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Abstract. We consider a class of exponentials in the Weyl–Heisenberg algebra with expo-
nents of type at most linear in coordinates and arbitrary functions of momenta. They are
expressed in terms of normal ordering where coordinates stand to the left from momenta.
Exponents appearing in normal ordered form satisfy differential equations with boundary
conditions that could be solved perturbatively order by order. Two propositions are pre-
sented for the Weyl–Heisenberg algebra in 2 dimensions and their generalizations in higher
dimensions. These results can be applied to arbitrary noncommutative spaces for construc-
tion of star products, coproducts of momenta and twist operators. They can also be related
to the BCH formula.
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1 Introduction

The first model of NC geometry was that of the Snyder spacetime [28], and NC spaces have
since been used in theoretical physics in the efforts to understand and model Planck scale
phenomena [8, 9, 15, 16, 28]. Besides the Snyder spacetime, another widely studied model
is the κ-Minkowski spacetime [1, 7, 15, 16, 18], where the parameter κ is usually interpreted
as the Planck mass or the quantum gravity scale and the coordinates themselves close a Lie
algebra. The κ-Poincaré quantum group [6, 15, 16, 17], as a possible quantum symmetry of the
κ-Minkowski spacetime, allows for the study of deformed relativistic spacetime symmetries and
the corresponding dispersion relations [2, 20]. It is an example of a Hopf algebra, where the
algebra sector is the same as that of the Poincaré algebra, but the coalgebra sector is deformed.

A powerful tool in the study of NC spaces is that of realizations in terms of the Weyl–
Heisenberg algebra [3, 10, 20, 21]. Namely, the NC coordinates are expressed in terms of the
commutative ones, which allows one to simplify the methods of calculation on the deformed
spacetime. Exponential formulas [4, 23, 24, 25, 26] are related to the deformed coproduct
of momenta in NC spaces and also appear in the computations of star products, which are
both needed for the definition of a field theory and the notion of differential calculus on a NC
spacetime. In [26], combinatorial recursions were found and formal differential equations were
derived. Closely related problems were considered in [29, 30, 31]. Exponential formulae, which
were used to obtain the coproducts and star products were also presented in [5, 22] and in a Lie
deformed phase space from twists in the Hopf algebroid approach in [11, 12, 13, 14].
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Our motivation is to generalize the results found in [5, 23, 24, 25, 26]. In Section 2 we consider
a class of exponentials in the Weyl–Heisenberg algebra with exponents of type at most linear in
coordinates and arbitrary functions of momenta. They are expressed in terms of normal ordering
where coordinates stand to the left of momenta. Exponents appearing in normal ordered form
satisfy differential equations with boundary conditions that could be solved perturbatively order
by order. Two propositions are presented for the Weyl–Heisenberg algebra in 2 dimensions. In
Section 3 we present these results for the Weyl–Heisenberg algebra in higher dimensions.

2 Exponential formula for the Weyl–Heisenberg algebra
in two dimensions

In this section we consider a class of exponentials in the Weyl–Heisenberg algebra in 2 dimensions
(generated with one coordinate and the corresponding momentum) with exponents of type at
most linear in the coordinate and arbitrary functions of momentum. They are expressed in
terms of normal ordering in which powers of the coordinate stand to the left of the powers of
momentum. Exponents appearing in normal ordered form satisfy differential equations with
boundary conditions that could be solved perturbatively order by order. The Weyl algebra,
quantum theory and normal ordering were presented in [19], specially, physical aspects of normal
ordering. Normal ordering in the Weyl algebra and relations in the extended Weyl algebra were
also given [19]. Some functional analysis considerations concerning considered operators, space,
domain etc. can be found in [19]. We present two propositions that are generalizations of the
results in [5, 19, 26].

Proposition 2.1. If [p, x] = −i, then

i) eikxφ(p) = :eixϕ(k,p):, k ∈ R, where : : denotes normal ordering, with the x’s left from the p’s,

ii) ϕ(k, p) = e−ikxφ(p)peikxφ(p) − p = J(k, p)− p, i.e., J(k, p) = e−ikxφ(p)peikxφ(p),

iii) J(k, p) is a unique solution of the partial differential equation

∂J(k, p)

∂k
= φ(J(k, p)), (2.1)

with boundary condition J(0, p) = p.

Proof. Expanding eikxφ(p) =
∑∞

n=0
1
n!(ikxφ(p))

n, and performing normal ordering of each term
(xφ(p))n, we are led to a general Ansatz

eikxφ(p) =

∞∑
n=0

(ix)n

n!
ϕn(k, p),

for some ϕn(k, p),

(adp)
meikxφ(p) =

∞∑
n=m

(ix)n−m

(n−m)!
ϕn(k, p),

where adp(x
n) = [p, xn] = −inxn−1, and(

(adp)
meikxφ(p)

)∣∣
x=0

= ϕm(k, p).

