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Abstract. Let p; and ps be two complex-valued Borel measures on the real line such that
supp 1 = [, f1] < supp pe = [ag, B2] and du;(z) = —p;(x)dz/27i, where p;(z) is the
restriction to [a;, 8;] of a function non-vanishing and holomorphic in some neighborhood
of [, Bi]. Strong asymptotics of multiple orthogonal polynomials is considered as their
multi-indices (n1,n2) tend to infinity in both coordinates. The main goal of this work
is to show that the error terms in the asymptotic formulae are uniform with respect to
min{ny, no}.
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1 Main results

1.1 Multiple orthogonal polynomials

Let p1 and pe be two complex-valued Borel measures on the real line and @ = (n1,n2) be
a multi-index, where ni, ng are non-negative integers. A non-identically zero polynomial Py (z)
of degree at most |7i| := nj + ng is called a type II multiple orthogonal polynomial with respect
to a system of measures (u1, u2) if it satisfies

/Pﬁ(x)xld,ui(x) =0, 1€{0,...,n; —1}, ie{1,2}. (1.1)

In what follows, we take Py(z) to be the monic polynomial of minimal degree satisfying (1.1),
which makes it unique. Type I multiple orthogonal polynomials are not identically zero polyno-
mial coefficients of the linear form

Qa(z) = AV (@)dpr (2) + AP (2)dps(z),  deg AV < my,

— — —
n n n

/fUlQﬁ(ﬂﬁ) =0, L <] -1, AE(I),)Q = AE??O)

0. (1.2)

It is known [17, Section 23.1] that when deg P; = |7i|, in which case the multi-index 7 is called
normal, the linear form Qz(x) is defined uniquely up to multiplication by a constant. In this
case, it is customary to normalize it by requiring

/J}ﬁl_lQﬁ(fL’) =1. (1.3)
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The polynomials Ag) (z) are no longer monic and their leading coefficients, which we denote
by 1/hi_g, i, are closely related to the type II polynomials Py(x), where €1 = (1,0) and &, =
(0,1). Indeed, it holds that

hii-e,i = hiie,i / 1 Qa () = hi—z, /Pﬁ & (2)Qn(x)
~ha-ai [ P @AY @)l / Pa_z, (1) () (1.4)

as follows from (1.1)-(1.3). It is known [17, Theorem 23.1.11] that if indices 7 and 7 + €;
are normal, multiple orthogonal polynomials satisfy nearest-neighbor recurrence relations of the
form

rP;(x) = Prye,(x) + bz i Pr(x) + an 1 Pr—e (x) + ar 2 Pr—g, (),
1Q5(7) = Qsi—g, () + bji—g,,i Qi (v) + ai1Qiite, (T) + a5 2Q7 15, (7). (1.5)

All these definitions can be formulated for a collection of more than two measures, however, we
shall not pursue such an extension here.

1.2 Angelesco systems

Assume that each measure p; is compactly supported and let A; be the smallest closed interval
containing the support of ;. If Aj N Ay = &, then the pair (u1, pe) is said to form an Angelesco
system. Angelesco himself considered the case of non-negative measures and had shown that
such systems are always perfect (all multi-indices are normal) [1]. In what follows, we are only
interested in the case where

supp pti = Ay =: [, B5]  and  dpi(z) = —pi(z) (1.6)

omi’

i.e., each pu; is supported by an interval and is absolutely continuous with respect to the
Lebesgue measure. We allow densities p;(z) to be complex-valued! and assume for definite-
ness that §1 < as.

When each ip;(x) is positive almost everywhere on the corresponding interval A;, the zero
distribution of the polynomials P;(x) and their |7i|-th root (i.e., weak) asymptotic behavior were
studied in [16] along subsequences of indices that satisfy

. lllm ny /|7 exists and belongs to (0, 1). (1.7)
—

When the functions ip;(z) are non-negative with integrable logarithms (Szeg6 class), strong
asymptotics of these polynomials along the diagonal sequence n; = ny was obtained in [2], see
also [19, 23], and more generally under assumption (1.7) in [5]. When each function p;(x) is
the product of a restriction to A; of a non-vanishing (complex-valued) holomorphic function
and a Fisher-Hartwig weight, the strong asymptotics of type II polynomials along subsequences
satisfying (1.7) was derived in [27]. Asymptotics of type I polynomials as well as of the recurrence
coefficients was later deduced in [3], but just for weights that are restrictions of holomorphic
functions only. Moreover, assuming more stringently that each density p;(x) is a restriction of
a holomorphic function and is positive on A; while allowing the limit in (1.7) to be 0 or 1 under
the additional assumption

ez = 1/min{ni,na} — 0 as |7i| — oo, (1.8)

'The specific choice of the normalization in (1.6) is there for two reasons. First, under such a normalization

the Markov function of y; becomes the Cauchy transform of p;, i.e., [ dgl(z) ‘:(? dz

a positive measure, the density log(p;we,i+), appearing in (1.21), is a real-valued function.

Second, when p; is



Uniformity of Strong Asymptotics in Angelesco Systems 3

strong asymptotics of the polynomials of both types and the asymptotics of their recurrence
coefficients were derived in [4]. The goal of this work is to show that the error rates obtained
in [4] can be made uniform in 7i; that is, the asymptotic formulae can be derived solely under
condition (1.8), no assumption on the existence of the limit in (1.7) is needed. We shall assume
that the densities p;(x) are restrictions of analytic, non-vanishing, and in general complex-valued
functions. Analyticity assumption can be relaxed, but this will be addressed in a subsequent
publication.

1.3 Riemann surfaces

The functions describing strong asymptotics of multiple orthogonal polynomials naturally live
on a sequences of Riemann surfaces. To describe these surfaces, we need to start with the already
mentioned work by Gonchar and Rakhmanov [16]. There, assuming (1.6) and that each ip;(z) is
almost everywhere positive function on A;, it was shown that if a subsequence of multi-indices
satisfies (1.7) and c is the limit, then the normalized counting measures of the zeros of Py(x)
converge weak* to a certain measure w. and

71|~  log [ P(2)] = —(1 + o(1))V*(2)

locally uniformly in C \ (A; U Ag) along this subsequence of multi-indices, where V¥(z) :=
— [log|z—x|dw(x) is the logarithmic potential of a measure w and we := we,1+we,2 With we,1, We,2
being the unique pair of measures such that |wc 1| = ¢, |we 2| = 1—c (here, |w] is the total mass w),
suppwe; € Ay, and

lej — V@et@ei(z) =0, x € suppwe,
lej— VWetei(r) <0, z€A;\suppwei,
i € {1,2}, for some constants l.1, {2 (the measures w1, we2 can also be defined through
a certain vector energy minimization problem).
What is of main importance to us from the above results are the supports of the vector
equilibrium measures w1 and we2. It was explained in [16] that

Ac,i = Suppwe,i = [, Bei] € Ai = [y, Bi]

i € {1,2}, where a.; := a1 and f.2 = B2 for any ¢ € (0,1). However, it is possible that

Be1 < B1 or aea > g (this is so-called pushing effect). In fact, it is known [4, Propositions 4.1
and 4.2] that there exist 0 < ¢* < ¢** < 1 such that

< B, c<cf Qeo = g, ¢ <™,

{5@1 b1 and { 2 2 (1.9)

Bc,l :Bla CZC*a Qc2 > Q, c>c.

Moreover, f3.1 is a continuous strictly increasing function of ¢ on [0, ¢*] with Sy 1 := «; while a2
is a continuous strictly increasing function of ¢ on [¢**, 1] with ;9 := fa. It is also known that
the constants ¢. 1 and /.2 are continuous functions of ¢ and so are the measures w1 and w2 in
the sense of weak™ convergence of measures.

Given ¢ € (0,1), let &, be a 3-sheeted Riemann surface realized as follows. Define

Ac = Ac,l U Ac,2a Ec = L U Ec,27 where ECyi = {a57i7607i}'

Denote by 6((;0), 6&1), and 69), three copies of C cut along A, A1, and A, respectively.
These copies are then glued to each other crosswise along the corresponding cuts, see Figure 1.
It can be easily seen from the Riemann—Hurwitz formula that &, has genus 0. We denote
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Figure 1. Realization of the surface &, (the notation is meant to emphasize that pushing effect happens
on one interval only, i.e., 8.1 < B1 and therefore a2 = ay for this value of ¢).

by 7 the natural projection from &, to C and employ the notation z for a generic point on &,
with 7(z) = z. We let a1 = a1, 8.1, @2, B2 = B, o to stand for the ramification points of &,
with natural projections a1, 8.1, a2, B2, respectively. We set

EC = Ec,l U EC,27 Ec7i == {ac,iaﬁc,i}v
Ac = Ac,l U Ac,?a AC,’Z = 6£0) N 6&1) = 8621)

Notice that A.; \ E.; is a two-to-one cover of Ag’i = (s Beyi)-

We call a linear combination _ m;z;, m; € Z, a divisor. Its degree is defined as > m;. We
say that > m;z; is a zero/pole divisor of a meromorphic function if this function has a zero
at z; of multiplicity m; when m; > 0, a pole at z; of order —m; when m; < 0, and has no
other zeros or poles in the domain of its definition. Zero/pole divisors of rational functions
on &, necessarily have degree zero. Conversely, since &, has genus 0, any degree zero divisor
is a zero/pole divisor of a rational function, which is unique up to multiplication by a constant.
For any function G(z), defined on &, \ A, we denote by

GM(z):=G(z), zeeW\o6®,  ke{0,1,2},

its pull-back under the natural projection from the k-th sheet to the cut complex plane.

1.4 Conformal maps

To proceed, we introduce a certain conformal map of &, onto C, say x.(z), which is a rational
function with one pole and one zero, defined by the relation

xO(z) =2+ (’)(2_1) as z — 0. (1.10)

Since prescribing the absence of a constant term around co(®) (oo(k) is a point on ng) whose
natural projection is the point at infinity) is equivalent to prescribing a zero, the function y.(z)
is uniquely determined by (1.10). Further, let the numbers A1, Ac2, Be1, Be2 be defined by
XD(2) = Bey + Aciz ™t + (’)(z_z) as z — oo, i € {1,2}. (1.11)
Since x.(z) is a conformal map, the numbers A ; are necessarily non-zero (otherwise x.(z)— Be
would have had a double zero). Moreover, by tracing the image of 7~}(R) \ A, under y.(z),
which is necessarily equal to the real line, one gets that each A.; > 0 and B.2 > B 1. Set

vi(z) = (z— (6i + ) /2 +wi(2))/2, wi(z) == \/(z—ai)(z—ﬂi) =24+0(1) (1.12)
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to be the branches holomorphic off A;, i € {1,2} (¢i(2) is the conformal map of the complement
of A; onto the complement of {|z| > (8; — a;)/4} that behaves like z at infinity). It was also
shown in [4, Proposition 2.1] that A.; and B.; are (real-valued) continuous functions of the
parameter ¢ € (0, 1) such that

2
Aca = [(B2 — a2)/4]” = Ao,
lim Beo = (f2+ a2)/2 =: By a,
c—0 AC,l = 0 = A0717
B.1 = Bo2 + p2(a1) =: By,

(1.13)

and the analogous limits hold when ¢ — 1.

In the limit ¢ — 0 (similar considerations apply to the case ¢ — 1), the Riemann surface &,
becomes disconnected: one connected component is a copy of C and the other one is two copies
of C glued together crosswise across As. As expected, in this case the conformal maps x.(z)
converge to a conformal map of the second connected component onto the Riemann sphere.
More precisely, it was shown in [4, equation (5.2)] that

(0)

©2(2), ze &Y,

(1)

Xel2) = Bez = (1+0(1)) { #2l01)s ze &,
<52;a2> [oa(2), ze &,

uniformly on &, as ¢ — 0 (the top two limits in (1.13) follow immediately from this formula).

The vector equilibrium measures discussed before admit the following explicit formulae.
Let II.(z) be the derivative of x.(z), that is, the derivative of ng)(z) is equal to Hgk)(z), for
each k € {0,1,2}. Equivalently, II.(2z) is a rational function on &, with the zero/pole divisor

and normalization given by
2(00(1) + oo(g)) —a1 =B — a2 — B and 1% (c0) = 1. (1.14)
Observe that lim,_, 221_[?) (2) = —Ac, i € {1,2}. Set

Xe(z) = (1 —¢)Be1 — ¢Bep

he(z) :=11.(z . 1.15
B = )~ o) — Bea) 9
Then h.(z) is a rational function on &, with the zero/pole divisor given by

0@ + 0™ 4+ 0@ 4 2, —ay — Be1 — a2 — B, (1.16)

where z. is some point on &, whose existence is guaranteed by the fact that zero/pole divisors
of rational functions on compact Riemann surfaces must have degree zero. Moreover, it holds
that

lim zh?(z) =1, lim zh{M(z) = —¢, and lim zh(P(z) = c—1 (1.17)
Z—00 Z—00 Z—00
(this, in particular, means that all three branches of h.(z) add up to the identically zero function
because their sum must be an entire function that is equal to zero at infinity). The function h.(z)
is uniquely determined by (1.16) and (1.17). Indeed, the ratio of any two such functions (that
is, functions corresponding to possibly different points z.) minus 1 must have at most one
necessarily simple pole by (1.16) and at least three zeros (at the points on top of infinity)
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by (1.17), which is only possible for the identically zero function. Now, it follows from [27,
Proposition 2.3], where the functions h.(z) were introduced differently, that

ze =B, ce (0,c],
Z: € 6&0) and m(z¢e) € (B1,02), cé€ (c*, ™), (1.18)
Ze = Qc2, c€ e 1)

(if either z. = B.; or z. = a2, then these points cancel each other out in (1.16) and h.(z) has
only three poles and three zeros). Finally, the following claim can be found in [4, Section 4]. It
holds that

dwei(z) = (U] () — hfjl(x))%, x € Ay, i€ {1,2). (1.19)

Notice that hgi,)[(a:) = hg (x) for x € A.;. Using the limiting behavior of XEO)(z) as ¢ — 0
discussed above, one can show that h.(z) converges to 1/ws(z) on the zero-th sheet as ¢ — 0.
This, in particular, implies that w.2 converge to the arcsine distribution on A as ¢ — 0 (of
course, similar limits take place as ¢ — 1).

