Séminaire Lotharingien de Combinatoire 81 (2020), Article B81i

HANKEL DETERMINANTS, HAHN POLYNOMIALS, AND A FORMULA OF KRATTENTHALER

DIEGO DOMINICI

Dedicated to Professor Christian Krattenthaler on the occasion of his 60th birthday

Abstract. In this note, we find a connection between an identity of C. Krattenthaler and some Hankel determinants related to the Hahn polynomials. We also consider some limiting cases related to the Meixner and Charlier polynomials.

1. Introduction Let N_0 denote the set N_0 = N ∪ {0} = {0, 1, 2, . . .}.

If {μ_n} is a sequence of complex numbers and L : C [x] → C is the linear functional defined by L[x^n] = μ_n, n ∈ N_0, then L is called the moment functional [9] determined by the formal moment sequence {μ_n}. The number μ_n is called the moment of order n.

Suppose that {P_n} is a family of monic polynomials, with deg(P_n) = n. If the polynomials P_n(x) satisfy L[P_nP_m] = h_nδ_{n,m}, for n, m ∈ N_0, (1.1) where h_0 = μ_0, h_n ≠ 0 and δ_{n,m} is Kronecker’s delta, then {P_n} is called a sequence of orthogonal polynomials with respect to L. Since L[xP_nP_k] = 0, for k /∈ {n − 1, n, n + 1} , the monic orthogonal polynomials P_n(x) satisfy the three-term recurrence relation xP_n(x) = P_{n+1}(x) + β_nP_n(x) + γ_nP_{n−1}(x), with initial conditions P_{−1} = 0 and P_0 = 1, where β_0 =^{μ1}_{μ0} and

β_n = 1 h_n L [ xP^2_n ] , γ_n = 1 h_{n−1}

L[xP_nP_{n−1}], for n ∈ N.

Since L[xP_nP_{n−1}] = L [P^2_n ] , we have

γ_n = h_n h_{n−1}

, for n ∈ N, (1.2)

and it follows that h_n = μ_0 n∏ i=1 γ_i. (1.3)

2010 Mathematics Subject Classification. Primary 15A15; Secondary 33C45 33C20. Key words and phrases. Hankel determinants, orthogonal polynomials, moments.

Let the lower triangular matrix A_n be defined by

(A_n)_{i,j} = { a_{i,j} , i ≥ j, 0, i < j, for 0 ≤ i, j ≤ n − 1,

where x^i = i∑ k=0 a_{i,k}P_k(x), a_{i,i} = 1.

If we define the diagonal matrix D_n by (D_n)_{i,j} = h_iδ_{i,j}, for 0 ≤ i, j ≤ n − 1, and the Hankel matrix H_n by (H_n)_{i,j} = μ_{i+j}, for 0 ≤ i, j ≤ n − 1, (1.4) then we have the LDL^T factorization (see [29, Section 4.1]) H_n = A_nD_nA^T_n . (1.5) We define the corresponding Hankel determinants by Δ_0 = 1 and Δ_n = det(H_n), for n ∈ N.

Using (1.5), we see that Δ_n = n−1∏ j=0 h_j , (1.6)

and using (1.3) in (1.6), we get

Δ_n = n−1∏ j=0 μ_0 j∏ i=1 γ_i = μ^n_0 n−1∏ k=1 γ^{n−k}_k . (1.7)

The identity (1.7) is sometimes called ”Heilermann formula” [39], since J. B. H. Heilermann considered the J-fraction expansion [31]^1 ∞∑ n=0 μ_n w^{n+1} = μ_0 w − β_1 − γ_1 w − β_2 − γ_2 w − β_3 − γ_3 .. .

, (1.8)

in his 1845 Ph.D. thesis ”De transformatione serierum in fractiones continuas” [6, Eq. (5.2)].

Determinants have a long history and an extensive literature, see [3, 7, 47, 53, 59, 60, 61, 64], and the impressive monographs [39] and [41].

The theories of Hankel determinants and orthogonal polynomials are deeply connected, see [9, 14, 19, 27, 33, 36, 38, 42, 57].

For some applications of Hankel determinants to combinatorial problems, see [1, 10, 11, 21, 28, 30, 35, 55, 56, 62].

1We are indebted to one of the anonymous referees for pointing out this reference.

Some authors^2 have computed Hankel determinants related to continuous Hahn polynomials [25], q-Hahn polynomials [8], and little q-Jacobi polynomials [32]. For extensions to continuous and discrete elliptic Selberg integrals, see [52].

