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Abstract. In this paper, we prove the equivalence between two ribbon tensor categories. On
the one hand, we consider the category of modules of the Virasoro vertex operator algebra
with generic central charge (generic Virasoro VOA) generated by those simple modules
lying in the first row of the Kac table. On the other hand, we take the category of finite-
dimensional type I modules of the quantum group Uq(sl2) with q determined by the central
charge. This is a continuation of our previous work in which we examined intertwining
operators for the generic Virasoro VOA in detail. Our strategy to show the categorical
equivalence is to take those results as input and directly compare the structures of tensor
categories. Therefore, we are to execute the most elementary proof of categorical equivalence.
We also study the category of C1-cofinite modules of the generic Virasoro VOA. We show
that it is ribbon equivalent to the category of finite-dimensional type I modules of Uq(sl2)⊗
Uq̃(sl2), where q and q̃ are again related to the central charge.
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1 Introduction

1.1 Background

Two-dimensional conformal field theories (CFT) [3, 9] form one of the most developed classes
of quantum field theories. The infinite-dimensional symmetry of CFT allows one to identify the
primary fields of the theory and the operator product expansion (OPE) of the primary fields in
a closed form, sometimes leading to the exact solution. Due to their integrability, CFTs have
played important roles in string theory [23], condensed matter physics [24, 47], and statistical
physics [4, 53].

Vertex operator algebras (VOA) [18, 46] and their representation theory give an algebraic
counterpart of CFTs [26]. According to the dictionary, a VOA gives the chiral algebra of
a CFT, and the irreducible modules of the VOA correspond to the primary fields of the CFT.
Furthermore, the OPE of primary fields is translated into a tensor product of modules of the
VOA. Therefore, we could say that the study of a CFT partly comes down to the study of the
category of modules of the corresponding VOA as a tensor category.

Quantum groups [10] are algebras whose module categories are clearly tensor categories.
There are several known examples of equivalence between module categories of VOAs and those
of quantum groups as tensor categories. Prominent examples include the Kazhdan–Lusztig-type
duality [11, 15, 38, 39, 40, 41, 50], and the duality between the triplet VOA and the small
quantum sl2 [8, 13, 20, 21, 42, 54, 61]. The present work is to give another example, namely,
the Virasoro VOA with generic central charge and the quantum enveloping algebra of sl2 with
generic quantization parameter denoted by Uq(sl2).
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1.2 Relation to previous work

This paper is a continuation of our previous work [43]. This work might have a different flavor
compared to other works concerning categorical equivalence. To be clear about our point of
view and to motivate our method, it would be worthwhile giving a quick overview of the line of
research.

Since the early stages of the research of CFT, hidden quantum group symmetry has been
observed in several places [14, 22, 52, 57, 58, 59, 62]. In [44], the authors established one of
the most concrete versions of the connection between a quantum group and CFT; they gave
maps from representations of Uq(sl2) to certain correlation functions of CFT. Although their
motivation was in application to the theory of Schramm–Loewner evolution [2, 60], their results
were also of representation theoretical importance. In fact, one consequence, among others, of
their construction is that the asymptotic behavior of a correlation function when two points
are close to each other is governed by the branching and associativity of the tensor product of
representations of Uq(sl2).

In our previous work [43], we enhanced the results of [44] in the language of VOA. Specifi-
cally, we identified the generic Virasoro VOA as the relevant VOA, determined the fusion rules
among simple modules from the first row of the Kac table, and proved that the associativity of
intertwining operators is governed by the quantum group Uq(sl2).

1.3 Overview of the results

In the present work, we examine the category-theoretical implications of the results of the
previous one [43], and add discussion on the braiding as well. It is standard to parametrize the
central charge c ∈ C of the universal Virasoro VOAs Vc (see Section 4 for the definition) by
another parameter t ∈ C as c = 13 − 6

(
t + t−1

)
. We focus on the case that t ̸∈ Q is generic

and call the VOA Vc the generic Virasoro VOA. The highest weight simple modules of Vc are
labeled by the conformal weight h ∈ C. The Kac table gives the following table of conformal
weights of particular interest

hr,s =
r2 − 1

4
t− rs− 1

2
+

s2 − 1

4
t−1, r, s ∈ Z≥1.

For each hr,s, r, s ∈ Z≥1, the corresponding simple highest weight Vc-module is denoted by
W(r−1,s−1).

In this paper, we follow [12] for the categorical terminology. In particular, a tensor category
is a C-linear rigid monoidal category with a one-dimensional endomorphism space on the unit
object. When it is further equipped with a braiding and a ribbon structure, we call it a ribbon
tensor category. Note that we do not assume finiteness.

We will study what we call the first-row category. It is the category of Vc-modules generated
by W(ℓ,0), ℓ ∈ Z≥0 as an additive category, and will be denoted by C+

vir(t). It is not a priori clear

that the category C+
vir(t) can be equipped with the structure of a ribbon tensor category. Thus,

we first show that it is a ribbon tensor category. Furthermore, we relate it to another ribbon
tensor category of interest; the category of finite-dimensional Uq(sl2)-modules of type I denoted
by Csl2(q). Let us phrase our result in the following way.

Theorem 1.1. The first-row category C+
vir(t) is equipped with the structure of a ribbon tensor

category. The resulting ribbon tensor category C+
vir(t) is equivalent to Csl2(q) under the parameter

matching q = eπit.

We also study the category C1
vir of C1-cofinite Vc-modules. It has been proven in [6] that

the category C1
vir is semi-simple and the simple objects are exhausted by W(k,l), k, l ∈ Z≥0.

Furthermore, it is equipped with the structure of a ribbon tensor category, and the resulting
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ribbon tensor category will be denoted by C1
vir(t). In particular, the first-row category C+

vir(t) is
a subcategory of C1

vir(t). It also follows from the fusion rules in C1
vir(t) that, as a tensor category,

the category C1
vir(t) is generated by the modules in C+

vir(t) and the modules in the first column
of the Kac table, which allows for the following result.

Theorem 1.2. As a ribbon tensor category, C1
vir(t) is equivalent to the category of finite-

dimensional type I modules of Uq(sl2)⊗Uq̃(sl2) with the parameter matching q = eπit, q̃ = eπit−1
.

1.4 Relation to other works

There are, in fact, various ways to prove our results. First of all, in [6], they proved that C+
vir(t)

is braided equivalent to a certain Kazhdan–Lusztig category of ŝl2 along the way of proving the
rigidity of C+

vir(t). Therefore, our results can be derived from it, too.

There are also approaches to the Kazhdan–Lusztig-type duality when the quantum group is at
a root of unity. In [21], it has been established that the module category of the quantum SL(2) at
a root of unity and a certain module category of the Virasoro VOA in the logarithmic setting are
equivalent. The key tool therein is Ostrik’s functor [56] that characterizes the module category
of the quantum SL(2). We also mention [51] that studied the sl2-type structure in the module
category of the Virasoro VOA at central charge 25. The recent work [7, 45] is building a general,
and perhaps conceptual, framework towards the Kazhdan–Lusztig duality. These works address
the case when the quantum group parameter is a root of unity, but the methods would extend
to the generic case as well.

In spite that the above mentioned works would cover our results, we believe that it is still
worthwhile recording our proof because our method is different; the feature of our method is
that it relies on an actual construction of intertwining operators. Another recent example of
a similar approach (to different problems) can be found in [55].

Organization of the paper. In the following Section 2, we give an account of the quantum
group Uq(sl2) and fix several details of, e.g., the Clebsch–Gordan coefficients and the universal
R-matrix. In Section 3, we recall the necessary background information on the module category
of a VOA. In particular, we quickly look at the Huang–Lepowsky theory that equips the module
category of a VOA with the structure of a ribbon tensor category. We focus our attention on the
generic Virasoro VOA in Section 4 and review the known results from our previous work [43].
Section 5 is the main part of this paper, where we define the first row module category of
the generic Virasoro VOA and examine its structure in detail. Consequently, we will prove
Theorem 1.1. In Section 6, we study the category of C1-cofinite modules of the generic Virasoro
VOA and prove Theorem 1.2.

2 Quantum group

In this section, we give a brief overview of known facts about the quantum group Uq(sl2) and
its representations. We only consider the case where q ∈ C× is not a root of unity and simply
write Uq for Uq(sl2). Further details about quantum groups can be found in [5, 37, 48].

2.1 Quantum group Uq

The algebra Uq is a unital associative C-algebra generated by K, K−1, E, and F subject to the
relations

KK−1 = K−1K = 1, KE = q2EK, KF = q−2FK, EF − FE =
K −K−1

q − q−1
.



4 S. Koshida

We equip Uq with the structure of a Hopf algebra in the following way. The coproduct ∆: Uq →
Uq ⊗ Uq is given by

∆(K) := K ⊗K, ∆(E) := E ⊗ 1 +K ⊗ E, ∆(F ) := F ⊗K−1 + 1⊗ F.

The counit ε : Uq → C and the antipode S : Uq → Uq are defined as

ε(E) = ε(F ) = 0, ε(K) = 1, S(E) = −K−1E,

S(F ) = −FK, S(K) = K−1.

Remark 2.1. The coproduct used in our previous work [43] was the opposite: ∆op = P ◦ ∆,
where P : Uq ⊗Uq → Uq ⊗Uq; A⊗B → B⊗A is the permutation of tensor components. As we
shall see, the structure constants of associativity (6j-symbols; see below) manifestly observed
are associated with the opposite coproduct ∆op, but we will come back to the original ∆ in the
end.

2.2 Irreducible representations

For each ℓ ∈ Z≥0, Mℓ is an (ℓ+1)-dimensional complex vector space with a basis
(
u
(ℓ)
i

)
i=0,1,...,ℓ

.
We define a representation homomorphism πℓ : Uq → End(Mℓ) by

πℓ(K)u
(ℓ)
i = qℓ−2iu

(ℓ)
i , πℓ(E)u

(ℓ)
i = JiKJℓ− i+ 1Ku(ℓ)i−1, πℓ(F )u

(ℓ)
i = u

(ℓ)
i+1

for i = 0, 1, . . . , ℓ. Here, we understand u
(ℓ)
i = 0 when i < 0 or i > ℓ. The q-integers are

defined by

JnK :=
qn − q−n

q − q−1
, n ∈ Z.