1.5 Main asymptotic terms

The following construction was carried out in [27, Section 6]. Similarly to (1.12), for each
c € (0,1), set

weil2) = /(2 — aei)(z = Bog).  2€C\Agy, i€ {12}, (1.20)

to be the branch normalized so that w, ;(z) = 2+0O(1) as z — co. Denote by C, the discontinuous
Cauchy kernel on &, that is, C, is the third kind differential with three simple poles, located
at z and the other two points with the same natural projection, and the residues 2 at z and —1
at the other points. Put

2
1
Sc(z) = exp {67‘(1 Z /A log(piwC,i+)Cz} ) (121)
i=1 7/ Beyi

where we choose a continuous determination of log p;(z) and set
log we i+ () := log |we i ()| 4+ 71/2

(when p; is a positive measure, we can take log p;(z) = log|pi(x)| — 7i/2, see (1.6), so that
(piwe,i+)(z) is a positive function on (o, Be,i)). It is known [27, Proposition 2.4] that S.(z) is
holomorphic in &, \ A, and has continuous traces on A.; \ E.; that satisfy

SO (@) = SQ (@) (piwesy ) (@),  x€ A

cF c,i)
‘S((:O)(z){ ~ |z —e|7V4 as z »e€ E,.. (1.22)
Moreover, (S£0)5§1)5’£2))(z) = 1. These functions continuously depend on the parameter ¢ €

(0,1) and possess limits as ¢ — 0 and ¢ — 1. Namely, we have, see [4, Proposition 3.1], that

sz (Z)/sz (OO), k= 07
=(1+o(1)q1, k=1,
SPQ(OO)/SPZ (Z), k= 21

SP(z)
5™ (0)
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as ¢ — 0, where o(1) holds locally uniformly in C\ {a1} when k € {0,1} and uniformly in C
when k£ = 2, and S, () is the classical Szeg6 function of pa(z), that is,

Spa(2) = exp {wg(z) /AZ log(powa+)(z) dz } ' (1.23)

27i z—z way ()

Moreover, it holds that the limits of Séo)(oo)cl/?’, Sél)(oo)c_Q/g, and Séz)(oo)cl/?’ exist and are
non-zero as ¢ — 0. As usual, the above results have their counterparts when ¢ — 1.

The terms describing the geometric growth of multiple orthogonal polynomials can be most
conveniently defined as rational functions on the surfaces corresponding to rational values of the
parameter c. Namely, let ¢(77) := n1/|7| and set

5(2) = Tia(Xe(r) (2) = Begy1)™ (Xe) (2) — Begy,2)™,

T = (D)™ A A o (Begin 2 = Begn.) ™™, (1.24)

where we arbitrarily fix a cubic root of 7;;. Thus defined, the function ®;(z) is rational on &
with the zero/pole divisor and the normalization given by

—

noo® + ngoo® — [7o0®  and @20 ()P (2) = 1 (1.25)

St

(to see that ®z(z) is normalized this way is enough to observe that the product of all three
branches is necessarily an entire function that assumes value 1 at infinity by (1.11)). Equiva-
lently, it holds that

z (L
D;(z) = exp {|ﬁ| (/[3 hegry(x)de — ;/ hc(ﬁ)(m)dx> } , (1.26)

where 551) € 6&%) with 77(,651)) = [32, since the right-hand side of (1.26) is a well-defined rational
function on &) with the divisor and normalization given by (1.25) due to (1.17). Let us point

out that it is not hard to argue using (1.19), see [27, Proposition 2.1], that

VS0 () + (b + ) /3, = € S,

\ 1.27
Vel (z) + (G i — 205) /3, ze6l,, ie{1,2}. (27

log |®7(2)| = |7i] {

1.6 Main results

Given Szeg6 functions S.(z) as well as functions ®;(z) and I1.(z) introduced in (1.24) and (1.14),
respectively, we are ready to state our main results. Recall (1.8). We start by describing the
asymptotic behavior of type II polynomials.

Theorem 1.1. Let py and po be as in (1.6), where p1(x) and p2(x) are the restrictions to Ay
and Ao, respectively, of non-vanishing functions analytic in some neighborhood of the corre-
sponding interval. Set

Piii(2) = Vit i/ (Se(ry®it) “(2), lim Py ;(2)z" " =1,

Z—00

where ¢(i1) = ny/|7i| and vz, are the normalizing constants, i € {1,2}. Let Py(z) be the
type II multiple orthogonal polynomial defined via (1.1). Then for all ez small enough we can
write Py(2) = Py 1(2)Pq2(2) with the monic polynomials Py ;(2) satisfying

Pri(2) = (14 0(1))Pr(2), Pqi(z) = (1+0(1))Pr s (z) + (1 +0(1))Pr—(x), (1.28)
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uniformly for dist(z, Aym),:) > d, 2 € C, and dist(z, Ee(ryi) > d, © € Ay) i, Tespectively, for

any d > 0 fized, i € {1,2}. The error terms in the above formulae depend on d and satisfy
either  o(1) = 0(5;/3) or  o(l) =O(er)

uniformly for all ez sufficiently small, where the second estimate holds if we additionally assume
that ¢(7i) is uniformly separated from c*, ¢**

Theorem 1.1 generalizes [4, Theorem 3.2] in a sense that it provides asymptotic formulae
for individual factors Py ;(2) rather the whole product P;(z) while the formulae themselves are
uniform in 7, that is, do not depend on ray sequences (1.7).

Remark 1.2. It easily follows from (1.28) that each polynomial Py ;(z) has exactly n; zeros
and they all belong to dist(z, Ayg) ;) < d for any d > 0 and all £ small enough. Of course, if
the measures p; and pp are arbitrary positive, it is straightforward to show that each Py ;(z)
has exactly n; zeros and they all belong to A;, as initially has been observed in [1].

Remark 1.3. It readily follows from (1.24) that the constants ;; can be expressed as

Vg = Ta Ay i(Bei — Bc(ﬁ),37i)n37i558‘i)(oo)’ ie{1,2}
Remark 1.4. Since the products of all the branches of S.(z) as well as of ®z(z) are identically
equal to 1, we immediately deduce from (1.28) that

Pa(z) = (1+0(1))Pa(2),  Fa(x) = (14 0(1))Pa+(z) + (1 + o(1)) P (),

uniformly for dist(z, Aczy) > d, 2 € C, and dist(x, Ecmy) > d, * € Ay, respectively, for
any d > 0 fixed, where

(S @7) 10 (2)

7285 (20)

Pﬁ(Z) = = 'PﬁJ(Z)’PﬁQ(Z). (1.29)

Remark 1.5. It might seem that asymptotic formulae (1.28) do not significantly reduce com-
plexity as the functions on both sides of the equalities depend on 7i. In this regard we would like
to stress that the Szegé functions only depend on the one-dimensional parameter ¢(77) = n/|7i|
rather than on the two-dimensional multi-index 7, while the geometric factors must depend
on 7i to properly match the behavior at infinity of Py 1(2) and Py 2(2), yet their absolute values
satisfy (1.27), where the measures w1 and wc) 2 again depend only on ¢(7).

Theorem 1.6. Under the conditions of Theorem 1.1, let A(ﬁl)(z) and Ag)(z) be the type I
multiple orthogonal polynomials defined via (1.2) and (1.3). Define

Az i(2) = 138 (00)wem () M \ ¢ (2).
71,0 79 (i) c(7),i Sc(ﬁ)q)ﬁ

Understanding the error terms o(1) exactly as in Theorem 1.1, we have that

W, — o)\ .. , @), — EORAYS 5
A (1420 AP0 = (14 120 ) Asalo)
Ag) (z) = (14 0(1)Asi+(x) + (1 + 0(1)) Az i—(2), (1.30)

uniformly for dist(z, A1) > d, z € C, dist(z, Aczy2) > d, z € C, and dist(z, Eyz) ;) > d,
T € Aiy,ir © € {1,2}, respectively, for any d > 0 fized.
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Theorem 1.6 subsumes [4, Theorem 3.3] where the error terms were not uniform.

Remark 1.7. It is known, see (3.1) further below, that the length of Ay ; is proportional to ¢(7)
while the length of Aj 9 is proportional to 1 — ¢(7i). Therefore, the bottom formula in (1.30) is
meaningful only when ¢(77) is separated from both 0 and 1 and thus there is no need to divide
the error factors by ¢(7i) or 1 — ¢(7).

Remark 1.8. It readily follows from the top formulae in (1.30) that A(i)( ) has exactly n; zeros
which belong to dist(z, A.),;) < d for all &5 small enough and c(77) separated from 0 and 1.

Remark 1.9. Recall that we denoted by 1/hj_g, ; the leading coeflicient of Ag) (2), 7€ {1,2}.
We readily get from the sentence after (1.14), (1.24), and (1.30) that

( ) 1 n2 (1)
p-zn = (14 200 ) A% (B — Bya) 8100 (50)/S 0 ()
and an analogous formula holds for h;_z, 2. In fact, we can deduce that these constants are
non-zero for all €5 small regardless of ¢(7) being close to 0 or 1 because hjz; = / P Py ;dp;
by (1.4), which must be non-zero by Theorem 1.1 (deg P; = |7i| for all €5 small means there are
no extra orthogonality conditions and hence hz; # 0).

Theorem 1.10. In the setting of Theorem 1.1, let the coefficients az;,bz, be as in (1.5) and
the numbers A.) i, Be(ry,i as in (1.11). Then it holds that

ap; = Ac(ﬁ)ﬂ' + 0(1) and bﬁ:’i = Bc(ﬁ_i_é’i)’i + 0(1), (1.31)

)

i € {1,2}, where the error terms o(1) should be understood exactly as in Theorem 1.1.

Again, Theorem 1.10 generalizes [4, Theorem 1.2] by proving uniformity of the error terms.
The map x.(z) takes A, onto two Jordan curves. It was shown in [11, Lemma 4.1.2] that
these curves can be parametrized as

Ac,l + AC,Q o 1}
IX = Beal*  [x — Begl?
It follows from (1.16) and (1.18) that x(z.) must belong to x.(A.) when ¢ € (0,c*]U [¢**,1). It

must also hold that x(z.) = (1 — ¢)Bc1 + ¢B.2 as one can see from (1.14), (1.15), and (1.16).
Therefore, it necessarily holds that

Xc(Ag) = {X eC: (1.32)

¢ 2Ac1+(1—c¢) %A = B2, (1.33)

€ (0,c*] U [¢**,1), where we set B, := B.a — B.1. In particular, relations (1.33) together
with (1.13) yield that

liH% A1 = [(B2— a2)/4]2 +p3(a),

lim(1 —¢) 2400 = [(B1 — a1)/4]” + £} (Ba). (1.34)

c—1

The recurrence coefficients ay ;, bz ; must satisfy what is known as compatibility conditions,
which are a system of discrete difference equations, see [24, Theorem 3.2]. This suggests
that A.;, B.;, as functions of the parameter ¢, must satisfy a system of differential equa-
tion. This was conditionally confirmed in [7, Theorem 3] for Angelesco systems of any size.
The conditional part came from the requirement on the speed of convergence of the recurrence
coefficients to their limits which is beyond of what is currently has been demonstrated includ-
ing Theorem 1.10 above. As it happens, we are able to show the validity of these differential
equation using only our asymptotic analysis.
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Theorem 1.11. Set R(c) := (¢/(1 — ¢))?(Ac2/Ac1), which is a continuous function on [0, 1].
It holds that

6R(c)(1 + R(c))

R'(c) = 1.35
A e Ry (1.35)
on (0,c*) U (¢**,1). Moreover, we have that
Eé__ c A’le__l_cA’cz__ 1—c—cR(c)
B, 1—-cA.1 c Aca  1—=c2+c(2-c)R(c)’
cB;l +(1- 0)3272 =0 & B;Q =cB. & Bé,l =—(1-c¢)B., (1.36)

on (0,c*) U (¢**,1), where " indicates the derivative with respect to the parameter c.

Remark 1.12. Equation (1.35) together with the initial conditions coming from (1.13) and
(1.34) allows us to reconstruct R(c) uniquely on [0,c¢*] U [¢**,1]. Since R(c) > 0, (1.35) also
shows that R(c) is infinitely differentiable on (0,c*) U (¢**,1) and all the derivatives extend
continuously to [0,c¢*] U [¢**,1]. The first line of (1.36) now allows one to recover A.1, Ac2
(to remove singularities, it is better two rewrite these equations for c_2AC71 and (1 — C)_QAQQ),
and B, as well as to draw the same conclusions about infinite differentiability and continuity;
Bc1 and B, are then recovered via the second line of (1.36).

To prove Theorems 1.1-1.11 we use the extension to multiple orthogonal polynomials [25] of
by now classical approach of Fokas, Its, and Kitaev [13, 14] connecting orthogonal polynomials
to matrix Riemann—Hilbert problems. The RH problem is then analyzed via the non-linear
steepest descent method of Deift and Zhou [10].

2 Model local parametrices

In this section, we formulate several Riemann—Hilbert problems with constant jumps for 2 x 2
matrices that will be used in the main part of the proof. In what follows, the symbol I stands
for the identity matrix of any size, o3 := diag(1, —1) is the third Pauli matrix, and we let

K(0) —4\/; (1) (21)

where the root is principal, i.e., arg(¢) € (—m,7) (a convention we follow for all the power
functions unless explicitly specified otherwise). Further, for brevity, we denote the rays {arg(z) =
+27/3} by I+ and orient them towards the origin.
2.1 Hard edge
Let ¥(¢) be a matrix-valued function such that

(a) ¥() is holomorphic in C\ (I+ U I U (—00,0]);

(b) ¥({) has continuous boundary values on I UI_ U (—00,0) that satisfy

(_01 (1)> ) C € <_OO70)7
[ 4) cen

v (Q)=%_(¢)
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(c) ¥(¢) =0O(og() as ¢ — 0, where O(-) is understood entrywise;
(d) it holds uniformly for |¢| large that

T(() = K(Q)(I+0(¢?)) exp{2¢?03}.