In [40, Eq. (3.5)], C. Krattenthaler showed (among many other results), the identity ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ (x)_{ki} (y)_{N−ki} k_i! (N − k_i)! ] ∏ 1≤i<j≤n

(k_j − k_i)^2

= n−1∏ k=0 [ k! (N − k)!

(x)_k(y)_k(x + y + k + n − 1)_{N−n+1} ] , (1.9)

as a limiting case of the q-analog ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ (x; q)_{ki} (y; q)_{N−ki} (q; q)_{ki} (q; q)_{N−ki} y^{ki} ] ∏ 1≤i<j≤n ( q^{kj} − q^{ki}

)_2

= n−1∏ k=0 [ y^kq^{k(k−1)}

(q; q)_k (q; q)_{N−k}

(x; q)_k (y; q)_k ( xyq^{k+n−1}; q ) N−n+1 ] . (1.10)

He gave two different proofs of (1.10) using: 1) a Schur function identity from [44], and 2) a q-integral evaluation from [22, 37].

The purpose of this note is to give a different proof of (1.9) related to the theory of orthogonal polynomials. We also study some limiting cases, and consider some possible generalizations.

2. Main result Suppose that the linear functional L has the form

L[p] = N∑ k=0 c_kp(k), for p(x) ∈ C[x], (2.1)

for some sequence {c_k} . Then, the moments μ_l are given by

μ_l = N∑ k=0 k^lc_k, for l ∈ N_0,

and the entries of the Hankel matrix (1.4) are

(H_n)_{i,j} = μ_{i+j} = N∑ k=0 k^{i+j}c_k, for 0 ≤ i, j ≤ n − 1. (2.2)

We can obtain a representation for the determinants of H_n. Proposition 1. The Hankel determinants Δ_n are given by

Δ_n = ∑ 0≤k_1<k_2<···<k_n≤N ( n∏ i=1 c_{ki} )V_n(k_1, . . . , k_n), (2.3)

2We are indebted to one of the anonymous referee for suggesting these references.

where V_n(k_1, . . . , k_n) denotes the polynomial V_n(k_1, . . . , k_n) = ∏ 1≤i<j≤n

(k_j − k_i)^2.

Proof. If we rewrite (2.2) as

(H_n)_{i,j} = N∑ k=0 N∑ l=0 k^ic_kδ_{k,l}l^j,

we see that H_n has the form H_n = V^T CV, (2.4) where V is the (N + 1) × n Vandermonde matrix (V )_{i,j} = i^j , for 0 ≤ i ≤ N, 0 ≤ j ≤ n − 1, and C is the (N + 1) × (N + 1) diagonal matrix (C)_{i,j} = c_iδ_{i,j}, for 0 ≤ i, j ≤ N.

Using the Cauchy–Binet formula [26] in (2.4), we have det(H_n) = ∑ 0≤k_1<k_2<···<k_n≤N

det(c_iδ_{i,ki} ) [ det ( k^j_i ) 0≤j≤n−1

]_2 , and since [ det 1≤i,j≤n ( k^{j−1}_i ) ]_2 = ∏ 1≤i<j≤n

(k_j − k_i)^2,

the result follows. □ Remark 2. The expression (2.3) is a particular case of Heine’s formula [34] det 1≤i,j≤n

(μ_{i+j}) = 1 n! b∫ a b∫ a · · · b∫ a V_n(x_1, . . . , x_n)dα(x_1)dα(x_2) · · · dα(x_n),

where μ_i = b∫ a x^idα(x), for i ∈ N_0.

Heine’s formula is used extensively in random matrix theory [4, 45, 12].

In the following, we shall use standard hypergeometric notation: the Pochhammer symbol (or rising factorial) (u)_k [49, Eq. (5.2.4)] is defined by (u)_0 = 1 and (u)_k = u(u + 1) · · · (u + k − 1), for k ∈ N. (2.5) We can also write [49, Eq. (5.2.5)] (u)_z =

Γ(u + z) Γ(u)

, if − (u + z) /∈ N_0, (2.6) where Γ(z) is the Gamma function. Then the generalized hypergeometric function [49, Ch. 16] is defined by

pF_q ( a_1, . . . , a_p b_1, . . . , b_q ; z ) = ∞∑ k=0 (a_1)_k · · · (a_p)_k (b_1)_k · · · (b_q)_k z^k k! . (2.7)

