Combinatorics in Bordeaux

Mireille Bousquet-Mélou^�

1 The main domains

The historical and central domain of research in our group, conducted by Xavier Viennot, is undoubtly enumerative combinatorics. The problems that we study are often motivated by their connections with algorithmics or statistical physics. However, during the last few years, we have diversified our fields, as shown by the following list of (more or less new) topics:

• enumerative combinatorics,

• algorithmics,

• “dessins d’enfants”,

• knot theory,

• umbral calculus,

• free Lie algebras and factorizations in the free monoid,

• covering codes,

• random generation,

• software.

We present here a few recent results, beginning with enumerative combinatorics.

2 Enumerative combinatorics

2.1 Animals

An animal on a graph G is a finite connected set of vertices of G (Figure 1). This simple notion can be fruitfully generalized into a notion of directed animals living on oriented graphs. Two main statistics are defined on animals: the area (number of vertices) and the (site) perimeter. The enumeration of animals according to these parameters is related to percolation models: more precisely, if one could enumerate a class of animals according to their perimeter and area, the corresponding percolation model would be automatically solved. Let us mention that no such model has been solved yet... Directed animals are also related to other models known in statistical physics as hard particle models.

We have also extensively studied self-avoiding polygons (polygons for short). They correspond to animals of the square lattice having no hole. The main statistics are in this case the area and the (usual) perimeter. Essentially, we are now able to enumerate according to these parameters any class of polygons having a convexity property [6, 7, 11]. For instance, here is the perimeter and area generating function of column-convex polygons [5]: V (z, q) = z (1 − z)X 1 + W + zX

�LaBRI, Université Bordeaux 1, 351 cours de la Libération, 33405 Talence Cedex, FRANCE.

bousquet@labri.u-bordeaux.fr

Our group is partially supported by EC grant CHRX-CT93-0400 and PRC “Mathématiques et Informatique”.

Figure 1: An animal, a directed animal, a polygon and a column-convex polygon.

where X = zq (1 − z)(1 − zq) + X_{n≥2} (−1)n+1zn(1 − z)2n−4q(^{n+1}2 )(z2q)_{2n−2}

(q)_{n−1}(zq)_{n−2}(zq)^2_{n−1}(zq)_n(z^2q)_{n−1} and W = X_{n≥1} (−1)nzn(1 − z)2n−3q(^{n+1}2 )(z2q)_{2n−1}

(q)_n(zq)^3_{n−1}(zq)_n(z^2q)_{n−1} . As far as general animals are concerned, we have given several combinatorial explanations for the algebraicity of the area generating function of directed animals on the square and triangular lattices [2, 30]. More recently, we have refined these generating functions by taking into account an additional statistic [6]. Although the generating functions that we obtain are simple quadratic functions, we have not been able to prove these results in a combinatorial way. Our proof extends the link between animals and hard particle models.

2.2 Permutations with forbidden subsequences

One of our achievements in this domain is a combinatorial proof of a conjecture of West [31]: the number of two-stack sortable permutations of S_n is

T (n) = 2

(3n)!

(n + 1)!(2n + 1)! . This has been proved by describing a (complicated) bijection between these permutations and non-separable rooted planar maps having n + 1 edges [15, 16, 21]. The number of such maps is known to be T (n) since the works of Tutte [29]. West’s conjecture had first been proved analytically by Zeilberger, using more than 10 hours of CPU time [32].

2.3 And also...

Here are a few other achievements, which we only mention without giving any details:

• a complete combinatorial theory of Padé approximants [26],

• a unified and simplified method for the enumeration of Baxter’s permutations and Baxter’s alternating permutations [17],

• enumeration of pairs of permutations according to various statistics [18, 19, 20].

3 Algorithmics in biology

A RNA molecule can be seen as a word on the four letter alphabet {A, C, G, U }, each letter denoting one of the four bases: Adenine, Cytosine, Guanine, Uracile. Such a sequence is actually fold onto itself due to the presence of hydrogen bonds that connect the bases. This structure is called the secondary structure of the sequence and can be encoded by a tree. We study several algorithmic problems posed by biologists. Two new algorithms have been designed: the first one allows to draw secondary structures in a nice way, the other aligns two primary or secondary structures according to large common factors [12, 13].