It is known that (πℓ,Mℓ), ℓ ∈ Z≥0 are irreducible representations of Uq. On the other
hand, a finite-dimensional irreducible representation of Uq is isomorphic to either (πℓ,Mℓ)
or (πℓ ◦ χ,Mℓ), where χ is the automorphism of Uq given by χ(K) = −K, χ(E) = −E, χ(F ) = F .
In the sequel, we always assume that the vector space Mℓ is equipped with the representation
homomorphism πℓ and will not specify it. These irreducible representations Mℓ, ℓ ∈ Z≥0 are
often referred to as type I. Otherwise, the type I representations are characterized by that the
eigenvalues of K are of the form qn with some n ∈ Z.

Clearly, Mℓ is generated by u
(ℓ)
0 , which we call a highest weight vector of highest weight ℓ.

Accordingly, we say that Mℓ is a highest weight irreducible representation of highest weight ℓ.

2.3 Tensor product

For ℓ1, ℓ2, the tensor product Mℓ1 ⊗Mℓ2 is equipped with the structure of a representation of Uq

by the coproduct ∆. To emphasize the dependence on the coproduct, we write Mℓ1 ⊗∆ Mℓ2 for
the tensor product representation. It decomposes into irreducible representations according to
the Clebsch–Gordan rule

Mℓ1 ⊗∆ Mℓ2 ≃
⊕

ℓ∈Sel(ℓ1,ℓ2)

Mℓ, (2.1)

where we defined the set

Sel(ℓ1, ℓ2) = {ℓ ∈ Z≥0 | |ℓ1 − ℓ2| ≤ ℓ ≤ ℓ1 + ℓ2, ℓ+ ℓ1 + ℓ2 ≡ 0 mod 2}

of the highest weights appearing in the tensor product.
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For each triple (ℓ, ℓ1, ℓ2) such that ℓ1, ℓ2 ∈ Z≥0 and ℓ ∈ Sel(ℓ1, ℓ2), we fix an embedding
homomorphism ιℓ1ℓ2ℓ : Mℓ → Mℓ1 ⊗∆ Mℓ2 so that

ιℓ1ℓ2ℓ

(
u
(ℓ)
0

)
=

s∑
j=0

cℓ1ℓ2ℓ (j)u
(ℓ1)
j ⊗ u

(ℓ2)
s−j ,

cℓ1ℓ2ℓ (j) = (−1)j
Jℓ1 − jK!

JjK!Js− jK!
Jℓ2 − s+ jK!

Jℓ1K!Jℓ2K!
qj(ℓ1−j+1)(
q − q−1

)s , j = 0, 1, . . . , s, (2.2)

where we set s = (ℓ1 + ℓ2 − ℓ)/2 and the q-factorials are defined by

JnK! :=

{
JnKJn− 1K · · · J1K, n ∈ Z>0,

1, n = 0.

Accordingly, the family of projections pℓℓ1ℓ2 : Mℓ1 ⊗∆ Mℓ2 → Mℓ, ℓ1, ℓ2 ∈ Z≥0, ℓ ∈ Sel(ℓ1, ℓ2) is
determined by the properties that

pℓℓ1ℓ2 ◦ ι
ℓ1ℓ2
ℓ′ =

{
idMℓ

, ℓ = ℓ′,

0, ℓ ̸= ℓ′,
ℓ, ℓ′ ∈ Sel(ℓ1, ℓ2),∑

ℓ∈Sel(ℓ1,ℓ2)

ιℓ1ℓ2ℓ ◦ pℓℓ1ℓ2 = idMℓ1
⊗Mℓ2

,

for each ℓ1, ℓ2 ∈ Z≥0.
Recall that there is another coproduct ∆op on Uq, with which we can form another tensor

product representation Mℓ1 ⊗∆op Mℓ2 for ℓ1, ℓ2 ∈ Z≥0. The rule of decomposition into irreducible
representations is the same as in (2.1). For each ℓ ∈ Sel(ℓ1, ℓ2), we obtain an injective homomor-
phism (ιop)ℓ1ℓ2ℓ : Mℓ → Mℓ1 ⊗∆op Mℓ2 by (ιop)ℓ1ℓ2ℓ := PMℓ2

,Mℓ1
◦ ιℓ2ℓ1ℓ . Here, we write PU,V with

vector spaces U and V for the permutation operator PU,V : U⊗V → V ⊗U; u⊗ v 7→ v ⊗ u.

2.4 Representation category

Here we describe the category of Uq-modules as a ribbon tensor category. The general theory of
tensor categories can be found in [1, 12].

2.4.1 Linear category

We write Mod(Uq) for the category of finite-dimensional representations of Uq, which is clearly
a C-linear category. As we have already noted, the simple objects of Mod(Uq) are exhausted
byMℓ, ℓ ∈ Z≥0 and their twist by the automorphism χ up to isomorphism. Under our assumption
that q is not a root of unity, it is also known thatMod(Uq) is semi-simple although it has infinitely
many simple objects.

We define Csl2 as the full subcategory of Mod(Uq) generated by Mℓ, ℓ ∈ Z≥0. In other words,
each object of Csl2 is isomorphic to a finite direct sum of Mℓ, ℓ ∈ Z≥0.

2.4.2 Tensor structure

We can equip the categoryMod(Uq) with the monoidal bifunctor −⊗∆− : Mod(Uq)×Mod(Uq) →
Mod(Uq) defined by means of the coproduct ∆. The associativity isomorphisms are given by

αU,V,W : (U⊗∆ V)⊗∆ W → U⊗∆ (V ⊗∆ W); (u⊗ v)⊗ w 7→ u⊗ (v ⊗ w)

for U,V,W ∈ Mod(Uq), i.e., the associativity for the underlying vector spaces. We can takeM0 as
a unit object with respect to this tensor product and choose unit isomorphisms λU : M0⊗∆U → U
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and ρU : U ⊗∆ M0 → U. In this way, (⊗∆, α,M0, λ, ρ) defines a monoidal structure on the
category Mod(Uq). Since Uq has an invertible antipode, Mod(Uq) is also rigid. Therefore,
Mod(Uq) is a tensor category.

Since the subcategory Csl2 is closed under the tensor product and the dual, it is a tensor
subcategory of Mod(Uq). We suppose that the unit isomorphisms are chosen in such a way
that λMℓ

= pℓ0ℓ and ρMℓ
= pℓℓ0 for all ℓ ∈ Z≥0. Then, the monoidal structure on Csl2 is uniquely

determined. As a monoidal category, Csl2 starts depending on the parameter q. Thus, we
write Csl2(q) for the category Csl2 equipped with the above tensor structure.

If we take the other coproduct ∆op, the same underlying category Csl2 is equipped with
another monoidal structure (⊗∆op , αop,M0, λ

op, ρop). This tensor category will be denoted
by C

op
sl2
(q). Note that, however, as a linear map, each associativity isomorphism αop

U,V,W, U,V,W ∈
Csl2 , can be taken as the same αU,V,W.

At this point, we can discuss the so-called 6j-symbols. In our context, the 6j-symbols
of Cop

sl2
(q), instead of those of Csl2(q), will be more manifest. For an arbitrary choice of four

ℓ1, ℓ2, ℓ3, ℓ4 ∈ Z≥0, we define the set Iℓ1ℓ2ℓ3ℓ4
:= Sel(ℓ1, ℓ2) ∩ Sel(ℓ3, ℓ4). Now, we fix ℓ1, ℓ2, ℓ3, ℓ4 ∈

Z≥0 and compare two spaces of homomorphisms: one is HomUq(Mℓ4 , (Mℓ1 ⊗∆op Mℓ2)⊗∆op Mℓ3),
which has a basis

(
(ιop)ℓ1ℓ2m ⊗∆op idMℓ3

)
◦ (ιop)mℓ3

ℓ4
=

ℓ4

ℓ1 ℓ2 ℓ3

m , m ∈ Iℓ1ℓ2ℓ3ℓ4

and the other is HomUq(Mℓ4 ,Mℓ1 ⊗∆op (Mℓ2 ⊗∆op Mℓ3)), which has a basis

(
idMℓ1

⊗∆op(ιop)ℓ2ℓ3n

)
◦ (ιop)ℓ1nℓ4

=

ℓ4

ℓ1 ℓ2 ℓ3

n , n ∈ Iℓ2ℓ3ℓ1ℓ4
.

Here we also drew diagrams representing the homomorphisms. Each trivalent vertex depicts
an injection and the composition is read from bottom to top. The associativity isomorphism
induces an isomorphism of these vector spaces of morphisms

HomUq(Mℓ4 , (Mℓ1 ⊗∆op Mℓ2)⊗∆op Mℓ3) → HomUq(Mℓ4 ,Mℓ1 ⊗∆op (Mℓ2 ⊗∆op Mℓ3)),

f 7→ αop
Mℓ1

,Mℓ2
,Mℓ3

◦ f.

Our 6j-symbols{
ℓ1 ℓ2 m
ℓ3 ℓ4 n

}
, m ∈ Iℓ1ℓ2ℓ3ℓ4

, n ∈ Iℓ2ℓ3ℓ1ℓ4

are defined as the matrix elements of the inverse of this isomorphism in terms of the bases
introduced above. Explicitly, they are defined by(

αop
Mℓ1

,Mℓ2
,Mℓ3

)−1 ◦
(
idMℓ1

⊗∆op(ιop)ℓ2ℓ3n

)
◦ (ιop)ℓ1nℓ4

=
∑

m∈Iℓ1ℓ2ℓ3ℓ4

{
ℓ1 ℓ2 m
ℓ3 ℓ4 n

}(
(ιop)ℓ1ℓ2m ⊗∆op idMℓ3

)
◦ (ιop)mℓ3

ℓ4
(2.3)
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for n ∈ Iℓ2ℓ3ℓ1ℓ4
, or diagramatically

(
αop
Mℓ1

,Mℓ2
,Mℓ3

)−1 ◦ − :

ℓ4

ℓ1 ℓ2 ℓ3

n 7→
∑

m∈Iℓ1ℓ2ℓ3ℓ4

{
ℓ1 ℓ2 m
ℓ3 ℓ4 n

}

ℓ4

ℓ1 ℓ2 ℓ3

m .