The Stieltjes transform of the moments μ_n is given by

S(w) = ∞∑ n=0 μ_n w^{n+1} = ∞∑ n=0 1 w^{n+1} N∑ k=0 k^nc_k = N∑ k=0 c_k w − k . If c_k =

(a_1)_k · · · (a_p)_k (b_1)_k · · · (b_q)_k z^k k! , for k ∈ N_0,

we have (see [17])

S(w) = 1 w^{p+1}

F_{q+1} ( −w, a_1, . . . , a_p 1 − w, b_1, . . . , b_q ; z ) . (2.8)

If a_1 = −N, with N ∈ N, then the series (2.7) terminates, and the Stieltjes transform (2.8) is a rational function (of w). It was shown by Wall in [63, Theorem 43.1]^3 that a rational function has the form

R(w) = N∑ k=0 c_k w − x_k

, c_k > 0, x_k ∈ R, x_i ≠ x_j ,

if and only if

R(w) = μ_0

β_1 + w − γ_1

β_2 + w − γ_2 ... β_{N−1} + w − γ_{N−1} β_N + w

,

where β_k ∈ R and μ_0, γ_k > 0. Thus, we recover the J-fraction expansion (1.8) and could compute the Hankel determinant Δ_n using Heilermann’s formula (1.7). This was a technique used (among others) by Flajolet in [23].

2.1. Hahn polynomials. Here we apply the previous considerations to the monic Hahn polynomials, which are defined by [49, Eq. (18.20.5)]

Q_n(x) =

(α + 1)_n (−N)_n (n + α + β + 1)_n^3

F_2 ( −n, −x, n + α + β + 1 α + 1, −N ; 1 ) . For α, β ∈ R \ [−N, −1], the monic Hahn polynomials satisfy the orthogonality relation [16]_N ∑ k=0 Q_n(k)Q_m(k) ( N k ) (α + 1)_k (β + 1)_{N−k} = h_nδ_{n,m}, (2.9)

3We are indebted to one of the reviewers for pointing out this reference.

where h_n = (n!)^2 ( N n ) (α + 1)_n (β + 1)_n

(α + β + 2 + 2n)_{N−n} (α + β + 1 + n)_n

. (2.10)

In order to prove our main theorem, we will need the identity n∏ k=0 (x + 2k + 1)_{N−k} (x + k)_k = n∏ k=0 (x + k + n + 1)_{N−n}, for 0 ≤ n ≤ N, (2.11)

which is easy to verify by making use of (2.6).

We now have all the elements necessary to show our main result. Theorem 3. For all 1 ≤ n ≤ N and α, β ∈ R \ [−N, −1], we have ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [( N k_i ) (α + 1)_{ki} (β + 1)_{N−ki} ] V_n(k_1, . . . , k_n)

= n−1∏ k=0 [ (k!)^2 ( N k ) (α + 1)_k (β + 1)_k (α + β + 1 + k + n)_{N−n+1} ] . (2.12)

Proof. Let c_k = ( N k ) (α + 1)_k (β + 1)_{N−k}.

From (2.9), we see that the monic orthogonal polynomials associated with the linear functional L defined by (2.1) are the Hahn polynomials.

On the other hand, we have from (2.3) det 0≤i,j≤n−1 ( L [ x^{i+j} ]) = ∑ 0≤k_1<k_2<···<k_n≤N ( n∏ i=1 c_{ki} )V_n(k_1, . . . , k_n).

Using (1.6) and (2.10), we get ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [( N k_i ) (α + 1)_{ki} (β + 1)_{N−ki} ] V_n(k_1, . . . , k_n)

= n−1∏ k=0 [ (k!)^2 ( N k ) (α + 1)_k (β + 1)_k

(α + β + 2 + 2k)_{N−k} (α + β + 1 + k)_k ] . If we use (2.11), with x = α + β + 1, we have n−1∏ k=0 (α + β + 2 + 2k)_{N−k} (α + β + 1 + k)_k = n−1∏ k=0 (α + β + 1 + k + n)_{N−n+1},

and the result follows. □ Corollary 4. For all 1 ≤ n ≤ N, we have ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ (x)_{ki} (y)_{N−ki} k_i! (N − k_i)! ] V_n(k_1, . . . , k_n)

= n−1∏ k=0 [ k! (N − k)!

