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IMPULSIVE EVOLUTION INCLUSIONS WITH
INFINITE DELAY AND MULTIVALUED JUMPS

Mouffak Benchohra and Mohamed Ziane

Abstract. In this paper we prove the existence of a mild solution for a class of impulsive
semilinear evolution differential inclusions with infinite delay and multivalued jumps in a Banach

space.

1 Introduction

In this paper, we are concerned by the existence of mild solution of impulsive
semilinear functional differential inclusions with infinite delay and multivalued jumps
in a Banach space E. More precisely, we consider the following class of semilinear
impulsive differential inclusions:

2'(t) € A)x(t) + F(t,zy), teJ=10,b], t+#t, (1.1)
Am\t:tk € Ti(z(t,)), k=1,....m (1.2)
x(t) = p(t), te (—o0,0], (1.3)

where {A(t) : t € J} is a family of linear operators in Banach space E generating
an evolution operator, F' be a Carathéodory type multifunction from J x B to
the collection of all nonempty compact convex subset of F, B is the phase space
defined axiomatically (see section 2) which contains the mapping from (—oo, 0] into
E,0eD,0=tg<t1 < ...<tym <tmy1 =0T : E— P(E), k=1,...,m are
multivalued maps with closed, bounded and convex values, z(t;) = limy,_,q+ z(ty+h)
and x(t, ) = lim;_,o+ () — h) represent the right and left limits of () at t = .
Finally P(E) denotes the family of nonempty subsets of E.

The theory of impulsive differential equations has become an important area of
investigation in recent years, stimulated by the numerous applications to problems
arising in mechanics, electrical engineering, medicine, biology, ecology, population
dynamics, etc. During the last few decades there have been significant developments
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in impulse theory, especially in the area of impulsive differential equations and
inclusions with fixed moments; see the monographs of Bainov and Simeonov [7],
Benchohra et al. [8], Lakshmikantham et al. [22], Samoilenko and Perestyuk [25],
and the references therein. For the case where the impulses are absent (i.e. I = 0,
kE =1,...,m) and F is a single-valued or multivalued map and A is a densely
defined linear operator generating a Cy-semigroup of bounded linear operators and
the state space is C'([—r,0], E) or E, the problem (1.1)—(1.3) has been investigated
in, for instance, the monographs by Ahmed [4, 5], Hale and Verduyn Lunel [17],
Hu and Papageorgiou [19], Kamenskii et al. [20] and Wu [26] and the papers by
Benchohra and Ntouyas [9], Cardinali and Rubbioni [12], Gory et al. [15]. Benedetti
[10] considered the existence result in the autonomous case (A(t) = A) and finite
delay. Cardinali and Rubbioni [11] considered the non autonomous case. In [24]
Obukhovskii and Yao considered local and global existence results for semilinear
functional differential inclusions with infinite delay and impulse characteristics in a
Banach space. Recently some existence results were obtained for certain classes of
functional differential equations and inclusions in Banach spaces under assumption
that the linear part generates an compact semigroup (see, e.g., [1, 2, 3]).

Our goal here is to give existence results for the problem (1.1)—(1.3) without any
compactness assumption. In Section 2, we will recall briefly some basic definitions
and preliminary facts which will be used throughout the following sections. In
Section 3, we prove existence and compactness of solutions set for problem (1.1)-
(1.3).

We mention that the model with multivalued jump sizes may arise in a control
problem where we want to control the jump sizes in order to achieve given objectives.
To our knowledge, there are very few results for impulsive evolution inclusions with
multivalued jump operators; see [3, 6, 10, 23]. The results of the present paper
extend and complement those obtained in the absence of the impulse functions I,
and for those with single-valued impulse functions I.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper. For ¢ € B the norm of ¢ is defined by

16lls = sup{[[¢(0)] : 0 € (=o0,0]}.
Let J :=1[0,b], b > 0 and (E, ||.||) be a real separable Banach space. C(J, E) the
space of E-valued continuous functions on J with the uniform norm

[2]loo = sup{[lz(®)l, t € J}.
L(J, E) the space of E—valued Bochner integrable functions on J with the norm

b
£l = /0 T
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Impulsive evolution inclusions 3

To define the solution of problem (1.1)—(1.3), it is convenient to introduce some
additional concepts and notations. Consider the following spaces

PC(J,E) ={y:J — E,y, € C(Ji; E) there exist y(t; ), y(t;) with y(tx) = y(t;,)},

where yy, is the restriction of y to Ji = (g, tg+1], £ =0,...,m. Let the space
Q={yec(—00,b] > E: yl|_so€Bandy]|sePC(JE)}

with the semi-norm defined by

19l = llyolls + sup{lly(s)ll : 0 <'s < b}, y e PC.