The solution of RHP-W¥ was constructed explicitly in [20, Section 6] with the help of the modified

Bessel and Hankel functions. Since the jump matrices in RHP-W(b) have determinant one,

det ¥(¢) is analytic in C\ {0}. It then follows from RHP-¥(c,d) and (2.1) that det ¥(¢) = /2.
Set W, (¢) := 03¥(()os. Then W, (() solves the following Riemann—Hilbert problem:

(a—d) ,(¢) satisfies RHP-W(a—d), but with the reverse orientation of the rays in RHP-¥(b)
and K (() replaced by 03K ({)os in RHP-¥(d).

2.2 Sliding soft edge

Let 7 € |7y, 00| for some 7, > 1 to be fixed later. If 7 < oo, define U, to be the disk of unit
radius centered at 7 and orient QU clockwise. Denote by ©((;7) the solution, if it exists, of
the following Riemann-Hilbert problem (RHP-©):

(a) ©(¢;7) is holomorphic in C\ (I UI_- U (—o0,7]);

(b) ©(¢; 7) has continuous boundary values on I UI_U(—o0,0)U(0, 7) that satisfy RHP-®¥(b)
and

11
0. =0-Gn(y 1), cer)
(c) ©(¢;7)=0(1) as ¢ —» 0 and O((;7) = O(log|¢ — 7|) as ¢ — 7 when 7 is finite;
(d) it holds uniformly for 7 > 7, and |(| large and such that ¢ ¢ U, that

1 2
O T) = @ expl —=(32g5 % .
(¢;7) = K(C) <I+ (m]min{ﬂ\(\}>> p{ 3¢ 3}

The solution @4;(¢) := O((;00) of RHP-O for 7 = oo is well known [9] and is explicitly
constructed using Airy functions. As in the previous subsection, det ©((; 1) = V2.
To show that RHP-O is also solvable for finite 7 > 7, and some 7, > 1, define

0,(¢) = K(C)e*(2/3)<3/zag ((1) ng§)> ’ 1(C) = ilog(( — ),

C2m

for ¢ € U; \ (1 — 1,7), where we take the principal branch of the logarithm. Since U, belongs to
the right half-plane, the matrix ©,(¢) is analytic in the domain of its definition and satisfies

0,4(¢) = ©,-(C) (é }) . Cel(r—1,7).

That is, ©,(() solves RHP-O locally in U,. Consider the following Riemann-Hilbert problem:
find a matrix function R((;7) such that
(a) R(¢;7) is holomorphic in C\ (90U, U (7 +1,00)) and R(¢;7) =T + O(¢!) as ¢ — oo;

(b) R(¢;7) has continuous and bounded boundary values on U, \ {7 +1} and (7+ 1, 00) that
satisfy

0.(0)0x1(¢),  Cedu\{r+1},

R, ((;7)=R_(¢57) {@Ai(o@&i(o, ¢ €(1+1,00).
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By using the definition of ®,(¢) as well as RHP-©(d) with 7 = oo, one can readily check
that the jump of R((;7) on OU;, can be estimated as

(4 3/2
<I+K(c) (8 Qe (49 >K‘1(§)> I+0(cY) =1+0(),

where the error term is uniform in 7. Similarly, by using RHP-®(b,d) with 7 = co we get that
the jump of R((;7) on (7 + 1,00) can be estimated as

1— 0, () (8 é) ©;L (()=I+0(/le W) 1 4 O( ),

where again the estimate is uniform in 7. Therefore, we can conclude from [12, Theorem 8.1]
that R((; 7) exists for all 7 > 7, and some 7, > 1 and satisfies

R(Gr)=I+0O (771 (1+[¢)7)

uniformly for all ¢ € C and 7 > 7, that is, including the boundary values (uniformity of the
estimate in ( is achieved by varying the jump contour slightly, which is possible due to analyticity
of the jump matrices). Now, it only remains to observe that RHP-® is solved by

®T(§)7 CG UT:

O =R(GT) {@)Ai(o, CeC\ T,

2.3 Ceritical soft edge
Given s € (—00,00), let ®((;s) be such that

(a—c) ®((;s) satisfies RHP-¥(a—c);
(d) it holds uniformly for |¢| large and locally uniformly in s that

B(is) = K(O (T + O 2))exp{ -3 (¢ + 920 .

The solvability of this problem was obtained in [26]. The fact that O(-) is locally uniform
in s was pointed out in [18]. Again, observe that det ®((;s) = v/2. N
Further, given s < 0, consider a similar Riemann—Hilbert problem (RHP—@):

(a—c) ®((;s) satisfies RHP-W (a—c);
(d) it holds uniformly for all s < 0 and locally uniformly for ¢/(1 — s) € C\ {0} that

B(:9) = KO +0((1 =56 ) e {2 (0 ¢2) .

It was observed in [27] that solvability of RHP-® for s < 0 is equivalent to solvability of
RHP-® for s < 0. It was also stated in [27, equation (4.3)] that the error term in RHP-®(d)
behaves like O ((1 —5)1/2C*1/2) uniformly for all s < 0. Below, we show how the bound from [27,
equation (4.3)] can be improved to the one stated in RHP-®(d).

It has been already mentioned that the desired bound in RHP-®(d) must hold locally uni-
formly for s < 0, see [18]. Therefore, we are only interested in what happens for —s large enough.
To this end, let g(€) := (2/3)(€ — 1)€'/2 be the principal branch holomorphic in C \ (o0, 0].
Given k > kg > 0 for some kg large enough, consider the following Riemann—-Hilbert problem:
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(a—c) </I\>(§; k) satisfies RHP-W¥ (a—c);
(d) it holds uniformly for k > k¢ and locally uniformly for £ € C\ {0} that

B k) = K(6)(I + O (5 1€ 1/2))era(6)as

We shall show that there exists ko > 0 such that RHP- D is uniquely solvable. In this case it
can be readily verified that the solution of RHP- ) yields the solution of RHP- ® via

B(Gis) = (=) B(=¢/sin),  n= (o)

Let Uy be a disk centered at the origin of any radius 9 < 1 small enough so that g?(&) is
conformal in it. Set I} := (92)_1(.@[) NUp and orient these arcs towards the origin. Notice that
the principal square root branch of g?(£) is equal to —g(¢) and that

—g(I NUy) C {Vz(22 +1£V3i)/3: 2 > 0},

which are arcs that lie within the sector |arg(¢)] < 7/3. As g¢*(¢) preserves the negative

and positive reals, the curve I lies between the rays I and (—o0,0) (since ¢g*(I7) = Iy lies

between g?(I,) and the negative reals) and the curve I* lies between the rays I_ and (—o0,0).
Let ¥(() be the solution of RHP-W. For & € Uy, define

1 0 ce s
®(&; k) == K(§)(K ') ((rg(€)/2)?) { \#1 1) =

I, otherwise,

where S and S* are the sectors within Uy delimited by Iy and I’} in the second quadrant, and /_
and I* in the third quadrant, respectively (notice that the sectors S% do not depend on x because
the preimages of I under ¢?(¢) and (kg(£)/2)? must coincide). One can readily verify that the
matrix ®¢(¢; k) satisfies RHP-®(a—c) within Uy. Moreover, since the domains —kg(S1)/2 lie
with the sector | arg(¢)| < 7/3, it holds that

1 o
26| Reg(§)] ~ wlg(§)I’

‘eQNg(E)‘ — 26| Reg(8)] e Sy,

and therefore

—rg(&os (10 — 1 —kg(§)os
e (L)) = (e () )

uniformly for £ € S% and all £ > 0. Since |g(§)| is uniformly bounded away from 0 on dUy, the
last estimate and RHP-W(d) yield that

®(&; k) = K(€) I+ O(K—l))e—mg(ﬁ)og

uniformly for &€ € 0Uj. R
Orient OUy clockwise. Consider the following Riemann-Hilbert problem: find R(&; ) such
that

(a) R(&;k) is holomorphic in C away from 0Uy U (I U I_)\ Up) and R(&;k) = I + o)
as £ — o0;

(b) R(¢; k) has continuous and bounded boundary values on dUp \ (I UI_) and (I, UI_)\TU,
that satisfy

B (& k) IOBKT(g), €€ty \ (I UL),

E A DTS (ewiy(&) ?) K¢, €€ (I UI)\T,.
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As we have already observed, 3Re(g(€)) = —2[¢|*/2 — |¢|*/2 for € € I.. Thus,
Ri(&r) = R(&R)(T+O(s7"))

uniformly on 0Uy U ((I4 UI_)\ Up) (with respect to both £ and k). Hence, as in the previous
subsection, we can conclude on the basis of [12, Theorem 8.1] and the deformation of the contour
technique that IA{(f ; k) does indeed uniquely exist for all kK > k¢ and some kg large enough and
satisfies R(&;k) = I+O0(k(1+ \fu_l) uniformly for all £ € C and kK > kg. It remains
to observe that the solution of RHP-® is given by

~ s (/I;O(& 5)7 & € Uo,
®(& k) = R(& k) {K(&-)e—mg(f)0'37 ¢ C\ U,

3 Conformal maps

The framework of the Riemann—Hilbert analysis, which we use, consists in formulating a multi-
plicative Riemann—Hilbert problem for 3 x 3 matrices, whose jump relations are then factorized
and partially moved into the complex plane onto the so-called “lens”. The construction of this
lens depends on the value of the parameter ¢ via properties of local conformal maps around each
point in E.. In this section, we define these maps and discuss some of their properties.

In what follows, it will be sometimes useful for us to recall that

. |Ac,1| o . |Ac,2| o

lim —== = dlwz(ar)]  and - lim T_c™ 4w (B2)], (3.1)
which was shown in [4, equation (4.8)], where the roots w;(z) were introduced in (1.12). We shall
also use the following well known fact: according to Koebe’s 1/4 theorem, if ((z) is conformal
in {|z —e| < r.} with ((e) = 0, then

(/DI @I <IC()  Jz—el=r  r<r. (3.2)

3.1 Conformal maps

The material of this section is taken from [4, Section 7.4]. We work only with the interval A, i,
the maps around A, are constructed similarly. Given ¢ € (0,1), define

1

z 2
Cean (2) = <4/ (hEO) _ hgl))(s)ds> , Rez < B, (3.3)

where h.(z) was defined in (1.15). Then the following lemma holds, see [4, Lemma 7.4].

Lemma 3.1. For each ¢ € (0,1), the map (ca,(2) is positive on (—oo, 1) and negative
on (a1, Be) with a simple zero at o Moreover, there exist constants dq, > 0 and Ay, > 0, inde-
pendent of ¢, such that Ceq, (2) is conformal in {|z—a1| < da,c} and satisfies 4cAq, < 1( 4, (a1)].

As already apparent from (3.3), the function h.(z) plays the central role in this subsection.
Recall the special point z., see (1.16), and its relation to 3., see (1.9) and (1.18). Hence, while
constructing conformal maps at 3.1, we need to consider several cases.

Given c € (0,c*], in which case 8., = z. and h¢(B,) is finite, define

2/3
3 z
(o (2) = (-4 /B (hO — th)(s)ds) , a1 <Rez < ay, (3.4)

c,1

where the choice of the root is made so that (g, ,(2) is positive for # > 5. 1. Then the following
lemma holds, see [4, Lemma 7.5].
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Lemma 3.2. For each c € (0,c*], the map (g, (2) is positive on (Bc1,az2) and negative on
(o1, Be,1) with a simple zero at Be1. Moreover, there exist constants dg, > 0 and Ag, > 0,
independent of c, such that (g, ,(2) is conformal in {|z — 1] < dp,c} and satisfies 4c B3 Ag <

Clgc’l (Bc,l)-

When ¢ > ¢*, we can and do define a conformal around [; similarly to (3.3), see (3.6).
However, the radii of conformality of these maps necessarily shrink as ¢ — ¢** since h¢(z.) = 0
and z. approaches 3, in this situation. Hence, we use a special construction when ¢ close to
and larger than ¢*. The next lemma was shown in [4, Lemma 7.6].

Lemma 3.3. The constant dg, from Lemma 3.2 can be adjusted so that there exist ¢ > ¢* and
functions C.p, (%), ¢ € [¢*, ], conformal in {|z — B1| < dp,c}, satisfying

3 [* R " .
—4/l@9—J&U@MS=C%3@—GwJ&+fJQﬁ&) (3.5)

for some €. > 0. Fach conformal map éc,ﬁl (z) is positive on (B1,a2) and negative on (aq, 51)
with a simple zero at B1. Moreover, they form a continuous family in parameter ¢ € [c¢*,(]

and CAc*,,Bl(Z) = (g, (%) (recall that Be=1 = P1).

Similarly to (3.3), given ¢ € (¢*,1), define

1 z 2
Cepy (2) 1= <4/ (hﬁo) - hgl))(s)ds) , a1 < Rez < an. (3.6)

Then the following lemma holds, see [4, Lemma 7.7].

Lemma 3.4. There exists a continuous and non-vanishing function ég,(c) > 0 on (c*,1] such
that . g, (2) is conformal in {z : |z—p1]| < 0p,(c)}, has a simple zero at (1, is positive on (S, a2)
and negative on (a1, f1). The constant Ag, in Lemma 3.2 can be adjusted so that 4Ag, (z.—B1) <

|G, (B

For any ¢ € (0,1), define

Hc(z) := Re (/ (h§0> - hgl))(s)ds> , a1 < Rez < ag, (3.7)
B

c,1
(please, note the change in notation as compared to [4, Lemma 7.8], see [4, equation (7.30)]).

Lemma 3.5. The constant §g, can be made smaller, if necessary, so that for any 6 € (0,d5,] it
holds that

Holw+iy) < —B6*%c, € (B +0c,00—0c], y € [~d¢/2,0¢/2,

for any ¢ € (0,c¢*) and some constant B > 0 independent of & and c. Moreover, for any
fized r > 0 small enough there exist ¢, > 0 and €(r) > 0 such that

He(z +1iy) < —e(r), x€log+rag—r], ye€[-1/2,r/2],
for all ¢ € (0,¢,). Furthermore, it holds that

He(x +i0c) > B&§°/?c, x € o, fe1], c€(0,1).
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3.2 Additional properties

Two questions were left unanswered in [4, Section 7.4], namely, the behavior of the constants e,
in Lemma 3.3 and of the function dg, (¢) in Lemma 3.4 as ¢ — ¢*.

Lemma 3.6. The limit lim, .+ €./v/2. — 1 exists and is non-zero. Moreover, da,(c) > C
X \/ze — B1, ¢ > c*, for some constant C' independent of c.