(x)_k (y)_k (x + y + k + n − 1)_{N−n+1} ] . (2.13)

Proof. If we set α = x − 1, β = y − 1 in (2.12) and divide both sides of by (N!)^n, we obtain (2.13). To remove any restrictions on x, y, we observe that (2.13) is an identity between polynomials in x and y of degree n−1∑ k=0 (k + k + N − n + 1) = Nn.

According to Theorem 3, Equation (2.13) is true for x, y /∈ [−N + 1, 0], and therefore it is true for all x, y. □

2.2. Meixner polynomials.

Lemma 5. Let 0 ≤ k ≤ n ≤ N and w > 0. Then, as N → ∞, we have N! (N − k)!

(1 + wN)_{N−k} (1 + wN)_N

∼ (w + 1)^{−k}, (2.14)

and, for all a > 0, N! (N − k)!

(1 + wN)_k (1 + wN)_N

(a + k + n + wN)_{N−n+1} ∼ w^{1−a−n}(w + 1)^{a+k}N^{2k−n+1}. (2.15)

Proof. From (2.6), we have N! (N − k)!

(1 + wN)_{N−k} (1 + wN)_N = Γ(N + 1) Γ(N + 1 − k)

Γ(Nw + N + 1 − k) Γ(Nw + N + 1) . Using Stirling’s formula [49, Eq. (5.11.1)]

ln Γ(z) = ( z − 1 2 ) ln(z) − z + 1 2 ln(2π) + O ( z^{−1} ) , for z → ∞, (2.16)

we obtain ln [ Γ(N + 1) Γ(N + 1 − k)

Γ(Nw + N + 1 − k) Γ(Nw + N + 1) ] = −k ln(w + 1) + O ( N^{−1} ) , for N → ∞.

Similarly, from (2.6) we have N! (N − k)!

(1 + wN)_k (1 + wN)_N

(a + k + n + wN)_{N−n+1} = Γ(N + 1) Γ(N + 1 − k)

Γ(Nw + k + 1) Γ(Nw + N + 1)

Γ(Nw + N + k + a + 1) Γ(Nw + n + k + a) . Then, using (2.16), we get ln [ Γ(N + 1) Γ(N + 1 − k)

Γ(Nw + k + 1) Γ(Nw + N + 1)

Γ(Nw + N + k + a + 1) Γ(Nw + n + k + a) ]

= (2k − n + 1) ln(N) + (a + k) ln(w + 1) − (a + n − 1) ln(w) + O ( N^{−1} ) as N → ∞. □ Corollary 6. Let 0 < z < 1, a > 0 and n = 1, 2, . . . . Then ∑ 0≤k_1<k_2<···<k_n n∏ i=1 [ (a)_{ki} z^{ki}

k_i! ] V_n(k_1, . . . , k_n) = n−1∏ k=0 [ k!(a)_k z^k (1 − z)^{−a−2k} ] . (2.17)

Proof. Multiplying both sides of (2.13) by [ N! (y)_N

]_n , setting x = a, y = 1 +

1 − z z N, and using (2.14)–(2.15), we obtain ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ N! (y)_N

(a)_{ki} (y)_{N−ki} k_i! (N − k_i)! ] V_n(k_1, . . . , k_n)

∼ ∑ 0≤k_1<k_2<···<k_n n∏ i=1 [ (a)_{ki} z^{ki} k_i! ] V_n(k_1, . . . , k_n), for N → ∞, and n−1∏ k=0 [ N! (y)_N k! (N − k)!

(a)_k (y)_k (a + y + k + n − 1)_{N−n+1} ]

∼ n−1∏ k=0 [ k! (a)_k ( 1 − z z )_{1−a−n} z^{−a−k}N^{2k−n+1} ] , for N → ∞.

However, n−1∏ k=0 (1 − z)^{1−a−n} = (1 − z)^{−n(a+n−1)} = n−1∏ k=0 (1 − z)^{−a−2k},

n−1∏ k=0 z^{n−1−k} = z^{12 n(n−1)} = n−1∏ k=0 z^k,

and_{n−1} ∏ k=0 N^{2k−n+1} = 1.

