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EXPLICIT STABILITY CONDITIONS FOR
NEUTRAL TYPE VECTOR FUNCTIONAL
DIFFERENTIAL EQUATIONS. A SURVEY

Michael 1. Gil’

Abstract. This paper is a survey of the recent results of the author on the stability of
linear and nonlinear neutral type functional differential equations. Mainly, vector equations are
considered. In particular, equations whose nonlinearities are causal mappings are investigated.
These equations include neutral type, ordinary differential, differential-delay, integro-differential
and other traditional equations. Explicit conditions for the Lyapunov, exponential, input-to-state
and absolute stabilities are derived. Moreover, solution estimates for the considered equations are
established. They provide us the bounds for the regions of attraction of steady states. A part of the
paper is devoted to the Aizerman type problem from the the absolute stability theory. The main
methodology presented in the paper is based on a combined usage of the recent norm estimates
for matrix-valued functions with the generalized Bohl - Perron principle, positivity conditions for

fundamental solutions of scalar equations and properties of the so called generalized norm

1 Introduction

1. This paper is a survey of the recent results of the author on the stability
of the neutral type linear and nonlinear vector functional differential equations.
Functional differential equations naturally arise in various applications, such as
control systems, mechanics, nuclear reactors, distributed networks, heat flows, neural
networks, combustion, interaction of species, microbiology, learning models, epide-
miology, physiology, and many others. The theory of functional differential equations
has been developed in the works of V. Volterra, A.D. Myshkis, N.N. Krasovskii, B.
Razumikhin, N. Minorsky, R. Bellman, A. Halanay, J. Hale and other mathematicians.
The problem of the stability analysis of neutral type equations continues to
attract the attention of many specialists despite its long history. It is still one of the

2010 Mathematics Subject Classification: 34K20; 34K99; 93D05; 93D25.

Keywords: functional differential equations; neutral type equations; linear and nonlinear
equations; exponential stability; absolute stability; LZ-stability, input-to-state stability, causal
mappings; Bohl - Perron principle; Aizerman problem.

Kk ok sk sk ok ok okook >k ok skok sk ok sk ok ok skook skook skok skok sk ok sk sk sk sk ok skok skok skok sk ok skok ok kol skok skok skok skok sk sk sk skok ok skok skok skokok kok skok skokskokskok

http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v09/v09.html
http://www.utgjiu.ro/math/sma

2 M. L. GiI’

most burning problems of the theory of functional differential equations because of
the absence of its complete solution. The basic method for the stability analysis is the
method based on the Lyapunov type functionals. By that method many very strong
results are obtained. However finding the Lyapunov type functionals for vector
neutral type equations is often connected with serious mathematical difficulties,
especially in regard to non-autonomous equations. To the contrary, the stability
conditions presented in the suggested survey are mainly explicitly formulated in
terms of the determinants and eigenvalues of auxiliary matrices dependent on a
parameter. This fact allows us to apply the well-known results of the theory of
matrices to the stability analysis.

2. Recall that the Bohl - Perron principle means that the homogeneous ordinary
differential equation (ODE) dy/dt = A(t)y (t > 0) with a variable n x n-matrix
A(t), bounded on [0, 00) is exponentially stable, provided the nonhomogeneous ODE
dx/dt = A(t)z + f(t) with the zero initial condition has a bounded solution for any
bounded vector valued function f, cf. [7]. In [26, Theorem 4.15] the Bohl - Perron
principle was generalized to a class of retarded systems with a scalar measure; besides
the asymptotic (not exponential) stability was proved. Afterwards the result of the
book [26] was improved under additional conditions and was effectively used for the
stability analysis of the first and second order scalar equations, cf. [3, 4, 5] and
references therein. In the book [23] the Bohl - Perron principle have been extended
to differential delay equations in the general case. Moreover, in that book a result
similar to the Bohl - Perron principle on the connections between homogeneous
and non-homogeneous differential delay equations in the terms of the LP -norm was
derived.

In the present paper we suggest a generalization of the Bohl - Perron principle
to a class of neutral type equations.

3. We also consider some classes of equations with nonlinear causal mappings and
linear neutral parts. These equations include neutral type, differential, differential-
delay, integro-differential and other traditional equations. The stability theory of
equations with causal mappings is in an early stage of development, cf. [6, 33].

In this article we present conditions for the Lyapunov stability, L?-absolute
stability, input-to-state stability and the exponential stability of solutions of the
pointed nonlinear equations.

The literature on the absolute stability of retarded and continuous systems is
rather rich. The basic stability results for differential-delay equations are presented
in the well-known books [29, 42].

4. Furthermore, in the paper [2] M.A. Aizerman conjectured that a single input-
single output system is absolutely stable in the Hurwitzian angle. That hypothesis
caused the great interest among the specialists. Counter-examples were set up that
demonstrated it was not, in general, true. Therefore, the following problem arose:
to find the class of systems that satisfy Aizerman’s hypothesis. The author has
showed in [11] that any system satisfies the Aizerman hypothesis if its impulse
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Neutral type vector equations 3

function is non-negative. The similar result was proved for multivariable systems,
distributed ones, and retarded systems (see [23] and references therein). In this
paper we investigate the Aizerman’s hypothesis for neutral type equations.

5. The paper consists of 11 sections. In Section 2, the main notations used in the
paper are presented. Section 3 deals with linear time-invariant systems. Besides,
estimates for various norms of fundamental solutions and characteristic matrices
are derived. By the derived estimates we then obtain the stability conditions for
equations with nonlinear causal mappings. The generalized Bohl - Perron principle
is presented in Section 4. In Section 5 we illustrate the application of the generalized
Bohl - Perron principle to linear time variant systems ”close” to autonomous ones.

Sections 6-8 are devoted to vector nonlinear equations with separated linear
parts and nonlinear causal mappings. Namely, in Section 6 we establish conditions
providing the Lyapunov stability in the space of continuous vector valued functions.
Section 7 is devoted to the L?-absolute stability. The exponential stability of
solutions to nonlinear equations is considered in Section 8. The results presented
in Sections 6-8 generalize the stability criteria from [14, 16, 17] (see also [23]). The
Aizerman type problem is discussed in Section 9.

In Section 10, by virtue of the generalized norm, we establish global stability
conditions for nonlinear systems with diagonal linear parts. In Section 11 we present
a test for the input-to-state stability.

2 Notations

Let C™ be the complex n-dimensional Euclidean space with the scalar product (.,.)cn
and the Euclidean norm ||z, = \/(z,2z)cn (z € C"). C(a,b) = C([a,b],C") is the
space of continuous functions defined on a finite or infinite real segment [a,b] with
values in C" and the norm [|wl|c(a,p) = supseiqp) w(E)]ln- Cl(a,b) = C*([a,b],C")
is the space of continuously differentiable functions defined on [a,b] with values in
C" and the norm ||w||c1(q,5) = [W|lc(ap) + 10]lc(a,p), Where b is the derivative of w.
In addition, LP(a,b) = LP([a,b],C™) (p > 1) is the space of functions w defined on
[a, b] with values in C™ and the finite norm

b
[wl Lr(a) = [/ lw(@)[12de] 7 (1 < p < 00); [wll oo (ap) = vrai supsegapllw(®)]ln,

I is the unit operator in the corresponding space.

For an nxn-matrix A, A\p(A4) (k = 1,...,n) denote the eigenvalues of A numerated
in an arbitrary order with their multiplicities, A* is the adjoint to A and A~! is the
inverse to A; || A, = supyecn ||Az||n/||x]|» is the spectral (operator) norm; No(A) is
the Hilbert-Schmidt (Frobenius) norm of A: N2(A) = Trace AA*, A; = (A—A*)/2i

is the imaginary component.
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The following quantity plays an essential role in the sequel:
g(A) = (NF(A) = Y (A2,
k=1

In Section 2.2 of [15] it is proved that g?(A) < N2(A) — |Trace A2,

(2.1) g*(A) < 2N3F(A;) and g(e™ A + 21I) = g(A)
forall 7 € R and z € C. If A; and As are commuting matrices, then
(22) 9(A1 + A2) < g(A1) + g(A2).
From Corollary 2.1.2 [15], it follows
Lemma 1. For any invertible n X n-matriz A, the inequality

n—1 k(A
(23 47 < 3 NCAEy

is true, where p(A) is the smallest absolute eigenvalue of A: p(A) = ming—1 __, |A(A4)].

3 Autonomous systems

3.1 Estimates for L?°— and C'— norms of fundamental solutions

For a positive constant 1 < co consider the problem

(L.1) () - /0 " aR(ryi(t— 1) = / " aR(ry(t—7) (t > 0),

0

(1.2) y(t) = ¢(t) for —n <t<0,

where ¢ € C'(—n,0) is given; R(s) = (rij(s))f ;=1 and R(s) = (7i5(s))f =1 are
real n x m-matrix-valued functions defined on [0,7], whose entries have bounded
variations var(r;;) and var(7;;), and finite numbers of jumps. In addition, R(s) does
not have a jump at ¢ = 0. The integrals in (1.1) are understood as the Lebesgue
- Stieltjes integrals. A solution of problem (1.1), (1.2) is an absolutely continuous
vector function y(t) defined on [—7, 00) and satisfying (1.1) and (1.2).

We define the variation of R(.) as the matrix Var(R) = (var(ri;)){;—; and denote
V(R) := [[Var(R)||n. So V(R) is the spectral norm of matrix Var (R). Similarly
V(R) is defined. It is assumed that

(1.3) V(R) < 1.
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The matrix-valued function

K(z)=1Iz- z/on exp(—zs)dR(s) — /077 exp(—zs)dR(s) (z € C)

is the characteristic matrix-valued function to equation (1.1) and the zeros of det K ()
are the characteristic values of K(.); A € C is said a regular value of K(.), if
det K(\) # 0. Everywhere below it is assumed that all the characteristic values of
K(.) are in the open left half-plane C_. We also give some conditions that provide
the location of the characteristic values in C_.

Due to Theorem 3.1.1 from [29, p. 114], under condition (1.3) equation (1.1)
is asymptotically stable and L?-stable, if all the characteristic values of K(.) are in
C_. Moreover, the integral

(1.4) Glt) = — / " et K1 (i) dw (¢ > 0)

:% .

exists and the function G(t) defined by (1.4) for ¢ > 0 and by G(t) =0 for —n <t < 0
is called the fundamental solution to (1.1). G(¢) is a solution to (1.1) and G(0) = I,
cf. [29].

Finally, denote

2
o= 2V B pey = s 1K) s
1-V(R) —vo<w<vo

and

W(K) i= \/20(K) (1 + V(R))(1 + 6(K)V (R)).

