I's,,T's,)-"measurable”, then w2 is (I's,, I'sy)-
amenable.

Proof. Let {m?®, s € S3} be an invariant myom;-system of means (I'g,, I'g, )-measurable.
For each s € S5 and each p € RCUB (73! ({s})) let us define

m3 (9) =m* (0 71l myomy=1(0ep) -

Obviously, m® is a state on RCUB ((TFQ om)~ ({s})) Since for each (s,x) €
S3pg, *r G and ¢ € RCUB (w3 ' ({s})) the equivariance of 71 implies

T 0T,

(7r207r1):1({:l::1.s}) = (()0 (¢] 71-1’(71-2071-1):1({8}))(5,1‘) bl

Plom) O L
it follows that

mg (SO) = m (SO © 7T1‘(7r20m):1({5}))

=15 e
= m ((90 © 771‘(7r207r1):1({5})>(5,x) >

z=1

= m" (@EI) om

= m%ZI'S (gozix)) .

Let ¢ : S9 — C be a bounded I'g,-"measurable” map with the property that
@\w;1({s}) € RCUB (75" ({s})) for all s € S. Let us define ms(p) : So — C

(Wzoﬂl)_l({le‘s})>

by ma (¢) (s) = mg <90|7r2({8})> =m’ <<PO771|(7r207r1):1({s})> for all s € S3. Since
{m?®, € Sy} is (I'sy,'s,)-"measurable” and ¢ o m is I's,-”measurable”, if follows
that ma (¢) is I'g,-"measurable”. Thus

S = 1My (SO|7TQ({8})) [: S — (C]
is I'g,-"measurable”. O
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In [1] the amenability of a measure groupoid (G, \, ) (a groupoid G endowed
with a Haar system \ and a quasi invariant measure p) was defined as the amenability
of the range map with respect to (A, 1) ([1, Definition 3.2.8 /p. 71]). We shall define
the amenability of a groupoid G in a similar way.

Definition 19. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4. In addition let us assume that (G,T'g) and
(G(O),FG«))) are "measurable” spaces. The groupoid G is said to be (I'q,I))-
amenable (with respect to W) if the G-equivariant map r : G — G0 is (T'g, TCao)-
amenable (with respect to W), where G acts on G by multiplication and on GO by
x-d(z)=r(x).

If G is a Borel groupoid, I'¢ = {A C G: A Borel} and

Cao) = {A cGO: 4 ,u—measumble}

(where i is o-finite measure on G) and r : G — G is (Tg,T g )-amenable
(with respect to W), then G is said to be p-amenable (with respect to V).

Remark 20. For a principal groupoid G (seen as the graph of an equivalence relation
G C X x X) the various notions of amenability introduced in Definition 19 do not
depend on the family W satisfying conditions 1 — 5 from Definition 4. Indeed, a G-
invariant system of means (with respect to W) for the G-equivariant mapr : G — X
(r is the first projection) is in fact a family {m®*, € X} of states m* on 1°° ([z]) (the
space of bounded function ¢ : [x] — C on the class [x] of x) such that m® = mY for
all y € [z].

The notion of topological amenability of a locally compact topological groupoid
endowed with a continuous Haar system (introduced in [15, Definition I1.3.6] and
extensively studied in [1]) as well as the notion of Borel amenability (introduced
in [16, Definition 2.1] for a Borel groupoid) does not coincide with the notion of
amenability in the sense of Definition 19 even when I'¢ = {A C G: A open} (or
I'¢ = {ACG: ABorel} in the Borel case) and ') = {AN GO :Ae Igp. J.
Renault remarked in [16] (see also [17]) that the unitary group U (H) of an infinite-
dimensional Hilbert space H, endowed with the weak operator topology, is amenable
in the classical sense (and consequently, in the sense of Definition 19 in which the
amenability for topological groups coincides with the classical notion). However it
is not Borel amenable in sense of [16, Definition 2.1].