Therefore,

lim_{N→∞} ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ (a)_{ki} z^{ki}

k_i! ] V_n(k_1, . . . , k_n) = n−1∏ k=0 [ k! (a)_k z^k (1 − z)^{−a−2k} ] . □ The monic Meixner polynomials are defined by [49, Eq. (18.20.7)]

M_n(x) = (a)_n ( 1 − z^{−1}

)_{−n 2} F_1 [ −n, −x

a ; 1 − z^{−1} ] . For a > 0 and 0 < z < 1, the monic Meixner polynomials satisfy the orthogonality relation [16]_∞ ∑ k=0 M_n(k)M_m(k)

(a)_k k! z^k = n! (a)_n z^n(1 − z)^{−a−2n}δ_{n,m}. (2.18)

If we choose c_k =

(a)_k k! z^k, for k ∈ N_0, (2.19)

we see from (2.18) that the monic orthogonal polynomials associated with the linear functional L defined by

L[p] = lim_{N→∞} N∑ k=0 c_kp(k) (2.20)

are the Meixner polynomials. Now, from (2.3), we have det 0≤i,j≤n−1 ( L [ x^{i+j} ]) = lim_{N→∞} ∑ 0≤k_1<k_2<···<k_n≤N ( n∏ i=1 c_{ki} )V_n(k_1, . . . , k_n), (2.21)

and using (1.6) and (2.18), we get

lim_{N→∞} ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ (a)_{ki} z^{ki} k_i! ] V_n(k_1, . . . , k_n) = n−1∏ k=0 [ k! (a)_k z^k(1 − z)^{−a−2k} ] , in agreement with (2.17).

Remark 7. The moments associated with (2.19) are given by [17]

μ_n(z) = ∞∑ k=0 k^n (a)_k z^k k! = (1 − z)^{−a−n}P_n(z),

where P_n(z) is the polynomial

P_n(z) = n∑ k=0 S(n, k) (a)_k z^k (1 − z)^{n−k}, (2.22)

and the coefficients S(n, k) are the Stirling numbers of the second kind defined by [49, Eq. (26.8)]

S(n, k) = 1 k! k∑ j=0 ( k j ) (−1)^{k−j}j^n.

Since Δ_n = (1 − z)^{−an− 12 n(n−1)} det_{0≤i,j≤n−1}(P_{i+j}(z)),

we see from (2.17) that det 0≤i,j≤n−1

(P_{i+j}(z)) = z^{12 n(n−1)} n−1∏ k=0 k! (a)_k. (2.23)

The polynomials (2.22) and their Hankel determinants (2.23) seem not to have been studied before.

2.3. Charlier polynomials.

Corollary 8. Let z > 0 and n = 1, 2, . . . . Then ∑ 0≤k_1<k_2<···<k_n n∏ i=1 [ z^{ki} k_i! ] V_n(k_1, . . . , k_n) = n−1∏ k=0 [ (k!)^2 z^k k! e^z ] . (2.24)

Proof. If we do the replacement z → z z + a in (2.17), we obtain ∑ 0≤k_1<k_2<···<k_n n∏ i=1 [ (a)_{ki}

(_z z+a )_{ki}

k_i! ] V_n(k_1, . . . , k_n)

= n−1∏ k=0 [ (k!)^2

(a)_k

(_z z+a )_k k! ( 1 − z z + a

)_{−a−2k}] . The result follows from the limits

lim_{a→∞}

(a)_k (z + a)^k

= lim_{a→∞} k−1∏ j=0 a + j a + z

= 1, and lim_{a→∞} ( 1 − z z + a

)_{−a−2k}

lim_{a→∞} ( 1 + z a )_{a+2k} = e^z. □

The monic Charlier polynomials are defined by [49, Eq. (18.20.7)]

C_n(x) = (−z)^n_2F_0 [ −n, −x

− ; −z^{−1} ] . For z > 0, the monic Charlier polynomials satisfy the orthogonality relation [49, Eq. (18.19.1)]_∞ ∑ k=0 C_n(k)C_m(k) z^k k! = n!z^ne^zδ_{n,m}. (2.25)

If we choose c_k = z^k k! , for k ∈ N_0, (2.26)

we see from (2.25) that the monic orthogonal polynomials associated with the linear functional L defined by (2.20) are the Charlier polynomials. Using (1.6), (2.3) and (2.25), we get

lim_{N→∞} ∑ 0≤k_1<k_2<···<k_n≤N n∏ i=1 [ z^{ki} k_i! ] V_n(k_1, . . . , k_n)^2 = n−1∏ k=0 ( k!z^ke^z ) , in agreement with (2.24).

Remark 9. The moments associated with (2.26) are given by [17]

μ_n(z) = ∞∑ k=0 k^n z^k k! = e^zT_n(z),

where T_n(z) is the Touchard (or exponential, or Bell) polynomial

T_n(z) = n∑ k=0 S(n, k)z^k.