Proof. Because h.(z) has a simple pole at 3; when ¢ > ¢*, we can write

O (@) — BO(@) = 2ue(w — B1) V2 + S 2up o — Br) 12,
k=0
where (z — 1)'/? is a branch positive for > f;. Then it holds that

; _§ z )_ ) o - [e%s} 3u1€7c B
(z — B1)1/2 < 4/1 (B — p{! )(s)ds> = —3u.— Y 2k+3<x Bk

k=0

Thus, we get from (3.5) and the last claim of Lemma 3.3 that

—3ue = —Cep, (B1 + €e) g, (B1)Y2 = —(1 4 0(1)) (¢, (B1)* %ec + O(€2))

as ¢ — c**, where (/ (B1) > 0 by Lemma 3.2. The first claim of the lemma now follows from
the fact that u./ \/ﬁ has a limit as ¢ — ¢**, which has been shown in the proof of [4,
Lemma 7.7].

The function dg, (¢) in Lemma 3.4 was defined simply as the largest radius of conformality
of (g, (2) from (3.6) (times a fixed constant less than 1 to ensure conformality in the closed
disk). Combining (3.5) and (3.6), we can see that

9o,y (2) = Cop (2) (e (2) = Co (B1 + €0)) =2 (2 — B1) (2 — B — €0)2Fu(2),

where the functions F,(z) are analytic and non-vanishing in {|z — 1| < dg,c*}, continuously de-
pend on the parameter ¢ (this is a property of the functions h.(z)), and converge there uniformly
to Fur(2) := (¢, (2)/(2—P1))3 as ¢ — ¢*F. Observe that F« (1) > 0 by Lemma 3.2 and therefore
the values F.(/31) are uniformly separated away from zero. Similarly, there exists a constant K,
independent of ¢, such that |F,(2)|, |F.(2)|, |((z — B1)Fe(2))'| < K for z in {|z — 81| < ds,¢*}
and any ¢ € [¢*,/]. To simplify the notation slightly, let G.(z) = F.(z 4+ 1). Let A be such
that 0 < A < mine<.<» G.(0)/(20K). For further simplicity, assume that c is sufficiently close
to ¢* so that €. <1 and Ae. < dg,c*. Trivially, it holds that

21(21 — €0)2Ge(21) — 22(22 — €)?Ge(22)

D(z1,22) == po——
R 9
_ EZGC(O) + (21 — €) GCiZ1) €2G.(0)
1
t 2 (21 — 66)2GC(ZI) — (22 — GC)QGC(ZQ)'
Z1 — %9

Let z1, 22 be in {|z] < Ae.}. Since €., A < 1, we get that

(21 — 60)2GC(21) - egGC(O)

<1

Ge(z1) — G(0)

<1

< [21Ge(21)] + 26c|Gelz1)] + €2

‘ < 4Ke,.
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Similarly, we obtain that

(21 — EC)ZGC(Zl) — (22 — 66)2G0(z2)

21 — 22

Gc(zl) — GC(ZQ)
Z1 — %9
GC(Zl) — Gc<22)

21— %2

< |21+ 2||Ge(21)| + |22]?

zch(zl) — ZQGC(ZQ)
Z1 — %9

2
€c

+ 2¢, < 6Ke,.

Hence, we can conclude that |D(z1,22)| > €2G.(0) — 10AKe? > €2G.(0)/2 > 0. That is,
we have shown that z(z — €.)2G.(2) is conformal in {|z| < Ae.}. Thus, (. (2) is conformal
in {|z — 81| < Ae.} and therefore dg,(c) > Ae.. In view of the first claim of the lemma, the
second one follows. [ |

Notice that we can assume that ds,(c) is an increasing function of ¢ € (c*,1]. Indeed, this
always can be achieved by replacing dg, (¢) with mingc.1)dp, (z). The corresponding bound of
Lemma 3.6 will not change since

min g, (v) = g, (xc) > C\/ 22, — b1 > C\/ 2. — P

z€[c,1]

for some z. € [c, 1], where the last inequality holds since z. is an increasing function of c.

3.3 Polygons of conformality

In this subsection, we describe domains of conformality that we shall use to define the “lens”.
The construction is not deep but somewhat technical.

Let constants d,,, 03, be as in the preceding lemmas of this section and constants dq,, da,
be defined similarly but with respect to Ag. It follows from (3.1) that

. az — B . |Ac1|  [Aco]
JA := min {1, 81> 08,5 0as, 08, 3 7cel(r(l)f1) { 30 m > 0. (3.8)

Because the conformal maps éc’gl(z) from Lemma 3.3 form a continuous family in the pa-
rameter ¢ € [c*, ], it follows from Lemma 3.6 that there exists a constant K; > 0 such
that th,ﬁl (B1 + €c) < K1v/2. — B1. On the other hand, the same continuity in the parameter ¢
and (3.2) imply that there exists a constant Ky > 0 such that for every § € (0,04) and ¢ € [¢*, ]
it holds that

min{|éc751(s)| H|s — Bi] = dc*/V2} > Ky (3.9)

Since z. is an increasing function of ¢, given § € (0,04), there exists a unique ¢/(§) > ¢* such
that zy(5) — 61 = (K2/K1)?6%, where we adjust the constants K7, Ky so that ¢/(a) < ¢’. Then

567/31 (51 + €C) < min{}&C,bﬁ (3>‘ : ‘S - 61| = 56/\@}7 ceE [C*a Cl((s)]a (3'1())

a technical inequality that will be important to us la‘cer(.S Ar}oéther consequence of this definition
of ¢(5) and Lemma 3.6 is that K’ := min{1,infocses, 221G > 0.
Denote by U(z,r) the interior of the square with vertices z &+ r, z +ir. For any § € (0,9a),

set

1/3, ¢<d(0),p1 — Beq > 26¢/3,
K = K(d,¢) :==11, c < d(0), 51— Pea < 20¢/3, (3.11)
K', ¢>d(9).
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Since g, (¢) is an increasing function of 0, it therefore holds that dg, (c) > d5,(c/(8)) > Ko
when ¢ € [/(d),1). Define

Uee :=Ule, Kéc), ec{al, 1} (3.12)
This definition achieves the following:

e the map (¢ q, (%) from Lemma 3.1 is conformal in U q,;

e since 1 — fB1 is a decreasing function of ¢ while 2d¢/3 is clearly increasing, the squares
Uep., start out (as c increases from 0) with K = 1/3 and in these cases the point j3;
does not belong to the interior of the squares and lies distance at least dc¢/3 from their
boundary;

e when the parameter ¢ reaches the value for which 1 — .1 = 2d¢/3, the value of K changes
to 1 and from that point on 31 belongs to the interior of the squares U, g. , and lies distance
at least dc/3v/2 from their boundary;

e when [ belongs to the interior of the square U g, , it is not at its center unless ¢ > c*;
e the map (g, (2) from Lemma 3.2 is conformal within U, g, , for each ¢ < c*;

e when ¢ € (¢*,¢/(6)) the point 1 + €. belongs to the interior of the square U, g, by (3.10)
and the map fc,gl(z) from Lemma 3.3 is conformal in this square;

e when ¢ € [¢(d), 1), the map (. g, () from Lemma 3.4 is conformal within the square U, g,
whose size is proportional to dc as in all the other cases, which was the motivating reason
behind the definition of ¢/(9).

(a)
Figure 2. Polygons OU, g,; panel (a) ¢ € [¢;, ¢*); panel (b) ¢ € (0,¢;).

When 31 does not belong to the interior of the square U, g, ,, we need to define a polygon U, g,
containing (1 in its interior. For reasons that have to do with future asymptotic analysis, the
definition of this polygon is rather technical as well. Let » > 0 be small enough (in particular,
3r/2 < f1 — a1) and ¢, be as in Lemma 3.5. When c € (0,¢*) and 1 € Uepg. ,, we set

U.p, = U Ul(z,8c/6) U U Uz, r/2), (3.13)
x€[Be,1+8¢/2,61] z€[a1+3r/2,61]

where the second union is present only if ¢ < ¢, and always stays within the rectangle of the
second estimate of Lemma 3.5, see Figure 2 (we always can decrease ¢, if necessary so that
Bep1+ /2 < a1 +3r/2). Notice that the domains Ue o, , Ue g, ;, and Ue g, are disjoint, however,
OU.g,, and OU, g, share a common point when both sets are distinct and non-empty.

The domains Ue o, Uc,a, ,, and U, g, can be defined similarly. We use domains with polygonal
boundary rather then disks for a not very deep reason that in this case it is easier to explain
uniform boundedness of Cauchy operators on our variable lenses, see [4, Lemma 7.9)].
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4 Orthogonal polynomials and Riemann—Hilbert problems

To slightly simplify the notation we agree that from now on all the quantities that depend on
the parameter ¢ will simply be labeled by 7 when referred to with ¢ = ¢(77) = n1/|7|.

We let [A];; stand for (i,j)-th entry of a matrix A and E;; be the matrix with all zero
entries except for [E; ;]; ; = 1. Also, we set o (1) := diag (|7i|, —n1, —n2), © = (n1, n2).
4.1 Initial RH problem

Consider the following Riemann—Hilbert problem (RHP-Y): find a 3 x 3 matrix function Y (z)
such that

(a) Y (2) is analytic in C\ (A1 U Ag) and zlggo Y(2)2770) =TI,
(b) Y (z) has continuous boundary values on each AY that satisfy
Yi() =Y (@) +pi(x)Erit1),  1€{1,2};
(c) the entries of the (i + 1)-st column of Y (z) behave like O (log |z — e|) while the remaining
entries stay bounded as z — e € {«y, 5}, i € {1,2}.

Let Rg) (2), i € {1, 2}, be the i-th function of the second kind associated with Pz(z). That is,

RO(2) = /Pﬁ(m)”i@)dxz i +0( ! ) 2 €T\ A, (4.1)

st T —z Znitl Znit2

where the estimate follows from (1.1) and (1.4) and holds as z — oo. Assume that the multi-
index 7 is such that

deg(Pﬁ) = ‘ﬁ‘ and h-’_ghlhﬁ_g%g 75 0. (4.2)
The following lemma holds, see [27, Proposition 3.1].

Lemma 4.1. If Py(z) satisfying (1.1) and Rg)(z), i € {1,2}, given by (4.1), satisfy (4.2),
then RHP-Y s solved by

Pi(2) RY(2) RY(2)
Y(2) = | il Pace(z) hite RY . (2) nit. (RY (=) | (4.3)

L L,
n—e n—e1,l” 'n—ey

B _ 1
hilaoPra) heloaRa () hile RYs (2)

n—€2 n—€9,2" "N—&y

Conversely, if a solution of RHP-Y exists, then it is unique and is given by (4.3) with Pg(z)
and RS) (2), i € {1,2}, necessarily satisfying (4.2).

4.2 Opening of the lenses

The next step in the Riemann—Hilbert analysis consists in factorizing the jump matrix and
moving some of the jump relations into the complex plane, the so-called “opening of the lenses”.
In constructing this lens we rely heavily on the material of Section 3.3.

Given 0 € (0,0a], see (3.8), let Us., e € {a1,B51,51}, be the squares defined in (3.12)
and (3.13) (and via similar formulae at {ag, 2, 52}). Recall the definition of the rays I
after (2.1) and the conformal maps constructed in (3.3)—(3.6). Let 7. be as in Section 2.2, ¢* as
in (1.9), and ¢/(0) as defined before (3.10). Set (54, (2) := ()0, (2), see (3.3),

S — Cﬁﬁ,l(z)’ c(ﬁ) < c*, C/Bﬁ,1 (51) > 7—*|ﬁ|—2/3’ »
gnﬁl o {C'Bﬁvl(z) n Cﬂﬁwl(ﬂl)’ c(it) < C*7C5ﬁ,l(ﬁ1) < 7'*|ﬁ|_2/37 (4.4)
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1
s - s 6. |

V. —,

Figure 3. The boundaries OUy o, and 0Uz g, |, arcs F;il, and domains Q?LJ (shaded).

where (g, (2) is given by (3.4) (notice that (g, ,(81) > 0 when ¢ < ¢), and

G (2) = {ic(ﬁml(z)’ C:‘<C(ﬁ) fc’(é), see (3.5),
Comy pn (), € (8) < (), see (3.6)

(let us emphasize that the choice whether (3.5) or (3.6) is used does depend on the value of §; in
the first line of (4.5) we also slightly departed from our labeling convention, hopefully without
much ambiguity). The maps ( ,(2) and (g g,(2) can be defined similarly.

We now select open Jordan arcs I’j{i connecting aj ; to (5 ; so that

Git,B; (I%,i N Uﬁﬂﬁ,i) C Iy, Caﬁ,i (FT%z,i N Uﬁvaﬁ,i) C I, (4.6)

and that consist of straight line segments outside of Uy ., e € Ej, see Figure 3. These arcs are
oriented from aj ; to 35 ;. We denote by Qg ; the domains delimited by F;i and Ay ;.

As p;(x) is a restriction of an analytic function, that we keep denoting by p;(z), we can
decrease the constant da, if necessary, so that p;(z) is analytic and non-vanishing in a simply
connected neighborhood of the connected component intersecting A; of the above constructed
lens for any value of § < Ja.

(4.5)

4.3 Factorized Riemann—Hilbert problem

For compactness of notation, we introduce transformations T;, i € {1,2}, that act on 2 x 2
matrices in the following way

B B e;1 e O e e er1 0 er2
Tl (611 612) = | €21 €22 0 and TQ (611 612> = 0 1 0
21 €22 0 0 1 S eo1 0 ex
Given Y (z), the solution of RHP-Y', set
1 0
T; , zeQF
X(z)=Y(2){ " <Z|Zl/pi(z) 1) Tt (4.7)

I, otherwise.
Then X (z) solves the following Riemann-Hilbert problem (RHP-X):
(a) X(2) is analytic in C\ U2, (AU I‘;{i U PE’L) and lim, oo X (2)277 =TI,
(b) X (z) has continuous boundary values on [J7_, (AU F:{’i U F;“) that satisfy

0 i
T; ( P (8)> , S€ Aﬁ,i?