On the other hand for let us consider a countable Borel equivalence relation
G C X x X, where X is a Polish space. Suppose that p is a Borel probability
measure on X that is quasi-invariant, i.e., the saturation of a y-null Borel set is also
p-null. The equivalence relation G is p-amenable in the sense of [5] (tor equivalently,
in the sense of [18)]) if it admits a family {m[x], € X} of states ml®lon 1 ([z]) such
that for all Borel bounded functions ¢ : G — C, the map

zml (y = o (2,y) [ X = C]
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is p-measurable. In the setting of Definition 19, G is p-amenable (with respect to
W = {X}) or equivalently the first projection r : G — X is (I'¢, I x )-amenable with
respect to W = {X}, where I'¢ = {A C G : A Borel} and

I'x ={AC X: A p-measurable} .

In [5] it is shown that the existence of such a family {ml*l, € X} is equivalent
to the existence of a p-conull Borel set B of X such that G|p is hyperfinite (this

means G|p is of the form |J R,, where Ry C Ry C ... is an increasing sequence
neN
of finite Borel equivalence relations). This notion of p-amenability also coincides to

the amenability in the sense of [1, Definition 3.2.8/p. 71] of the measure groupoid
(G, A\, i) (where X is the Haar system consisting in counting measures) .

If we consider I'¢ = {AC G: ABorel} and 'y = {AC X : A Borel}, then
according [9, Theorem 5.8] the first projection r : G — X is (I'g, I x)-amenable if
and only if G is smooth (this means there is a Borel set B C X which contains
exactly one point of every class of the equivalence relation G).

Definition 21. Let G be a groupoid endowed with a family W of subsets satisfying
conditions 1 — 5 from Definition 4 and let S be a left G-space. In addition let us
assume that (G,T'¢) and (S,T's) are "measurable” spaces. A left G-space S is said to

be (T'q,T's)-amenable (with respect to W) if the groupoid S x G is (ngs*rg, FG(O)) -
amenable (with respect to {S,g *, W : W € W}).

Definition 22. Let G be a groupoid endowed with a family W of subsets satisfying
conditions 1 — 5 from Definition 4. Let (T,T'r), (S,I's) be two left "measurable”
G-spaces, (Z,T'z) be a "measurable” space and let m : T — S be a G-equivariant
map. An invariant w-system of means {m?®, € S} (with respect to W) is said to
be (I'z,I'r,T's)-"measurable” if for all bounded FZPZ*pTT—”measumble” maps ¢ :
Zpy * prT — C with the property that t — ¢ (z,t)| -1,y € RCUB (7=t ({s})) for
all (z,8) € Z x S, the map

=1

(s,2) = m® <t o (2,1) ﬂ({s})) [ Z xS (]

1s I'z« g-measurable.

The G-equivariant map m : T — S is said to be a (I'z,T'p,I's)-amenable map
(with respect to W) if there is a (I'z,T'r,T's)-"measurable” invariant w-system of
means (with respect to W).

If (G,T¢) and (G(O), Fg<o>) are "measurable” spaces, then G is said to be (I'z ', T q0))-
amenable (with respect to W) if G-equivariant map r : G — GO s Iz, Ta,Tqo)-
amenable (with respect to W), where G acts on G by multiplication and on G©) by
x-d(z)=r(x).
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Let us consider again a countable Borel equivalence relation G C X x X, where
X is standard Borel space. G is measure-amenable in the sense of [7, Definition 2.7]
if there is a family {ml*l, 2 € X} of states ml*l on 1°°([z]) such that for standard
Borel space Z and for all Borel bounded functions ¢ : X x Z — C, the map

(z,2) = ml (y > o (y,2)) [ X - C]

is universally measurable. In the setting of Definition 22, {mm, € X} is(I'z,Ig,T'x)-
"measurable” (or equivalently the first projection r : G — X is (I'z,T'¢,'x)-
amenable) for all standard Borel space Z, where

I'c={ACG: ABorel}, I'x ={A C X : A universally measurable}

and
I'y ={A C Z: A universally measurable} .