We clearly have Δ_n = e^{nz} det_{0≤i,j≤n−1}(T_{i+j} ).

The determinant det 0≤i,j≤n−1

(T_{i+j} ) = z^{12 n(n−1)} n−1∏ k=0 k! has been computed by several authors in many different ways, see [5, 20, 24, 36, 46, 50, 51, 54]. The special case z = 1 (Bell numbers), was considered in [2, 13, 43, 58, 65].

3. Conclusions We have established a connection between C. Krattenthaler’s identity (1.9) and the Hankel determinants of moments of Hahn polynomials. As we mentioned at the end of the last section, the corresponding identity for Hankel determinants of Charlier polynomials has appeared in the literature multiple times.

We have not been able to find any other instance of the determinants det 0≤i,j≤n−1

(_N ∑ k=0 k^{i+j}c_k ) , det

0≤i,j≤n−1

(_∞ ∑ k=0 k^{i+j} c_k ) , for general c_k, or at least for c_k being a hypergeometric term (we do not claim that they do not exist, but we have not uncovered a single reference). That is why we were so amazed to learn about (1.9).

The next case of interest will be

c_k =

(α_1)_k (α_2)_k (α_3)_k

(β_1)_k (β_2)_k 1 k! , for k ∈ N_0,

which is the weight function for the Generalized Hahn polynomials of type II introduced in [18].

In his work [40], Krattenthaler employed Schur functions to establish (1.9). In [15], we used Schur functions to compute the Hankel determinants of the Meixner and Charlier polynomials, and consider some extensions.

Acknowledgement This work was done while visiting the Johannes Kepler Universität Linz and supported by the strategic program ”Innovatives OÖ – 2010 plus” from the Upper Austrian Government.

I thank George Andrews, Christian Krattenthaler and Veronika Pillwein for their helpful suggestions and encouragement.

Finally, I also wish to express our gratitude to the anonymous referees, who provided us with invaluable suggestions and comments that greatly improved our first draft of the paper.

References

[1] M. Aigner. Catalan-like numbers and determinants. J. Combin. Theory Ser. A, 87(1):33–51, 1999. [2] M. Aigner. A characterization of the Bell numbers. Discrete Math., 205(1-3):207–210, 1999. [3] A. Aitken. Determinants and Matrices. Oliver and Boyd, Edinburgh, 1939. [4] J. Baik. Random vicious walks and random matrices. Comm. Pure Appl. Math., 53(11):1385–1410, 2000.

[5] P. Barry. Combinatorial polynomials as moments, Hankel transforms, and exponential Riordan arrays. J. Integer Seq., 14(6):Art. 11.6.7, 14 pp., 2011.

[6] C. Brezinski. History of continued fractions and Padé approximants. Springer Series in Computational Mathematics, vol. 12. Springer–Verlag, Berlin, 1991.

[7] L. Carroll. An Elementary Treatise on Determinants, with Their Application to Simultaneous Linear Equations and Algebraical Geometry. Macmillan, London, 1867.

[8] F. Chapoton and J. Zeng. Nombres de q-Bernoulli–Carlitz et fractions continues. J. Théor. Nombres Bordeaux, 29(2):347–368, 2017.

[9] T. S. Chihara. An Introduction to Orthogonal Polynomials. Mathematics and its Applications, vol. 13. Gordon and Breach Science Publishers, New York–London–Paris, 1978.

[10] J. Cigler and C. Krattenthaler. Some determinants of path generating functions. Adv. Appl. Math., 46(1-4):144–174, 2011.

[11] A. Cvetković, P. Rajković, and M. s. Ivković. Catalan numbers, and Hankel transform, and Fibonacci numbers. J. Integer Seq., 5(1):Art. 02.1.3, 8 pp., 2002.

[12] P. A. Deift. Orthogonal Polynomials and Random Matrices: a Riemann–Hilbert Approach.

Courant Lecture Notes in Mathematics, vol. 3. New York University Courant Institute of Mathematical Sciences, New York, 1999.

[13] P. Delsarte. Nombres de Bell et polynômes de Charlier. C. R. Acad. Sci. Paris Sér. A-B, 287(5):A271–A273, 1978.

[14] D. K. Dimitrov and Y. Xu. Slater determinants of orthogonal polynomials. J. Math. Anal. Appl., 435(2):1552–1572, 2016.