Remark 2.2. The dependence of Cop
sl2
(q) (and Csl2(q) as well) on the parameter q is manifest from

the fact that the 6j-symbols depend on q. There are numeric presentations of the 6j-symbols
found in [17, 49], though they are not necessary for our purpose.

2.4.3 Braiding and twist

Here we consider the quantum group Uq to be equipped with the coproduct ∆ (but not ∆op.)
It admits the universal R-matrix given by the following formula:

R = q
1
2
H⊗H

∞∑
n=0

qn(n−1)/2
(
q − q−1

)n
JnK!

(Fn ⊗ En),

which makes sense in a certain completion of Uq ⊗ Uq. Here, H is the symbol that is supposed
to behave as K = qH . Its action on U ⊗∆ V with U,V ∈ Csl2(q) is well defined. Indeed, since
these representations are finite-dimensional, the infinite sum in the formula of R truncates to
a finite sum, and for u ∈ U and v ∈ V such that K.u = qmu and K.v = qnv, we may understand

q
1
2
H⊗H .u⊗ v = q

mn
2 u⊗ v.

We write RU,V for the action of R on U⊗∆ V and set

cU,V := PU,VRU,V : U⊗∆ V → V ⊗∆ U.

The family of morphisms cU,V, U,V ∈ Csl2(q) gives a braiding structure to Csl2(q).

There is a standard procedure to read a twist isomorphism out of the universal R-matrix [37,
Chapter XIV.6]. For each U ∈ Csl2(q), we can define the twist isomorphism θU : U → U by

θ−1
U u = (−1)HK

∞∑
n=0

qn(n−1)/2
(
q − q−1

)n
JnK!

(
−K−1E

)n
q−

1
2
H2

Fnu, u ∈ U. (2.4)

It turns out that this twist isomorphism gives a ribbon structure.

3 Category of modules for a VOA

In this section, we review the construction of a tensor product, braiding and a ribbon structure
on the category of modules for a VOA developed in [25, 27, 29, 30, 31, 32, 33, 34]. For a concise
account, [28, Section 2] is also helpful.

3.1 VOA and modules

Here, we record the definitions of a VOA and its modules following, e.g., [18, 46], but equivalent
sets of axioms are also found in [16, 36].
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First, we recall the Virasoro algebra vir. It is the infinite-dimensional Lie algebra vir =⊕
n∈ZCLn ⊕ CC with the Lie bracket

[Lm, Ln] = (m− n)Lm+n +
m3 −m

12
δm+n,0C, m, n ∈ Z, [C, vir] = 0.

We also need to fix a convention with formal calculus to phrase the definition of a VOA. That
is, the formal series (x− y)n with n ∈ Z in the two variables x and y is defined by

(x− y)n :=
∞∑
k=0

(
n

k

)
xn−k(−y)k.

In particular, (x− y)n and (−1)n(y − x)n are different formal series when n < 0. We need this
convention to interpret the expression such as δ

(
x1−x2
x0

)
. Here, δ(x) :=

∑
n∈Z x

n is called the
formal δ-distribution, and we understand

δ

(
x1 − x2

x0

)
=

∑
n∈Z

x−n
0 (x1 − x2)

n =
∑
n∈Z

∞∑
k=0

(
n

k

)
x−n
0 xn−k

1 (−x2)
k.

The definition of a VOA goes as follows.

Definition 3.1. A VOA consists of a Z-graded vector space V =
⊕

n∈Z Vn such that dimVn <
∞, n ∈ Z, distinguished vectors 1 ∈ V0 and ω ∈ V2, and a linear map

Y (−, x) : V → End(V )
[[
x±1

]]
, a 7→ Y (a, x) =

∑
n∈Z

a(n)x
−n−1

subject to the following axioms:

(1) (Field condition) For all a, b ∈ V , a(n)b = 0 for all sufficiently large n ≫ 0.

(2) (Vacuum axiom) Y (1, x) = id and Y (a, x)1 ∈ a+ V [[x]]x for all a ∈ V .

(3) (Virasoro representation) Define LV
n = ω(n+1) ∈ End(V ), n ∈ Z. Then, the assignment

Ln 7→ LV
n , n ∈ Z, C 7→ c · id with a scalar c ∈ C gives a representation of vir. Furthermore,

LV
0 |Vn = n idVn , n ∈ Z and LV

−1a = a(−2)1, a ∈ V .

(4) (Translation property) For all a ∈ V ,

[
LV
−1, Y (a, x)

]
=

d

dx
Y (a, x).

(5) (Jacobi identity) For all a, b ∈ V ,

x−1
0 δ

(
x1 − x2

x0

)
Y (a, x1)Y (b, x2)− x−1

0 δ

(
x2 − x1
−x0

)
Y (b, x2)Y (a, x1)

= x−1
2 δ

(
x1 − x0

x2

)
Y (Y (a, x0)b, x2) .

The distinguished vectors 1 and ω are called the vacuum and the conformal vectors, respec-
tively. The linear map Y (−, x) is called the state-field correspondence map, and the scalar c
that appeared in the Virasoro representation is called the central charge of the VOA. Though
a VOA is a quadruple (V,1, ω, Y ), it is common to only refer to V to address a VOA. We will
introduce the particular example of our interest in Section 4.

The modules of a VOA are defined as follows.
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Definition 3.2. For a VOA V , a V -module is a pair of a C-graded vector space W =
⊕

α∈CWα

such that dimWα < ∞ and Wα−n = 0, n ≫ 0 for all α ∈ C and a linear map

YW (−, x) : V → End(W )
[[
x±1

]]
, a 7→ YW (a, x) =

∑
n∈Z

aW(n)x
−n−1

subject to the following axioms:

(1) (Field condition) For all a ∈ V and w ∈ W , aW(n)w = 0 for all sufficiently large n ≫ 0.

(2) (Vacuum axiom) YW (1, x) = idW .

(3) (L0-action) For all α ∈ C, Wα is a generalized eigenspace of LW
0 := ωW

(1) with eigenvalue α.
In other words, LW

0 − α is nilpotent on Wα.

(4) (Jacobi identity) For all a, b ∈ V ,

x−1
0 δ

(
x1 − x2

x0

)
YW (a, x1)YW (b, x2)− x−1

0 δ

(
x2 − x1
−x0

)
YW (b, x2)YW (a, x1)

= x−1
2 δ

(
x1 − x0

x2

)
YW (Y (a, x0)b, x2) .

When we set LW
n = ωW

(n+1), n ∈ Z, and c to be the same central charge as V itself, the
assignment Ln 7→ LW

n , n ∈ Z, C 7→ c · idW gives a representation of vir.

3.2 Intertwining operators/maps

Finally, we come to the notion of intertwining operators.

Definition 3.3. Let V be a VOA and W1, W2, W3 be V -modules. An intertwining operator of
type

(
W3

W1W2

)
is a linear map

Y(−, x) : W1 → Hom(W2,W3){x}

satisfying the Jacobi identity

x−1
0 δ

(
x1 − x2

x0

)
YW3(v, x1)Y(w1, x2)− x−1

0 δ

(
x2 − x1
−x0

)
Y(w1, x2)YW2(v, x1)

= x−1
2 δ

(
x1 − x0

x2

)
Y (YW1(v, x0)w1, x2)

for all v ∈ V and w1 ∈ W1, and the L−1-derivation property

Y
(
LW1
−1w1, x

)
=

d

dx
Y(w1, x)

for all w1 ∈ W1. The set of intertwining operators of type
(

W3

W1W2

)
is a vector space denoted

by I
(

W3

W1W2

)
, whose dimension is called the fusion rule of that type.

Remark 3.4. If all three modules are V itself, I
(

V
V V

)
contains the state-field correspondence

map Y (−, x). If W1 = V and W2 = W3 = W , then the space of intertwining operators I
(

W
VW

)
contains the module map YW (−, x).

Later, we will need the following transformation of intertwining operators. Let Y be an
intertwining operator of type

(
W3

W1W2

)
with W1, W2, and W3 being modules for a VOA V . Define

(ΩY)(−, x) : W2 → Hom(W1,W3){x} (3.1)



10 S. Koshida

by

(ΩY)(w2, x)w1 := exL
W3
−1 Y

(
w1, e

πix
)
w2, w1 ∈ W1, w2 ∈ W2.

Then, we can show [32, Proposition 7.1] that ΩY is an intertwining operator of type
(

W3

W2W1

)
.

Note that Ω is invertible.
For z ∈ C×, we define log(z) so that arg(z) ∈ [0, 2π). Then specializing the formal variable

in an intertwining operator Y at x = elog(z) makes sense, giving rise to the linear map

FY,z : W1 ⊗W2 → W3; w1 ⊗ w2 → Y(w1, x)w2|x=elog(z) ,

where we define the completion of W3 by W3 =
∏

n∈Z≥0
(W3)n. In the sequel, we simply write

Y(w1, z)w2 = Y(w1, x)w2|x=elog(z)

for the evaluation of the formal variable as long as the branch is chosen as arg z ∈ [0, 2π). We
call such a linear map obtained from an intertwining operator an intertwining map associated
to z. Since the correspondence Y 7→ FY,z is one-to-one, we could say that they are the same
notion, but intertwining maps are still more convenient when we define the tensor product of
modules.

3.3 P (z)-tensor product

Let W1 and W2 be V -modules, and fix z ∈ C×. A P (z)-product of W1 and W2 is a V -module W3

together with an intertwining map Fz of type
(

W3

W1W2

)
associated to z. The P (z)-tensor product

is a universal object among P (z)-products. To be precise, the P (z)-tensor product of W1 and W2

is the P (z)-product (W1⊠P (z)W2,⊠P (z)) such that for any P (z)-product (W3, Fz) of W1 and W2,
there exists a unique V -module homomorphism η : W1⊠P (z)W2 → W3 satisfying Fz = η ◦⊠P (z)

W1 ⊗W2

⊠P (z)//

Fz ''

W1 ⊠P (z) W2

∃!η
��

W3.

It is standard to show that the P (z)-tensor product is unique up to isomorphism if it exists. We
note that the P (z)-tensor product depends on the choice of a category of modules.

For the P (z)-tensor product (W1 ⊠P (z) W2,⊠P (z)), there exists a unique intertwining opera-
tor Y(−, x) of type

(W1⊠P (z)W2

W1W2

)
such that w1 ⊠P (z) w2 = Y(w1, z)w2, w1 ∈ W1, w2 ∈ W2.