Theorem 2. Let condition (1.3) hold and all the zeros of det K(z) be in C_. Then
the fundamental solution of (1.1) satisfies the inequalities,

V(R)”GHLi(O,oo) _ V(R)W(K)

1.6 G o) S D
and
(1.7)
‘ 2V (R
||GH%’(O,<>O) < 2||G||L2(0,oo)||GHL2(O,OO) < a(Q)(K)7 where aO(K) = W(K) 1 ‘(/(é)

The proof of this theorem is presented in the next subsection.
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Let us point estimates for 6(K). Recall that No(A) is the Hilbert-Schmidt
(Frobenius) norm and

g(A4) = (N3(A) = Y [Mm(A))?
k=1
(see Section 2), and

n—1 k
_ g9"(4)
(1.8) JA < 3 LA
Pl [KIpk+1(A)
for an invertible n x n-matrix A. In addition,

(1.9) 9°(A) < 2NF(Ay) and g(e'T A+ 21) = g(A)

for all 7 € R and z € C. Put
n n
B(z) = 2/ exp(—zs)dR(s) +/ exp(—zs)dR(s).
0 0

So K(z) = zI — B(z). By (1.9) g(B(z)) = g(K(z)). Thanks to (1.8), for any regular
value z of K(.), the inequality

(1.10) K ()]l < T(K(2)) (2 € C)

is valid, where

n—1 k
o 9"(B(2))
PG =2 i w )

and p(K(z)) is the smallest absolute value of the eigenvalues of K (z):

p(E(2)) = min [Ap(K(2))].

717"'7”

example, that inequality holds, if K(z) = zI — Aze™*" — Ae™*", where A and A are
commuting Hermitian matrices. Due to (1.10) we arrive at

If B(z) is a normal matrix, then g(B(z)) = 0, and [|[K(2)] ||, < p~'(K(z)). For

Lemma 3. One has

0(K) <To(K), where I'o(K):= sup I'(K(iw)).

—vo<w=<vg

Furthermore, from [15, Theorem 2.11] it follows that

Z\fn—l(A)

A det (A, < —2 VT

H ( )Hn — (n o 1)(n—1)/2
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Neutral type vector equations 7

for any invertible n x n-matrix A. Hence, for any regular point z of K(.), one has

Ny~ H(E(2))

HKJ(Z)”n < (n — 1)(=172|det (K (2))|’
and thus
_ Ny~ (K (i)
(1.11)  0(K) < 0a(K) where 04(K) := Sy 1)(n2—1)/2]det (K (iw))|

3.2 Proof of Theorem 3.1.1

Below the meaning of the integral

n
/ w(s)|dr(s)|
0

for a scalar continuous function w and a real function r of bounded variation is the
following: since r(s) is of bounded variation, we have r(s) = ry(s) — r_(s), where
r+(s) and r_(s) are nondecreasing functions. Then

/Onw(s)’dr(sﬂ = /Onw(s)dmr(s) + /077 w(s)dr_(s).

In particular, put

vd(r) := /Ons]dr(s)\ = /On sdry(s) + /077 sdr_(s)
and
vd (R) = |[(vd (1jk)) 7 j=1lln-

So vd (R) is the spectral norm of the matrix (vd (rjy))} ,—;. Clearly vd(R) < nV (R).
For a continuous scalar function w(s) denote

V(R w) = || /0 o))l

So Vd (R,w) is the spectral norm of the matrix whose entries are [’ [w(7)||dr;|
and Vd(R,w) = vd(R) for w(s) = s.

Lemma 4. Let w(s) be a continuous scalar function defined on [0,7n]. Then
(2.1)

\ [N wmarese -1
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For the proof see [21, Lemma 1].
Furthermore, for an f € L?([-n,T],C"),T < oo, put

n - noo_
Ef(t) = /O dR(s)[(t — 5), B (1) = /0 dR(s)f(t—s) (0<t<T).

Now the previous lemma implies.

Corollary 5. We have ||E| 12—y 1) 1200) <V (R) and

Note that in [20, Section 3], the inequality

<vd (R)||fllz2(—n) (T > 0; f € L*(—n,T)).
L2(0,T)

/ AR F(E— 7)
0

1Efllo(—ym)—cor) < Vn V(R) (T >0)

is proved.
We need also the following result

Lemma 6. The equality sup_ < <o | K~ (iw)|n = 0(K) is valid.

For the proof see Lemma 2 [20].
Let us consider the non-homogeneous equation

(2.2) i—FEi=Fz+f (f €L*0,00))

with the zero initial condition

(2.3) z(t) = 0,t < 0.

Applying the Laplace transform to problem (2.2), (2.3), we get #(z) = K~1(2)f(z),

where #(z) and f(z) are the Laplace transforms of z(t) and f(t), respectively.
Consequently,

|2 (i) ] 22(-s000) < suP_ K@) [lf (i) 1] 22(~0,00)-

—oo<w<oo
Now from Lemma 3.2.3 and the Parseval equality we arrive at

Lemma 7. Let condition (1.3) hold and all the zeros of det K(z) be in C_. Then
(2.4) 1] 220,00y < O £l 22(0,00)-
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Neutral type vector equations 9

Further, for a constant v > 0, put Z(t) = G(t) — e 1. Substitute this equality
into (1.1). Then we obtain

(2.5) Z—-EZ—-EZ=f,,
where )
fo=—ve V' —vE(Ie ") + E(Ie™").

Clearly, Z(t) = 0,t < 0. For the brevity in the rest of this section we sometimes put
[l 22(0,00) = |-Iz2- Due to (2.4) we obtain |Z|z2 < 0(K)|f,[z2. But \e"’t|%2 =1/2v
and by Corollary 3.2.2,

|Ee "2 < V(R)|e ™2 = ‘f/(;;) and |Fe "2 < ‘f(ﬁfi)
Thus making use (2.4) and (2.5), we obtain
(2. Gliz < |21z + e 12 0K ol +—= < w(v)
where -
w(v) = O(K)(1+ V(R)\Vv N 1+ 0(K)V(R)
V2 Yo
Put x = /v, )
K1+ V(R)) nd b 1+ 0(K)V(R)
a= 7 and b= —\/§ ;

then w(v) = ax+b/x. The minimum of the right-hand part is attained at xg = \/b/a.
Besides,

b L [0E)A+V(R) (1+0(K)V(R)
axﬁmzx/%z\/ 7 N = W(K).

Now (2.6) yields inequality (1.5). ‘ o
Furthermore Corollary 3.2.2 and (1.1) imply |G|;2 < V(R)|G|r2 + V(R)|G| 2.
Hence,

(2.7) 1G] L2(0.00) < (1 = V(R))V(R)IG| 12(0,00)

and therefore (1.5) yields inequalities (1.6).
Now we need the following simple result, cf. [23, Lemma 4.4.6].

Lemma 8. Let f € L*(0, c0) and f € L?(0,00). Then ’fPC(O 00) < Q‘f‘L2(0,oo)‘f‘L2(O,oo)'
This result and (2.7) imply
IGIE 0,00) < 2(1 = V(R) V(RG220 00)-
Consequently, (1.5) proves inequalities (1.7). O

Kk ok ok sk ok ok ok ok >k ok skok sk ok ok ok ok okook skook skok skok skok ok sk sk sk ok skok skok skok sk ok sk ok ok kol skok sk skok skok sk sk sk skok ok skok skok skokok kok skok skokskokskok

Surveys in Mathematics and its Applications 9 (2014), 1 — 54
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v09/v09.html
http://www.utgjiu.ro/math/sma

10 M. L. GiI’

3.3 Lower estimates for quasi-polynomials

In this subsection we present estimates for quasi-polynomials which will be used
below. Consider the function

(3.1) k(2) = = (1 - /0 ! e”dﬁ) + /0 " ey (2 € ),

where 1 = p(7) and 1 = fi(7) are nondecreasing functions defined on [0, 7], with

(3.2) 0 <war(i) <1 and var(p) < oo.
Put
2 var(p)
M= =
1 —wvar(fi)

The following two lemmas are proved in [20] (Lemmas 7 and 9).
Lemma 9. The equality inf_ o<, <oo |k(iw)| = inf_y, <<y, |k(iw)| is valid.

Lemma 10. Let the conditions (3.2),

(3.3) nuy < /2
and
n n
(3.4) dp := / cos(viT)dp — vl/ sin(viT)dfi > 0
0 0

hold. Then all the zeros of k(.) are in C_ and

(3.5) inf  |k(iw)| > do > 0.

—oo<w<
For instance consider the function
ki(z) = 2(1 —ae ™) +ae ™ + b

with a,b, b, h = const > 0, and 0 < @ < 1. Then v; = 2(a+b)(1—a)~!. Furthermore,
due to Lemma 3.3.2 we arrive at the following result

Corollary 11. Assume that the conditions

(3.6) hvy < )2, hoy < /2
and
(3.7) dy := a cos(vih) +b—via sin(vih) > 0.

Then all the zeros of ki(.) are in C_ and inf_o<y<oco |k(iw)| > dy > 0.
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3.4 Scalar equations with positive fundamental solutions

Consider the linear equation

(4.1) y(t) —agy(t — h) + by(t — h) =0,

where a, b, h, h are positive constants.
The following lemma and corollary are proved in [24].

Lemma 12. Let the equation
(4.2) s = seMa + ehb

have a positive root (. Then the Green function (the fundamental solution) G1(t)
to (4.1) is nonnegative. Moreover,

(4.3) Gi(t) > et (t >0),

G1(t) <0 and

(4.4) /0 Y e tydt = %

Note that, if (4.2) has a positive root, then necessarily a < 1. Note also that in
[1, p. 26] (see also the references given therein) the positivity of Green’s function was
proved but the relations of the type (4.4), which we use below, were not considered.

Corollary 13. Let (4.2) have a positive root. Then inf,er |k(iw)| = b.

Remark 14. If there is a positive number X\, such that ae"\ + behA < A\, then due
to the well-known Theorem 38.1 [31] equation (4.2) has a positive root { < \.

Substitute s = we with a positive ¢ into (4.2). Then

i 1
(4.5) welq + —eph = w.
c
If
i 1
(4.6) eCa + —ep < 1,
c

then due to the mentioned Theorem 38.1 [31] (4.5) has a positive root which not
more than one. So (4.2) has a positive root ¢ < ¢. For example, if ¢ = 1/h, then
condition (4.5) takes the form

ei‘/ha + hbe < 1.
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12 M. L. GiI’

This condition is the direct generalization of the corresponding result for equations
with delay [1].
Minimaze the function

i 1
f(c) = ea+ =ey
c

with respect to c. It is simple to show that

bh bh \% b
(4.7) cp=——=+ = | +—
2ah 2ah ah

is the zero of f’(c¢). We thus have proved
Lemma 15. If

A 1
(4.8) Mg + —eohp < 1,
co

then (4.2) has a positive root ( < c.

3.5 Autonomous systems with discrete delays

Let A = (d1),A = (aj5) and C' = (c;5) be real n x n-matrices. Consider the
equation

(5.1) g(t) — Ag(t — h) + Ay(t — h) + Cy(t) =0 (¢t > 0),

assuming that ||Al,, < 1. So K(z) = z(I — fle‘ﬁz) + Ae™"* + C. The entries of K
are .
kin(2) = 2(1 — ajpe ") + ajpe ™" +cjp (4, k= 1,..,n).