Hence,

eikxφ(p) =
∞∑
n=0

(ix)n

n!

(
(adp)

n
(
eikxφ(p)

))∣∣
x=0

.
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Let us introduce

J(k, p) = e−ikxφ(p)peikxφ(p) = p+ ϕ(k, p).

Furthermore,

adp
(
eikxφ(p)

)
=

[
p, eikxφ(p)

]
= eikxφ(p)

(
e−ikxφ(p)peikxφ(p) − p

)
= eikxφ(p)(J(k, p)− p) = eikxφ(p)ϕ(k, p).

Similarly,

(adp)
n
(
eikxφ(p)

)
= eikxφ(p)(ϕ(k, p))n.

It follows

ϕn(k, p) = (adp)
n
(
eikxφ(p)

)∣∣
x=0

= (ϕ(k, p))n.

Hence

eikxφ(p) =
∞∑
n=0

(ix)n

n!
(ϕ(k, p))n = :eixϕ(k,p):.

The differential equation for J(k, p) is

∂J(k, p)

∂k
= e−ikxφ(p)(−ikxφ(p)p+ ipxφ(p))eikxφ(p) = e−ikxφ(p)φ(p)eikxφ(p)

= φ
(
e−ikxφ(p)peikxφ(p)

)
= φ(J(k, p)),

with boundary condition J(0, p) = p. ■

Let us introduce

O = ad−ixφ(p) = φ(p)
∂

∂p
.

Consequently,

J(k, p) = ekO(p), O(p) = φ(p),

and

ϕ(k, p) = J(k, p)− p =

(
ekO − 1

O

)
(φ(p)), O(φ(p)) = φ(p)

∂

∂p
φ(p).

For example if φ(p) = pl and eikxφ(p) acts on eiqx, q ∈ R, then the solution of (2.1) in iii)
gives the same result as equation (6,49) in [19], changing ip → d/(dx), (−i)l−1k → λ, iq → k.

Proposition 2.2. If [p, x] = −i, then

eikxφ(p)+ikχ(p) = eikxφ(p)eih(k,p) = :eixϕ(k,p): eih(k,p), k ∈ R,

where

eih(k,p) = e−ikxφ(p)eikxφ(p)+ikχ(p), (2.2)

and

h(k, p) =

(
ekO − 1

O

)
(χ(p)).

h(k, p) is the unique solution of the partial differential equation

∂h(k, p)

∂k
= χ(J(k, p)),

with boundary condition h(0, p) = 0.
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Proof.

∂h(k, p)

∂k
eih(k,p) = −i

∂

∂k

(
e−ikxφ(p)eikxφ(p)+ikχ(p)

)
= e−ikxφ(p) (−xφ(p) + xφ(p) + χ(p)) eikxφ(p)+ixχ(p)

= e−ikxφ(p)χ(p)eikxφ(p)+ikχ(p)

= χ
(
e−ikxφ(p)peikxφ(p)

)
e−ikxφ(p)eikxφ(p)+ikχ(p) = χ(J(k, p))eih(k,p).

The partial differential equation for h(k, p) follows from the above equation. The unique solution
for h(k, p) is

h(k, p) =

(
ekO − 1

O

)
(χ(p)) = k

∞∑
n=0

1

(n+ 1)!
knOn(χ(p)),

in agreement with the BCH formula

eAeB = exp

(
A+B +

1

2
[A,B] +

1

12
([A, [A,B]] + [B, [B,A]]) + · · ·

)
and A = −ikxφ(p), B = ikxφ(p) + ikχ(p), see the r.h.s. of (2.2). ■

3 Exponential formula for the Weyl–Heisenberg algebra
in higher dimensions

Propositions 2.1 and 2.2 can be generalized to the Weyl–Heisenberg algebra in higher dimensions,
which leads to two theorems. Here the Weyl–Heisenberg algebra is generated with coordinates xµ
and momenta pν with Minkowski metric ηµν = diag(−1, 1, . . . , 1) and µ, ν = 0, 1, . . . , n − 1.
Summation over repeated indices is assumed. Generalization to arbitrary signature is straight-
forward.