[15] D. Dominici. Power series expansion of a Hankel determinant. Preprint. [16] D. Dominici. Laguerre–Freud equations for generalized Hahn polynomials of type I. J. Difference Equ. Appl., 24(6):916–940, 2018.

[17] D. Dominici. Polynomial sequences associated with the moments of hypergeometric weights.

SIGMA Symmetry Integrability Geom. Methods Appl., 12:Paper No. 044, 18 pp., 2016. [18] D. Dominici and F. Marcellán. Discrete semiclassical orthogonal polynomials of class one. Pacific J. Math., 268(2):389–411, 2014.

[19] A. J. Durán. Wronskian type determinants of orthogonal polynomials, Selberg type formulas and constant term identities. J. Combin. Theory Ser. A, 124:57–96, 2014.

[20] R. Ehrenborg. The Hankel determinant of exponential polynomials. Amer. Math. Monthly, 107(6):557–560, 2000.

[21] M. Elouafi. A unified approach for the Hankel determinants of classical combinatorial numbers.

J. Math. Anal. Appl., 431(2):1253–1274, 2015.

[22] R. J. Evans. Multidimensional beta and gamma integrals. In The Rademacher legacy to mathematics (University Park, PA, 1992). Contemp. Math., vol. 166, pages 341–357. Amer. Math. Soc., Providence, RI, 1994.

[23] P. Flajolet. Combinatorial aspects of continued fractions. Discrete Math., 32(2):125–161, 1980. [24] P. Flajolet. On congruences and continued fractions for some classical combinatorial quantities.

Discrete Math., 41(2):145–153, 1982.

[25] M. Fulmek and C. Krattenthaler. The number of rhombus tilings of a symmetric hexagon which contain a fixed rhombus on the symmetry axis, II. European J. Combin., 21(5):601–640, 2000.

[26] F. R. Gantmacher. The Theory of Matrices, Vols. 1, 2. Chelsea Publishing Co., New York, 1959.

[27] W. Gautschi. Orthogonal Polynomials: Computation and Approximation. Oxford University Press, New York, 2004.

[28] I. M. Gessel and G. Xin. The generating function of ternary trees and continued fractions. Electron.

J. Combin., 13(1):Research Paper 53, 48 pp., 2006.

[29] G. H. Golub and C. F. Van Loan. Matrix Computations. Johns Hopkins University Press, Baltimore, MD, fourth edition, 2013.

[30] I. P. Goulden and D. M. Jackson. Combinatorial Enumeration. Dover Publications, Inc., Mineola, NY, 2004.

[31] J. B. H. Heilermann. Ueber die Verwandlung der Reihen in Kettenbrüche. J. Reine Angew. Math., 33:174–188, 1846.

[32] M. Ishikawa, H. Tagawa, and J. Zeng. A q-analogue of Catalan Hankel determinants. In New trends in combinatorial representation theory, RIMS Kôkyûroku Bessatsu, B11, pages 19–41. Res. Inst. Math. Sci. (RIMS), Kyoto, 2009.

[33] M. E. H. Ismail. Classical and Quantum Orthogonal Polynomials in One Variable. Encyclopedia of Mathematics and its Applications, vol. 98. Cambridge University Press, Cambridge, 2009.

[34] M. E. H. Ismail and P. Simeonov. Heine representations and monotonicity properties of determinants and Pfaffians. Constr. Approx., 41(2):231–249, 2015.

[35] J. Jonsson. Generalized triangulations and diagonal-free subsets of stack polyominoes. J. Combin.

Theory Ser. A, 112(1):117–142, 2005.

[36] A. Junod. Hankel determinants and orthogonal polynomials. Expos. Math., 21(1):63–74, 2003. [37] K. W. J. Kadell. A simple proof of an Aomoto-type extension of Askey’s last conjectured Selberg q-integral. J. Math. Anal. Appl., 261(2):419–440, 2001.

[38] S. Karlin and G. Szegő. On certain determinants whose elements are orthogonal polynomials. J.

Analyse Math., 8:1–157, 1960/1961.

[39] C. Krattenthaler. Advanced determinant calculus. Sém. Lothar. Combin., 42:Art. B42q, 67 pp., 1999. The Andrews Festschrift (Maratea, 1998).

[40] C. Krattenthaler. Schur function identities and the number of perfect matchings of holey Aztec rectangles. In q-series from a contemporary perspective (South Hadley, MA, 1998). Contemp. Math., vol. 254, pages 335–349. Amer. Math. Soc., Providence, RI, 2000.