Obviously, measure-amenability implies u-amenability for all quasi-invariant probability
measures /& (so called measurewise amenability of G). Under the Continuum Hypothesis
(CH) the converse is true: If the countable Borel equivalence relation G is measurewise
amenable, then G measure-amenable (see, [7, Theorem 2.8]).

Proposition 23. Let G be a groupoid endowed with a family VW of subsets satisfying
conditions 1 — 5 from Definition 4 and let S be a left G-space. In addition let us
assume that (G,I'q), (G(O),FG(O)) and (S,I's) are “measurable” spaces such that
ps S — GO s (I's, L)) -"measurable”. If G is (I'sT'q,T ) )-amenable, then S
is (I's,Tq)-amenable (with respect to W).

Proof. Let {mqé, u € G(O)} be a (I'g,I'q, ' 50 )-"measurable” invariant r-system of
means for r : G — G, For each s € S and ¢ € RCUB ({(s,z) : r (x) = pg (s)})

let us define

m® () = mpGS(S) (= @ (s,2)),
Then {m?® € S} is an invariant r-system of means (I'g,I's)-"measurable” for the
range map r of S x G. O

Remark 24. Let G be a groupoid endowed with a family W of subsets satisfying
conditions 1 — 5 from Definition 4. In addition let us assume that (G,T'g) and
(G(O), FG<0)) are "measurable” spaces. Let us endow the group bundle G' with Ty =
{ANG :AeTg} and Wer = {WNG W eW}. If G is (T'q,T g )-amenable
(with respect to W) and G’ € Ty, then G is (v, T0))-amenable (with respect to
Wer ). Indeed, let {mqé, u € G(O)} be a (T'c, T cw)-"measurable” invariant r-system
of means for r : G — GO and for each u € GO and each ¢ € RCUB (GY) let
us define mg, (9) = mg (@), where @lgu = ¢ and ¢ (x) =1 for all x € G\ Gy.

Then {mé,, U € G(O)} is a ('gr, T qo))-"measurable” invariant r-system of means
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forr: G' = GO In particular, each isotropy group GY is amenable (as a topological
group with the topology defined by {W NGy : W € W} seen as neighborhood basis of
the unity).

In fact the existence of an invariant r-system of means for r : G — GO (with
respect to W) is equivalent to the amenability of all isotropy groups G (G endowed
with the topology defined by {W N GYL: W € W}).

If the principal groupoid R associated to G is endowed with

Wr = {(r,d) (W) : W € W}

(or Wg = {diag (G(O))} or any other W satisfying conditions 1—5 from Definition
4) and T'r is such that (r,d) : G — R is (Iq,T'r)-"measurable”, then if G is
(Cq, T )-amenable (with respect to W), then R is (I'r,T q))-amenable (with
respect to Wgr). Indeed, the application r : R — GO can be seen as a R-equivariant
map as well as a G-equivariant map. Since the composition of the maps

)

a™ Rr5 GO

is (g, T g )-amenable, it follows that r: R — GO s (I, I ) -amenable.

5 Measured groupoids

An analytic (respectively, standard) Borel groupoid is a groupoid G such that G
is a Borel set in the product structure on G' x G, and the functions (z,y) —
zy |: G®? — G] and 2 — ™! [: G — G] are Borel functions.

An analytic Borel groupoid G is said to be Borel amenable in the sense of [16,
Definition 2.1] or [7] if for each u € G(©) there exists a sequence (ml),  of finite
positive measures m,. of mass not greater than one on G“such that:

1. For all n € N and for all bounded Borel functions f : G — R the application
wr [ f(x)dm (x) is Borel.

2. [[m%)l, — 1 for all u € GO,

3. me?f”&) — mz(x)

1—>1f0rallx€G.