The P (z)-tensor product defines a bifunctor on the category of modules of interest. To see this,
let W1, W2, W3, W4 be V -modules and let f : W1 → W3 and g : W2 → W4 be morphisms.
Suppose that the P (z)-tensor products

(
W1 ⊠P (z) W2,⊠12

P (z)

)
and

(
W3 ⊠P (z) W4,⊠34

P (z)

)
exist.

Then the object W3⊠P (z)W4 together with ⊠34
P (z) ◦ (f ⊗ g) gives a P (z)-product of W1 and W2.

This means that there exists a unique morphism denoted by f⊠P (z) g : W1⊠P (z)W2 → W3⊠P (z)

W4 such that

⊠34
P (z) ◦ (f ⊗ g) = f ⊠P (z) g ◦⊠12

P (z).

3.4 Composition and iteration

Let W1, W2, W3 be V -modules and z1, z2 ∈ C× be such that |z1| > |z2| > |z1 − z2| > 0. In this
setting, let us assume that the composition W1 ⊠P (z1) (W2 ⊠P (z2) W3) exists. Then, associated
with it, we have the composition of intertwining maps

Y1(−, z1)Y
2(−, z2)− : W1 ⊗W2 ⊗W3 → W1 ⊠P (z1) (W2 ⊠P (z2) W3),
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where

Y1(−, x) ∈ I

(
W1 ⊠P (z1) (W2 ⊠P (z2) W3)

W1W2 ⊠P (z2) W3

)
and Y2(−, x) ∈ I

(
W2 ⊠P (z2) W3

W2W3

)
are the corresponding intertwining operators. For wi ∈ Wi, i = 1, 2, 3, we can identify

w1 ⊠P (z1) (w2 ⊠P (z2) w3) = Y1(w1, z1)Y
2(w2, z2)w3.

Note that composition of intertwining maps does not automatically make sense, but we must
verify that the infinite sum appearing in the composition absolutely converges.

Let us also assume that the iteration (W1 ⊠P (z1−z2) W2) ⊠P (z2) W3 exists. In this case, we
get the iteration of the corresponding intertwining maps

Y1(Y2(−, z1 − z2)−, z2)− : W1 ⊗W2 ⊗W3 → (W1 ⊠P (z1−z2) W2)⊠P (z2) W3,

where

Y1(−, x) ∈ I

(
(W1 ⊠P (z1−z2) W2)⊠P (z2) W3

W1 ⊠P (z1−z2) W2W3

)
, Y2(−, x) ∈ I

(
W1 ⊠P (z1−z2) W2

W1W2

)
.

We can make the identification

(w1 ⊠P (z1−z2) w2)⊠P (z2) w3 = Y1 (Y2(w1, z1 − z2)w2, z2)w3

for wi ∈ Wi, i = 1, 2, 3. Similarly to the composition, we need to verify that the iteration of
intertwining maps makes sense.

The associativity isomorphism

(
A

P (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

: (W1 ⊠P (z1−z2) W2)⊠P (z2) W3 → W1 ⊠P (z1) (W2 ⊠P (z2) W3),

if it exists, is characterized by the property

(
A

P (z1−z2),P (z2)
P (z1),P (z2)

)
W1,W2,W3

: (w1 ⊠P (z1−z2) w2)⊠P (z2) w3 7→ w1 ⊠P (z1) (w2 ⊠P (z2) w3)

for wi ∈ Wi, i = 1, 2, 3.

3.5 Parallel transport

Let W1, W2 be V -modules, and let us take z1, z2 ∈ C×. Then we may consider the P (z1)-tensor
product W1 ⊠P (z1) W2 and the P (z2)-tensor product W1 ⊠P (z2) W2. Depending on a path γ
in C× from z1 to z2, the parallel transport isomorphism Tγ : W1 ⊠P (z1) W2 → W1 ⊠P (z2) W2 is
defined as follows.

As before, we fix a branch of log(z2) so that arg(z2) ∈ [0, 2π). Then we write lγ(z1) for the
logarithm of z1 determined by the analytic continuation along γ from log(z2). Let Y(−, x) be
the corresponding intertwining operator to the P (z2)-tensor product W1 ⊠P (z2) W2. Then, the
parallel transport Tγ is characterized by the property

Tγ

(
w1 ⊠P (z1) w2

)
= Y(w1, x)w2|x=elγ (z1) , w1 ∈ W1, w2 ∈ W2.
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3.6 Monoidal structure

The P (z)-tensor product depends on z ∈ C×, so varying z, we get a family of tensor products
that are related by parallel transport. Here, we fix a single monoidal structure at z = 1.

First, we set ⊠ = ⊠P (1) and take V as a unit object. For a V -module W , the unit isomor-
phisms λW : V ⊠W → W and ρW : W ⊠ V → W are characterized by

λW : 1⊠ w 7→ w, ρW : w ⊠ 1 7→ eL
W
−1w, w ∈ W.

To define the associativity isomorphism, we take z1 and z2 on the real axis so that z1 >
z2 > z1 − z2 > 0. We also take several paths in R>0: γ1 from 1 to z2, γ2 from 1 to z1 − z2, γ3
from z1 to 1, and γ4 from z2 to 1. Then, given three V -modules Wi, i = 1, 2, 3, the isomorphism
AW1,W2,W3 : (W1⊠W2)⊠W3 → W1⊠ (W2⊠W3) is the following compositions of isomorphisms:

(W1 ⊠W2)⊠W3
Tγ1−−→ (W1 ⊠W2)⊠P (z2) W3

Tγ2⊠P (z2)
idW3−−−−−−−−−→

(W1 ⊠P (z1−z2) W2)⊠P (z2) W3

(A
P (z1−z2),P (z2)

P (z1),P (z2)
)W1,W2,W3−−−−−−−−−−−−−−−−−→ W1 ⊠P (z1) (W2 ⊠P (z2) W3)

idW1
⊠P (z1)

Tγ4−−−−−−−−−−→ W1 ⊠P (z1) (W2 ⊠W3)
Tγ3−−→ W1 ⊠ (W2 ⊠W3).

Then, (⊠,A, V, λ, ρ) gives a monoidal structure of the category of interest.

3.7 Braiding and twist

We can define a braiding on the category by means of the parallel transport. Let γ be a path
from −1 to 1 contained in the complex upper half plane except its end points. Given two V -
modules W1 and W2, the braiding isomorphism cW1,W2 : W1⊠W2 → W2⊠W1 is characterized by

cW1,W2 : w1 ⊠ w2 7→ eL
W2⊠W1
−1 Tγ(w2 ⊠P (−1) w1), w1 ∈ W1, w2 ∈ W2.

For each V -module W , the twist θW : W → W defined by θW = e2πiLW
0 gives a ribbon

structure.

4 Generic Virasoro VOA and modules

In this section, we introduce the generic Virasoro VOA and its modules, and review the results
of our previous work [43] on the first-row modules.

4.1 Generic Virasoro VOA and the Kac table

For a fixed central charge c ∈ C, the universal Virasoro VOA Vc is given by

Vc = U(vir)/
(
U(vir)(C − c) +

∑
n≥−1U(vir)Ln

)
together with the vacuum vector 1 = [1] and the conformal vector ω = [L−2]. The state field
correspondence map Y (−, x) is uniquely determined by

Y (ω, x) =
∑
n∈Z

Lnx
−n−2.

We parameterize the central charge by another parameter t as

c = c(t) = 13− 6
(
t+ t−1

)
. (4.1)



Module Categories of the Generic Virasoro VOA and Quantum Groups 13

It is known that, when t ̸∈ Q, Vc is a simple VOA (see, e.g., [35]). In this case, we call Vc the
generic Virasoro VOA of central charge c.

Let us consider modules of Vc. For a conformal weight h ∈ C, the Verma module M(c, h) is
given by

M(c, h) = U(vir)/
(
U(vir)(C − c) + U(vir)(L0 − h) +

∑
n≥1U(vir)Ln

)
.

The Verma module is not only a representation of vir, but also a Vc-module. Under the
parametrization (4.1), the conformal weights of the Kac table are given by

hr,s = hr,s(t) =
r2 − 1

4
t− rs− 1

2
+

s2 − 1

4
t−1, r, s ∈ Z≥1.

The Verma module M(c(t), hk+1,ℓ+1(t)) with k, ℓ ∈ Z≥0 is reducible, so we write its simple
quotient as W(k,ℓ). It is known that W(k,ℓ) are self-dual: W∨

(k,ℓ) ≃ W(k,ℓ), k, ℓ ∈ Z≥0. We also
set Wℓ := W(ℓ,0), ℓ ∈ Z≥0 and call them the first-row modules. We remark that W0 is Vc itself
because the maximal proper submodule of M(c(t), h1,1(t)) is generated by [L−1].

In the rest of this section, we focus on the first-row modules. It will then be convenient to
write

hℓ := hℓ+1,1 =
ℓ(ℓ+ 2)

4
t− ℓ

2
, ℓ ∈ Z≥0 (4.2)

for the conformal weights of the first-row modules. We also fix the highest weight vector wℓ

of Wℓ as the image of 1 ∈ U(vir).

4.2 Fusion rules

The fusion rules among the first-row modules have been known for a long time [19], and we gave
an alternative proof for them in our previous work [43]. Let us record the result here.

Theorem 4.1 ([19, 43]). For ℓ1, ℓ2, ℓ3 ∈ Z≥0,

dim I

(
Wℓ3

Wℓ1Wℓ2

)
=

{
1, ℓ3 ∈ Sel(ℓ1, ℓ2),

0, otherwise.

Recall that Sel is the selection rule set of the Clebsch–Gordan rule.