—1/pi(s) 0
1 0 _
Xi(s)=X_(s)qT (1/;)@»(3) 1) ; s€l, Ul

1 p
T; ( P is)) ; s € AY\ Az
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(c) the entries of the first and (¢ + 1)-st columns of X (z) behave like O (log |z — e|) while the
remaining entries stay bounded as z — e € {a;, 5 }.

The following lemma is a combination of [27, Lemma 8.1] and [8, Lemma 6.4].
Lemma 4.2. RHP-X and RHP-Y are simultaneously solvable and the solutions are unique and
connected by (4.7).
5 Global parametrix

As will become apparent later, away from the intervals Az, and Az 2 we expect X (z) to behave
like the solution of the following Riemann-Hilbert problem (RHP-IV)

(a) N(2) is analytic in C\ (A7 U Az2) and lim, 0o N (2)2770) = T;

(b) N(z) has continuous boundary values on each A7 ; that satisfy
0 ﬂi(3)>
N_o(s)=N_(s)T; ;
=Nt (o

(c) it holds that N (2) = O(|z —e|"Y/4) as z — e € Ej.

Let ®;(z), wi,i(2), and S;(z) be the functions given by (1.24), (1.20), and (1.21), respectively.
Recall also the definition of x7(z) in (1.10) as well as (1.11). Set

Tii(2) = Ani(xa(z) — Bag) ', i€{1,2}. (5.1)

It follows from (1.11) that Y7 ;(2) is a conformal map of &5 onto C that maps ool into oo
and oo(® into 0. More precisely, it holds that

TV()=2+001)  and  T(2) = Az,271 + 0O(272)

%

as z — oo. Put S(z) := diag(SéO)(z), Sr%l)(z), Sg)(z)) and define

1 1/wii1(2) 1/wii 2(2)
M(z) = S (c0) | T1(2) T (2)/wan(z) T (2)/waa(z) | S(2). (5.2)
T2 T ) fwii(z) T () wial(2)

Then it can be readily verified using (1.22) that RHP-IN is solved by N(z) := C(MD)(z),
see [4, Section 7.3], where C' is a diagonal matrix of constants such that

lim CD(z)z"@ =T  and  D(z) = diag(®(2), 8 (2), 2 (2)). (5.3)
Z—00

Since the jump matrices in RHP-IN (b) have determinant 1, it follows from the second identity

in (1.22) and the normalization at infinity that det N(z) is holomorphic in the entire extended

complex plane except for at most square root singularities at the elements of E;. As those

singularities are isolated, they are removable and det N (z) = 1. In fact, it holds that det M (z) =

det D(z) = det C = 1.



29 M.L. Yattselev

Lemma 5.1. It holds that> M(z) = 0(5_1/2) uniformly for z such that éc(n) < dist(z, Ey 1)
and 6(1 — (i) < dist(z, Egz2), where the constants in O(-) are independent of c(7i) and 0.
Moreover, it holds that

51/4 51/4 1 — (1)
[M(z)| ~ ( g1/ g1/ c(mi)(1 - c(ﬁ)))
(1—c(@)s~* (1 —c(it)o— 14 1

uniformly on |z —ay| = dc(it) and |z — By 1| = dc(it) and a similar formula holds on |z — oy 5| =
(1 —¢()) and |z — B2| = 0(1 — ¢(7)), where the constants of proportionality are independent
of ¢(f) and §.

Proof. This is [4, Lemma 7.3]. There it was stated that M (z) = Os(1). However, the actual
proof shows that M (z) = (’)(5_1/2), see also the forthcoming Lemma 5.2. [

Let II;(z) be the rational function defined in (1.14). Furthermore, let 11z ;(2), ¢ € {1,2}, be
the rational functions on &5 with the zero/pole divisors and the normalizations given by

200 00 42000 o — By — g — B, wnd OO =140 (12) (5.4)

as z — 0o. It was shown in [4, equation (7.7)] that

e ) 173z 175z
M7 (2) = S71) [ wan (DI () waa (DY) (2) wa ()G (2) | S(00). (5.5)
wip (2P (2) waa (D)) (2) wia(2) ) (2)

Then the following lemma takes place.

Lemma 5.2. It holds that M~ (2) = O(67Y/2) uniformly for z satisfying dc(7) < dist(z, B 1)
and 6(1 — ¢(i)) < dist(z, Eg2), where the constants in O(-) are independent of c(7i) and 0.
Moreover, it holds that

§—1/4 §—1/4 (1 C(T—L’))(Sfl/él
M 1tz)=0| 64 54 (1—c¢R@)s VA
1—c(@) 1—e¢(i) 1

uniformly on |z —aq| = dc(it) and |z — By 1| = dc(ii) and a similar formula holds on |z — o | =
(1 —¢c(i)) and |z — Ba2| = 6(1 — (7)), where O(+) is independent of c(ii) and o.

Proof. It was shown in [4, Lemma 7.3] that
S(00) ~ diag (c(ii) /3 (1 — (i) /2, e(i@) P (1 — (i) /3, e(i) TP (1 = (i) ),
1S(2)| ~ S(o0) diag(5-1/4,5'/4,1), (5.6)

uniformly on |z — | = d¢(7i) and |z — G5 1| = dc(it), where the constants of proportionality are
independent of ¢(77) and 0. It was further shown in [4, Lemma 5.3] that

(r3-TiNE), zesy,

(=1 (waawz2) () i(2) = { (Y9~ TEN (=), ze &y, (5.7)
(Th) - TENG), ze &,

We write | A(2)| ~ |B(2)] if C7'|A(2)| < |B(2)| < C|A(2)| for some C' > 1 and |A(2)| ~ [B(2)] if [[Al; ;()| ~

|[B]s,; ()| for each pair i,5 € {1,2,3}.
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for i € {1,2} and

2 1 1 2 0

(YeaThr — TaaTat) (), z €&y,

(e () = § (LT - TET0)), 2 WL
0 0 9

(rOT0 - 010 (e), ze&?

Next, it was proven, see [4, equation (5.23)], that

V3(az = B1) < |1 (2)|/(e(iD)V5) < 3y/B2 —

on |z — aq| = 0c(7) and |z — B 1| = dc(7). Finally, it was deduced in [4, Lemma 5.2] that

~1, (5.8)

on {z : dist(z,Ac1) < cdi} for all 0 < 6, < (a2 — f1)/2, where the constants of proportionality
depend only on d,. Then it follows from (5.5) and (5.7)—(5.8) that

(571/2 c(ﬁ)71571/2 571/2
M 1z)=58"1>0 (7) 1 e(R) | S(c0) (5.9)
(1 —c(@)* (1—c(@)’c(@) 1

uniformly on |z — aq| = 0¢(7) and |z — B 1| = 0c(7), where O(-) is independent of ¢(7) and &
and one needs to observe that the functions in the third row of the middle matrix in (5.5)
are holomorphic at a1 and f;; and therefore their estimates, stated in (5.9), can be obtained
via (5.7)—(5.8) and the maximum modulus principle for holomorphic functions. The second
claim of the lemma now follows from (5.6) and (5.9). To see the validity of the first claim, one
needs to combine (5.8)—(5.9) with the maximum modulus principle as well as the estimate

|S(@)[ 7" S 87 (c0) diag(1,67 14, 67/4),
S (Oél + 5C(ﬁ),ﬂﬁ71 — 5C(ﬁ)> U (Oéﬁ,g + 60(77)7,82 _ 56(,’:5))’

that follows from [4, Lemma 5.4]. [

6 Local parametrices

To describe the behavior of X (z) within the domains Uy ., we are seeking solutions of the
following Riemann—Hilbert problems (RHP-P,):

(a—c) P.(z) satisfies RHP-X (a—c) within Ug .;
(d) Pe(s)=M(s)(I + 0(5_3/2571-1/3))D(8) uniformly on OUj .

The asymptotic formula in RHP-P,(d) will hold as long as 6~3/2¢; < b for some b > 0
fixed and small enough, which is of course the only asymptotically interesting case, and con-
stants in O(+) will depend on b, but will be independent of § and 7. We solve RHP-P, only
for e € {a1, B7,1,F1} with the understanding that solutions for e € {ag, a2, f2} are constructed
similarly.
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6.1 Local parametrix at a;

Observe that the principal branch Cﬂ 1( z) is positive on (—oo, a1), see Lemma 3.1. Since ®5(2)
has a pole at co(®) and a zero at ool , it follows from (1.26) and (3.3) that

exp{4|n|g1/2 ()} =00 () 0V (2),  z€Usa,. (6.1)

According to (3.12), the square Uy ,, contains a disk of radius at least Kdc(ii)/v/2 centered
at o;. Then Lemma 3.1 and (3.2) yield that

* 2 —(2 .
A2, (0n) <17 _gin |G (5], (6.2
where A% := Ay, K/v2. Then RHP-W,(a—c) and (6.1) imply that
Py, (2) = Eo, (2)T1 (@, (|i* G0, (2)) exp{~27CY2 (2)o3} oy 7% ()] D(2) (6.3)

satisfies RHP-P,, (a—c) for any holomorphic prefactor E,, (z). Using RHP-N(b) and the defi-
nition of N (z) in terms of M (z) after (5.2), which implies that these matrices obey exactly the
same jump relations, one can readily check that

Eal (z) = M(Z)Tl [(U3K03) (|ﬁ|2Cﬁ,a1( ))pl 03/2( )]

is holomorphic in Uy, \ {a1}. Since the first and second columns of M(z) have at most
quarter root singularities at a; and the third one is bounded, see Lemma 5.1, E,,(2) is in fact
holomorphic in Uy 4, . Therefore, it follows from RHP-W,(d) and (6.2) that

- (6.4)

P, (s) = M(s)(I+ 057 ?n 1)) D(s), 5 € s o

where O(-) is independent of 7 and 4, but does depend on b, which needs to be small enough
so that RHP-W,(d) is applicable. Recall also that det M (z) = det D(z) = 1 as explained be-
tween (5.3) and (5.5). Hence, it holds that det E,, (z) = 1/1/2 and respectively det Py, (z) = 1.

6.2 Local parametrix at 3; when ¢/(d) < ¢(7)

In this case, (7, (%) is given by the second line in (4.5), i.e., by (3.6). Lemma 3.4 yields that
the principal square root branch of this map is positive for x > (7 (within the domain of
conformality). Thus, we can deduce from continuity in the parameter ¢ as well as (3.5) that this
branch is given by the expression within the parenthesis in (3.6). Hence, it follows from (1.26)
that

exp{aliilcy; ()} = 2P (2) /0 (2), 2 € Unp,.

Recall that /z. — B1 > (K3/K1)d for ¢ > ¢/(§) by the very definition of ¢/(§) just before (3.10).
Since ¢* < ¢(7i), the square Uy g, contains a disk of radius at least Kc*/+/2 centered at 81 = B 1,
see (3.12). Then it follows from Lemma 3.4 and (3.2) that

A3, (B1P) < 1717 _min (G 5]

(6.5)

where Aj = c*Ag, K(K2/K1)?/+/2. Similarly to (6.3)-(6.4), a solution of RHP-Pj, is given by

Py, (2) = Ep, (2)T1[® (|71*Crp, (2)) exp{~2/ (5 5 ()03} oy 7/%(2)] D(2),
Ep,(2) == M(2)T1 [K (|ii]*Ca 5, (2)) o1 72 ()] .

It again holds that det Pg, (2) = 1. We also get from RHP-W¥(d) and (6.5) that the error term
in RHP-Pg, (d) is of order O ((5*3/ 2|7i|~1) with constants independent of § and 7 but dependent
on b, which needs to be small enough so that RHP-¥(d) is applicable.
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6.3 Local parametrix at 3; when c¢* < ¢(7) < ¢/(9)

In this case (; g, (%) is defined by the first line of (4.5), i.e., (3.5). Hence, it follows from (1.26)
and (3.5) that

eXp{‘;l(C%/;l(Z)‘Cﬁﬁ1<ﬂ1+6ﬁ><%f§1<z>)}=<1>%°><z>/<1>§><z>, 2 Usp.  (66)

In the considered region of the parameter ¢(i7) each square Uy g, is defined in (3.12) with K = 1.
Thus, it follows directly from (3.9) and (3.10) that

~12/3 .
_19/3 1711°/°Cri.p, (B1 + €5) = —sg,
n min 8 ()| > . 6.7
T B, Voo ) {K25|ﬁ|2/5. (6.7)

Then, as in the previous two subsections, one can verify using (6.6)—(6.7), RHP-®, and RHP-
N (b) that RHP-Ppg, is solved by

P, (2) i= Eg, (2)T1[® (1712 Crpy (2); 55) (L) 70U 772 (2) oy 2 (2)] D(2),
Ep, (2) == M(2)T1[K (171G () 0y 72 (2)]

where Ej,(z) is holomorphic in U 5, and the error term in RHP-P(d) is of order O (6~ 1/2|7|~1/3)
with constants independent of ¢ and 77 but dependent on b, which needs to be small enough
so that RHP-®(d) is applicable. Observe that if ¢(i)’s are separated away from ¢*, then s; ~
—|7|?/3 and the error term can be improved to o6~ 12|7|- 1). As before, det Pg, (2 ) =1

6.4 Local parametrix at 3;; when c(7i) < ¢* and (g, (81) < 77| ~2/3

Recall also that we set (5 5,(2) = (g, ,(2) — (g, (F1) in (4.4). We get from Lemma 3.2 that the

principal branch ( B 3/2 ( ) is positive on (Bes aé) It can be readily inferred from (3.7) and the

ﬁrst estimate of Lemma 3.5 that this branch is equal to the expression within the parenthesis
n (3.4). Thus, it follows from (1.26) that

4 . 3/ 0 1
exp {_3|”|C ,/m(z)} = oD (2)/0)(2),  z€Ung,, (6.8)
Define s := |7|%/ #¢g,,(B1) € [0, 7], where the last conclusion is the restriction placed on s; in

this subsection. This restriction, Lemma 3.2, and (3.2) imply that
[Bia = Bi| < ()2 A5 w2,

In particular, as /.1 is a continuous increasing function of ¢ € [0, ¢*] with B 1 = 1, recall (1.9),
it must necessarily hold that ¢(@) — ¢*. Thus, by recalling (3.12), we see that uniformly for
all |7i| large enough the square Uy g, contains a disk of radius at least dc*/2v/2 centered at 3
(the factor 1/2 is there to move the center from Bi1 to B1). Then Lemma 3.2 and (3.2) yield
that

Ay (1) < 7P min [Ga (o
P51

(6.9)

where Ag, := (c*)?/3Ag, /2v/2. As before, one can check using RHP-®(a-c) and RHP-N (b)
that

Pg,, (=) = Egy, (2)T1 [2 (1 Gr o, (2): 5 >exp{§|m¢;gi<z>ag}p;03/2<z>w<z>,

B, (2) = M(2)T1[K (¢, ()07 (2)] (6.10)
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satisfies RHP-Pg_ | (a—c) and that the prefactor Eg_  (z) is holomorphic in Uy g, , (it is by design
that (5, (2) is used as the argument of ®(() and (g, ,(2) is used everywhere else). Since

Cﬂﬁ,l (s) (T*/Aﬁl)
G 1 () ol[2/3

it holds that
AP, (2)) K (177 3¢a,,(2)) = T+ O(67 7| 72?),

where O(-) is independent of § and 7 as long as di7|%/3 > 7. /2As,. Assume further that §|i|?/3
is large enough so that RHP-®(d) takes place. Then (6.8), (6.9), and RHP-®(d) imply that
RHP-Pjg,  (d) holds with the error term of order O (6717 =1/ %). As in the previous subsections,
we point out that det Pg,  (2) = 1.