Proposition 25. Let G be a principal analytic Borel groupoid (seen as the graph
of an equivalence relation G ¢ G©) x G(O)). If G is Borel amenable in the sense
of [16, Definition 2.1], then for every o-finite measure p on GO and every family
W satisfying conditions 1 — 5 from Definition 4, the groupoid G is p-amenable with
respect to W (in the sense of Definition 19).
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Proof. Let p be a o-finite measure y on G(© and W be a family satisfying conditions
1 — 5 from Definition 4. Let LIM be a medial limit as defined by Mokobodski in
[12]. For each Borel bounded function ¢ on G and each u € G let us define

m* () = LIM (my, (f))

Then u — m" (¢) is p-measurable. In addition for all ¢ bounded and all x € G we
have

ml) (pg) = LIM (i) (¢ (wy))) = LIM (mi® (y = ¢ (4))) = m') ().

Thus we obtain a family {m“, € G(O)} with the property that each m* can be seen
as a state on the space of Borel bounded functions ¢ : [u] — C (defined on the
orbit [u] of u) and such that m* = mv for all v € [u]. If for each u € G we
extend m® = m[ to ml : 1 ([u]) — C (1°° ([u]) is the space of bounded function
¢ : [u] — C) using Hahn-Banach Extension Theorem, we obtain a G-invariant
r-system {fn[u],u € G(O)} of means (with respect to W = {G(O)} and consequently,
with respect to all W satisfying conditions 1—>5 from Definition 4) with the property
that for all Borel bounded functions ¢ : G — C, the map

w = m™ (v ¢ (u,0)) [: GO - (C}
is p-measurable. Therefore GG is p-amenable in the sense of Definition 19. Ol

A Borel Haar system A = {)\“,u € G(O)} for an analytic Borel groupoid G is a
family of non-zero measures A" on the fibers G* such that

1. For all non-negative Borel functions f on G, the map u — [ f(x)d\" (z) is
Borel.

2. For all € G and all non-negative Borel functions f on G we have
[ ) = [ et ).

3. G is the union of an increasing sequence (Ay), oy of Borel subsets such that
for all n € N, the functions u +— \* (4,) are bounded on G(©).

A measure yon G (0) is said to be quasi-invariant with respect to the Haar system
A= {\"ue G(O)} if the measure v = [ A%du (u) is equivalent to its inverse v,
where v=1 (4) = v (Afl) for all Borel subsets A C G. In this case the triple (G, A, u)
is called measured groupoid [1].

The measured groupoid (G, A, p) in the sense of [1] is amenable in the sense of
1, Definition 3.2.8/p. 71] if and only if there is a family {m" u € G} of states

(or means) m" on L*(G,\") such that:
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1. u— m"(p) is p-measurable for all p € L™ (G,v).

2. md=) (y—p(zy)) = m" (@) (p) for all p € L= (G, )\r(“)) v-a.e.

where v = [ Xdp (u) ([1, 3.2]).

Mackey [11] took into consideration the analytic Borel groupoids that can be
endowed with a measure class C' (a generalization of the class obtained in the group
action case by product of quasi-invariant measures g on X with measures in the
Haar measure class on () such that each measure in the class C has a decomposition
satisfying a kind of quasi-invariance condition. Hahn proved in [6, Theorem 3.9/p.
17] that if (G, C) is a measure groupoid in the sense of [11], then there is an 7, (C)-
conull Borel set U ¢ G such that the groupoid G |y admits a Borel Haar system
A = {\*,u € U}. Moreover if pn € r, (C), then (G|, A, 1) is a measured groupoid in
the sense of [1] and [ A“dp (u) € C. Conversely, if (G, A, i) is a measured groupoid
in the sense of [1], then (G, [ [ A“du (u)]) is a Mackey measure groupoid.