Suppose that ℓ1, ℓ2, ℓ3 ∈ Z≥0 satisfy the selection rule ℓ3 ∈ Sel(ℓ1, ℓ2). Then there exists
a unique intertwining operator of type

( Wℓ3
Wℓ1

Wℓ2

)
up to constant. We fix the normalization of the

intertwining operator

Yℓ3
ℓ1ℓ2

(−, x) ∈ I

(
Wℓ3

Wℓ1Wℓ2

)
as

Yℓ3
ℓ1ℓ2

(wℓ1 , x)wℓ2 ∈ Bℓ3
ℓ1ℓ2

wℓ3x
hℓ3

−hℓ1
−hℓ2 +Wℓ3 [[x]]x

hℓ3
−hℓ1

−hℓ2
+1,

where the constant Bℓ3
ℓ1ℓ2

is given by the formula

Bℓ3
ℓ1ℓ2

=
1

s!

s∏
j=1

Γ(1 + tj)Γ(1− t(ℓ1 + 1− j))Γ(1− t(ℓ2 + 1− j))

Γ(1 + t)Γ(2− t(2− p+ ℓ1 + ℓ2 − s))
,

where s = (ℓ1 + ℓ2 − ℓ3)/2.
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Remark 4.2. Let us remark on a few properties of the intertwining operator Yℓ3
ℓ1ℓ2

(−, x) when
ℓ1 = 0 or ℓ2 = 0. When ℓ1 = 0, as we pointed out in Remark 3.4, I

( Wℓ
VcWℓ

)
contains YWℓ

(−, x),
which now must span the space of intertwining operators. Furthermore, we can identify Yℓ

0ℓ(−, x)
= YWℓ

(−, x) by observing Yℓ
0ℓ(1, x) = IdWℓ

= YWℓ
(1, x). For the case where ℓ2 = 0, the

normalization of Yℓ
ℓ0(−, x) gives us Yℓ

ℓ0(wℓ, x)1 ∈ wℓ +Wℓ[[x]]x. By the Jacobi identity and the
L−1-derivation property, we can deduce that Yℓ

ℓ0(wℓ, x)1 = eL
Wℓ
−1wℓ.

4.3 Associativity of intertwining operators

The general idea of associativity comes down to comparing the composition and iteration of
intertwining operators, but it is not even clear in general if the composition and iteration are
possible. The following theorem is a consequence of the general analysis by Huang [27], or was
proven in our previous work [43].

Theorem 4.3 ([27, 43]). Let ℓ1, ℓ2, ℓ3, ℓ4 ∈ Z≥0.

(1) For any n ∈ Iℓ2ℓ3ℓ1ℓ4
and w1 ∈ Wℓ1, w2 ∈ Wℓ2, w3 ∈ Wℓ3, the formal series

Yℓ4
ℓ1n

(w1, x1)Y
n
ℓ2ℓ3(w2, x2)w3

in x1 and x2 converges in Wℓ4 at x1 = elog(z1), x2 = elog(z2) such that |z1| > |z2| > 0.

(2 For any m ∈ Iℓ1ℓ2ℓ3ℓ4
and w1 ∈ Wℓ1, w2 ∈ Wℓ2, w3 ∈ Wℓ3, the formal series

Yℓ4
mℓ3

(
Ym
ℓ1ℓ2(w1, x0)w2, x2

)
w3

in x0 and x2 converges in Wℓ4 at x0 = elog(z0), x2 = elog(z2) such that |z2| > |z0| > 0.

From Theorem 4.1, we know that the fusion rules among first-row modules match those
of finite-dimensional irreducible representations of Uq. The Clebsch–Gordan rules are, however,
independent of the parameter q. The following theorem manifests the matching of the parameters
for the generic Virasoro VOA and the quantum group Uq.

Theorem 4.4 ([43]). Let ℓ1, ℓ2, ℓ3, ℓ4 ∈ Z≥0 and take z1, z2 on the real axis so that z1 > z2 >
z1 − z2 > 0. For any n ∈ Iℓ2ℓ3ℓ1ℓ4

and w1 ∈ Wℓ1, w2 ∈ Wℓ2, w3 ∈ Wℓ3, we get

Yℓ4
ℓ1n

(w1, z1)Y
n
ℓ2ℓ3(w2, z2)w3

=
∑

m∈Iℓ1ℓ2ℓ3ℓ4

{
ℓ1 ℓ2 m
ℓ3 ℓ4 n

}
Yℓ4
mℓ3

(
Ym
ℓ1ℓ2(w1, z1 − z2)w2, z2

)
w3

in Wℓ4, where the 6j-symbols in the right hand side are those of Uq equipped with ∆op defined
in (2.3) at q = eπit, t ̸∈ Q.

5 Category of the first-row modules

In this section, we introduce the category C+
vir(t) of the first-row modules of the generic Virasoro

VOA Vc, and establish the ribbon tensor equivalence C+
vir(t) → Csl2(q).
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5.1 Dual and opposite categories

We first make tiny preliminaries on dual and opposite categories. Let C be a category. The dual
category C∨ is the category with the same objects as C and the opposite morphisms. If C is
equipped with a monoidal structure, then C∨ naturally becomes a monoidal category.

Next, suppose that C is a monoidal category with the monoidal bifunctor denoted by ⊗. The
opposite category Cop is the monoidal category with the same underlying category as C and the
opposite monoidal structure ⊗op X ⊗op Y := Y ⊗X, X,Y ∈ C.

In the case where C is rigid, the dual and opposite categories are equivalent under a functor
such that X 7→ X∗ [12, Chapter 2].

Remark 5.1. Sometimes the dual category is called opposite, and the opposite category above
is called reversed. However, we follow the terminology in [12].

When we apply the above construction to C = C
op
sl2
(q), which we have already noticed is

rigid, we can say that (Cop
sl2
(q))∨ and (Cop

sl2
(q))op are equivalent. Let us also see that the cate-

gory (Cop
sl2
(q))op is equivalent to Csl2(q) as a tensor category. Recall that (Cop

sl2
(q))op and Csl2(q)

have the same underlying abelian category Csl2 . We take the natural isomorphism

ΠU,V := PV,U : U⊗op
∆op V = V ⊗∆op U → U⊗∆ V

to be the permutation for each U,V ∈ Csl2 . Indeed, ΠU,V lives in HomCsl2
(V⊗∆op U,U⊗∆ V) as

is checked as

∆(a)PV,U(v ⊗ u) =
∑
(a)

a(1)u⊗ a(2)v = PV,U

(∑
(a)

a(2)v ⊗ a(1)u
)

= PV,U (∆op(a)(v ⊗ u)) , v ∈ V, u ∈ U, a ∈ Uq.

Here, we wrote ∆(a) =
∑

(a) a(1) ⊗ a(2) for a ∈ Uq. Therefore, the identity functor IdCsl2
to-

gether with the natural isomorphisms (ΠU,V)U,V∈Csl2
defines an equivalence between (Cop

sl2
(q))op

and Csl2(q) as tensor categories.
In conclusion, we may identify (Cop

sl2
(q))∨, (Cop

sl2
(q))op, and Csl2(q) altogether as tensor cate-

gories.

5.2 The first-row category C+
vir

We define the category C+
vir as the full subcategory of the module category of the generic Virasoro

VOA Vc generated by the first row modules Wℓ, ℓ ∈ Z≥0 as an additive category. Therefore,
any object of C+

vir is isomorphic to a finite direct sum of first row modules, and the morphism
spaces are determined by

HomC+
vir
(Wℓ1 ,Wℓ2) =

{
C idWℓ1

, ℓ1 = ℓ2,

0, otherwise

for ℓ1, ℓ2 ∈ Z≥0. Note that, at this point, the category C+
vir is independent of the parameter t.

It is clear that C+
vir is equivalent to Csl2 as an abelian category. Nevertheless, we would

like to make equivalence functors explicit for later use. For each object U ∈ C+
vir, we fix an

isomorphism fU : U →
⊕∞

ℓ=0W
⊕mℓ
ℓ . Then, we define a functor F : C+

vir → Csl2 as follows. At the
object level, if U ∈ C+

vir is isomorphic to
⊕∞

ℓ=0W
⊕mℓ
ℓ , we send

F : U 7→
∞⊕
ℓ=0

M⊕mℓ
ℓ .
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At the morphism level, we first require that

F : HomC+
vir
(Wℓ,Wℓ) → HomCsl2

(Mℓ,Mℓ); idWℓ
7→ idMℓ

for each ℓ ∈ Z≥0. For a general h : U1 → U2, there is a unique way to send fU2 ◦ h ◦ f−1
U1

so that F
induces linear maps on morphism spaces. Then, we can simply define F (h) = F

(
fU2 ◦ h ◦ f−1

U1

)
.

Similarly, on the side of Csl2 , we fix an isomorphism gU : U →
⊕∞

ℓ=0M
⊕nℓ
ℓ for each U ∈ Csl2 .

Then, we can define a functor G : Csl2 → C+
vir in the exactly analogous way as defining F .

Now, let us observe that the composition G ◦ F : C+
vir → C+

vir is isomorphic to idC+
vir
. Indeed,

the family (fU)U∈C+
vir

of the fixed isomorphisms gives a natural isomorphism idC+
vir

⇒ G ◦ F ;
for any U1,U2∈C+

vir and h : U1 → U2, the commutativity of the diagram

U1

fU1//

h
��

G ◦ F (U1)

G◦F (h)
��

U2
fU2

// G ◦ F (U2)

follows from the definitions of F and G. Similarly, F ◦G : Csl2 → Csl2 is shown to be isomorphic
to idCsl2

.

In the rest of this section, we will see that C+
vir can be equipped with the structure of a ribbon

tensor category following the general framework sketched in Section 3, and will write the resulting
ribbon tensor category as C+

vir(t). At each step, we will compare the corresponding structure
of C+

vir(t) with that of Csl2(q), and thereby prove Theorem 1.1.

5.3 Tensor structure

First, we show that the category C+
vir is closed under the P (z)-tensor product for any z ∈ C×.

The following formula (5.1) has been recorded in [6, Theorem 5.2.2], but we give a proof of it
to keep the text elementary.

Theorem 5.2. For any z ∈ C×, the category C+
vir is closed under the P (z)-tensor product.

Furthermore, for ℓ1, ℓ2 ∈ Z≥0, the P (z)-tensor product Wℓ1 ⊠P (z) Wℓ2 is given by

Wℓ1 ⊠P (z) Wℓ2 =
⊕

ℓ∈Sel(ℓ1,ℓ2)

Wℓ (5.1)

together with the P (z)-intertwining map

YWℓ1
⊠P (z)Wℓ2

(−, z) =
∑

ℓ∈Sel(ℓ1,ℓ2)

Yℓ
ℓ1ℓ2(−, z)− . (5.2)

Proof. Since the category C+
vir is semi-simple, it suffices to show that the P (z)-tensor product

of simple objects exists and is given by the formulas (5.1) and (5.2). Let U ∈ C+
vir together

with YU(−, z)− : Wℓ1 ⊗ Wℓ2 → U be a P (z)-product of Wℓ1 and Wℓ2 . The object U can be
decomposed into a direct sum of simple objects U ≃

⊕m
i=1Wki , where ki ∈ Z≥0, i = 1, . . . ,m.