Cﬂﬁl(ﬁl)
1 ,
=i G, ()

<1+

6.5 Local Parametrix at 85,; when ¢(i) < ¢* and (g, ,(81) > 7.|it|72/3
It follows from (3.4) that (6.8) still holds with (5 g, (2) “replaced” by (s, ,(2) as these symbols

denote the same function in the considered case, see (4.4). Definition of Us B i (3.12) implies
that this square contains a disk of radius at least é¢(77)/3v/2. Therefore, Lemma 3.2 and (3.2)
yield that

X 2/3 o .
Aﬁl(énl/ ) < ]n!2/3 min ‘Cﬁﬁl(s) (6.11)

SEBUﬁ,Bﬁ 1

where A% = Apg, /3v2. Let Eg, ,(2) be the same as in (6.10), where once again we must keep
in mind the relabeling of (g, ,(2) as (s, (2). Define

e o B # U
" \ﬁ\2/3éﬁ,/31(61), otherwise.

Under the conditions considered in this subsection, it holds that 77 > 7.

The following paragraph is applicable only if 31 € Uy g. ,, i.e., when 75 is finite. It follows
from (3.11) that 1 — fz1 < 20c¢(i)/3 < 2¢(i?)/3 in this case. Since 8] — Beq1 is a strictly
decreasing function of ¢ while 2¢/3 is obviously strictly increasing, there exists a unique ¢ < ¢*
such that 81 — Bz1 = 2¢/3 (so, ¢(7) > ¢ when 75 is finite). Each map (g, ,(2) is conformal
in U(fB¢,1,0c) for c € [¢,¢*] and as a family they continuously depend on the parameter c¢. As 34
is separated from 0Uj g_, by a distance of at least 6¢/ 3v2 when S € U s, » it follows from
a compactness argument’that ’

G (B1) = Gy ()| >d >0,  s€dUzpg,,,

where d is independent of n (but does depend on §). Since |77|?/3d > 1 for all |7i| large enough,
we get that |7|%/3¢q s, (U, 7,65, ) contains {|¢ — 75| < 1} in its interior.
We now get from (6.11) and RHP-© that RHP-Pg_, is solved by

Py, (2) = By ()T @(ﬁﬁ/?’cﬁ,ﬁl(z);m)exp{ 7ICY2 (2)o }ﬂf““(z)] Diz), (6.12)

where the error term in RHP-Ppg_  (d) is of order (9(5_1/ anl/ 3) with constants independent
of ¢ and 7, which can be improved to 0(5 12, ) if ¢(7)’s are separated from c¢*. As in all the
previous subsections, we have that det Pg_ (2 ) =1.
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6.6 Local parametrix at 3; when (3; ¢ Ui g,

Observe that it necessarily holds in the considered case that ¢(77) < ¢*. Let

where we use the principal branch of the logarithm (log(z—a;) > 0 for > «y). I1(2) is analytic
in the domain of its definition, has continuous traces on A that satisfy (I1+ — I1-)(z) = p1(x)
according to Plemelj—Sokhotski formulae, see [15, Section 1.4.2], it has a logarithmic singularity
at 1 and is bounded in the vicinity of o, see [15, Section 1.8.2]. Due to the construction of Uy g,
n (3.13), 0Uyz g, never approaches 3; and hence, |I1(s)| is uniformly bounded on 0Uj g, with
the bound dependent on the chosen value of r.

Now, it follows from (3.7), the first and second claims of Lemma 3.5, and the definition
of Uy g, in (3.13) that

‘(I) /(I) 1)( )‘ — e\ﬁ\?—[ﬁ(z) < efB(6/3)3/2n1 — 0(5 3/2 ny )’ = Uﬁ,51 (6.13)

(here we are using the facts that the second estimate of Lemma 3.5 is needed only when ¢(77) < ¢,
and we always can make ¢, small enough so that Be, < 3%/2¢(r)). Hence, a solution of RHP- Pg
in this case is given by

Pg,(z) :== M(2)(I + I 1( )E12)D(z),

Iia() = h(2)8) (2)/83) (), = € Unp, \ Ar, (6.14)
Indeed, as matrices M (z) and D(z) are holomorphic in Uz, and Ii(z) is holomorphic in
Us.p, \ A1, the above matrix satisfies RHP-Ppg, (a). Requirement RHP-Pg (b) easily follows
from the form of the additive jump of I1(z). Since I;(z) appears only in the second column

of Pg, (z) and has a logarithmic singularity at 51, RHP-Pg, (c) is fulfilled. Finally, RHP-Ppg, (d)
is a consequence of (6.13).

7 Small norm problem

In this section, we make the last preparatory step before solving RHP-X. Recall (4.6). Set

2
Yis = 0Uz U (T5 \ Ug), Us :ZUU;W U FJr ur;

see Figure 4. The parts of ¥j 5 that belong to I'; inherit their orientation from the original arcs
and the individual polygons in OUy are oriented clockwise. We shall further denote by ¥j s,
and X 5o the left and right, respectively, connected components of X5 s and by X2 =P the subset
of points around which X5 5 is locally a Jordan arc.

Given the global parametrix N (z) = C(M D)(z) solving RHP-IN, see (5.2) and (5.3), and
local parametrices P.(z) solving RHP-P, and constructed in the previous section, consider the
following Riemann-Hilbert Problem (RHP-Z):

(a) Z(z) is a holomorphic matrix function in C \ X7 5 and Z(c0) = I;

(b) Z(z) has continuous and bounded boundary values on X2 7.5 that satisfy

(MD)(s)(I + p; ' (5)Eri+1)(MD)™(s), s €5\ Ug,

Z.(s)=2Z_(s) {Pe(s)(MD)l(S), s € OUj ¢,

where e € {a1,5ﬁ,17517042704ﬁ,2752}-
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i, \Ux
aUﬁ,a2>
r

2
2
Figure 4. Lens X5 5 consisting of two connected components X5 51 (the left one) and X5 52 (the right

F%_ 1 \ Up 6Uﬁ,51

Wi T2, \Uz MU g

N
n,

one).

Then the following lemma takes place.

Lemma 7.1. For each 0 € (0,0a/2), there exists €5 > 0 such that RHP-Z is solvable for
all ey < es. Moreover, for each r > 0 small enough there exists a constant Ca,, independent
of § and 7, such that®

e Iz — | > 21, (@)
Z Co,r ==
Zua(2)| < Co { .

ki |2 = Ba| = 2r,  (71)

i,k € {0,1,2}, where, for the ease of the future use, we let Z; j,(2) := [Z(2)]i41,k+1—0ik, Oik is the
Kronecker symbol, and Z; ;,(2) needs to be replaced by Z; +(2) for z € X5 5. The exponent 1/3
of ez can be replaced by 1 if we additionally require that |c(i) — c*|, |c(7)) — ¢**| > € > 0, where
the constants e5 and Cs, will depend on € in this case.

<c
-, (7.1)

Proof. Let us more generally consider RHP-Z on Y5 ,5, where v € [1/2,2] and we also scale
the parameter r by v, see (3.13). Put

I+V(s):=(Z22'Z1)(s),  s€Zf,

to be the jump of Z(z) on X 5. It can be readily seen from analyticity of M(z), D(z), P.(z),
and RHP-Z(b) that V'(s) can be analytically continued off each Jordan subarc of ¥5 5. Thus,
the solutions of RHP-Z for different values of v, if exist, are analytic continuations of each other.

Let us now estimate the size of V'(s) in the supremum norm. We shall do it only on 5 .51,

understanding that the estimates on X5 52 can be carried out in a similar fashion. For s € 0Uj,
e € {a1, Br1, P}, it holds that

V(s) = Po(s)(MD) ' (s) = T = M(s)O (632 ) M~ (s) = O (57%%/?)

by RHP-P.(d) and Lemmas 5.1-5.2 (since v > 1/2, there is no need to explicitly include it
in the estimates). Notice also that the power 1/3 of €7 comes only from the local problems
discussed in Sections 6.4-6.5. When |c(77) — c¢*|, |c(7)) — ¢**| > € > 0, the material of Section 6.4
is no longer relevant and the estimate in Section 6.5 is of order ¢; as remarked after (6.12).
For s € I‘%l \ Ug, it follows from the third inequality in Lemma 3.5 and Lemmas 5.1-5.2 that

V(s) (s)(I+py'(s)E12)(MD) '(s) — I
(1) 0) _ _
= (s >(<I> (5)/ 8 () M () Bs M () = O(67 V).
Altogether, we have shown that ||V||s, ; = =0(0 % 1/ ), where O(-) is independent of § and 7,
and that |V|s,,; = Oc(6 %e;) when |c(ﬁ) -, ]c(n) — [ > e

It was explained in [4, Lemma 7.9] that the norms of Cauchy operators (functions are mapped
into traces of their Cauchy integrals) as operators from L*(X;,s) into itself are uniformly

3In particular, the estimate holds in C when ¢* < ¢(77) < ¢**.



Uniformity of Strong Asymptotics in Angelesco Systems 29

bounded above independently of 77 and vd. Then, as in Section 2, [12, Theorem 8.1] allows
us to conclude that RHP-Z is solvable for all e < €,6'2 and

4 1/3
1Z || L2(5,,5) < CO 45%/

or 1Z 1205, ,5) < Clotes, (7.2)
where C’, C! are independent of 77 and ¢ and the second estimate holds when |¢(77) — ¢*|, |e(77) —
| > e

Recall now that the squares Uz o, and Ug g, , have diameters that are at most 2vdc(ii) and
at least min{1/3, K'}dc(7) long, see (3.12), while the narrowest part of U g, is similarly propor-
tioned, see (3.13). Moreover, analogous claims hold for Uy ,, and Uity 5> and U g, with (i)
replaced by 1 —¢(77). Hence, one can choose a finite collection of values for the parameter v (the
values 1/2, 1, 2 should do the job) to make sure that there exists a constant v € (0, 1) such that ev-
ery z is at least distance yd¢; away from one of the lenses ¥ .5, where ¢z = min{c(n), 1 — ¢(7)}.
Since the arclengths of X5 5 are uniformly bounded above, it readily follows from the Cauchy
integral formula, a straightforward estimate, and the Holder inequality that

12 < C"(1 24 r2 (s 0) + 12N 12(25,0)) / (V50), (7.3)

for all dist(z, 35 ,5) > vs70 and i, k € {0,1,2}, and some constant C”, independent of 77 and 4,
where the superscript v signifies that these functions come from Z(z) with jump on X5 5. As
matrices Z(z) for different values of v are analytic continuations of each other, inequality (7.3)
can be improved to

|Zin(2)| < C"max (|21 | L2(ss ) + 12 -llL2(25,5)) / (V570) (7.4)

for all z € C and i,k € {0,1,2}, where Z; ;(2) needs to be replaced by Z; ;4 (z) for z € X5 5.

To prove (7.1), assume that ¢(77) < ¢** (the cases ¢* < ¢(7i) can be handled similarly). Recall
the definition of the polygon 0Uj g, in (3.13), see also Figure 2 (b). If we only consider indices 7
such that c() > ¢, then (7.2) and (7.4) clearly yield (7.1). When ¢(7) < ¢,, the part of ¥ .51
that lies in {|z — ay| > 2vr} only depends on vr (this must be a part of the boundary of the
second union in (3.13)) and every point of {|z — | > 2r} lies distance at least d from one of
the sets X5 52, v € [1/2,1] (perhaps at expense of decreasing 7). Thus, similarly to (7.3), it
holds that

1Zik(2)] < CUU1Z 4l 2(ns,5) + 12N 12(5, )/ (70)

for dist(z, X ,5) > 70 and |z — oq| > 2vr, and 4,k € {0,1,2}. We now get (7.1) from (7.2) and
the appropriate analog of (7.4) that is obtained from the above estimate by varying v € [1/2, 1]
over a finite set of values. |

8 Proofs of Theorems 1.1 and 1.6

The proofs of all the main results are based on the following lemma, which is an immediate
consequence of Lemma 7.1.

Lemma 8.1. A solution of RHP-X exists for all ez small enough and is given by

(MD)(z), zeC\Ug,
Pe(Z), FARS Uﬁ,eae S {a17ﬂﬁ,17617a27aﬁ,2762}7

X(2) := CZ(2) {

where Z(z) solves RHP-Z, N(z) = C(MD)(z) solves RHP-N, and P.(z) solve RHP-P,.
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8.1 Proof of Theorem 1.1

Let Kj4 := {z € C : dist(z,Az) > d}. We can choose parameter § in the definition of the
contour ¥ 5 so that Ky 4 does not intersect the closures of those connected components of the
complement of X5 s that intersect each Qf{i, i € {1,2}, see Figures 3 and 4, and recall (3.13).
However, Kj 4 can intersect U 5, or Uy o, When 31 ¢ Ui gy, OF Q2 ¢ Ut .+ T€SPeCtively (these
two things cannot happen simultaneously). We also assume that 2r < d in (7.1).