In this work, we will employ an axiomatic definition for the phase space B which is
similar to those introduced in [18]. Specifically, B will be a linear space of functions
mapping (—o0, 0] into F endowed with a semi norm ||.||3, and satisfies the following
axioms introduced at first by Hale and Kato in [16]:

(A1) There exist a positive constant H and functions K (.), M(.) : RT — R* with K
continuous and M locally bounded, such that for any b > 0if y : (—o0,b] — F,
such that y | ;€ PC(J, E) and yp € B; the following conditions hold:

(i) y¢ is in B;
(i) [ly@N < Hlly:lls;

(i) |lyells < K(t)sup{|ly(s)|| : 0 < s <t} + M(t)||yol|ls and H, K and M are
independent of y(.).

(A2) The space B is complete.

In what follows we use the following notations K, = sup{K(t),t € J} and
My, = sup{M(t),t € J}

Definition 1. Let X and Y be two topological vector spaces. We denote by P(Y)
the family of all non-empty subsets of Y and by

Pe(Y)={C € P(Y) : compact}, P,(Y)={C € P(Y) : bounded},
P(Y)={C e P(Y) : closed}, P(Y)={C € P(Y) : convex}.

A multifunction G : X — P(Y) is said to be upper semicontinuous (u.s.c.) if
G YV) ={r € X : G(z) C V} is an open subset of X for every open V C Y.
The multifunction G is called closed if its graph I'q = {(z,y) € X xY : y € G(z)}
is closed subset of the topological space X x Y. The multifunction G is called
quasicompact restriction to any compact subset M C X is compact. A multifunction
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F:le,d] C R — Pr(Y) is said to be strongly measurable if there exists a sequence
Fn i [e,d] = Pr(Y), n=1,2,... of steps multifunctions such that

lim h(F,(t),F(t)) =0, forp-aeté€lcd,

n—-4o0o

where p denotes the Lebesgue measure on [c,d] and h is the Hausdorff metric on
Pr(Y). For details and equivalent definitions see [14, 20, 21].

Definition 2. Let (A, >) be a partially ordered set. A function 3 : Pp(E) — A is
called a measure of noncompactness (MNC) in E if

B(coQ) = B(92),
for every Q € Py(E).
Definition 3. A measure of noncompactness 3 is called:
(i) monotone if g, 2 € Py(E), Qo C 2y implies S(Qo) < 5(21)
(ii) nomsingular if S({a} U Q) = () for every a € E, Q € Py(E);
(iii) regular if B(€2) = 0 is equivalent to the relative compactness of (2.

As an example of the measure of noncompactness possessing all these properties is
the Hausdorff of MNC which is defined by

x(Q) = inf{e > 0: Q has a finite ¢ — net}.

For more information about the measure of noncompactness we refer the reader to

[20].

Definition 4. A multifunction G : E — Py(FE) is said to be x-condensing if for
every bounded subset 2 C E the relation

X(G(92)) = x()
implies the relative compactness of 2.
Definition 5. A countable set {f, : n > 1} C L'(J, E) is said to be semicompact if

(i) it is integrably bounded: ||f,,(¢)|| < w(t) for a.e. t € J and every n > 1 where
w € LY(J,RT)

(ii) the set {fn(t) : » > 1} is relatively compact in E for a.e. t € J.
Now, let for every t € J , A(t) : E — E be a linear operator such that

(i) For all t € J, D(A(t)) = D(A) C E is dense and independent of ¢.
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(ii) For each s € I and each = € E there is a unique solution v : [s,b] — E for the

evolution equation

V(t) = Altyo(t), t € [s,0] (2.1)

In this case an operator T can be defined as
T:A={(t,s):0<s<t<b} = L(E), T(ts)(x)=0o(t),

where v is the unique solution of (2.1) and L(F) is the family of linear bounded
operators on F.

Definition 6. The operator T is called the evolution operator generated by the
family {A(t) : t € J}.

1. T(s,s) = Ig,
2. T(t,r)T(r,s) =T(t,s), forall 0 < s <r <t <hb.
3. (t,s) = T(t,s) is strongly continuous on A and

aT(t,s) aT(t,s)
ot 0s

= AT (¢, 5), = —T(t,s)A(s).

Definition 7. The operator G : L'(J, E) — C(J, E) defined by

¢
GO = [ Tl f(5)ds (2.2)
0
is called the generalized Cauchy operator, where T'(.,.) is the evolution operator
generated by the family of operators {A(t) : t € J}.