4 Dessins d’enfants

In his famous – though unpublisehd – manuscript “Esquisse d’un programme”, A. Grothendieck has indicated the existence of a correspondence between combinatorial maps drawn on a surface and Belyi pairs formed with a Riemann surface S and a meromorphic function on S with only 3 critical values. The specialization to the case of maps of genus 0 having a single face gives essentially a one-to-one correspondence between bicolored plane trees and Shabat polynomials: a polynomial P (z) ∈ C[z] is a Shabat polynomial if there exist c_0 and c_1 ∈ C such that

P^′(z) = 0 ⇒ P (z) ∈ {c_0, c_1}.

The polynomial associated with a tree has algebraic coefficients, which allows to associate an algebraic number field to every combinatorial tree. The absolute Galois group, that is, the group of automorphisms of the field Q of algebraic numbers, acts on bicolored plane trees. We study various combinatorial invariants of this action, such that the bicolored set of valencies of vertices, the symmetry group of a tree, the cartographic group, etc. A new operation of composition of plane trees is introduced; it corresponds to the composition of Shabat polynomials. The phenomenon of the “combinatorial factorization” of the discriminants of number fields in question is discovered. The work is carried out on algorithms that compute Shabat polynomials, and on visualization and geometric representation of trees and maps [3, 28].

5 Knot theory

The theory of knots is now very “hot” and extensively studied. Figure 2 shows a planar Gauss curve, a knot, and the corresponding chord diagram, that describes the sequence of crossings of the curve. It is important to note that some chord diagrams do not correspond to any Gauss curve. We have first enumerated (all) chord diagrams. Then, we have given an algorithm that generates them (this is not the difficult part) and then decides whether a chord diagram corresponds to a Gauss curve (and hence to a knot) or not — and gives the curve if the answer is “yes” [1].

Figure 2: A Gauss curve, a knot and their chord diagram.

6 Combinatorics of bases of the free Lie algebra and factorization of free monoids

The free Lie algebra naturally appears as a key concept in nonlinear control theory; it has also recently been studied from the representation theory point of view [10]. Using rewriting system techniques, we gave an identity expressing the Fliess series as an exponential Lie series [25], turning it into a more useful tool in control theory. Bases of the free Lie algebras are closely linked to factorizations of the free monoids. We study the Spitzer-Foata factorization and exploit Duval’s ideas to produce linear time algorithms for generating Spitzer-Foata words, and factorize words over the Spitzer-Foata factorization. This approach helps in studying combinatorial properties of orders associated to Spitzer-Foata factorizations [24].

7 Covering codes

Let A be a q-letter alphabet, and let u and v ∈ A^n be two words of A^∗ having the same length. The Hamming distance between u and v is d(u, v) = |{i, 1 ≤ i ≤ n, u_i ≠ v_i}|. A subset C of A^n is said to be a covering code of radius r if ∀u ∈ A^n, ∃v ∈ C s.t. d(u, v) ≤ r. Given q, n and r, the problem is to find the minimal size K_q (n, r) of such a code. We have improved many lower bounds for K_q (n, r), especially in the case r = 1 [22, 23].

8 Random generation and software

Random generation of combinatorial objects provides a useful tool for testing conjectures, or discovering asymptotic results. It also allows to test algorithms that handle these objects. We work on such questions, combining several methods: recursive methods, rejection methods, as well as a method of quasi-uniform generation based on the convergence of a Markov chain. We also make a great use of classical encodings of objects by words: this is not exactly a method of random generation, but words are usually simpler to generate that the objects they encode [9]. The new formalism of object grammars can also be used for random generation [14].

We have developed several efficient algorithms that generate animals (linear time), planar maps (time O(n^2)), paths, etc... They have been implemented on CalICo, which is a software environment that allows to compute, visualize classical combinatorial objets and handle them. It is formed of several specialized workshops (including MAPLE) that communicate with one another [8, 27].

A new MAPLE package that implements Rota’s umbral calculus and some of its generalizations has also been developed [4].

References

[1] J. Bétréma, R. Cori and A. Sossinsky, Diagrammes de cordes et courbes de Gauss, en préparation.

[2] J. Bétréma and J.-G. Penaud, Animaux et arbres guingois, Theoret. Comput. Sci. 117 (1993) 67–89.

[3] J. Bétréma, D. Péré and A. Zvonkin, Plane trees and their Shabat polynomials. Catalog, Technical Report LaBRI No. 92–75 (1992).

[4] A. Bottreau, A. Di Bucchianico and D. E. Loeb, Maple umbral calculus package, Seventh conference “Formal power series and algebraic combinatorics”, Marne-la-Vallée (1995).

[5] M. Bousquet-Mélou, A method for the enumeration of various classes of column-convex polygons, Technical Report LaBRI No. 578-93 (1993), to appear in Discrete Math.