Recall the definition of Ij;(z) in (6.14). We define these functions to be non-zero only
in Uy g, and only when 8y & Uy g.,. The functions Ij; 9(2) are defined similarly in Uj o, and
only when as & Uz o, ,- Then Y

Y (2) = C(ZM)(2)(I + I51(2) E1 2 + I 2(2) E13) D(2), z € K g, (8.1)

by (4.7), (6.14), and Lemma 8.1. To be more precise, we need to write Y +(2) and I ;1 (2)
for z € A\ Ay when this set is non-empty as well as Z1(z) for z € Ky 4NUj g, or z € K5 ¢NUj 4,
when 31 ¢ Ugzp., or as & Uy, ,, respectively. With the notation of Lemma 7.1, we get
from (4.3), (8.1), the definition of M (z) in (5.2) and of C, D(z) in (5.3) that

Pi(2) = [Y(2)]1,1 = [Cl11[(ZM)(2)]11[D(2)]11
= (1 + Z()’()(Z) + SﬁJTS?)l (Z)Zo,l(z) + sﬁng%?)Z(z)Z()’Q(z))Pﬁ(z), (82)

where one needs to recall (1.29) and we set s ; := Séo)(oo)/Sg)(oo), i € {1,2}, as well as observe
that [C]1,1 = 1/75, see (1.24). Estimates (5.8) imply that

@I L@ 1 and  (1- (@) 2T, ()] S1 (8.3)

for x € Aj 1, where the constants in S are independent of 7i. It essentially follows from symmetry
and was rigorously shown in [4, Lemma 5.2] that

~

o\ —2[~(0 =1 (0
(1) Q‘T%)li(m)‘ <1 and (1 —¢(n)) 1!'1"%)&(37)‘ S (8.4)
for x € Aj 9. Moreover, we get from the first estimate in (5.6) that
s~ c(i) ! and sia ~ (1—c(@) ™, (8.5)

where the constants in ~ are independent of 7. Hence, we deduce from the maximum modulus
principle that

|51 TS (=), Sﬁ,zng(Z)’ S (8.6)

~

uniformly for all 7 and z in the extended complex plane, including the traces on Az. Plug-
ging (8.6) and (7.1) into (8.2) yields Pz(z) = (1 + o(1))P5(2) uniformly on Kj 4, where the
error terms are exactly as described in the statement of the theorem. Recall now that Pz(z) =
Pii1(2)Pro(2). Let Iy, := {2 : dist(z, Az ;) = d}, i € {1,2}. Assume that d is small enough
so that these two curves have disjoint interiors. It is easy to see from their very definitions
that Py ;(2) has winding number n; on I'; 4, (it is analytic and non-vanishing in the exterior
of I'z 4; with a pole of order n; at infinity) while Py 3_;(2) has winding number 0 (it is analytic
and non-vanishing in the interior of I'; 4;). Hence, P5(2) has winding number n; on I';; 4; and so
does Pj(z) for all e sufficiently small. For all such 7, let Py ;(2) be the monic subfactor of Pj(2)
of degree n; that has zeros only in the interior of I'; 4 ;. Then Py ;(2)/Ps i(2) is a holomorphic and
non-vanishing function in the exterior of I'; 4; that assumes value 1 at infinity. As this exterior
is simply connected, we have that f7;(2) := log (Pm(z) / PﬁZ(Z)) admits a holomorphic branch in
the exterior of I';; 4; that vanishes at infinity. Moreover, f51(2) + fa2(2) =log(1+40(1)) = o(1)
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uniformly in K3 4. Of course, this is true for any d > 0. Thus, we deduce from the Cauchy
integral formula that

fﬂ'(z):/ fﬁ,i(S)dS:/ o(1) — frz—i(s) ds :/ o(1) ds
" Tiasei =S 2mi Diia/2,i Z2—=S5 277'1 Fﬁd/QiZ—SQTFi

for z in the exterior of I'z 42 ;, where we used analyticity of [fii,3—i(2) in the interior of I'; 4 /2,i
on the last step. A trivial estimate now yields that f5;(z) = o(1) in the exterior of I'; 4 ;, which
is equivalent to the first claim of (1.28).

Let now Fj; g C A% be such that dist(Fj 4, E7) > d. Again, we can adjust ¢ so that Fj 4 does
not intersect the closure of Uz. Hence,

Y.(r)=C(ZMiDy)(z)(I +p;(2)Eix11), @€ FagNAny, (8.7)
for i € {1,2}, again by (4.7) and Lemma 8.1. Then we get for x € Fj; 4N Az ; that
Sb (0)
Pr(w) = %(1 + Zoo(@) + 551 (TG Z00) (2) + 812 (Y4 Zo2) ()
Sﬁ (00) 75
" 1
S&O)(OO)Tﬁ
(S3®a)Y () () 9
X (piqu’i:t)(l“) (1 + Zy 0( )+ Sit1 (Tﬁ 1:|:Z0»1)( )+ (Tn 2:‘:Zo72)(x)).

Since G(O)( ) = el (x) on Az, for any rational function G(z) on &y, it follows from the
definition of Fj(z), (1.22), (7.1), and (8.6) that

Pi(z) = (14 0(1))Psr () + (1 + o(1))Ps—(x)
uniformly on Fj 4. From this we immediately deduce that
Prz—i(@)
Pz i(x)

uniformly on Fj; 4N Ag;, @ € {1,2}. The second asymptotic formula of (1.28) now easily follows
from the first.

Pyi(z) = [(1+ o(1)) Pt (z) + (14 0(1)) P (2)]

8.2 Proof of Theorem 1.6

We retain the notation introduced in the previous subsection. Similarly to the matrix Y (2)
defined in (4.3), set

La(2) AV AP
Y (2) == | ~hiiLise, (2) hﬁ,lA%iq(z) hﬁ,lA;.le(z) , (8.8)
—hi2Liye,(2) hﬁ,zA%J)rg (2) hﬁ,QA(ﬁ_ag (2)

where Lj(z) := [(z — 2)7'Qz(x). It was shown in [25, Theorem 4.1] that

~

Y(z) = (Yi(2) ", (8.9)

where ‘' denotes the transpose. As before, let K 4 := {2z € C : dist(z, Az) > d}. We keep all
the restrictions on 0 and r in the definition of X5 s and in (7.1), respectively, specified at the
beginning of the previous subsection. It follows from (8.1) and (8.9) that

Y(2)=C N2 (2)(M ™)' (2)(I - I 1 (2) By — I5o(2)E31) D7 (2),
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z € Ky 4, where one needs to remember that the functions I 1(2) and I;2(2) are never non-
zero simultaneously and we need to replace matrix functions by their boundary values when
appropriate as described after (8.1). The above equation and (8.8) yield that

A0 =7l(Z7)' M) ()], 0B ) 2 Kag (8.10)
where one needs to remember that [Cl; 1 = 1/75, see (1.24) and (5.3). Let us rewrite (5.5) as

1( ) wm(z)
SOz 50 ()" 5P(z)

which also serves as a definition of the matrix IT(z). Then it follows from (8.10) that

M~Y(z) = diag ( ’(‘ ) T1(2)S(c0),

TiWi i (2)

A0 = () OS], o TG

z€ Kpg (8.11)

Observe that all the jump matrices in RHP-Z(b) have determinant one. Since Z(oo) = I, we
therefore get that det(Z(z)) = 1 in the entire extended complex plane. Hence,

61/3 {]2—041]227“, e

~ <c
Zin(2)| < CopBis, s ke {0,1,2), 8.12
‘ ],k’( )‘ 2 510 ’Z . 52‘ Z 27", ( ) Z J { } ( )

by (7.1) Wlth perha})s modified constant C ., where fj’k(z) = [(Zil)t(z)]ﬁrl je1 — Ojk- More-
over, as in g5~ can be replaced by €7 when the parameters (i) are unlformly separated
from c*, **. Notlce also that Z;1(oo0) = 0. Thus, we can write

[(Z271) ! (2)S(00) 1 (2)] 1,y = S (00) (I (2) + 11 (2) Zo o (2)
71H(1 (2 )Zo,l(Z)+87§,12Hg,)2(2)20,2(2)),
2 € Ky 4, where, as before, s;; = 55 (00) /S (c0). Now, observe that
W;i(2)/Ma(2) = — A7 Taa(2),  1e{1,2},

which follows by comparing zero/pole divisors in (1.14), (5.4), and the sentence after (5.1) as
well as the normalizations at co(!), see the sentence after (1.14), (5.4), and the display after (5.1).
Therefore, (8.11) can be rewritten as

A9 = (14 Zoo(z) — i) 2) - Tiale) Zo2(2) | Ana(2) (8.13)
A 0.0 si1 451 o si2Af 2 02 e '
Recall that A.; are continuous and non-vanishing functions of the parameter ¢ € [0,1] ex-
cept for Apy =0 and Ay = 0, see (1.13), which satisfy (1.34). Since T(q)i( ) = T;?J;(x)
for x € Ag ;, we get from (8.3), (8.4), and (8.5) that
T (2
ri(?) <Slszh| St (8.14)

uniformly for all 7 and z in the whole extended complex plane by the maximum modulus
principle for holomorphic functions). On the other hand, because Tg)l(z) has a simple pole at
infinity, the same line of arguments yields that

(@)
Tﬁlz(z) < 2 B + i

Z —
Y]
siiAai| ™ Brg — 2

+unle) (3.15)
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uniformly for all 7 and z in the whole extended complex plane (the right-hand side above
is simply the absolute value of a conformal map that takes the complement of Aj;; onto the
complement of the unit disk normalized to take infinity into itself). Since the functions ZM(Z)
vanish at infinity, it then follows from (3.1), (8.5), (8.12), (8.14), and (8.15) that

AD(2)/ Agi(2) = 1+ o)

uniformly on Kj 4, where o(1) has the same meaning as in Theorem 1.1. As the left-hand sides
above is analytic off Aj;, this estimate, in fact, holds uniformly for dist(z,Az;) > d by the
maximum modulus principle. This finishes the proof of the top formulae in (1.30).

Let now Fj q; C Ay, such that dist(F; g4, E5,;) > d. As usual, we can adjust 0 so that Fy 4;
does not intersect the closure of Uy. Relations (8.7) and (8.9) give us

Yi(e)=C™HZ ) (@)(M) (@)D (@) (I F o (@) Briva), w0 € Fras
Similarly to the proof of the second formula in (1.28), observe that
_ 0 0 i i
o7 (@G (2)/(8:00) D (@) = (wr i T1GL) (2)/(S305) P (@), @€ Ars,

by (1.22). Hence, analogously to (8.13), the above two formulae yield that

; . T (2) 10, (2)
A%)(:c) = (1 + Zoo(x) — ﬁil%’l(w) - #Lzo,z(ﬂf) A it ()
_ T (@) . T (@) .
+ (1 + ZO70(.’17) — Sﬂfijﬂlzm]_ CC) — Sﬂjizvzog(fﬁ) Aﬁ7z$($)

Since the estimates in (8.14) and (8.15) do hold on Fj 4,, the bottom formula in (1.30) follows.

9 Proof of Theorems 1.10 and 1.11

We retain the notation from the previous section.

9.1 Asymptotics of as;

In this subsection, we prove the first two equalities of the top line of (1.36) and the first asymp-
totic formula in (1.31). To this end, we need the formula

hii = amihi-z (9.1)

which is obtained by multiplying the first recurrence relation in (1.5) by 2™ !, integrating it
against du;(z), and recalling (1.4).

To extract asymptotics of hy;; we use (4.1). Formulae (4.3), (5.2), and (8.1) yield that

RY(2) = [Y (2)]1is1 = (ZM)(2)]1i41[D(2)]is 141

— (14 Zoo(2) + 551 T2 (2) Z01(2) + $7.2T9(2) Z0(2) >
( 0,0 aLl5a 0,1 2155 0,2 )Séo)(oo) w.4(2)

in a neighborhood of infinity. We get from (1.34), (3.1), (8.5), (8.14), and (8.15) that

[Cha (Si®a)"(2)

RY(z) = (1+ o(sns)) S (o0)  wii(2)
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in the vicinity of infinity, where o(1) is exactly the same as described in Theorem 1.1. Hence, it
follows from the second equality in (4.1) and the very definition of the matrix C in (5.3) that

_ I+ o(sii) [Cli
i [Clivtivt

)

hi i

)

(9.2)

On the other hand, since 1/hj_g, ; is the leading coefficient of AW (z), we get from the first two

p
n

formulae of (1.30), the limits stated right after (1.14), the definition of C, and (8.5) that

[C]H-l i+1
= (14 0(s7.))s7iAmi— . 9.3
hn—g,. ( (s, )) T [Clia (9:3)

Since S%JAM ~ 1, the first claim in (1.31) follows by plugging (9.2) and (9.3) into (9.1).

The above formulae also allow us to prove the validity of the first two equations in the top
line of (1.36). First of all, let us observe that the differentiability of A.; and B.; as functions
of con (0,c*) U (¢**,1) was established in [7, Section 4] based on an explicit parametrization of
the Riemann surfaces &, established in [6, 21, 22].

Fix ¢ € (0,¢*) U (¢**,1) and let N, be a sequence of multi-indices such that c¢(ii) — ¢
as |71] = oo, i € N.. Clearly, we also have ¢(7i — &;) — c as |ii]| — oo, i € N.. Notice that
the numbers s;,; and s;_g, ; are uniformly bounded along N. and s;;/sz_¢,; — 1 as |7i| = oo,
7 € N, due to the continuous dependence of the Szegd functions on the parameter. Hence, we
get from (9.1)—(9.3) that

[Cilin [Chzglit1i+1
[Cilitii+1 [Cr-glia

(L4 0(1)A7; = az,; = (1+0(1))

as || — oo, @ € N, where we explicitly indicate the dependence of the matrices C on the
multi-index 7. Using (1.24), we then get that

A n;—1 B- ng_;
o= () (57
W) Aj_zi Bj ¢,

as |fi| — oo, 7 € N, where B = Bj 2 — By 1. By taking logarithms of both sides and using the
mean-value theorem, we get that

as || — oo, 1 € N, for some &(77), (7)) that lie between ¢(77) and ¢(7i — €;). Notice that

)i,
c(ﬁ)—c(ﬁ—gi):i( 1)| .