In the sequel we will need the following results.

Lemma 8. [20] Every semicompact set in L'(J, E) is weakly compact in the space
LY(J,E).

Lemma 9 ([20, Theorem 2]). The generalized Cauchy operator G satisfies the
properties

(G1) there exists ¢ > 0 such that
t
1GF(t) = Gg(®)]| < C/O 1£(s) = g(s)llds, for every f.g € L'(J,E), t € J.

(G2) for any compact K C E and sequence (fn)n>1, fn € LY(J, E) such that for all
n>1, fu(t) € K, a. e. t € J, the weak convergence f, — fo in L'(J, E)
implies the convergence G f, — Gfy in C(J, E).
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Lemma 10. [20] Let S : LY(J,E) — C(J, E) be an operator satisfying condition
(G2) and the following Lipschitz condition (weaker than (G1)).

(G1’)
1Sf = Sallew,ey < CIIf = 9llLrm)-

Then for every semicompact set { f, }.125 C LY(J, E) the set {Sf,};/2] is relatively
compact in C(J, E). Moreover, if (f,)n>1 converges weakly to fo in L*(J, E) then
Sfn— Sfoin C(J, E).

Lemma 11. [20] Let S : L'(J,E) — C(J, E) be an operator satisfying conditions
(G1), (G2) and let the set { fr}o2, be integrably bounded with the property x({fn(t) :
n > 1}) < n(t), for a.e. t € J, where n(.) € L*(J,R") and x is the Hausdorff MNC.
Then

t
X{Sfn(t):in>1}) < QC/ n(s)ds, for allt e J,
0
where ( > 0 is the constant in condition (G1).

Lemma 12. [20] If U is a closed convex subset of a Banach space E and R : U —
Pev i (E) is a closed B-condensing multifunction, where B is a nonsingular MNC
defined on the subsets of U. Then R has a fized point.

Lemma 13. [20] Let W be a closed subset of a Banach space E and R : W —
P, 1 (E) be a closed multifunction which is B-condensing on every bounded subset of
W, where B is a monotone measure of noncompactness. If the fixed points set Fix R
is bounded, then it is compact.

3 Existence Theorem

In this section we prove the existence of mild solutions for the impulsive semilinear
functional differential inclusions (1.1)—(1.3). We will assume the following hypotheses.

(A) {A(t) : t € J} be a family of linear (not necessarily bounded) operators,
A(t) : D(A) C E — E, D(A) not depending on ¢ and dense subset of E and
T:A={(ts):0<s<t<b} - L(F) be the evolution operator generated
by the family {A(t) : t € J}.

(H1) The multifunction F'(.,x) has a strongly measurable selection for every x € B.
(H2) The multifunction F': (t,.) = P, 1 (E) is upper semicontinuous for a.e. t € J.

(H3) there exists a function a € L'(J,RT) such that

|E(t, )| < a(t)(1+]||¢]p) for ae. t e J;
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(H4) There exists a function 3 € L'(J,RT) such that for all Q C €2, we have
X(F(t,D)) <p(t) sup x(Qs)) forae. teJ,

—00<s<0
where, Q(s) = {z(s); z € Q} and x is the Hausdorff measure of noncompactness.
(H5) There exist constants a; > 0,k = 1,...,m such that

1kl < ay, where Iy € T (z(t))-

Definition 14. A function x € Q is said to be a mild solution of system (1.1)—(1.3)
if there exist a function f € L'(J; E) such that f € F(t,z;) for a.e. t € J

(i) z(t) = ) + fo s)ds + Zo<t Tt te) Ip(x(ty)) , ae t €
J k= 1

(i) x(t) = ¢(t), te (—o0,0],
with I, € T (z(t]))).

Remark 15. Under conditions (H1)-(H3) for every piecewise continuous function
v J — B the multifunction F(t,v(t)) admits a Bochner integrable selection (see

[20])-

We note that from assumptions (H1) and (H3) it follows that the superposition
multioperator SL : @ — P(LY(J, E)) defined by

Skay=Sr={f € L'(J,E): f(t) € F(t,x;), ae. teJ}
is nonempty set (see [20]) and is weakly closed in the following sense.

Lemma 16. If we consider the sequence (z), (z") € By and {f.}125 € LY(J, E),
where f, € S}F(. ) such that 2™ — 2° and f,, — f° then f° € St.

Now we state and prove our main result.

Theorem 17. Under assumptions (A) and (H1)-(H5), the problem (1.1)—(1.3) has
at least one mild solution.