In other words, we can find a family of injections ιi : Wki → U and projections pi : U → Wki ,
i = 1, . . . ,m, such that

pi ◦ ιj = δi,j idWki
, i, j = 1, . . . ,m,

m∑
i=1

ιi ◦ pi = idU .
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Then, for each i = 1, . . . ,m, the composition pi ◦ YU(−, z)− is an intertwining map of type( Wki
Wℓ1

Wℓ2

)
. Hence, there exists a unique homomorphism

fi :
⊕

ℓ∈Sel(ℓ1,ℓ2)

Wℓ → Wki

such that

pi ◦ YU(−, z)− = f i ◦ YWℓ1
⊠P (z)Wℓ2

(−, z)− .

Therefore, the sum f =
∑m

i=1 ιi ◦ fi is a homomorphism such that

YU(−, z)− =
m∑
i=1

ιi ◦ pi ◦ YU(−, z)− = f ◦ YWℓ1
⊠P (z)Wℓ2

(−, z)− .

Next, suppose that

f ′ :
⊕

ℓ∈Sel(ℓ1,ℓ2)

Wℓ → U

is a homomorphism such that

YU(−, z)− = f ′ ◦ YWℓ1
⊠P (z)Wℓ2

(−, z)− .

For each i = 1, . . . ,m, post-composition of both sides with pi along with the uniqueness of fi
give us fi = pi ◦ f ′. Thus, we have f ′ =

∑m
i=1 ιi ◦ fi = f proving the uniqueness of f . ■

We write (pP (z))
ℓ
ℓ1ℓ2

for the canonical projection from Wℓ1 ⊠P (z)Wℓ2 to Wℓ for ℓ ∈ Sel(ℓ1, ℓ2)
according to the realization (5.1). Then, it is characterized by the property

(pP (z))
ℓ
ℓ1ℓ2

(w1 ⊠P (z) w2) = Yℓ
ℓ1ℓ2(w1, z)w2, w1 ∈ Wℓ1 , w2 ∈ Wℓ2 .

Given two points z1, z2 ∈ C× and a path γ from z1 to z2, we can define the parallel transport
isomorphism Tγ : ⊠P (z1) ⇒ ⊠P (z2) as we have explained in Section 3. Although the parallel
transport depends on (the homotopy class of) the path γ, its action can be described in a simple
way, especially in the case when γ does not change the branch.

Proposition 5.3. Let z1, z2 ∈ C× and γ be a path from z1 to z2, along which elγ(z1) has the same
angle as z1 in [0, 2π). Suppose that, for ℓ1, ℓ2 ∈ Z≥0, the P (z)-tensor product Wℓ1 ⊠P (z) Wℓ2 is
realized by the formulas (5.1) and (5.2). Then, the parallel transport Tγ acts as idWℓ

on each
component Wℓ, ℓ ∈ Sel(ℓ1, ℓ2) appearing in (5.1).

Proof. In the realization in (5.1) and (5.2), the P (z)-tensor product does not depend on z at
the object level, so we can think that Wℓ1⊠P (z1)Wℓ2 = Wℓ1⊠P (z2)Wℓ2 as objects. Recall that Tγ

is characterized by the property

Tγ :
∑

ℓ∈Sel(ℓ1,ℓ2)

Yℓ
ℓ1ℓ2(w1, z1)w2 7→

∑
ℓ∈Sel(ℓ1,ℓ2)

Yℓ
ℓ1ℓ2

(
w1, e

lγ(z1)
)
w2

for w1 ∈ Wℓ1 , w2 ∈ Wℓ2 , but under the assumption on γ, we have

Yℓ
ℓ1ℓ2

(
w1, e

lγ(z1)
)
w2 = Yℓ

ℓ1ℓ2(w1, z1)w2, ℓ ∈ Sel(ℓ1, ℓ2).

Therefore, Tγ acts as idWℓ
on each Wℓ, ℓ ∈ Sel(ℓ1, ℓ2). ■
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Let us look into the associativity isomorphism on C+
vir. First, we clarify the structure of the

composition and iteration of the tensor product in more detail, focusing our attention on simple
objects. We take z1, z2 on the real axis so that z1 > z2 > z1−z2 > 0 and the paths γ1, γ2, γ3, γ4
as before. Let us fix ℓ1, ℓ2, ℓ3 ∈ Z≥0. As we have already noticed, according to the realization of
the P (z)-tensor product as in (5.1) and (5.2), we can identify

Wℓ1 ⊠P (z1) (Wℓ2 ⊠P (z2) Wℓ3) = Wℓ1 ⊠ (Wℓ2 ⊠Wℓ3) =
⊕

ℓ∞∈Z≥0

⊕
n∈Iℓ2ℓ3ℓ1ℓ∞

(Wℓ∞)(n), (5.3)

where (Wℓ∞)(n) are copies of Wℓ∞ and the canonical projection to each (Wℓ∞)(n) is given
by (pP (z1))

ℓ∞
ℓ1n

◦
(
idWℓ1

⊠P (z1)(pP (z2))
n
ℓ2ℓ3

)
. From the definition, it is clear that

(pP (z1))
ℓ∞
ℓ1n

◦
(
idWℓ1

⊠P (z1)(pP (z2))
n
ℓ2ℓ3

)
:

w1 ⊠P (z1) (w2 ⊠P (z2) w3) 7→ Yℓ∞
ℓ1n

(w1, z1)Y
n
ℓ2ℓ3(w2, z2)w3

for wi ∈ Wℓi , i = 1, 2, 3. Furthermore, from Proposition 5.3, the composition of parallel trans-
ports Tγ1◦(idWℓ1

⊠P (z1)Tγ2) acts as id(Wℓ∞ )(n) on each component (Wℓ∞)(n), ℓ∞ ∈ Z≥0, n ∈ Iℓ2ℓ3ℓ1ℓ∞
.

Similarly, for the iteration, we have the identification

(Wℓ1 ⊠P (z1−z2) Wℓ2)⊠P (z2) Wℓ3 = (Wℓ1 ⊠Wℓ2)⊠Wℓ3 =
⊕

ℓ∞∈Z≥0

⊕
m∈Iℓ1ℓ2ℓ3ℓ∞

(Wℓ∞)(m), (5.4)

where each copy (Wℓ∞)(m) is the image of the projection (pP (z2))
ℓ∞
mℓ3

◦
(
(pP (z1−z2))

m
ℓ1ℓ2

⊠P (z2)

idWℓ3

)
. Again, from the definition, this projection is characterized by the property

(pP (z2))
ℓ∞
mℓ3

◦
(
(pP (z1−z2))

m
ℓ1ℓ2

⊠P (z2) idWℓ3

)
:

(w1 ⊠P (z1−z2) w2)⊠P (z2) w3 7→ Yℓ∞
mℓ3

(Ym
ℓ1ℓ2(w1, z1 − z2)w2, z2)w3

for wi ∈ Wℓi , i = 1, 2, 3. By Proposition 5.3, the composition of parallel transports (Tγ4 ⊠P (z2)

idWℓ3
) ◦ Tγ3 acts as id(Wℓ∞ )(m)

on each component (Wℓ∞)(m), ℓ∞ ∈ Z≥0, m ∈ Iℓ1ℓ2ℓ3ℓ∞
.

The above observations allow us to conclude that the associativity isomorphism AWℓ1
,Wℓ2

,Wℓ3

coincides with the resolved version
(
A

P (z1−z2),P (z2)
P (z1),P (z2)

)
Wℓ1

,Wℓ2
,Wℓ3

under the identifications (5.3)
and (5.4) and amounts to a homomorphism of the form

AWℓ1
,Wℓ2

,Wℓ3
=

∑
ℓ∞∈Z≥0

∑
m∈Iℓ1ℓ2ℓ3ℓ∞

∑
n∈Iℓ2ℓ3ℓ1ℓ∞

Bℓ1ℓ2m
ℓ3ℓ∞n, Bℓ1ℓ2m

ℓ3ℓ∞n : (Wℓ∞)(m) → (Wℓ∞)(n).

Theorem 5.4. The associativity isomorphism AWℓ1
,Wℓ2

,Wℓ3
is given by

Bℓ1ℓ2m
ℓ3ℓ∞n =

{
ℓ1 ℓ2 m
ℓ3 ℓ∞ n

}
idWℓ∞

, ℓ∞ ∈ Z≥0, m ∈ Iℓ1ℓ2ℓ3ℓ∞
, n ∈ Iℓ2ℓ3ℓ1ℓ∞

.

Here, the 6j-symbols are those of Uq at q = eπit equipped with the opposite coproduct ∆op.

Proof. It suffices to show that the isomorphism AWℓ1
,Wℓ2

,Wℓ3
defined in such a way behaves as

AWℓ1
,Wℓ2

,Wℓ3
: (w1 ⊠P (z1−z2) w2)⊠P (z2) w3 7→ w1 ⊠P (z1) (w2 ⊠P (z2) w3)

for wi ∈ Wℓi , i = 1, 2, 3. Recall that

(w1 ⊠P (z1−z2) w2)⊠P (z2) w3 =
∑

ℓ∞∈Z≥0

∑
m∈Iℓ1ℓ2ℓ3ℓ∞

Yℓ∞
mℓ3

(Ym
ℓ1ℓ2(w1, z1 − z2)w2, z2)w3,
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which is sent by AWℓ1
,Wℓ2

,Wℓ3
to

∑
ℓ∞∈Z≥0

∑
n∈Iℓ2ℓ3ℓ1ℓ∞

( ∑
m∈Iℓ1ℓ2ℓ3ℓ∞

{
ℓ1 ℓ2 m
ℓ3 ℓ∞ n

}
Yℓ∞
mℓ3

(
Ym
ℓ1ℓ2(w1, z1 − z2)w2, z2

)
w3

)
, (5.5)

where each summand∑
m∈Iℓ1ℓ2ℓ3ℓ∞

{
ℓ1 ℓ2 m
ℓ3 ℓ∞ n

}
Yℓ∞
mℓ3

(Ym
ℓ1ℓ2(w1, z1 − z2)w2, z2)w3

lives in (Wℓ∞)(n). Here, we use Theorem 4.4 to conclude that (5.5) coincides with∑
ℓ∞∈Z≥0

∑
n∈Iℓ2ℓ3ℓ1ℓ∞

Yℓ∞
ℓ1n

(w1, z1)Y
n
ℓ2ℓ3(w2, z2)w3 = w1 ⊠P (z1) (w2 ⊠P (z2) w3).