As it was shown by Ostrowski [40], for any n x n-matrix M = (m;;) the inequality

(5.2) |det M| >

(Imj;] = | > Imyil)

<.
Il 3
—

is valid, provided

Hence,
(5.3) |det K (2)] > T](kis(2) = D [kjm(2)]);
j=1 m=1,m#j

provided the right-hand part is positive.
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Neutral type vector equations 13

For equation (5.1) we have V(R) = ||Aln, V(R) = || Alln + ||C||, and
v = 2([Alln + [Clla) (1 — | A]ln) ™
In addition,
(5:4) No(K (iw)) < No(K) (Jw| < o),
where No(K) := vg(v/n 4+ No(A)) + Na(A) + No(C). Now according to (1.11) we
obtain an estimate for §(K'). For instance, (5.1) can take the form

n
(5.5) 95(t) = it —h) + > (ajye(t = h) + cipyr(t) =0,
k=1

(j =1,...,n; t > 0); suppose that
(5.6) Qjj, Cjj >0; 0< CNij < 1.

So A = diag (a;). Put
w, = 2455+ ¢jj)
! L —ay;

and assume that
(5.7) wj mazx{h,h} < g and d; := a;jcos(w;h) + cjj — wjasin(w;h) > 0
(j=1,...,n). Then by Corollary 3.3.3, all the zeros of k;;(.) are in C_ and

inf ]kjj(iw)\ > dj > 0.

—oo<w< oo
In addition, let
n
(5.8) pii=di— Y (aml +leml) >0 (G =1,..,n).
m=1,m#j

According to (5.3) we get
n
|det K (iw)| > T o-
j=1
Thus by (5.4) and (1.11), we arrive at the following result.

Corollary 16. Let conditions (5.6)-(5.8) be fulfilled. Then system (5.5) is asymptotically

stable and
Ny (K)

(n— )=V p

Additional estimates for §(K) are given in Subsection 7.3 below.

0(K) <
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14 M. L. GiI’

3.6 Systems with commuting Hermitian matrices

Let A and A be positive definite Hermitian commuting n x n-matrices. Consider
the equation

(6.1) y(t) — Ay(t — h) + Ay(t —h) =0 (t > 0),

assuming that ||All, < 1. In this subsection we suggest an L'-norm estimate for
solutions of (6.1).

We have K (z) = z(I — Ae="*) + Ae~"*. Rewrite (6.1) as the system in the basis
of the eigenvalues of A and A, which are coincide since the matrices commute:

(6.2) 35(t) = M ()it — B) + A (A)y(t — h) =0 (> 0),
Assume that each of the equations
(6.3) s =s(1— M(A)e + Ap(A)e k=1, ...n

have a positive root (;. Then due to Lemma 3.4.1 the Green function G;(t) to each
of equations (6.2) is nonnegative. Moreover,

(6.4) /0 TGyt = Aj(l e

Besides, G(t) is the vector with coordinates G;(t). Put

t
xj(t) = /0 Gj(t —s)fj(s)ds

for a scalar continuous function f;. Then

sup(3" Jea (B2 = sup(> | / G;(t — 3)f;(s)ds|?)1/? <
L — t = JO

o0 1
Vsl (o) /0 Gutdt < Vil et 00 5

Thus we have proved the following
Theorem 17. Let A and A be positive definite Hermitian commuting n X n-matrices

and equations (6.3) have positive roots. Then the fundamental solution to (6.1)
satisfies the inequality
N

Gllo@se) € ——H 5
I (0,00) = ming A, (A)
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Neutral type vector equations 15

4  The Generalized Bohl-Perron Principle

4.1 Statement of the result

In the present section we extend the Bohl - Perron principle to a class of neutral
type functional differential equations.

Let A;(t) (t > 0; j = 1,...,my) be continuously differentiable n x n-matrices;
Bi(t) (t > 0; k = 1,...,mgp), continuous n X n-matrices. In addition, n < oo is
a positive constant, A(t,7) (t > 0; 7 € [0,n]) is an n X n-matrix continuously
differentiable in t for each 7; B(t,7) (t > 0; 7 € [0,7]) is an n X n-matrix continuous
in t for each 7; A(t,7), A\(t,7) and B(t,7) are integrable in 7 on [0, 7).

Define the operators Ey, Eq : C(—n,00) — C(0,00) by

(Eof) (0 ZBk = ue)+ [ Be.s)tt - s)ds

and

(B f)(t Z Ap(t)y(t — hg) + /077 A(t, s)y(t — s)ds (t >0),

where 0 < hy < ... < hyp, <1 (M1 < 00) are constants, v;(t) are real continuous
functions, such that 0 < v;(t) <.
Our main object in this section is the equation

d

(L.1) 2 () = (Ew)(@)] = (Eoy)(1)
with the initial condition
(1.2) y(t) = o(t) (—n <t <0)

for a given ¢ € C'(—n,0). We consider also the non-homogeneous equation

(1.9 L (1)~ (Br)(0)] = (Bor)(0) + 1) (12 0)

with a given vector function f € C'(0,00) and the zero initial condition
(1.4) z(t) =0 (—n <t <0).

It is assumed that

(1.5a) Vi :=sup
t>0

mi n
[ Ak(®)]ln + ||A(t75)||nd5] <1
ot
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and
(1.5b)
mi n mo n
Vo i=sup | S 44 (8)]1n + / VALt ) [nds + 3 [ Bo(t) | + / ||B<t,s>||nds] < .
20 {2 0 k=1 0

A solution of problem (1.1), (1.2) is a continuous function, satisfying the problem

(1.6a) y(t) = (Ery)(t) = ¢(0) — (E19)(0) + /Ot(Eoy)(tl)dtl (t=0),

(1.6b) y(t) = ¢(t) (—n<t<0).

A solution of problem (1.3), (1.4) is defined as a continuous function z(t), which
satisfies the equation

(1.7) x(t) — (Ela;)(t) = /Ot(E().’IZ)(tl)dtl + /Ot f(tl)dtl (t Z 0)

and condition (1.4).

The existence and uniqueness of solutions of problems (1.1), (1.2) and (1.3), (1.4)
under conditions (1.5) is due to [27, p. 256, Theorem 9.1.1].

Now we are in a position to formulate the main result of the section.

Theorem 18. Let conditions (1.5) hold. If, in addition, a solution z(t) of problem
(1.3), (1.4) is bounded on [0,00) (that is, x € C(0,00)) for any f € C(0,00), then

equation (1.1) is exponentially stable.

This theorem is proved in the next subsection.

4.2 Proof of Theorem 4.1.1
Rewrite (1.1) as

(2.1) (1) — (E1g)(t) = (Byy)(t) + (Eoy)(t) (t = 0),
where .
(Biy)(t) = > Ap(t)y(t — hy) + / Al(t, s)y(t — s)ds.
k=1 0

Lemma 19. For any T > 0 one has ||Evul co,r) < Villullo—yr) and
[(E1 + Eo)ullco,ry < Vollullenr (we C(=n,T)).
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Proof. Let u € C(—n,T). We have

I(Bvw) ()]l <) [ Ak(t)ult — he)lln + /n |A(t, s)u(t — s)|[nds <
k=1 0

mi n
ullenn O 14k ®) [l +/0 [A(t, 8)[lnds) < Villullo(—pr) (0<t<T).
k=1

Similarly the second inequality can be proved. This proves the lemma. [
Lemma 20. If for any f € C(0,00) a solution of problem (1.3), (1.4) is in C(0, 00),
and conditions (1.5) hold, then any solution of problem (1.1), (1.2) is in C(—n,c0).

Proof. Let y(t) be a solution of problem (1.1), (1.2). Put

$(0) ift >0,
<(t):{w) it p<t<0

and xo(t) = y(t) — ((t). We can write d((t)/dt =0 (¢t > 0) and

lro(t) — (Brao) (1)) = (Bowo) (1) +4(t) (¢ > 0),
where AE-O\e
vty = TN |0y t) = (.0 + EHOW®) + (B ).

Besides, (1.4) holds with x(t) = zo(t). Since ¢ € C'(—n, ), by the previous lemma
we have ¢ € C(—n,00). Due to the hypothesis of this lemma, xzo € C(0,00). Thus
y =m0+ ¢ € C(—n,00). As claimed. O

Lemma 21. Let conditions (1.5) hold. Then for any solution of problem (1.3),
(1.4) and all T > 0, one has

Il e < 1=V Vollzllcor + I1fllcor))-
Proof. By Lemma 4.2.1, from (2.1) we have
IZllco.r) < VillZlleory + Vollzllcor + 1 fllcor)-

Hence the condition V; < 1 implies the required result. [
Proof of Theorem 4.1.1: Substituting

(2.2) y(t) = ye(t)e ™
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with an € > 0 into (2.1), we obtain the equation

(23) ye — €Ye — Ee,lye + EEe,lye = (E;1 + Ee,O)yea
where
mi n
(Ecaf)(®) = Y M At~ ) + [ e Alt.5) (e~ 5)ds,
k=1 0

(Ecof)( ZBk Ot = on(0) + [ Bt s)e St~ s)ds

and

mi n
= MM F(t— h) + / e Al(t, s) f(t — s)ds.
k=1 0
Rewrite (2.3) as

d
(2'4) a[ys - Ee,lye] = ZeYe,
where
Ze:=¢el + €E€71 + Ee,O-

Furthermore, introduce in C(0, oo) the operator G : f — x where x(t) is the solution
of problem (1.3), (1.4). That is, G solves problem (1.3), (1.4).
By the hypothesis of the theorem, we have

z=Gf eC(0,00) for any f € C(0,00).

So G is defined on the whole space C(0,00). It is closed, since problem (1.3), (1.4)
under conditions (1.5) has a unique solution. Therefore G : C(0, 00) — C(0,00) is
bounded according to the Closed Graph Theorem [8, p. 57]. So the norm ||CAJ||C(O’OO)
is finite. Consider now the equation

d
— | Te — Ee,le] = Zexf + f

(25) |

with the zero initial conditions. Subtract (1.3) from (2.5), with w(t) = z(t) — (1),
where x and x, are solutions of problems (1.3), (1.4) and (2.5), (1.4), respectively.
Then

d

(26) =

w — Elw] F€

where

d
-+ *(EEJ — El)x6

F. = (Z. — Ey)z.
( 0)Te +
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Neutral type vector equations 19

It is simple to check that Z. — Fo, Bl ; — Ej and E¢; — Ej in the operator norm
of C'(0,00) as € — 0.