Proof. To prove the existence of a mild solution for (1.1)—(1.3) we introduce the
integral multioperator N : Q@ — P(€2), defined as

y(t) € Q:y(t) = 0)p(0) + fo s)ds
Na = 20<tk<tT<t7tk>Ik< (1), ted (3.)
y(t) = ¢(t)7 te (—O0,0],
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where S} and Ij, € Zy(z).

It is clear that the integral multioperator N is well defined and the set of all mild
solution for the problem (1.1)—(1.3) on J is the set FizN = {z:z € N(x)}.

We shall prove that the integral multioperator N satisfies all the hypotheses of
Lemma 12. The proof will be given in several steps.

Step 1. Using in fact that the maps F' and 7 has a convex values it easy to
check that NV has convex values.

Step 2. N has closed graph.

Let {z"} 129, {z"} 129, 2™ — 2%, 2™ € Ni((2™),n > 1) and 2™ — 2*. Moreover,
let {f,}/29 € L1(J; E) an arbitrary sequence such that f,, € St for n > 1.

Hypothe81s (H3) 1mphes that the set {f, +3° integrably bounded and for a,e.
t € J theset {fn(t)}.] relatlvely compact, we can say that {f,, },;:> is semicompact
sequence. Consequently {fa}129 is weakly compact in L!(J; E) SO We can assume
w.l.g that f, — f*.

From lemma 9 we know that the generalized Cauchy operator on the interval J,
G: L' (J;E) — C(J; E), defined by

GF(t) = /0 T(t,s)f(s)ds, teJ (3.2)

satisfies properties (Gl) and (G2) on J.

Note that set { fn ] is also semicompact and sequence ( fn) 1 weakly converges
to f*in L'(J; E). Therefore by applying Lemma 10 for the generahzed Cauchy
operator G of (3.2) we have in C(J; E) the convergence Gf, — Gf. By means of
(3.2) and (3.1), for all t € J we can write

2a(t) = T(t,0)6(0) + / Tt s) fuls)ds + S T(t ) Te(a" (t))

0<tp<t
:T(t,0)¢(0)+/ T(t,s)fnds + Z (t, ti) I (2" (t1))
0 0<tp<t
=T(t,0)0(0) + Gfn(t) + Z T(t, te) I (2" (tr)))

0<trp<t

where St, and Iy € Zy(x).
By applying Lemma 9, we deduce

Zn — T('? 0)¢(0> + Gf + T('vt)Ik(x*(tk))

in C(J; E) and by using in fact that the operator Sk is closed, we get f* € Sk.
Consequently
Z(t) = T(t,0)0(0) + Gf + T(t, t)Ip(a"(tk)),
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therefore z* € N(z*). Hence N is closed.
With the same technique, we obtain that N has compact values.

Step 3. We consider the measure of noncompactness defined in the following way.
For every bounded subset 2 C €

v (Q) = DrenAa()?))(’yl(D), mod ¢(D)) € R?, (3.3)

where A() is the collection of all the denumerable subsets of €2;

(D) = sup e "x({z(t) : x € D}); (3.4)

where mod ¢ (D) is the modulus of equicontinuity of the set of functions D given by
the formula

mod ¢(D) = lim sup max |lz(t1) — x(t2)]); (3.5)
6*>OJ,’ED |t1 t2|<5

and L > 0 is a positive real number chosen so that
t
q:=2M sup/ e HE=9)3(s)ds < 1 (3.6)
teJ JO

where M = sup(, gyen |T'(2, 5)]|-
From the Arzela-Ascoli theorem, the measure v; give a nonsingular and regular
measure of noncompactness (see [20]).
Let {y,}2] be the denumerable set which achieves that maximum v1(N(12)),
Le;
vi(N(Q) = m{yn}27), mod c({yn}i29))-
Then there exists a set {x,,},;;>] C Q such that y,, € v1(z), n > 1. Then

t
yn(t) = T(t, 0)6(0) + /0 T(Ls)f(s)ds+ 3 T th(et),  (3.7)
O<tr<t
where f € St and I € Zj(x), so that
Y{Yn}29) = n({Gfa}29).