Therefore, the isomorphism AWℓ1
,Wℓ2

,Wℓ3
satisfies the desired property. ■

We can define unit isomorphisms λU : Vc ⊠ U → U and ρU : U ⊠ Vc → U for each U ∈ C+
vir

according to the general theory. If U = Wℓ, ℓ ∈ Z≥0 is a simple object, we think that Vc⊠Wℓ =
Wℓ = Wℓ ⊠ Vc under the realization in (5.1) and (5.2).

Theorem 5.5. Let ℓ ∈ Z≥0. Under the realization in (5.1) and (5.2), both λWℓ
: Vc ⊠ Wℓ =

Wℓ → Wℓ and ρWℓ
: Wℓ ⊠ Vc = Wℓ → Wℓ are idWℓ

.

Proof. Recall that the left unit isomorphism λWℓ
is characterized by λWℓ

(1⊠w) = w, w ∈ Wℓ.
From (5.2), we have 1⊠ w = Yℓ

0ℓ(1, 1)w = w. Here we used Yℓ
0ℓ(1, x) = id, which we have

noticed in Remark 4.2. Hence, we observe λWℓ
= idWℓ

. As for the right unit isomorphism, it is
characterized by ρWℓ

(w ⊠ 1) = eL
Wℓ
−1w, w ∈ Wℓ. Again, from (5.2) and the property of Yℓ

ℓ0(−, x)
pointed out in Remark 4.2, we see that

w ⊠ 1 = Yℓ
ℓ0(w, 1) = eL

Wℓ
−1w,

which verifies that ρWℓ
= idWℓ

. ■

As for the duality structure, each simple object Wℓ, ℓ ∈ Z≥0 is self-dual, and the tensor
product Wℓ ⊠Wℓ contains a unique component W0 ≃ Vc. We define the evaluation morphisms

evWℓ
: W∨

ℓ ⊠Wℓ → Vc, ev′Wℓ
: Wℓ ⊠W∨

ℓ → Vc

and the coevaluation morphisms

coevWℓ
: Vc → Wℓ ⊠W∨

ℓ , coev′Wℓ
: Vc → W∨

ℓ ⊠Wℓ

to be the canonical projection Wℓ ⊠Wℓ → Vc and the canonical injection Vc → Wℓ ⊠Wℓ.
Notice that, as an abelian category, C+

vir is independent of the parameter t. As is clear from
Theorem 5.4, the associativity isomorphisms A depend on t.

Definition 5.6. We write the category C+
vir equipped with A, λ, ρ, ev, ev′, coev, and coev′

defined above as C+
vir(t).

Let us start comparing the structure of C+
vir(t) to that of Csl2(q). For that, we first define the

natural isomorphism J : F (−⊠−) ⇒ F (−)⊗ F (−) on simple objects by

JWℓ1
,Wℓ2

=
∑

ℓ∈Sel(ℓ1,ℓ2)

ιℓ1ℓ2ℓ , ℓ1, ℓ2 ∈ Z≥0.
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Theorem 5.7. Assume the parameter matching q = eπit. Under the identification of objects
in Csl2(q) by J , the functor F : C+

vir(t) → Csl2(q) maps

F (AWℓ1
,Wℓ2

,Wℓ3
) = αMℓ1

,Mℓ2
,Mℓ3

, F (λWℓ
) = F (ρWℓ

) = idMℓ
,

F (evWℓ
) = F (ev′Wℓ

) = p0ℓℓ, F (coevWℓ
) = F (coev′Wℓ

) = ιℓℓ0

for ℓ1, ℓ2, ℓ3, ℓ ∈ Z≥0. Therefore, C+
vir(t) is a tensor category and the pair (F, J) is an equivalence

of tensor categories.

Proof. The claim about λ, ρ follows from Theorem 5.5. As for the evaluation and coevaluation
morphisms, the asserted properties follows from definition. It remains to show the coincidence
of associativity isomorphisms.

Recall the equivalence Csl2(q) ≃ (Cop
sl2
(q))∨ of tensor categories. We compare the associativity

of C+
vir(t) with that of (Cop

sl2
(q))∨ instead of Csl2(q). The associativity isomorphism AWℓ1

,Wℓ2
,Wℓ3

of C+
vir is characterized by the property

(pP (z1))
ℓ∞
ℓ1n

◦ (idWℓ1
⊠P (z1)(pP (z2))

n
ℓ2ℓ3) ◦AWℓ1

,Wℓ2
,Wℓ3

=
∑

m∈Iℓ1ℓ2ℓ3ℓ∞

{
ℓ1 ℓ2 m
ℓ3 ℓ∞ n

}
(pP (z2))

ℓ∞
mℓ3

◦ ((pP (z1−z2))
m
ℓ1ℓ2 ⊠P (z2) idWℓ3

).

for n ∈ Iℓ2ℓ3ℓ1ℓ∞
. We compare this with (2.3) to conclude that

F (AWℓ1
,Wℓ2

,Wℓ3
) = (αop

Mℓ1
,Mℓ2

,Mℓ3
)−1

∈ HomC
op
sl2

(q)(Mℓ1 ⊗∆op (Mℓ2 ⊗∆op Mℓ3), (Mℓ1 ⊗∆op Mℓ2)⊗∆op Mℓ3)

= Hom(Cop
sl2

(q))∨((Mℓ1 ⊗∆op Mℓ2)⊗∆op Mℓ3 ,Mℓ1 ⊗∆op (Mℓ2 ⊗∆op Mℓ3)).

This proves the desired result. ■

Remark 5.8. We make a comment on the reason why we compared the associativity of C+
vir(t)

with that of (Cop
sl2
(q))∨, but not Csl2(q). Recall that our 6j-symbols are defined as the matrix ele-

ments in terms of injections. On the VOA side, the same 6j-symbols naturally appear as matrix
elements in projections. Therefore, to match injections to projections, one needs to take the dual
of either category. This also explains why we defined the 6j symbols associated with the opposite
coproduct ∆op. Since we have decided to take the dual category on the quantum group side, we
can eventually return to the original coproduct ∆ under the equivalence (Cop

sl2
(q))∨ ≃ Csl2(q).

5.4 Braiding

We move on to comparing the structures of braiding on C+
vir(t) and Csl2(q). We first calculate

the braiding of C+
vir(t) following the definition given in Section 3. Under the realization (5.1),

we can consider Wℓ1 ⊠Wℓ2 and Wℓ2 ⊠Wℓ1 to be identical as objects.

Proposition 5.9. Let ℓ1, ℓ2 ∈ Z≥0. Under the realization of Wℓ1 ⊠Wℓ2 and Wℓ2 ⊠Wℓ1 given
by the formulas (5.1) and (5.2), the braiding isomorphism cWℓ1

,Wℓ2
is given by

cWℓ1
,Wℓ2

=
∑

ℓ∈Sel(ℓ1,ℓ2)

eπi(hℓ−hℓ1
−hℓ2

) idWℓ
.
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Proof. We compare w1⊠w2 and eL
Wℓ2

⊠Wℓ1
−1 Tγ(w2 ⊠P (−1) w1) for w1∈Wℓ1 , w2∈Wℓ2 . From (5.2)

we have

w1 ⊠ w2 =
∑

ℓ∈Sel(ℓ1,ℓ2)

Yℓ
ℓ1ℓ2(w1, 1)w2

and on the other hand, we can see that

eL
Wℓ2

⊠Wℓ1
−1 Tγ(w2 ⊠P (−1) w1) =

∑
ℓ∈Sel(ℓ1,ℓ2)

(
ΩYℓ

ℓ2ℓ1

)
(w1, 1)w2.

Recall the transformation (3.1) of intertwining operators. For each ℓ ∈ Z≥0, we have(
ΩYℓ

ℓ2ℓ1

)
(−, x) ∈ I

(
Wℓ

Wℓ1Wℓ2

)
.

In particular, it must be proportional to Yℓ
ℓ1ℓ2

(−, x) since the corresponding space of intertwining
operators is one-dimensional. We can fix the constant of proportionality by looking at the image
of the highest weight vectors(

ΩYℓ
ℓ2ℓ1

)
(wℓ1 , x)wℓ2 ∈ Bℓ

ℓ2ℓ1e
πi(hℓ−hℓ1

−hℓ2
)wℓx

hℓ−hℓ1
−hℓ2 +Wℓ[[x]]x

hℓ−hℓ1
−hℓ2

+1.

Since Bℓ
ℓ1ℓ2

= Bℓ
ℓ2ℓ1

, we can see that
(
ΩYℓ

ℓ2ℓ1

)
(−, x) = eπi(hℓ−hℓ1

−hℓ2
)Yℓ

ℓ1ℓ2
(−, x). Therefore,

we obtain the formula

eL
Wℓ2

⊠Wℓ1
−1 Tγ

(
w2 ⊠P (−1) w1

)
=

∑
ℓ∈Sel(ℓ1,ℓ2)

eπi(hℓ−hℓ1
−hℓ2

)Yℓ
ℓ1ℓ2(w1, 1)w2,

which concludes the desired result. ■

We now see that the braiding in the above theorem matches that on Csl2(q).

Theorem 5.10. Along the tensor functor (F, J) : C+
vir(t) → Csl2(q), F (cWℓ1

,Wℓ2
) = cMℓ1

,Mℓ2
for

each ℓ1, ℓ2 ∈ Z≥0.