For the brevity in this proof put ||.||c(,r) = |.|7 for a finite 7' > 0. In addition,

d .
%(Ee,l - El)xe — (Ee,l - El)xe + ( 2,1 - Ei)xﬁ

But according to Lemma 4.2.1, for a sufficiently small €, we have
|Ecqzelr < e“Vi|zd|r with eV; < 1.
Due Lemma 4.2.3, from (2.5), the inequality
el < (1= eVA) "By + Zelrlwelr + | f]7)

follows. Since Z, — Eo, E_; — EY, |E{ | + Z|r is bounded uniformly with respect
to € and 1" > 0. So for a sufficiently small ¢y > 0, there is a constant ¢y, such that

|‘,1.’,€|T < Cl(|xe|T + ’f‘T) (6 <€y T > 0)

Therefore
|Felr < a(e)(|ze|r + | f|T),

where a(e€) = 0 as € — 0 uniformly in 7' > 0. By (2.6) z — 2 = GF.. So
jze — 2|7 < |IGlloocyale) (el + | fI7).

For a sufficiently small €, we have ¢(¢) := ||GAHc(07OO)(I(6) < 1. Thus

el < (1= q()™ (2|7 + 1G]l o0 00y0(€) f1)-

By the hypothesis of the present theorem, z(t) is bounded on [0, 00). This gives us
the inequality

el < (1= a(€)) " (2l e0,00) + A NGle0,00)1f le0,00)-

So, letting T" — oo, we get z. € C(0,00), since the right-hand part of the latter
inequality does not depend on T

Hence, by Lemma 4.2.2, a solution y, of (2.4) is bounded. Now (2.2) proves the
exponential stability. As claimed. [J
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5 Nonautonomous systems with discrete delays

5.1 Statement of the result

In this section we present stability conditions which are based on Theorem 4.1.1. To
this end consider the system

(1'1) y]( ) a]?/j( — hy )+a]y] +chk Yk t_Ujk( )) =0 (] = 1"-"”)7
k=1

where ﬁj, hj,a; and a; are positive constants; c;i(t) (j,k = 1,...,n) are continuous
functions bounded on [0, 00) and vj;(t) are positive continuous functions, satisfying
vjr(t) < 1 (¢ > 0), where

1 = max{max h;, maxh;}.
J J
Introduce the matrices

j 1,A = diag (a;)j—, and C(t)= (cjk(t));-fk:l.

In the considered case we have

A = diag (a;)7

V(R) = max a; and V(R) = max a; + sup |C ()] n-
120

j=1,n j=l,on
Theorem 22. Let each of the scalar equations

(1.2) s =seli%a; +eMa; (j=1,..,n)
have a positive root. In addition, let

(1.3 > suplen(t] < (5= L)

k=1
Then system (1.1) is exponentially stable.

This theorem is proved in [22, Theorem 3.1]. Its proof is based on Theorem
4.1.1. B

Note that from (1.2) it follows V(R) = maxj—1,. ,a; < 1.

As it was noted in Subsection 3.5, if there are positive numbers );, such that
(14) dj@BjAj)\j —+ ajethf < )\j,
then due to the well-known Theorem 38.1 [31] equation (1.2) has a positive root
¢j < Aj. In particular, if
(1.5) €Ejdj + ehﬂ'aj <1,
then (1.2) has a positive root (; < 1.
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5.2 Sharpness of the result

To investigate the level of conservatism of the sufficient condition of stability given
in Theorem 5.1.1, consider the equation

~ ~

y(t) — ay(t — h) + by(t — h) = by(t — h),

where h, iL, iL, a,b are positive constants. This equation is not exponentially stable
since its characteristic function z — ze"#a+ (e"* —e"#)b has a root at z = 0. Similarly,
considering the system

yi(t) — a;y;(t — hy) + azy(t — hy) = cjy(t — hy) (5 =1,...,n),

with positive constants ﬁj and c¢j, we can assert that its characteristic (diagonal)
matrix has a characteristic value at z = 0, provided ¢; = a; for at least one index j.
These examples show that condition (1.3) is sharp.

6 Lyapunov’s stability of equations with nonlinear causal
mappings

6.1 Solution estimates

Again use the operators E and E defined on C(0, o) by

B(0) = [ R 1t~ 5. E10) = [ aR(5)f(t-9) (12 0)

0 0

For a positive p < oo and an arbitrary 7' > 0 denote Q(o,T) = {w € C(—n,T) :
|wl|c(—yr < o}, and (o) = (g, 0). Consider the equation

(1.1) i—Ei—Ex=Fz+f (f €C(0,00); t >0),

where F' is a continuous mapping of Q(p,T) into C(—n,T) for each T > 0 and
satisfying the condition

(1.2) | Fwllcor) < alwlle=nr (we Q(e,T)),

where constant ¢ > 0 does not depend on 7. A (mild) solution of problem (1.1),
(1.2) is a continuous function z(t) defined on [—n, c0), such that

(1.30) ) =20+ [ Gl =t (Ea(t) + )i (62 0),

(1.3b) z(t) = ¢(t) € C'(~n,0) (—n <t <0),
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where G(t) is the fundamental solution of the linear equation
(1.4) t—FE3:—Ez=0,

and z(t) is a solution of the problem (1.4), (1.3b). It is assumed that the linear
equation (1.4) is asymptotically stable. Again use the Cauchy operator

t
Cuo(t) = / Gt — t)w(t)dt (w € C(0,00)),
0
and suppose that
A 1
(1.5) ICleom <

and

2]l c(=n00) + 1GFllc(0,00

(1.6) _
1 = ql|Glle0,00)

If o = o0, then (1.6) is automatically fulfilled.

Theorem 23. Let conditions (1.2), (1.5) and (1.6) hold. Then problem (1.1), (1.2)
has at least one solution x(t), which satisfies the inequality

2]l c:(—n00) + IGFllco,00)
1 —q[|Gllc(0,00)

H‘T”C(fn,oo) >

The proof of this lemma is a simple application of the Schauder Fixed Point
Principle. About the existence results see for instance the very interesting paper
[34] and references therein. That paper deals with the existence of solutions for a
nonconvex functional differential inclusion with a compact-valued and upper semicontinuous
set-valued mapping.

About estimates for ||CA}'||C(07OO) see Subsection 3.6.

6.2 Stability conditions

Let X (a,00) = X ([a,0);Y) (—o0 < a < 0) be a normed space of functions defined
on [a,00) with values in a normed space Y and the unit operator I. For example
X(a,00) = C([a,),C") or X(a,00) = LP([a,00),C™). For any 7 > 0 and a
w € X(—n,00) (n>0) put

Jow(t) if-np<t<T,
wf(t)_{() ift>r
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Let Qx be a domain of X (—n, 00) containing zero. Consider a continuous mapping
F:Qx — X(0,00) and put

Pl = { [P0 T0<esn

forall 7 >0 and w € Qx.

Definition 24. Let F' be a continuous mapping F : Qx into X (0,00), having the
following properties:

(2.1) FO =0,
and
(2.2) Frw = Frw; for all >0 (w e Qx).

Then F will be called a causal mapping (operator).

For all 7 > 0 introduce the projections

w(t) if-n<t<mT,

Pl ={ §¢ £ (w € X(~n,50))

and
[P0, T)w](t) = { g’(t) i?fi <7

Then for the causal operator F' we can write

(w € X(0,00)).

PO, 7)F = P(0,7)FP(—n,7) (T >0).
Introduce also the subspace X (a,7) (a < 0) by
X(a,7):={f € X(a,00): f(t)=0, t >7}.
Besides, we put
1% (@) = 1 f x(a00)

for all f € X(a, 7).
We need the following result

Lemma 25. Let F' be a continuous causal mapping acting from Qx into X (0, 00),
and

[Fwl x(0,00) < @llwllx(—n,00) (w € Qx).
Then for all T > 0, one has

| Fwll x0,m) < qllwllx(—nm
and F is a continuous mapping in X (—n,T).
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Proof. Put

wr(t) { Z’)Um gnst<T

ift>1T
and

Fw)(t) f0<t<T,
FT“’(t)_{E) " itt>T.

Since F' is causal, one has Frw = Fprwp. Consequently,
[Fwl x0,1) = [1Frwl x0,00) = [Frwrllx(0,00) <

| Fwr x0,00) < qllwrl x(—5,00) = qllwll x(—y1)-

Since F' is continuous on X (—n,00), the continuity of F' on X (—n,T) is obvious.
This proves the result. [

Our definition of causal operators is somewhat different from the definition of
the causal operator suggested in [6, 33], see also [23, Chapter 10]. In the paper
[35] a deep investigation of a Cauchy problem with a causal operator in a separable
Banach space is presented. Besides, sufficient conditions are given for the existence
and uniqueness of solutions and some properties of set solutions are investigated.
An example is given to illustrate the application of the main result to a Volterra
integro-differential equation with delay.

Now let X (a,o0) = C(a,00) and

Q(Q) = QC(Q) - {w € C(_nv OO) : ”wHC(fn,oo) < Q}

for a positive o < co. The following condition often used below:

(2.2) [Fwl[c(,00) < allwllc(—n,c0) (w € Q(0))-

In the rest of the paper the uniqueness of the considered solutions is assumed.

Definition 26. Let F' : C(—n,00) — C(0,00) be a continuous mapping. Then the
zero solution of (1.1) is said to be stable (in the Lyapunov sense), if for any e > 0,
there exists a 0 > 0, such that the inequality ||@|lc1(—y0) < 0 implies ||z c(0,00) < €
for any solution x(t) of problem (1.1), (1.2).

According to Lemma 6.2.2 and (2.2), F' satisfies the hypothesis of Theorem 6.1.1.
Hence, we get

Theorem 27. Let F' : C(—n,00) — C(0,00) be a continuous causal mapping
satisfying conditions (2.2) and (1.5). Then the zero solution of (1.1) is stable.
Moreover, a solution x(t) of problem (1.1), (1.2) satisfies the inequality

(2.3) l2lle(-n00) < I2lenoo) (L = @l Gllem) ™
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provided

(2.4) 2]l c(—no0) < (1= allGllc0,00)) -

Since the linear equation (1.4) is assumed to be stable, there is a constant co,
such that
(2.5) 12l c(=n,00) < coll@llo(=n,0)-

Due to (2.4), the inequality

colldllc(—no < o1 = allGllc.0)

gives us a bound for the region of attraction.
Furthermore, if : C'(—n, 00) — C(0,00) is causal and the condition

[Fwllco,0)

(2.6) =0
[wlle(=n00 =0 [[W]lc(—n,00)

holds, then equation (1.1) will be called a quasilinear causal equation.

Theorem 28. Let (1.1) be a quasilinear causal equation and the linear equation
(1.4) be asymptotically stable. Then the zero solution to equation (1.1) is stable.

Proof. From (2.6) it follows that for any ¢ > 0, there is a ¢ > 0, such that (2.1) holds,
and ¢ = g(0) — 0 as ¢ — 0. Take g in such a way that the condition ¢q[|G|c(0,0c) < 1
is fulfilled. Now the required result is due the to the previous theorem. [J

For instance, if
moorn
27)  [[Fu@)|n < Z/O [w(t = s)|I7Fdpr(s) (> 0; we C(=n,00)),
k=1

where p(s) are nondecreasing functions, and py = const > 1. Then (2.1) holds.
Indeed, we have

m
IFwllog < 3 var () [wl?_, -
k=1
So for any finite ¢ we obtain (2.2) with

q=qlo)=>_ " ‘var ().

k=1

Recall that that estimates for ||(A}'HC(07OO) can be found in Section 3 (see also inequality

(1.7)).