[41] C. Krattenthaler. Advanced determinant calculus: a complement. Linear Algebra Appl., 411:68– 166, 2005.

[42] B. Leclerc. On certain formulas of Karlin and Szegö. Sém. Lothar. Combin., 41:Art. B41d, 21 pp., 1998.

[43] M. Liu and H. Zhang. A general representation of Hankel matrix about Bell numbers. Chinese Quart. J. Math., 18(4):338–342, 2003.

[44] I. G. Macdonald. Symmetric Functions and Hall Polynomials. The Clarendon Press, Oxford University Press, New York, second edition, 2015.

[45] M. L. Mehta. Random Matrices. Academic Press, Inc., Boston, MA, second edition, 1991. [46] I. Mező. The r-Bell numbers. J. Integer Seq., 14(1):Art. 11.1.1, 14 pp., 2011. [47] S. T. Muir. A Treatise on The Theory of Determinants. Dover Publications, Inc., New York, 1960. [48] K. Oldham, J. Myland, and J. Spanier. An Atlas of Functions. Springer, New York, second edition, 2009.

[49] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark, editors. NIST Handbook of Mathematical Functions. U.S. Department of Commerce, National Institute of Standards and Technology, Washington, DC; Cambridge University Press, Cambridge, 2010.

[50] C. Radoux. Calcul effectif de certains déterminants de Hankel. Bull. Soc. Math. Belg. Sér. B, 31(1):49–55, 1979.

[51] C. Radoux. Addition formulas for polynomials built on classical combinatorial sequences. In Proceedings of the 8th International Congress on Computational and Applied Mathematics, ICCAM- 98 (Leuven), vol. 115, pages 471–477, 2000.

[52] H. Rosengren. A Treatise on The Theory of Determinants and Their Applications in Analysis and GeometryDeterminantal elliptic Selberg integrals. Sém. Lothar. Combin., 81:Art. B81g, 10 pp., 2020.

[53] R. F. Scott. A Treatise on The Theory of Determinants and Their Applications in Analysis and Geometry. Cambridge University Press, Cambridge, 1880.

[54] S. Sivasubramanian. Hankel determinants of some sequences of polynomials. Sém. Lothar. Combin., 63:Art. B63d, 8 pp., 2010.

[55] R. P. Stanley. Enumerative Combinatorics, Vol. I. The Wadsworth & Brooks/Cole Mathematics Series. Wadsworth & Brooks/Cole Advanced Books & Software, Monterey, CA, 1986.

[56] R. P. Stanley. Enumerative Combinatorics, Vol. 2. Cambridge Studies in Advanced Mathematics, vol. 62. Cambridge University Press, Cambridge, 1999.

[57] G. Szegő. Orthogonal Polynomials. American Mathematical Society, Providence, RI, fourth edition, 1975.

[58] U. Tamm. Some aspects of Hankel matrices in coding theory and combinatorics. Electron. J.

Combin., 8(1):Art. 1, 31 pp., 2001.

[59] W. Thomson. An Introduction to Determinants with Numerous Examples for The Use of Schools and Colleges. Simpkin, Marshall & Co, London, 1882.

[60] H. W. Turnbull. The Theory of Determinants, Matrices, and Invariants. Dover Publications, Inc., New York, 1960.

[61] R. Vein and P. Dale. Determinants and Their Applications in Mathematical Physics. Springer– Verlag, New York, 1999.

[62] X. G. Viennot. A combinatorial interpretation of the quotient-difference algorithm. In Formal power series and algebraic combinatorics (Moscow, 2000), pages 379–390. Springer, Berlin, 2000.

[63] H. S. Wall. Analytic Theory of Continued Fractions. D. Van Nostrand Company, Inc., New York, NY, 1948.

[64] L. G. Weld. Determinants. John Wiley & Sons, New York, 1906.

[65] Z. Z. Zhang and H. Feng. Two kinds of numbers and their applications. Acta Math. Sin. (Engl.

Ser.), 22(4):999–1006, 2006.

Johannes Kepler University Linz, Doktoratskolleg “Computational Mathematics”, Altenberger Straße 69, 4040 Linz, Austria

Permanent address: Department of Mathematics, State University of New York at New Paltz, 1 Hawk Dr., New Paltz, NY 12561-2443, USA

Email address: diego.dominici@dk-compmath.jku.at