Proof. It suffices to show that

pℓℓ2ℓ1 ◦ cMℓ1
,Mℓ2

◦ ιℓ1ℓ2ℓ = eπi(hℓ−hℓ1
−hℓ2

) idWℓ

for each ℓ ∈ Sel(ℓ1, ℓ2). Let us apply cMℓ1
,Mℓ2

on ιℓ1ℓ2ℓ

(
u
(ℓ)
0

)
to find

cMℓ1
,Mℓ2

◦ ιℓ1ℓ2ℓ

(
u
(ℓ)
0

)
∈ cℓ1ℓ2ℓ (0)q

1
2
ℓ1(ℓ2−2s)u(ℓ2)s ⊗ u

(ℓ1)
0 +

s∑
j=1

Cu(ℓ2)s−j ⊗ u
(ℓ1)
j .

Here we set s = (ℓ1 + ℓ2 − ℓ)/2 as before. Since the composition pℓℓ2ℓ1 ◦ cMℓ1
,Mℓ2

◦ ιℓ1ℓ2ℓ must be
proportional to the identity, we have

pℓℓ2ℓ1 ◦ cMℓ1
,Mℓ2

◦ ιℓ1ℓ2ℓ =
cℓ1ℓ2ℓ (0)

cℓ2ℓ1ℓ (s)
q

1
2
ℓ1(ℓ2−2s) idMℓ

.

Substituting the explicit formula for the Clebsch–Gordan coefficients (2.2), the constant becomes

cℓ1ℓ2ℓ (0)

cℓ2ℓ1ℓ (s)
q

1
2
ℓ1(ℓ2−2s) = (−1)sq

1
2
ℓ1ℓ2−s(ℓ1+ℓ2)+s2−s.

When we recall that q is related to t by q = eπit and use the formula (4.2), we can check that
this constant coincides with eπi(hℓ−hℓ1

−hℓ2
) to complete the proof. ■



22 S. Koshida

5.5 Ribbon structure

Finally, we compare the ribbon structures. Let us state the result immediately.

Theorem 5.11. Along the functor (F, J) : C+
vir(t) → Csl2(q), we have F (θWℓ

) = θMℓ
for each

ℓ ∈ Z≥0.

Proof. It is already clear that θWℓ
= e2πihℓ idWℓ

. When we apply the formula for θ−1
Mℓ

in (2.4)
to the lowest weight vector u

(ℓ)
ℓ , we immediately get θ−1

Mℓ
u
(ℓ)
ℓ = e−2πihℓu

(ℓ)
ℓ . Therefore, we

get θMℓ
= e2πihℓ idMℓ

concluding the desired result. ■

6 The category of the C1-cofinite modules

We move on to looking at the category of C1-cofinite modules of Vc. In general, given a VOA
V and V -module W , we may form the C1-space of W as

C1(W ) =
{[
x0

]
YW (v, x)w | v ∈ V>0, w ∈ W

}
,

where the symbol [x0] takes the coefficient of x0, i.e., the constant term, in the following for-
mal series, and V>0 =

⊕
n>0 Vn. The module W is called C1-cofinite, if C1(W ) has a finite

codimension: dimW/C1(W ) < ∞.

We write C1
vir for the category of C1-cofinite Vc-modules. Due to [6], it is equipped with the

structure of a braided tensor category, resulting in C1
vir(t) depending on the parameter t. In the

same paper, [6] studied the detailed structure of C+
vir(t). Combining their results and ours in the

previous Section 5, Theorem 1.2 is rather straightforward as we will see below.

6.1 Category C1
vir(t)

Let us first see the main input from [6] regarding the category C1
vir(t) of C1-cofinite Vc-modules.

Theorem 6.1 ([6]). The category C1
vir(t) is a semi-simple braided tensor category with simple

objects W(k,ℓ), k, ℓ ∈ Z≥0. Furthermore, we have the following fusion rules:

W(k1,0) ⊠W(k2,0) =
⊕

k3∈Sel(k1,k2)

W(k3,0), W(k,0) ⊠W(0,ℓ) = W(k,ℓ)

for k1, k2, k, ℓ ∈ Z≥0.

In particular, the first-row category C+
vir(t) can be found as a tensor subcategory of C1

vir(t).
Analogously to the first-row category, we may define the first-column category C−

vir(t) generated
by the modules W(0,s), s ∈ Z≥0 in the first column of the Kac table. Recall that the row and col-
umn are exchanged under changing the parameter t to t−1. Therefore, the first-column category
C−
vir(t) is also a braided tensor category and is equivalent to Csl2(q̃) with another q̃ = eπit−1

.

We may define the (Deligne) tensor product C+
vir(t)⊠C−

vir(t) following [12, Section 4.6]. It is an
additive category whose objects are direct sums of those of the form X+⊠X− with X± ∈ C±

vir(t).
The space of morphisms from X+⊠X− to Y +⊠Y − is given by

HomC+
vir(t)⊠C−

vir(t)

(
X+⊠X−, Y +⊠Y −) = HomC+

vir(t)

(
X+, Y +

)
⊗C HomC−

vir(t)
(X−, Y −).

From this definition, it follows that the simple objects of C+
vir(t)⊠C−

vir(t) are W(k,0)⊠W(0,ℓ)

with k, ℓ ∈ Z≥0. The monoidal structures on C±
vir(t) are naturally transferred to C+

vir(t)⊠C−
vir(t).

In particular, the associativity on C+
vir(t)⊠C−

vir(t) is simply the product of those on C±
vir(t).
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Proposition 6.2. The functor determined by

C+
vir(t)⊠C−

vir(t) → C1
vir(t); X+⊠X− 7→ X+ ⊠X−

and the natural isomorphisms

idX+ ⊠cX−,Y + ⊠ idY − : X+ ⊠X− ⊠ Y + ⊠ Y − → X+ ⊠ Y + ⊠X− ⊠ Y −, (6.1)

with X+, Y + ∈ C+
vir(t), X

−, Y − ∈ C−
vir(t) form an equivalence of tensor categories. Here, c is the

braiding in C1
vir(t).

Proof. To see that the functor is an equivalence of additive categories, it suffices to show that,
for X+, Y + ∈ C+

vir(t) and X−, Y − ∈ C−
vir(t),

HomC+
vir(t)

(
X+, Y +

)
⊗C HomC−

vir(t)
(X−, Y −) → HomC1

vir(t)

(
X+ ⊠X−, Y + ⊠ Y −),

f ⊗ g 7→ f ⊠ g

is a linear isomorphism. It is clearly the case as we can check on simple objects.

It remains to show that the functor along with the isomorphisms (6.1) is a tensor functor. In
other words, we need to show that the isomorphisms((

X+ ⊠ Y +
)
⊠ Z+

)
⊠ ((X− ⊠ Y −)⊠ Z−) →

(
X+ ⊠

(
Y + ⊠ Z+

))
⊠ (X− ⊠ (Y − ⊠ Z−))

and ((
X+ ⊠X−)⊠ (

Y + ⊠ Y −)
)
⊠

(
Z+ ⊠ Z−) → (

X+ ⊠X−)⊠ ((
Y + ⊠ Y −)⊠ (

Z+ ⊠ Z−))
coincide for any choice ofX+, Y +, Z+ ∈ C+

vir(t) andX−, Y −, Z− ∈ C−
vir(t) under the identification

by (6.1). This follows from the identity

cX−⊠Y −,Z+ ◦ cX−,Y + = cX−,Y +⊠Z+ ◦ cY −,Z+

and the axioms of a braided tensor category. ■

6.2 Braiding in C1
vir(t)

We already know the explicit formulas for the braiding in C±
vir(t). Furthermore, in the whole

category C1
vir(t), we can trivialize the braiding between C+

vir(t) and C−
vir(t) as follows.

For each k, ℓ ∈ Z≥0, let us fix an intertwining operator Y(−, x) ∈ I
( W(k,ℓ)

W(k,0)W(0,ℓ)

)
. By The-

orem 6.1, we may realize W(k,0) ⊠ W(0,ℓ) as W(k,0) ⊠ W(0,ℓ) = W(k,ℓ) along with Y(−, 1) and
W(0,ℓ) ⊠ W(k,0) as W(0,ℓ) ⊠ W(k,0) = W(k,ℓ) along with (Ω−1Y)(−, 1). Here, recall (3.1) for the
transformation Ω.

Proposition 6.3. For k, ℓ ∈ Z≥0, we assume the above realization of W(k,0) ⊠ W(0,ℓ) and
W(0,ℓ) ⊠W(k,0). Then, the braiding cW(k,0),W(0,ℓ)

and cW(0,ℓ),W(k,0)
are both idW(k,ℓ)

.

Proof. The identity cW(k,0),W(0,ℓ)
= idW(k,ℓ)

follows from the definition of the braiding. Regard-
ing the other one cW(0,ℓ),W(k,0)

= idW(k,ℓ)
, it suffices to show that ΩY = Ω−1Y for the above fixed

intertwining operator Y. This follows from the identity e2πi(hk+1,ℓ+1−hk+1,0−h0,ℓ+1) = 1 with the
conformal weights in the Kac table. ■

Note that the last identity ensures that C1
vir(t) has a ribbon structure with the standard twist

operator from Section 3.7.
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6.3 Quantum group dual

Recall that the parameter t for the Virasoro algebra and the quantum parameter q for Uq were
related as q = eπit. Let us form the tensor product Uq ⊗ Uq̃ of Hopf algebras with q̃ = eπit−1

.
We set Ĉsl2(q, q̃) to be the category of finite-dimensional representations of Uq ⊗ Uq̃ such that
the eigenvalues of K ⊗ 1 and 1 ⊗ K are of the form qn and q̃n with n ∈ Z, respectively. It is
reasonable to call such modules of type I. Now, it is clear that Ĉsl2(q, q̃) is equivalent to the
tensor product Csl2(q)⊠Csl2(q̃). Thus, composing Theorem 5.7 with Proposition 6.2, we get an
equivalence

Ĉsl2(q, q̃) → Csl2(q)⊠Csl2(q̃) → C+
vir(t)⊠C−

vir(t) → C1
vir(t)

of tensor categories.
Furthermore, we can equip Ĉsl2(q, q̃) with a braiding by the tensor product of the universal

R-matrices on Uq and Uq̃. In other words, the two components Csl2(q) and Csl2(q̃) are braided
trivially in Ĉsl2(q, q̃). The ribbon structure of Ĉsl2(q, q̃) is also given by the tensor product of
those on the two components. Due to Proposition 6.3, the above tensor equivalence is a ribbon
equivalence.
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