Note that differential delay equations with causal mappings were considered in
[16, 17].
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7 L*-absolute Stability of Nonlinear Equations

7.1 Preliminaries

In this section, explicit conditions are established for the absolute stability of the
considered systems in the terms of the L?-norm of solutions.
First, consider the linear problem

(L.1) () - /0 dR(r)i(t —7) = /0 ARyt - 1) (1> 0),

(1.2) y(t) = $(t) for —n <t<0,

where ¢(t) € C1(—n,0) is given; R(7) and R(7) are n x n-matrix-valued functions
defined as above and satisfying

(1.3) V(R) < oo, and V(R) < 1.

(see Section 3). Recall that

K(z)=1z— z/on exp(—zs)dR(s) — /077 exp(—zs)dR(s) (z € C)

and G(t) is the fundamental solution to (1.1).
For instance, (1.1) can take the form

(1.4)
i)~ [ Ayt — o) P Y At b = [ At - s+ Y At~ ),

k=0

where m,m are finite integers; 0 = hg < h1 < ... < hpy <pand 0 < hy; < ... < by, <
7 are constants, Ay, Ay, are constant matrices and A(s), A(s) are integrable on [0, 7).
Besides,

(1.5)

U m R no o
R) < ( / \|A<s>rrnds+kzz()rrAk|rn) V(R) < ( / \\A<s>rrnds+kzz()rrAk|rn)-

As it was mentioned, under condition (1.3), equation (1.1) is asymptotically
stable and L?-stable, if all the characteristic values of K(.) are in the open left
half-plane C_.

Let F : L?(—n,00) — L?(0,0) be a continuous causal mapping. It is assumed
that there is a constant ¢, such that

(1.6) 1w £20,00) < dllwllzz( o0y (w € L*(=n,00)).
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Consider the equation

a7 e — /0 " AR(s)i(t — s) — / " AR(s)a(t — ) = [Fa)(t) (¢ > 0),

0

A solution of problem (1.7), (1.2) is a continuous function z(¢) defined on [—7, c0),
such that

(1.80) o(t) = 2(t) + /Ot G(t — t1)[Fa](ty)dty (t > 0),

(1.8b) z(t) = ¢(t) (-n <t <0),
where z(t) is a solution of the problem (1.1), (1.2).
Let G be the operator defined on L?(0,00) by

t
Gt = [ G- t)fdn (f € L(0.50))
0
Furthermore, recall that due to Lemma 3.2.4
(1.9) G 12(0.00) < O(K)
and assume that

(1.10) o(K) < ;
7.2 Stability conditions

We will say that equation (1.7) is absolutely L?-stable in the class of the nonlinearities
satisfying (1.6) if it has at least one solution and there is a positive constant m
independent of the specific form of functions F' (but dependent on ¢), such that

2]l 2(0,00) < 2l llct (—,0)
for any solution xz(t) of problem (1.7), (1.2).

Lemma 29. Let conditions (1.3) and (1.10) hold. Then equation (1.7) is absolutely
L?-stable in the class of the nonlinearities satisfying (1.6). Moreover, any solution
x(t) of problem (1.7), (1.2) satisfies the inequality

-1
2]l 22(—n,00) < (1 = g0 [ L2(0,00)) ™ 20 12(~,00)-
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Proof. Take a finite T' > 0 and define the mapping ¢ by
t
Du(t) = =(#) +/ Gt — t)[Ful(t)dt (0 <t < Tiwe LX0,T)),
0

and Pw(t) = ¢(t) for —n <t < 0. Then by (1.6) and (1.10),

[Pwl[r2(—n7r) < Dl L2(=n0) + 12l 2200,7) + 0K ) al|wl| 2=, 1)

So ® maps L%(—n,T) into itself. Taking into account that ® is compact we prove
the existence of solutions. Furthermore,

2l 2 (—p1) = 192 L2(—n.1y < 2l L2(=n,7) + O gl 2| £2(— 1)

Hence we easily we obtain (1.10). Since (1.1) is stable, there is a constant m;, such
that

||Z||L2(O,oo) <m HQZ)HCI(—n,O)‘

This and (1.5), complete the proof. [J

Recall that
g(4) = Z I\ (A) P2,
It is not hard to check that g?(A) < N2(A) — |Trace A2%|. Besides,
(2.1) g*(A) <2N3(Ap) and g(e'" A+ 2I) = g(A)

for all 7 € R and z € C (see Section 2). Remind also that

B(z) = 21/077 z exp(—zs)dR(s) + /077 exp(—zs)dR(s).
and for any regular value z of K(.), the inequality
(2.2) 11K ()] ln < T(K(2)) (2 € C)

is valid, where

(2))
Z\Fpk“K (2))

and p(K(z)) is the smallest absolute value of the eigenvalues of K (z):

p(K(z)) = min [Ay(K(2))]-
k=1,....,n
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If B(z) is a normal matrix, then g(B(z)) = 0, and ||[K(2)]7}|l, < p~Y(K(z)). For
example, that inequality holds, if K(z) = 21 — Aze™#1 — Ae=*" where A and A are
commuting Hermitian matrices.

Furthermore, from (2.2) the inequality

(2.3) O(K) <To(K), where I'o\(K) = sup I'(K(iw))

—vo<w<vg
follows. Thus due to Lemma 7.2.1 we arrive at the following result.

Theorem 30. Let all the zeros of K be in C_ and the conditions (1.3), and
(24) qFo(K) <1

hold. Then equation (1.7) is absolutely L*-stable in the class of the nonlinearities
satisfying (1.6).

Denote

g(B):= sup ¢g(B(iw)) and p(K):= inf p(K(iw)).

WE[—v0,v0] w€[—vo,v0]

Then we have

Io(K) < T(K), where I'(K

Z \/>pk+1

Now Theorem 7.2.1 implies

Corollary 31. Let all the zeros of K be in C— and the conditions (1.3), and
qU'(K) < 1 hold. Then equation (1.7) is absolutely L*-stable in the class of the
nonlinearities satisfying (1.6).

Thanks to the definition of g(A), for all w € R one can write

(28)  g(B(iw)) < Nao(B(iw)) < vn| B(iw)|ln < vn(|w|V (R) + V(R)).

The sharper estimates for g(B(iw)) under additional conditions are given below.

7.3 Nonlinear systems with discrete delays

Let A = (d;1), A = (a;x) and C = (cjx) be n x n— matrices. Consider the equation
(3.1) §(t) — Ag(t — h) + Ay(t — h) + Cy(t) = [Fy|(t) (¢ >0),

assuming that ||Al|,, < 1. So K(z) = z(I — fleiﬁz) + Ae™"* + C. The entries of K
are

kjk(z) = Z(l — fljke_hz) + ajke_hz + Cjk.
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Thanks to the Hadamard criterion [36], any characteristic value \ of K (z) satisfies
the inequality

n

() =A< D fkm(2)] G=1,...,m).
m=1,m##j
Hence we have
(3:2) p(K(z)) =  min (\km( W= Y [km(2)]),
i= m=1,m#j

provided the right-hand part is positive. Furthermore, in the case (3.1) we have
V(R) = [[Alln, V(R) = [|Alln + IC]ln, vo = 2(| Al + [[C)(1 = [|A])~". In addition,

9(K(2)) = g(B(2)) = g(—2Ae ™" + Ae™ + O).

Hence, by (2.1)

9(B(iw)) < —=Na(B(iw) — B*(iw)) <

- xf
1 o e . >
ﬁﬂw’NQ(efzth_i_ ezth*) _i_NQ(efzth _ ezth*) + NQ(C o C*)]

One can use also relation g(B(iw)) = g(e* B(iw)) for all real s and w. In particular,

taking s = h + 7/2, we have by (2.1)

1 S s s = =
g(B(iw)) < \ﬁ[|w\NQ(A—A*)+N2(e_’(h_h)wA—i—e"(h_h)“’A*)+N2(CeZh°’+e_’h“’C*)].

If A is self-adjoint, then

g(B(lcu)) < [NQ(efi(hfiL)wA_i_ ei(hfﬁ)wA*) + NQ(CCiEw + efiilwcr*)}'

Sl

Hence,
(3.3) 9(B(iw)) < V2[Na(A) + No(C)] (w € R).

For example, consider the system

n

(3.4) 9 (t) — it — )+ (ajrye(t — h) + ciryr(t)) = [Fyl(t),
k=1

(=1,...,n; t > 0), where [F}y|(t) are coordinates of [F'y|(t), and suppose that
(3.5) OS(NIJ'J’ < 1,(Ijj,ij >0 (j:1,...,n).
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So A = diag (@;;). Then (3.2) implies

n

(3.6) UK (iw)) = min ([kj(iw)] — Y (agml + lem))-
m=1,m+#j

Taking into account that |a;;| < ||A, < 1, put

2(aj; + ¢jj)

v = 1

— ajj

and assume that

(3.7) vimaz{h;, h;} < 7/2 and dj := ajjcos(v;h) + c;; — viasin(vjh) > 0
(j=1,...,n). Then by Corollary 3.4.3 all the zeros of k;;(.) are in C_ and

inf |k‘j](zw)\ > dj > 0.

—oo<w<oo

In addition, let

n

(3.8) pa= min (dj— > (lajm|+lejm])) >0,
J=4 m:17m¢]

then according to (3.3) we get

) + No(C
"y kz fp;m?( D

Now Theorem 7.2.2 yields our next result.

Corollary 32. Let conditions (3.5), (3.7) and (3.8) be fulfilled. Then system (3.4)
is absolutely L?-stable in the class of the monlinearities satisfying (1.6), provided
ql'g < 1.

7.4 Nonlinear systems with distributed delays

Let us consider the equation
- n n
@0 i = A i sdn) + 4 [ ol = )du) = [Po) 2 0)

where A and A are n x n— matrices with ||A| < 1, and y, ji are scalar nondecreasing
functions with finite numbers of jumps, again, and f does not have a jump at zero.
Without loss of generality suppose that

(4.2) var(p) = var(i) = 1.
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So in the considered case R(s) = u(s)A, R(s) = ji(s)A, K(z) = zI — B(z) with
~ [N n
B(z) = zA/ e *dp(s) — A/ e “*du(s),
0 0

V(R) = ||Alln, V(R) = ||A|,, and v = 2||A||(1 — ||A]|,)~". Moreover,

G(K) = sup g(B(iw)) < Nao(A) + vgNa(A).

|w|<vo

If
(4.3) K(z) =21 — 2Aeh + A/77 e **du(s),
0
then by (2.1) g(B(iw)) = g(ie? B(iw)) <
1
V2

Consequently, in the case (4.3) we get

~ ~ Y . - n . -
[l Na(A — A%) + Na /0 =P 1 (5) A + /O =R gy (5) AM)].