[6] M. Bousquet-Mélou, New enumerative results on two-dimensional directed animals, Seventh conference “Formal power series and algebraic combinatorics”, Marne-la-Vallée (1995).

[7] M. Bousquet-Mélou and J.-M. Fédou, The generating function of convex polyominoes:

the resolution of a q-differential system, Discrete. Math. 137 (1995) 53–75.

[8] M.-P. Delest and N. Rouillon, CalICo, Software for Combinatorics, “Computational Support for Discrete Mathematics” (N. Dean and G. Shannon eds.), DIMACS Series in Discrete Mathematics and Theorical Computer Science (AMS) 15 327–333.

[9] A. Denise, Génération aléatoire et uniforme de mots, to appear in Discrete Math.

[10] J. Désarmenien, G. Duchamp, D. Krob and G. Melançon, Quelques remarques sur les super-algèbres de Lie libres, C. R. Acad. Sci. Paris Sér. I Math. 318 (1994) 419–424.

[11] J.-P. Dubernard and I. Dutour, Énumération de polyominos convexes dirigés, to appear in Discrete Math.

[12] S. Dulucq, Some combinatorial and algorithmic problems in Biology, Actes des Septièmes Entretiens Jacques Cartier (F. Rechenmann and D. Sankoff eds.) (1994) 41–44.

[13] S. Dulucq and V. Malige, Longest common factors of two words, Publications de l’Institut Gaspard Monge (1994).

[14] I. Dutour and J.-M. Fédou, Grammaires d’objets, Technical Report LaBRI No. 963-94 (1994).

[15] S. Dulucq, S. Gire and O. Guibert, A combinatorial proof of J. West’s conjecture, submitted to Discrete Math.

[16] S. Dulucq, S. Gire and J. West, Permutations à motifs exclus et cartes planaires non séparables, Proceedings of the fifth conference “Formal power series and algebraic combinatorics”, Florence (1993) 165–178.

[17] S. Dulucq and O. Guibert, Permutations de Baxter, Seventh conference “Formal power series and algebraic combinatorics”, Marne-la-Vallée (1995).

[18] J.-M. Fédou and D. Rawlings, Adjacencies in words, to appear in Adv. in Appl. Math. [19] J.-M. Fédou and D. Rawlings, More statistics on permutations pairs, Electronic Journal of Combinatorics 1 (1994) (http://ejc.math.gatech.edu:8080/Journal/journalhome.html).

[20] J.-M. Fédou and D. Rawlings, Statistics on pairs of permutations, to appear in Discrete Math.

[21] S. Gire, Arbres, permutations à motifs exclus et cartes planaires : quelques problèmes algorithmiques et combinatoires, Ph. D. thesis, Université Bordeaux 1, France (1993).

[22] L. Habsieger, Lower bounds for q-ary covering codes by spheres of radius one, J. Combin.

Theory Ser. A 67 (1994) 199–222.

[23] L. Habsieger, Binary codes with covering radius one: some new lower bounds, submitted. [24] G. Melançon, Combinatorics of Hall trees and Hall words, J. Combin. Theory Ser. A 59 (1992) 285–308.

[25] G. Melançon and C. Reutenauer, Lyndon words, Free algebras and shuffles, Canad. J.

Math. XLI (1989) 577–591.

[26] E. Roblet, Une théorie combinatoire des approximants de Padé, Ph. D. thesis, Université Bordeaux 1 (1994), Publications du LACIM No. 17, Université du Québec à Montréal.

[27] N. Rouillon, Calcul et Image en Combinatoire, Ph.D. thesis, Université Bordeaux 1 (1994). [28] G. Shabat and A. Zvonkin, Plane trees and algebraic numbers, “Jerusalem Combinatorics ’93” (H. Barcelo, G. Kalai eds.), Contemporary Mathematics (AMS) 178 (1994) 233–275.

[29] W. T. Tutte, A census of planar maps, Canad. J. Math. 15 (1963) 249–271. [30] X. G. Viennot, Heaps of pieces I: Basic definitions and combinatorial lemmas, Combinatoire énumérative (G. Labelle and P. Leroux eds.), Lecture Notes in Math. 1234 (1986) 321–350.

[31] J. West, Permutations with restricted subsequences and stack-sortable permutations, Ph.

D. thesis, M.I.T., U.S.A. (1990).

[32] D. Zeilberger, A proof of Julian West’s conjecture that the number of two-stack-sortable permutations of length n is 2(3n)!/((n + 1)!(2n + 1)!), Discrete Math. 102 (1992) 85–93.