Since ng_;/|7i| approaches either ¢ or 1 — ¢ along N, it therefore holds that

ns—i By

17| Ae¢ay,s || B

!/
ni — 1 A

)

o(1) =
n()

as |71| — oo, 1 € N.. Because (i), n(n) — c as |ff] — oo, T € N, the first two differential
equation in the top line of (1.36) follow by taking the limit in the above equality.
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9.2 Proof of (1.35)

In this subsection, we prove (1.35) and the last equality in the top line of (1.36). Let us
set Ry(c) :=c 2A.;1 and Ra(c) := (1 — ¢) 24,2, which are continuous non-vanishing functions
of the parameter ¢ € [0, 1], see (1.34), that are continuously differentiable on (0,1) \ {c*,c**}. It
follows from (1.33) that

R} (c) + Ry(c) = 2B.BL.. (9.4)

On the other hand, expressing A’cﬂ- through A ;, Bc, and B, by using the first two equalities in
the top line of (1.36) together with adding these expressions up gives

By

A+ ALy = "B,

1-c c
<CAC’1 + 1_CA072> == —C(l - C)BCBé, (95)

where we also used (1.33) for the last step. Combining equations (9.4) and (9.5) to elimi-
nate B.B. as well as dividing by Ri(c) yields

(1—-1¢)(2—c)R(c) Zzgg +c(l+0¢) gigg = —4c¢+4(1 - ¢)R(c). (9.6)

On the other hand, the first two relations in top line of (1.36) can be rewritten as

o Ry(c) _ o Ri(c) _
(1—2¢) Rz(c) —c Ri(c) =2. (9.7)

Equations (9.6) and (9.7) form a two by two linear system whose solution is given by

Ry(c) 2¢+ 1+ 2cR(c)

Ra(c) 21 — 2+ ¢(2—c)R(c) (9.8)
and

Ri(c)  2(1—¢)+(3—2¢)R(c)

Ri(c) ’ 1—c2+c¢(2—c)R(c) (9.9)

Equation (1.35) now follows by taking the difference between (9.8) and (9.9). Finally, the last
equality in the top line of (1.36) comes from (9.9) and the identity

Eé:_ c Ay _ 2 c R/ (c)

B. 1—cAca 1—c 1-=cRi(c)

9.3 Differentiability of x. and (3.1

In this subsection, we establish several facts that will be needed in the remainder of the proof of
Theorems 1.10 and 1.11. We investigate only the case ¢ € (0,c¢*) as the behavior for ¢ € (¢**, 1)
can be deduced similarly.

Since the symmetric functions of the branches of x.(z) are necessarily polynomials, we can
use (1.10) and (1.11) to derive the cubic equation satisfied by x.. This equation, after some
straightforward algebraic simplifications, can be written as

Ac 1 Ac 2
z=xc(2)+ : + : . 9.10
XC( ) Xc(z) - Bc,l Xc(z) - Bc,2 ( )
Given s € C, the above equation can be interpreted as
A A
z(e, 8) == W(Xc_l(s)) =5+ ol 4 o2 (9.11)

S — Bc,l S — Bc72 '



36 M.L. Yattselev

In particular, we see from (1.35), the top line of (1.36), and the remark made after Theorem 1.11
that 0.2(c, s) exists and is locally uniformly bounded in s € C\{B1, B2} (this estimate is also
uniform in ¢ € (0, ¢*) if s stays away from {B.; : ¢ € [0,c*]}).

As pointed out right before (1.33), we have that x.(8¢1) = (1—¢)Bc1+c¢Be2 when ¢ € (0, ¢*).
Thus, we get from (9.10) that

1 Ac,l Ac,2

Ber = —c)Ber+cBea+ 5 <c N 1_c> '

This, of course, immediately shows that 3. is a differentiable function of ¢ on (0, ¢*). The above
two observations will be sufficient for us to finish the proof of Theorem 1.11, that is, to prove
the bottom line of (1.36).

Now we deduce from (1.33) and the bottom line of (1.36) (the use of the bottom line of (1.36)
is not really necessary but allows us to get a more compact formula) that

b o e L (Aer A\ B o
= o= DB+ - (P8 = 122 ) = oeha(0) - (1 - IR,

Using the top line of (1.36), we obtain that

A, A, B
e 1-¢ 5(032(0) — (1 =c)Ri(c)).

Thus, using (1.33), (1.35), and (1.36) once more, we arrive at

51 = (e~ 1B, + (Rale) ~ Br(e) o
/ c 7\ 2
— 2eRs(c) — (1— C)Rl(c))% _ 6;;((6)) (gi) . (9.12)

Formula (9.12) clearly shows that 3 is a bounded continuous function of ¢ € (0,¢*) (it also
shows that (. is an increasing function of c).

9.4 Differentiability of o(c)

Before we go back to the proof of Theorems 1.10 and 1.11, we need to analyze the behavior of
one more auxiliary quantity, namely o(c), defined by

SO (z) = S (c0) <1 + ”(ZC) +0 <Z12)> .z oo (9.13)
More precisely, we need to establish its differentiability with respect to ¢ and the boundedness
of ¢/(¢). Again, we only consider the case ¢ € (0,c¢*) as the behavior for ¢ € (¢**,1) can be
deduced similarly.

We shall utilize a representation of S.(z) different from (1.21). To this end, let S,,(z) be
given by (1.23). Set pi(x) := p1(x)S,,(x) and define

Sei(z) = o) F.i(z) = we,1(2) / log(prwei+)(z)  dz
Ac 1

27 z—x we 1+ ()’

which is the standard Szeg6 function of (p1wc,14)(x) considered as a weight on A. ;. That is, it
is a non-vanishing holomorphic function off A.; (including at infinity) with continuous traces
on both sides of (a1, Bc1) that satisfy Se1+(2)Se1-(2)(p1)a., We1+)(z) = 1 and quarter-root
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singularities at aq, B 1. Next, recall that x.(Ag2) is a Jordan curve that approaches the cir-
cle xo(A2) := {|z — Boa|* = 4o 2} as c— 0, see (1. 13) and (1.32). We orient x.(Ag) clockwise.
The conformal map x.(z) maps SIS \ Ajand S, \ &' onto the interior and exterior domains
of Xe(Ag) with 0o®) mapped into co, see (1.10). Recall (9.11). Set

— ex FC,I(ZC(S)) E
Se2(2) := exp {ji(AQ) 5 — Xe(2) 271'1} ’

which is a sectionally analytic and non-vanishing function in &, \ Ag, Sc2 (oo(o)) = 1, and
Seo—(x) = Seor(x)Se1(x 2 on Ay (according to our chosen orientation of Ag, the positive
approach to A is from &, ). The properties of S¢1(z) and S;2(z) readily yield that

Se1(9)Sea(z),  ze &Y,
Se(z) = ke { Sen(2)/Sen(2), z€ &,
Sea(z), ze e,

where k. is a normalizing constant (one can readily check that the right-hand side above satis-
fies (1.22) and k. is there to achieve the normalization (550)551)59)@) = 1). Therefore,

o(c) = F1(00) — f Fur(2(c, 5))ds, (9.14)
xo0(Az2)

2mi

where we understand the derivative at infinity in local coordinates, that is, f(z) = f(o0) +
f'(00)/z+ -+, and we moved the curve of integration from x.(Az) to the circle xo(Az) by the
analyticity of F1(zc(s)) (if xo(Az) does not work for all ¢ € (0,c¢*), we can partition (0,c*)
into finitely many overlapping intervals and on each of them similarly replace x.(Az) by a curve
independent of ¢; this will not alter the forthcoming computations).

Let (.(y) = @(y + 1) + a3 be the linear function with positive leading coefficient that
takes [—1,1] onto A ;. Then,

\/7/1 log (i1 (£e(y) =5 V1= 1%)  dy
y—=z V1i-y?

It can be readily verified that the above expression can be rewritten as

122 logp1 dy \/z —1log+/1—y2dy 1 i
— ~log 7(5(3,1_041) .
1 Yy—2 2 1— — 2z 2my/1—y? 2 2

Notice that we do not need to worry about the logarithmic term as it is constant in z an will
disappear after integration on the circle xo(As2). The same reason allows us to subtract 1 from
the kernel in the above integrals without altering the expression in (9.14). Hence, we need to
analyze integrals of the form

1 2
Lin(z) = / ( 2-1_ 1) d(éc(y))k(y)dy’
-1\ ¥y—= 2w/ 1 — 12
where either d(z) = log p1(z) and k(y) = 1 or d(z) = 1 and k(y) = log /1 — y?. It is not hard
to see that I;(z) = O(z™!) and I5,(2) = O(27?), where O terms are un1form in c¢. Moreover,
it follows from (9.12) that the above expression is differentiable with respect to ¢ and it holds
that (Oclar)(2) = Beqla (41)k/2(2) = O (z7!), where O term is again uniform in c. Hence, we
have that

Fea(le(2)) =

_260 1(Z - 041)

Gor—arz O

Oelay (071(2)) = (Delar) (€1(2)) + 1hy (£21(2))
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where £_1(2) is the inverse (not reciprocal) function of £.(z) and O term is again uniform in c
and locally uniform in z. Hence, we have that

O F.1(2(c,8))ds = O(0:2(c,s)) = O(1),
xo(A2)

uniformly in ¢, where we used boundedness of 0.z(c, s) to reach the last conclusion, see the
sentence after (9.11). Similarly, since integrals of odd functions on (—1,1) are necessarily zero,
we have that

Beg—an [T ydy
Fla(o) = =212 [ log (1)

4 ~1 NS

Considerations virtually identical to the ones presented above show that Fy, ;(co) is differentiable
with respect to ¢ and that 9.F, ;(c0) = O(1) uniformly in c. Hence, we now deduce from (9.14)
that o(c) is differentiable and ¢’(¢) is bounded for ¢ € (0, ¢*).

9.5 Asymptotics of bz ;

In this subsection, we prove the bottom formula in (1.36) and the second asymptotic formula
in (1.31), thus, finishing the proof of Theorems 1.10 and 1.11. Both proofs rely on the formula

o Piite,(2)

which readily follows from the first relation in (1.5).
Consider (4.3) with 7 replaced by 7 4 €;. It holds that hj;[Y (2)]i+1,1 = Pr(z). Hence,
similarly to (8.2), we have that

[Clit1,i41
[Cl11

X (Zio(z) + 8ﬁ+a,z‘T%O+)gm(Z)(1 + Zi4(2)) + s n-iTare, 5_i(2) Zi3—i(2))

Pi(2) = hi i Priye,(2)

for z in a neighborhood of infinity. Recall that the functions Z; ;(z) and Yiie, 1(2) vanish at
infinity and

Asics (. Brres 1
T(_.O)_. ' _ Aiteii 1 i+€;,8 o=
"+ei”(z) z + z * 22

as z — 00, see (5.1). Since Pj(z) is a monic polynomial, it therefore follows from (7.1) and (8.6)
that
1 Site, iAste,iBrve, +o(1) 1

Py(z) = ( + : : —+0 (;)) Pire (2) (9.16)

z Site,ilire,; +o(l) 22

in the vicinity of infinity, where o(1) term in the denominator above is the constant next 1/z
term of Z; o(z). Of course, it also holds that

Piie(2) = (1+0(1))Piye,(2) (9.17)
for z around infinity. Plugging (9.16) and (9.17) into (9.15) gives

b Siive, iAite, iBrte, i + o(1)
o Siive;iAive,i +o(1)

+o(1).
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The above formula is insufficient to prove the second formula of (1.31) as sji¢, iAite, i ~ c(7)
as ¢(r1) — 0 by (1.34) and (8.5). However, if ¢ € (0,c¢*) U (¢**,1) and N, is as in the second
paragraph after (9.3), then

bi; = Biite,i +o(l)  asli] = oo, i€ N (9.18)
On the other hand, (9.15), (9.17), and (9.17) with 7 4 €; replaced by 7, give us that
biri = (Pa)1 — (Pite )1 +o(1) (9.19)

for all 5 small enough, where the error term is as in Theorem 1.1 and we write Pz(z) =
27 4 (Pr) 121711 ... According to (1.24) and (1.29), it holds that

0 n 0 n 0
Pi(2) = (X(2) = Ban)™ (K (2) — Bii2)™ 5 (2) /58 (c0).
Then we get from (1.10), (1.11), and (9.19) that
biii = Bive,i + m1(Biate,1 — Bi) +n2(Bive 2 — Bag) + 0 — 0ige, +o(1), (9.20)

where 07 = o(c(7)), see (9.13), and the error term is as in Theorem 1.1. When ¢(77), ¢(7i
[c*, ], &7 = Sj4e, and therefore (9.20) simply reduces to the second formula in (1.
deal with the remaining cases, recall that o(c) is a differentiable function of ¢ on (0, ¢*) U

with a bounded derivative there. Since

O

+e )
1)
(c
o (-1 s,

7l (7] + 1) 7
it follows from (9.20) and the mean-value theorem that

(1) tng_;
77| + 1

v
brs — Brszi +o(1) = (€ Big + (1= @) By + “ ) L 020
where the error term is as in Theorem 1.1 and £(77), n(7), ¢(7) lie between ¢(77) and (7 + €&;).

To finish the proof of Theorem 1.11, let ¢ and N, be as (9.18). The last relation in (1.36)
now follows from (9.18) and (9.21) since &(7i), n(77), () — ¢ as |7i| — oo, 7T € N.

As pointed out right after Theorem 1.11, (1.35) and the top line of (1.36) imply infinite
differentiability and boundedness of all the derivatives. Thus, we get from the mean-value
theorem that

‘Bﬁ(”)l 1‘ ‘Bn(n) 2 Bé(ﬁ),Z’ 5 |ﬁ|_1

with a constant independent of 7. Hence, we get from the bottom relation in (1.36) and (9.21)
that bz ;— Bz, ;+0(1) = O(|7i| 1) uniformly in 77 when at least one of the numbers ¢(7), ¢(7i+&;)
belongs to (0,c*] U [¢**,1) (notice that if for example c(7 + €1) < ¢* < ¢(n), then By ; = Be 4,
o7z = o(c*) and therefore (9.20) still yields (9.21) with &(77), n(77), ((7) € (c¢(7 + €1),¢*)). This
finishes the proof of Theorem 1.10.
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