§(K) < ZENo(A - &) £ VENy(A).

Now we can directly can apply Corollary 7.3.1.
In the rest of this subsection we suppose that A and A commute, then the
eigenvalues of K are

MEE) =22 [T aan) + [T auon ).

and, in addition, according to (2.2), g(B(iw)) < |w|g(A) + g(A). So
9(B(iw)) < g(A, A) == vog(A) + g(A) (w € [~vo, o))

Furthermore, suppose A\i(A) and \¢(A) (k =1,...,n) are positive and put

o 20(4)
A
It
(4.4)

1 _
nug < m/2 and dg(p, ) = )\k(A)/ cos (Tug)dp — Uk)\k(A)/ sin (Tvg)dp > 0,
0 0

(k =1,...,n), then by Corollary 3.4.3 all the characteristic values of K are in C_

inf | \j(K(iw))| > deom = mindg(p, 1) (j =1,...,n).
weR k
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So .
n— Ak 't
- g (A7A)
D(K) < T (K) = S L2020
(K) < e () := 3

Now Corollary 7.2.3 implies

Corollary 33. Let A and A be commuting matrices with positive eigenvalues. Let
the conditions (4.2), (4.4) and qUeom(K) < 1 be fulfilled. Then equation (4.1) is
absolutely L?-stable in the class of the nonlinearities satisfying (1.6).

7.5 Example

Consider the system

]

(5.1)  gi(t) —ag;(t —h)+ > ciry(t) = /0 W;(t,s)fi(y1(s = h),y2(s — h))ds

i
I

(t > 0), where 0 < a < 1, ¢j (j = 1,2) are real, Wj(t,s) are real functions defined
on [0,00)? with the property

o rt
/ / [W;(t, s)|*dsdt < b? <00 (bj = const >0)
0 0

and fj(21, 22) are functions defined on C? with the property
|fi(21, 22)| < @jnlza] + Gjolea| (@ = const; zj € C; .k = 1,2).
So (5.1) has the form (3.4). Besides,

/ 7 Wit )15 (s — h)a(s — h)ds e <
0 0

| [ imatesyasde [ 1550 = . pnls — 1) s <
0 0 0

b2 / (@i1lua(s — )| + Gjava(s — h)[)%ds.

Then condition (1.6) holds with

2 2
(5.2) ¢ =2) b3y G

Furthermore, we have K(z) = z(1 —Nae*Zh)I + C with C' = (¢j); A = al, B(2) =
—ae~*"[ + C and by (2.1), Since A and C commute, g(B(z)) = g(C) < gc =
|c12 — c21] and the eigenvalues of K are

Ni(K(2) = 2 — zae™*" 4 X;(0).
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Suppose A\, (C) (k =1,2) are positive and put

o = 2(C)
1-a
If
(5.3) hvp < w/2 and di := A\t (C) — via sin (hvg) >0 (k= 1,2),

then by Corollary 3.4.3, the characteristic values of K are in C_, and

. . . > 7 :: . . — .
Inf A (K(iw)| 2 d = min dy (j = 1,2)

So

Thanks to Corollary 7.2.3 we can assert that system (5.1) is absolutely L?-stable
provided the conditions (5.3) and ¢I' < 1 hold, where ¢ is defined by (5.2).

8 Exponential Stability of Nonlinear Systems

8.1 Stability conditions
Recall that Q(o) = {f € C(-n,00) : | fllo(=n,00) < 0} for a given number 0 < o < oo.

Consider the equation

(1.1) :J'c(t)—/ondf%(s)dv(t—s)—/ndR(t,s)w(t—s)— (Fal(t) (¢t > 0),

0

where F':is a continuous mapping (o) — C(0, 00), satisfying the following condition:
there is a nondecreasing function v(t) defined on [0, ], such that

(1.2) IEA@) e < /On (¢ = s)llndv(s) (¢ =0;f € Qe))-

A (mild) solution of equation (1.1) with an initial function ¢ € C'(—n,0) again is
defined as a continuous function xz(t) defined on [—7, 00), such that

(1.3) a(t) = 2(t) + /Ot G(t — t1)[Fz)(t1)dty (t > 0),

(1.4) z(t) = o(t) (—n <t <0),

where z(t) and G are defined as in Section 6. Recall that the uniqueness of solutions
is assumed.
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We will say that the zero solution to equation (3.1) is exponentially stable, if
there are positive constants g < o, m and ¢, such that for any ¢ with

(1.5) 9llcr(—n0) < ro,
problem (1.1), (1.4) has a solution z(¢) and
lz()lln < 1ie™(|gllcr (—n0) (¢ =0).
Recall that §(K) is defined in Section 3.
Theorem 34. Let all the characteristic values of K(.) be in C_ and the conditions

(1.6) var(v)f(K) < 1
and
(1.7) V(R) <1

hold. Then the zero solution to (1.1) is exponentially stable.

This theorem is proved in the next subsection. About estimates for 0(K) see
Section 3.

8.2 Proof of Theorem 8.1.1
Recall that for all T' > 0, the inequalities

(2.1) IEfllc(—nm)y»cor < vVn V (R)
and
(2.2) IEfllL2(—p1y—r200,r) <V (R)

are valid (see Section 3).
The proof of Theorem 8.1.1 is based on the following lemmas which are proved
in [20, Section 3].

Lemma 35. Let condition (1.2) hold withr = co. Then ||Fw|| 2y 1y < var(v)||wl| 21
(w e L?(—n,T)) for any T > 0.

Furthermore, use the operator G defined on L2(0, 00) by
t
Gt = [ Gt —t)ft)dn (f € L(0.0))
0
and assume that

(2.3) var (v) |Gl r2(0,00) < 1.
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Lemma 36. Let conditions (1.7), (2.3) and (1.2) with o = oo hold. Then problem
(1.1), (1.4) has a solution z(t). Moreover,

(2.4) 2]l 2~ 00) < (1= var ()Gl £2(0,00)) 121l £2(—.00)-
According to Lemma 3.2.4

(2.5) G 22(0.00) < O(K)

Now the previous lemma implies the inequality

2]l £2(—.00) < (1= var(@)0(K)) " |12l 2(—y00)-

Since the all the zeros of det K(.) are in C_, and (1.7) holds, we obtain

(2.6) %] 2(—p,00) < C2llllcr(—n0) (c2 = const).

From (1.1), (2.2) and Lemma 8.2.1 it follows that

]| 22(0,00) < V(R |2 12~ 00) + (V(R) + var(v))||2] 2(~p,00)-

Or

€] £2(0,00) < V(R) (|| £2(0,00) + 2]l 2(—1,0)) + (V(R) + var®))||lz]| 12 (—p,00)-
So due to (1.7) we obtain

Corollary 37. Under the hypothesis of Lemma 8.2.2 we have
2]l 2(0,00) < (1= V(B) T (V(R) + var(v)) 2] 20,00) + VR0l £2(—.0)-
The previous lemma and (2.6) imply the inequality

(2.7) 2] £2(0,00) < €sllllcr(—p0) (c3 = const).

Due to Lemma 3.2.5, if f € L*(0,00) and f € L2(0,00), then | f[[ 00 <

QHfHLQ(O,oo)Hf”LQ(O,oo)' This inequality and (2.7) imply the next result.

Lemma 38. Under the hypothesis of Lemma 8.2.2, the inequality

(2.8) [Zllc0,00) < calldllcr(—p0) (ca = const)

is valid and therefore the zero solution of (1.1) is globally stable in the Lyapunov
sense.
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Proof of Theorem 8.1.1: Substituting
(2.9) x(t) = ye(t)e™
with an € > 0 into (1.1), we obtain the equation
(2.10) Je — €Ye — E_ gle + €E, gYe = Ee rYe + Feye,

where

U By U
(B D) = [ et =), (Banf)O) = [ e a R (0 =)
and [F.f](t) = e [F(e~ f)](t). By (1.2) with r = co we have

n n
NF 1) < e /0 | £(t = 8)||ndy < & /0 1£(t — 8)]lndle

Taking e sufficiently small and applying our above arguments to equation (2.10),
according to (2.8), we obtain

(2.11) lellcqose) < cclBller(noy (ce = const)

Now (2.9) implies

(2.12) () [|c0,00) < celldllor(—gope™ (&> 0).

So in the case p = oo, the theorem is proved.
Now let ¢ < oo. By the Urysohn theorem [8, p. 15|, there is a continuous
scalar-valued function v, defined on C'(0, c0), such that

Vo(f) =1 ([Ifllco,e0) < 0) and ¥o(f) =0 ([[fllc0,00) = 0)-

Put [Fof](t) = ¥o(f)[Ff](t). Clearly, F, satisfies (2.2) for all f € C(—n,o0).
Consider the equation

(2.13) i — Ei = Ex + Fya.

The solution of (2.13) denote by z,. For a sufficiently small €, according to (2.12), we
have [125(t)lc(o0.00) < Cel0llcr(noy- T we take |6llcr_yo) < ofcc, then Fyzy = Fa
and equations (1.1) and (2.13) coincide. This and (2.12) prove the theorem. [J
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9 Aizerman’s type problem

9.1 Statement of the result

Recall that C_ = {z € C : Re z < 0}. In this section C'(Q2) is the space of continuous
scalar-valued functions defined on a segment €2 C R and equipped with the sup-norm.
L?(2) is the space of scalar-valued functions defined on  and equipped with the
norm

[0l L20) = [/Q [u(t)dt]'? (v € L*()).

Consider the scalar neutral type functional differential equation

(1.1) D0 agga®(t — hy) = f(t,x(t), 5t — ), 2t — ha), .oy x(t — b)) (£>0),

k=0 j=0

where 0 = hg < hy < ... < hy, are delays; ay; are constant real coefficients with
ano = 1 and a,; # 0 for at least one j > 1. The function f : [0,00) x R™1 — R is
continuously differentiable and

m
(1.2) [f(t, 20,21, ey 2m)| < qu\zk\ (g = const > 0; z, € Rk =0,...,m; t>0).
k=0

Put n = hyp, = maxg—1,. m hi. With a given function ¢ having continuous derivatives
up to n-th order take the initial conditions

(1.3) 2(t) = ¢(t) (k= 0,....,n: —n <t <0).

Consider the linear equation

(1.4) S apu® (- hy) =0 (t > 0).

k=0 j=0

A solution of problem (1.4), (1.3) is n-times continuously differentiable function
satisfying (1.4) and (1.3) for all ¢ > 0.