We give an upper estimate for v; ({y,},29).
Fixed t € J by using condition (H4), for all s € [0,¢] we have

XU () 121) < X(F (s, {zn(s)}1327))

< X{F(s,2n(5))129)

< B(s)x{zn(s)129)

< B(s)e” bgge Px({za()}29)
= B(s)e"* n({za}, ).
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By using condition (H3), the set {f,,},;:> is integrably bounded. In fact, for every
t € J, we have

[ (O < I zn ()]
a(t) (1 + [lzn(t])-

The integrably boundedness of {fn}12 follows from the continuity of z in .J; and
the boundedness of set {xn 5 C Q. By applying Lemma 11, it follows that

({g ()} <2M/ BE)eE (1 ({a )25
=2My1( {xn /,B

Thus, we get

{2 },29) < n{wn}i29) = nEGfa(s) 1)

= supe  “2My; ({20} / B(t)elt (3.8)
teJ

< gr({zn}29),

and hence 1 ({z,,},729) = 0, then v; ({z,(¢)}123) = 0, for every t € J. Consequently
1 ({yn}nZy) = 0.

By using the last equality and hypotheses (H3) and (H4) we can prove that set
{fn +S° is semicompact. Now, by applying Lemma 9 and Lemma 10, we can
conclude that set {Gf,,},:2] is relatively compact in C(J; E). The representation
of y, given by (3.7) yields that set {y,}12] is also relatively compact in C(J; E),
therefore v1(2) = (0,0). Then (2 is a relatively compact set.

Step 4. A priori bounds.

We will demonstrate that the solutions set is a priori bounded. Indeed, let x € N.
Then there exists f € S};(. () and I € Zk(x) such that for every ¢t € J we have

le@) = | T(t,0)6(0) + /0 T(t,5)f(s)ds + 3 Tt ti) (b))

0<trp<t

MO+ 3 faxll) + M / £(s)ds

0<tp<t

MO+ 3 lleal) + M [ a(6)(1 + gl

0<trp<t
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Using condition (A1) we have

lz)ll < M)+ D lal) +M/ )(1 +NbII¢HB+KbOSHP l(0)]1)ds

M(llo(0)]| + Z lakl]) + M1+ Nollplls) el )

k=1

t
+MKb/ a(s) sup [|(0)]|ds.
0 0<0<s

Since the last expression is a nondecreasing function of ¢, we have that

sup [lz(0)]| < [[M([|¢(0 H+Z\|ak\| + M(1+ Noll¢lls)levll 1
0<6<t P

¢
—i—MKb/ a(s) sup |x(0)]ds.
0 0<6<s

Invoking Gronwall’s inequality, we get

sup ||z(0)] < ¢eM el
0<0<t

where
M([|o(0 |+leakll + M1+ Nol|olls)lledll L2
k=1
which completes the proof. O

4 An example

As an application of our results we consider the following impulsive partial functional
differential equation of the form

2 0
greltsn) € altn) os(t) + [ PO +0.0)0, € 0o 1€ 0,00 £

z(tlj,x) —2(t,,x) € [=br|2(t,, x), bi|2(ty , x)], ze[0,7], k=1,...,m,
z(t,0) = z(t,m), teJ:=][0,0],
z(t,z) = ¢(t,z), —o0o<t<0, ze€]l0,n],

where a(t,x) is continuous function and uniformly Holder continuous in ¢, by > 0,
k=1,....m, ¢ € D,
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D= {¢:(—00,0] x [0,7] — R ) is continuous everywhere except for a countable
number of points at which 1(s7),(sT) exist with ¢(s7) = 1¥(s)},
0=t < t1 <tr < ... <ty < tmer =0b, Z(t;) = hm(h,m)ﬁ\(o*',x) 2(tg + h,z),

2(ty) = lim, 5y @) 2(tk + h,x), P : (=00,0] — R a continuous function, r :
R xR = Pepi(R) a Caratheodory multivalued map.
Let

y(t)(x) = 2(t,x), x€[0,x], teJ=I0,0b],

Ik(y(t];))( ) [ bk|Z(tk7 )7bk| (tk’ )L T e [O’ﬂ-]v kZl,...,m,
' P@)r(t,z(t+60,x))do

o(0)(x) = ¢(9,x), —00 <t <0, z€l0,n].
Consider E = L?[0, 7] and define A(t) by A(t)w = a(t, z)w” with domain

D(A) ={w € E: w,w’ are absolutely continuous, w” € E, w(0) = w(r) = 0}.

Then A(t) generates an evolution system U(t,s) satisfying assumption (H1) and
(H3) (see [13]). We can show that problem (4.1)—(4.4) is an abstract formulation of
problem (1.1)—(1.3). Under suitable conditions, the problem (1.1)—(1.3) has at least
one mild solution.

Acknowledgement. The authors are grateful to Professor V. Obukhovskii for
helpful discussions. They also thank the associate editor for his remarks.
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