If R = (r,d)(G) is the principal groupoid associated to a Mackey measure
groupoid (G, (), then (R, (r,d), (C)) is a Mackey measure groupoid and r, (C) =
7. ((r,d), (C)), where R is endowed with the Borel structure coming from G(9) x G(©)
([6, Example 2.8/p. 8]). Consequently, there is an 7, (C')-conull Borel set U ¢ G(©)
such that R|; can be endowed with a Borel Haar system a.

Hahn also proved in [6, Theorem 4.4/p. 23] that the Haar system A = {\"*,u € U}
associated to Mackey measure groupoid (G, C) admits an (r, d)-decomposition

{vuw, (u,v) € RN (U x Up)}

(where R is the principal groupoid associated to G and Uy is an 7. (C')-conull Borel
subset of G(9)). In particular, {v,,,u € Up} is a Borel Haar system for G'ly, (G
the isotropy group bundle of G, being endowed with the Borel structure coming
from G).

According [1, Corollary 5.3.33/p. 127] a measured groupoid (G, A, ) in the sense
of [1] is amenable in the sense of [1, Definition 3.2.8/p. 71] if and only if (R, «, p)
is amenable and p-a.a isotropy groups of G are amenable. Equivalently, (G, A, u) is
amenable in the sense of [1, Definition 3.2.8/p. 71] if and only if (R|; ,«, 1) and
(G'ly, » {vuu,w € Uo}, i) are amenable in the sense of [1].

On the other hand a Mackey measure groupoid (G, C) has an inessential reduction
Go = G|y, (this means that Uy C G is ar, (C)-conull Borel set) which has a locally
compact metric topology in which it is a topological groupoid [13, Theorem 4.1/p.
330]. Then the family W of the symmetric neighborhoods of the unit space of Gy
satisfying conditions 1 — 5 from Definition 4. Thus we can study the amenability of
G with respect of W.

Proposition 26. Let (G, A\, ) be a measured groupoid in the sense of [1] and let
Gy = G|UO be an inessential reduction of G which has a locally compact metric
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topology in which it is a topological groupoid. If Go is p-amenable with respect to
the family W of the symmetric neighborhoods of the unit space of Gy, then (G, \, 1)
is amenable in the sense of [1, Definition 3.2.8/p. 71].

Proof. 1f Gy is p-amenable with respect to W, then each isotropy group G (u € Uy)
is amenable (as a topological group with the topology defined by {W N G% : W € W}
seen as neighborhood basis of the unity). Indeed, let {m¢, v € Up} be an invariant
r-system of means for r : Gy — Up and for each u € Uy and each ¢ € RCUB (GY)
let us define m¢, (¢) = mg; (@), where @|qu = ¢ and ¢ (z) =1 for all z € G* \ G}
Then m¢, is a left invariant mean on RUCB (GY,).

If R = (r,d)(G) is the principal groupoid associated to a Mackey measure
groupoid (G, C), where C = [ [ \“dp (u)], then (R, (r,d), (C)) is a Mackey measure
groupoid and 7, (C) = r, ((r,d), (C)), where R is endowed with the Borel structure
coming from G x G ([6, Example 2.8/p. 8]). Consequently, there is an 7, (C)-
conull Borel set Uy C Uy such that R|U1 can be endowed with a Borel Haar system
a. Thus (R]U1 ,a, jt) is a measured groupoid in the sense of [1].

On the other hand since (r,d) : Go — R|y, is Borel, and the composition of the
maps

Go ™9 Rly, 5 U

is p-amenable, it follows that r : R|;; — Up is p-amenable and therefore (R|U1 ,Q, [t)
is amenable in the sense of [1, Definition 3.2.8/p. 71]. Thus (G, A, ) is amenable
in the sense of [1, Definition 3.2.8/p. 71] (because (R\U1 ,a, ) is amenable and
p-a.a isotropy groups of G' are amenable [1, Corollary 5.3.33/p. 127]). Ol
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