Throughout this paper it is assumed that (1.4) is L?-stable. Namely, all the
zeros of the characteristic (transfer) function

(1.5) K\ = zn: i agjAFe M

k=0 j=0

are in C_, and solutions of (1.4) are in L?(0,00), cf. [29, p. 114]. Introduce the
Green function (fundamental solution, impulse response) of (1.4)

1 R
Glt) = 5 / 11 K (i) doo.
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By the variation of constants formula [27, 29], equation (1.1) is equivalent to the
following one:

(1.6)  x(t) =(t) +/0 G(t—s)f(s,z(s),x(s — h1),...,x(s — hy))ds (t >0),

where () is a solution of problem (1.4), (1.3).

A (mild) solution of problem (1.1), (1.3) is a function z(t) defined on [—n, c0),
which is continuous on [0, 00), satisfies (1.6) for ¢ > 0, and satisfies (1.3) for ¢ €
[—n <t < 0]. The existence of solutions is assumed (see the previous section).

Definition 39. Equation (1.1) is said to be L?-absolutely stable (L*-a.s.) in the
class of nonlinearities (1.2), if there is a positive constant ¢y independent of the
specific form of function f (but dependent on qj, j =0, ...,m), such that

1zl 2000y < c0 D N6® lleno)
k=0

for any solution x(t) of (1.1) with initial conditions (1.3).

Let A, b, ¢ be an n xn-matrix, a column-matrix and a row-matrix, respectively. In
1949 M. A. Aizerman conjectured the following hypothesis: for the absolute stability
of the zero solution of the equation & = Az + bf(cx) in the class of nonlinearities
f: R — R, satisfying 0 < f(s)/s < ¢ (¢ = const > 0,s € R, s # 0) it is
necessary and sufficient that the linear equation & = Ax 4 ¢1bcx be asymptotically
stable for any g1 € [0,q] [2]. This hypothesis caused the great interest among
the specialists. Counterexamples were set up that demonstrated it was not, in
general, true, (see [44] and references therein). In connection with these results,
A. A. Voronov [44] investigated the following problem: to find the class of systems
that satisfy Aizerman’s hypothesis. He also received the first important results in
that direction. The author has showed that any system satisfies the Aizerman
hypothesis, if its impulse function is non-negative [10]. The similar result was
proved for multivariable systems and distributed ones, [11]). On the other hand,
A.D. Myshkis, [38, Section 10] pointed out at the importance of consideration of
the generalized Aizerman problem for retarded systems. That problem, called the
Aizerman-Myshkis problem, was investigated under various assumptions, by the
author in the papers [12, 14] and [17]. The very interesting results on the Aizerman-
Myshkis problem can be found in the papers [41, 43]. For the classical results on
absolute stability of retarded systems we refer the reader to the excellent book [42].
In that paper, absolute stability conditions for a wide class of functional and integro-
differential equations have been established. These conditions are connected with
the generalized Aizerman problem, which means the following: to separate a class
of linear parts of nonlinear systems, such that there is a linear equations, whose
stability provides the absolute stability of the considered nonlinear systems.
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In the present paper we consider the following generalization of the Aizerman
problem.

Problem 9.1: To separate a class of systems (1.1), such that the L?-stability of
the linear system

m

(1.7) ™ 4 z": i arjr®(t — Z x(t — hy)

k=0 j=1 k=0

for some G, € [0,qx] (k= 0,...,m) provides the L*-a.s. stability of system (1.1) in
the class of nonlinearities (1.2).

It should be noted that Problem 1 is considerably more complicated than the
Aizerman-Myshkis problem, since in the case of neutral type equations, the location
of all the zeros of the characteristic function in C_ does not guarantee the exponential
stability [28, 29].

Now we are in a position to formulate the main result of the paper.

Theorem 40. Let Green’s function of (1.4) be positive:

(1.8) G(t) >0 (t>0),

and the linear equation (1.7) be L?-stable with G, = qi, (k =0, ...,m). Then (1.1) is
L?-a.s. in the class of nonlinearities (1.2).

So Theorem 9.1.2 separates a class of systems satisfying Problem 9.1. It is proved
in the next section.

Remark 41. Note that the notion of the L?-stability (L?-absolute stability) is stronger
that the notion of the asymptotic stability (asymptotic absolute stability) at least
under the natural condition

(1.9) dn = lan;| < 1.
j=1

Indeed, assume that a solution = of (1.1) is in L?(0,00) and note that from (1.1)
and (1.2), for any finite 7" > 0, it follows that

n
™ i20my < 3 delle® ).
k=0

where

dk—Z]ak] (0 <k <mn)and dy = qu—l—Z\aoj

7=1
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Hence,

2™ L2 0.1y < deHfﬁ(k)”m(o,T) + co where ¢o = denx(k)HL?(—n,O)
k=0 —

and therefore

n—1

2™ 20y < (1 —dn) ™! Z )|z L2 0.0y + (1 = dn) Lo
k=0

(k) Hi/;lo 0T k =1,...,n. By the moment inequality, cf. formula (5.41)

from Section 5.9, Chapter I of the book [32], we have w} < w¥w)~*. Thus,

Put wy, = ||z

f
L

dknk—l—CQ,
0

b
Il

where & = (1 — d,) 'co and dy = (1 — d,)~'dy. By the well known estimates for
the polynomial roots, we obtain

w, <14+ max{r]?aéi kag*k, ngg +co}-
>

Hence,

w, <1+ max{maxdkHa;HLQ(OOO dOHarHLQ(O )+ Co}-

The right-hand part of this inequality does not depend on 7. This implies () ¢
L?(0,00) and therefore, & € L?(0,00). Thus

o) == [ la(e)Pds = =2 [ lalo) S lelo)lds <

2 " () 2ds) / " () Pds)? 5 0

as t — oco. As claimed.

9.2 Proof of Theorem 9.1.2

For an arbitrary n-times continuously differentiable function w defined on [—n, ),
let us introduce the operator K by

ZZ% (t = hy).

k=0 7=0
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Put in (1.6) y(t) = x(t) — ¢(t) where () is a solution of (1.4), (1.3). Then
(2.1)

y(t) = /0 G(t—S)f(S,y(S)—}-w(S), y(S—h1)+¢(3—h1)a ...,y(S—hm)—i-dJ(S—hm))dS.
Besides,
(2.2) y () =0 (k=0,...,n; —n <t <0).

Due to the positivity of G(t) and condition (1.2), we get

ly(t)] < /0 G(t = 5)(F(s) + qoly(s)| + arly(s = ha)[ + .. + gmly(s — hm)[)ds.

where
F(s) = qolt(s)] + q1[v(s — ha)| + ... + @l (s — him)|-

By the well-known Lemma 3.2.1 [7] (the comparison principle), we have
(2.3) ly(®)] < =2(t) (t = 0),

where z(t) is a solution of the equation

(2.4) 2(t) = /Ot G(t—s)(F(s) +qoz(s) + ... + gmz(s — hy,))ds
with the conditions

(2.5) Py =0(k=0,...,n; —n <t <0).

But equation (2.4) is equivalent to the following one:

(2.6) (K2)(t) = F(t) + qoz(t) + quz(t — hy) + ... + gz (t — huy).

Denote by W (t) the Green function to (2.6). By the variation of constants formula,
the latter equation with conditions (2.5) can be written as

t
z(t) = / W(t—s)F(s)ds (t>0).
0
Since (1.7) is L?-stable, by the Schwarz inequality, we obtain the inequality

(2.7) 121l 22(0,00) < Wl 22(0,00) 11l £2(0,00) -

Let us check that |[F[|z2(0,0c) < o0. Indeed, since (1.4) is L%-stable, we have
191 22(0,00) < c1ll9llcns Where

Iollcn = 16® oo
=0
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But

1] 22(0,00) < @0l¥l22(0,00) T @ll¥ N £2(=h1 00) + -+ + @mll¥ ]| 2= ,00)-

Therefore, ||F||L2(O,oo) < C2H¢HL2(—77,00) < C3H¢||Cfﬂ'
Taking into account (2.3), (2.7) and that x(t) = y(t) + ¥(t), we arrive at the
required result. [

9.3 Auxiliary results

In this section we prove some results, which will be used in the sequel. Consider the
equation

(3.1) utt) - [ "t — s)du(s) = (Va)(t) + £(t) (¢ > 0)

where p is a non-decreasing function, d € (0,7) is a constant, f(t) is a continuous
function such that f(t) > 0 (¢t > 0) and f(0) > 0, V is a positive Volterra operator:
Vu(t) = fot K(t,s)u(s)ds where K (t, s) is positive, continuous in ¢ and integrable in
s on any finite segment.

Consider the linear equation

(3.2) §(0) — ag(t — B) + byt — h) =0,

where a, b, h, h are positive constants. Due to Lemma 3.5.1, if the equation

(3.3) s = seMa + ehsh

has a positive root ¢, then the Green function G (t) to (3.2) is nonnegative. Moreover,

(3.4) Gi(t) > e St >0 (t >0),

Gl(t) < 0 and

e 1
(3.5) / Gr(tydt = =
0 b

In addition, Corollary 3.5.2 implies.

3.6 inf |k(iw)| =10
(3.6) inf [k(i)| = b,
provided (3.3) has a positive root.

_As it was mentioned in Subsection 3.5, if there is a positive number A, such that
ae"\ 4 be < A, then due to the well-known Theorem 38.1 [31] equation (3.3) has
a positive root ¢ < A. In particular, if

7 1
(3.7) ehca + —eth < 1,
c
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then equation (3.3) has a positive root ¢ < ¢. Moreover, denote
bh ( bh >2 b
co = - 4+ —= + —
2ah 2ah ah

7 1
(3.8) ehcog + —ehp < 1,
co

and suppose

then as it is shown i (3.3) has a positive root ¢ < ¢g.

9.4 Particular cases

Consider the first order equation

(4.1) #(t) — ai(t — B) + bx(t — h) = f(a(t), z(t — h), z(t — h)),

where b, h, h are positive constants and 0 < a = const < 1. The function f : R — R
is continuously differentiable and

2
(4.2) |f(t, 20, 21, 22)| < qu]zk| (qr = const > 0; zp € Rk =0,1,2; t>0).
k=0

Let equation (3.3) have a positive root. Then by (3.4) G1(t) > 0 and due to Theorem
9.1.2, equation (4.1) is L?-a.s. provided the linear equation

(4.3) i(t) — ai(t — h) + bz(t — h) = qo(t) + qua(t — h) + goa(t — h)

is L2-stable. Since a < 1, due to [29], equation (4.3) is L2-stable, provided all the
zeros of the characteristic function

ka(z) ==z — ze a + e b — (g + qle_ﬁza + qoe™h®)

of (4.3) are in C_. There are numerous criteria of the stability of linear first order
neutral type equations, cf. [28] and references therein. Let us suggest a new one.
Assume that

(4.4) go+q1 +q2 <b.
Then due to (3.6) we have
g0 + qre " a + qae | < go + q1 + g < |E(iw)] (w € R).

Hence due to the theorem of Rouché, all the zeros of ka(z) are in C_. We thus arrive
at our next result.
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Corollary 42. Let equation (3.3) have a positive root and condition (4.4) hold.
Then equation (4.1) is L*-a.s. in the class of nonlinearities (4.2).

Now consider a higher order equations with the characteristic function
n 7 ~
(4.5) K(\) = H()\ — )\ajefhj)‘ + bjefhj)‘) (hj, hj,aj,bj = const >0; j=1,...,n).
j=1

Let each of the equations
(4.6) s = seﬁjsaj + ehsbj (7=1,2,..,n)

have at last one positive root. Then necessarily a; < 1 (j = 1,2, ...,n). Taking into
account that a product of the Laplace transforms of several functions corresponds to
the convolution of these functions, we have due to Lemma 9.3.2 the following result:

Lemma 43. Let each of equations (4.6) have a positive root. Then the Green
function corresponding to the function K(X) defined by (4.5) is nonnegative.

Now we can directly apply Theorem 9.1.2.

Example 44. Consider equation (4.1) with a = 0.3,b = 0.5,h = 0.1,h = 0.2. So
equation (3.3) has the form

(4.7) s = 0.35e"1 +0.5¢%%.

Since
0.1e" +0.2¢%2 < 1,

due to (3.7), equation (4.7) has a positive root. Hence, by Corollary 9.4.1 equation
(4.1) is L?-a.s. in the class of nonlinearities (4.2), provided qo + q1 + g2 < 0.5.

Example 45. Consider the equation

d

(4.8) o

2 2
[u(t) = dru(t = )] = —2u(t) + f(u(t),ult = 7)) (t 20),
with positive parameters 91,02 and s, and the continuous function f : R? — R
assuming that

(4.9) |f(wi,wa)] < qi|wi] + g2|wa| (w1, we € R),

where ¢; and ¢o are positive constants.
This equation is considered in the previous section, but now we investigate it
under new conditions.
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To apply Theorem 9.1.2 to (4.8) note that in the considered case
a:ﬁl,b:ﬁg,fz:Q/s,hzo.
Condition (3.7) with ¢ = 1 takes the form
(4.10) 01625 + 19y < 1.
Condition (4.4) takes the form
(4.11) ¢+ g2 < Vs

Hence, by Corollary 9.4.1 equation (4.8) is L2-a.s. in the class of nonlinearities (4.9),
provided inequalities (4.10) and (4.11) hold.

10 Stability conditions via generalized norms

10.1 Preliminaries

In this section, the inequalities for real vectors or vector functions are understood
in the coordinate-wise sense.

Furthermore, let p := (p1, ..., pn) be a vector with positive coordinates p; < oco.
We need the following set:

Q(p) = {v(t) = (vj(#)) € C([=1,00),C") : |vjlle(-noorc) < Pi3 5= 1,0}

If we introduce in C([a,b], C™) the generalized norm as the vector

Miap)(v) = (lvjlleapc)i= () = (v;(t)) € C([a, b],C"))

(see [23, Section 1.7] and references therein), then we can write down

Q(ﬁ) = {v € C([-n,0),C"): M[—n,oo)(v) < p}.

Recall that R(7) = (75(7))} ;- and R(7) = (rjx(7))} -, are an n x n-matrix-
valued functions defined on [0, 1], whose entries are real and have bounded variations.
Again consider in C™ the problem

(1.1) i — Fi=Fx+Fz (t>0),

(1.2) z(t) = ¢(t) € C'(~n,0) (= <t < 0),

where F' is a continuous causal mapping in C(—n,00), E and E are defined as in
Subsection 3.2. A (mild) solution of problem (1.1), (1.2) is again is defined as a
continuous function z(t), such that

(1.3) o(t) = 2(t) + /Ot G(t — t1)Fa(ty)dt, (t > 0),
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and (1.2) holds. Here G(¢) is the fundamental solution of the linear equation
(1.4) 31— E:=EFEz

and z(t) is a solution of the problem (1.5), (1.2). Again use the operator
t
G0 = [ Glt-t)f)dn (f € C0.0)),
0

10.2 Stability conditions

Rewrite (1.1) in the form
(2.1)

n n n n
5W%;A%WW%@=;A%WM%MW%®(Q&Fﬂwm

where z(t) = (x(t))}_,, [F'w];(t) mean the coordinates of the vector function Fw(t)
with a w € C([—n,00),C"). In addition,

n
(2.2) suvaar (Tj5) < 1.
I k=1

It is assumed that F' satisfies the following condition: there are nonnegative constants
vjk (j,k =1,...,n), such that for any

w(t) = (w;(t))j=y € Qp),

the inequalities

(2.3) [[Fw]jllcqoe0),c) < D) Vikllwkllo(=neo),c) (G =1,.,7)
f—1

hold. In other words,

(2.4) Mooy (Fw) < AF)M_,) oy (w) (w € Q(p)),

where A(F') is the matrix whose entries are vjy:
(2.5) AE) = Wik )jpo=1-

Lemma 46. Let F' be a continuous causal mapping in C(—n, 00) satisfying condition
(2.6). Then

My 7 (Fw) < AF)Mi_y ry(w) (w € Q(p) N C([—n,T]),C"))
for all T > 0.
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For the proof see [23, Lemma 10.7.1].
It is also assumed that the entries G (t,s) of the fundamental solution G(t) of
equation (1.5) satisfy the conditions

(2.6) Vik = Sup/ |Gi(t, s)|ds < oo.
t>0 J0

Denote by 4 the matrix with the entries ~;;:

¥ = (Vjk) k=1-

Theorem 47. Let the conditions (2.3) and (2.6) hold. If, in addition, the spectral
radius r5(Q) of the matriz Q = YA(F) is less than one, then the zero solution of
system (2.1) is stable. Moreover, if a solution z of the linear problem (1.4), (1.2)
satisfies the condition

(2'7) M[fn,oo) (Z) +Qp<p,
then the solution x(t) of problem (2.1), (1.2) satisfies the inequality
(2.8) M0y (@) < (I = Q)" M_yy.00)(2).

Proof. Take a finite T > 0 and define on Qr(p) = Q(p) N C(—n,T) the mapping ®
by

Duw(t) = 2(t) + /OtG(t — t)[Fw](t))dt; (0<t<Tiwe Qr(p)),

and
Qw(t) = ¢(t) for —n <t <0.

Then by (2.4),
Mi_p)(Pw) < Mi_y11(2) + FAE) M|y 11 (w).

According to (2.7) ® maps Qr(p) into itself. Taking into account that ® is compact
we prove the existence of solutions. Furthermore,

M_py 7)(x) = M_py 1)(Px) < M|_;, 77(2) + QM 11 ().

So
M_yr(z) < (I— Q) "M, 1(2).

Hence letting T' — oo, we obtain (2.8), completing the proof. [J

Note that since @ > 0,5 > 0 and 74(Q) < 1, we have Qp < p.
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The Lipschitz condition
(2.9) Mg 0y (Fw — Fw) < AF)M_y o) (w — w1) (w1, w € O(p))

together with the Generalized Contraction Mapping theorem also allows us to prove
the existence and uniqueness of solutions.
Note that one can use the well-known inequality

(2.10) rs(Q) < m?XZij,
k=1

where ij are the entries of (). About this inequality, as well as about other
estimates for the matrix spectral radius see [30, Section 16].

10.3 Systems with diagonal linear parts

Consider the system

(3.1) i — aji(t — hy) + bje(t — hy) = Fj(x)

where bj,hj,ﬁj are positive constants and 0 < a; = const < 1. Let each of the
equations

(3.2) s = Sehjsaj + ehjsbj

have a positive root. Then as it is shown in Subsection 3.5 the fundamental solution
G(t) of the equation

(3.3) Zj —ajz(t — hy) + bjz(t — hj) =0,

is positive
o 1
(3.4) / Gj(t)dt = — .
0 bj

In the considered case G;;(t) = G;(t),Gjr = 0,5 # k, 755 = 1/b;. Thus under
condition (2.3), we have Q = (v /b;)" ;. So (2.10) takes the form

(3.5) rs(Q) < max bi Z Vjk-

eyt

For instance, let

(ij)(t) = fj(l'l(t)?xl(t - h)axl(t - h)a "-7xn(t)7$n(t - h)vxn(t - h))
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where the functions f; : R3” — R are scalar continuous and

2 n
(3.6) |fi (201, 211, 2215 -5 Z0ns 210> 22n)| < Z qu'mklzmﬂ
m=0 k=1

(@jmk = const > 0; zpmp € Rym =0,1,2; j,k=1,...,m; t >0).

Hence condition (2.3) follows with
2
Vik = Z jmk-
m=0

11 Input-to-state Stability

In this section we establish explicit conditions that provide the input-to-state stability
for the considered systems. systems is rather rich. The input-to-state and input-
output stability of nonlinear retarded systems with causal mappings was investigated
considerably less than the one for systems without delay. In papers [13] and [16],
bounded input-to-bounded output stability conditions for multivariable retarded
systems was derived via the Karlson inequality. In the paper [17], the author has
derived a criterion for the L2-input-to-state stability of one-contour retarded systems
with causal mappings, that is, for systems governed by scalar functional differential
equations. At the same time, to the best of our knowledge the input-to-state stability
of nonlinear neutral type delay systems especially with causal mappings was not
investigated in the available literature. In this paper we improve and generalize the
main result from [17].

For a positive n < 0o, and an input u € L?(0,00) = L?([0, 00),C"), consider in
C™ the problem

(1.1) a'c(t)—/ondR(T)a’c(t—T):/ndR(T)x(t—T)+[F(m)](t)—l—u(t),

0

(1.2) xz(t) =0for —n <t <0,

where z(t) is the state, R(s) = (ri;(s));;—; and R(s) = (7ij(s))i j=1 are real n x n-
matrix-valued functions defined on [0,7], whose entries have bounded variations
var(ri;) and var (7). Recall that Var(R) = (var(rij));;—; and V(R) = [|[Var(R)||».
It is assumed that

(1.3) V(R) < 1.
Let F be a continuous causal mapping in L?(—n, oo) satisfying the following condition:
there is a constant ¢, such that

(1.4) 1w £20,00) < dllwllzz( o0y (w € L*(=n,00)).
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A (mild) solution of problem (1.1), (1.2) is a continuous function z(t) defined on
[0, 00), such that

() = /Ot G(t — t1)([Fa](t1) + u(tr))dty (t > 0),

with the zero initial condition. As above G(t) is the fundamental solution of the
linear equation

#(t) — /n dR(s)i(t — s) — /77 dR(s)z(t —s) = 0 ( > 0).
0 0

The solution existence is proved in [25]. The uniqueness of solutions is assumed.

We will say that equation (1.1) is input-to-state L*-stable, if for any € > 0, there
is a 0 > 0, such that [[ull2(000) < 6 implies ||x|p2(r,y < € for any solution of
problem (1.1), (1.2).

Recall that 64(K) is defined in Subsection 3.1. The following result has been
proved in [25]:

Let all the characteristic values of K(.) be in C_. Let the conditions (1.3), (1.4)
and q04(K) < 1 hold. Then (1.1) is input-to-state L*-stable.
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