Theorem 3.1. If [xµ, xν ] = 0, [pµ, pν ] = 0 and [pµ, xν ] = −iηµν , then

i) eikβxαφαβ(p)+ikαχα(p) = :eixαϕα(k,p): eih(k,p), k = (kµ) ∈ Mn, where Mn denotes Minkowski
space.

ii) ϕµ(k, p) =
(
eO

)
(pµ) − pµ =

(
eO−1
O

)
(kβφµβ(p)) = Jµ(k, p) − pµ, where O = kαOα and

Oα = ad(−ixβφβα(p)).

iii) Jµ(k, p) = e−ikβxαφαβ(p)pµe
ikβxαφαβ(p) =

(
ekαOα

)
(pµ), Jµ(k, p) is the unique solution of the

partial differential equation

kβ
∂Jµ(k, p)

∂kβ
= kβφµβ(J(k, p)), Jµ(0, p) = pµ.

iv) eih(k,p) = e−ikβxαφαβ(p)eikβxαφαβ(p)+ikαχα(p), h(k, p) =
(
ekαOα−1
kαOα

)
(kβχβ(p)). h(k, p) is the

unique solution of the partial differential equation

kβ
∂h(k, p)

∂kβ
= kβχβ(J(k, p)), h(0, p) = 0.

The proof of Theorem 3.1 follows from Propositions 2.1 and 2.2 in a straightforward way.
Theorem 3.1 has been used to construct the Drinfeld twist corresponding to a linear realization

of the gl(n) algebra [27].
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For example Jµ(k, p) in Theorem 3.1(iii), in the 3rd order in the ad expansion is given by

Jµ(k, p) = pµ + (kαOα)(pµ) +
1

2
(kαOα)

2(pµ) +
1

6
(kαOα)

3(pµ)

= pµ + kαφµα(p) +
1

2
kα′φβ′α′(p)

∂

∂pβ′
(kαφµα(p))

+
1

6
kα′′φβ′′α′′(p)

∂

∂pβ′′

(
kα′φβ′α′(p)

∂

∂pβ′
(kαφµα(p))

)
. (3.1)

If we perform a transformation kµ → λkµ, λ ∈ R, Theorem 3.1 becomes

Theorem 3.2.

i) eiλkβxαφαβ(p)+iλkαχα(p) = :eixαϕα(λk,p): eh(λk,p).

ii) ϕµ(λk, p) =
(
eλO

)
(pµ)− pµ =

(
eλO−1

O

)
(kβφµβ(p)) = Jµ(λk, p)− pµ, O = kαOα.

iii) Jµ(λk, p) = e−iλkβxαφαβ(p)pµe
iλkβxαφαβ(p) =

(
eλO

)
(pµ). Jµ(λk, p) is the unique solution of

the partial differential equation

∂Jµ(λk, p)

∂λ
= kβφµβ(J(λk, p)), Jµ(0, p) = pµ.

iv) eih(λk,p) = e−iλkβxαφαβ(p)eiλkβxαφαβ(p)+iλkαχα(p), h(λk, p) =
(
eλO−1

O

)
(kβχβ(p)). h(λk, p) is

the unique solution of the partial differential equation

∂h(λk, p)

∂λ
= kβχβ(J(λk, p)),

with boundary condition h(0, p) = 0.

Note that

kβ
∂

∂kβ
→ λkβ

∂

∂(λkβ)
= λ

∂

∂λ
.

Corollary 3.3. If φµν(p) is linear in p, then ϕµ(k, p) is also linear in p and vice versa,

eiλxαAαβpβ = :eixα(eλA−1)αβpβ :, λ ∈ R,

where A is a matrix of scalar constants.

Proof. Let kαφµα(p) = Aµαpα, then according to Theorem 3.1 Jµ(λk, p) =
(
eλO

)
(pµ) =(

eλA
)
µα

pα and ϕα(λk, p) =
(
eλA − 1

)
αβ

pβ.

If ϕµ(k, p) and Jµ(k, p) are not linear in p, then φµν(p) is also not linear in p. From the
expressions for Jµ(k, p) and h(k, p) in Theorem 3.1(iii)(iv), we find

φµν(p) =
∂Jµ(k, p)

∂kν

∣∣∣∣
k=0

, χµ(p) =
∂h(k, p)

∂kµ

∣∣∣∣
k=0

.

Or from Theorem 3.2(iii)(iv)

kαφµα(p) =
Jµ(λk, p)

∂λ

∣∣∣∣
λ=0

, kαχα(p) =
∂h(λk, p)

∂λ

∣∣∣∣
λ=0

.

On the other hand, from φµν(p), we can construct Jµ(k, p) and ϕµ(k, p) perturbatively or-
der by order using Theorem 3.1(iii) or Theorem 3.2(iii), see equation (3.1). Analogously,
from χµ(p) we can construct h(k, p) perturbatively order by order using Theorem 3.1(iv) or
Theorem 3.2(iv). ■
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Let us define the ▷ action by

xµ ▷ f(x) = xµf(x), pµ ▷ f(x) = −i
∂f(x)

∂xµ
.

These relations imply pµ ▷ eiqx = qµe
iqx, whence f(p) ▷ eiqx = f(q)eiqx. Then we have,

Corollary 3.4.

eikβxαφαβ(p)+ikαχα(p) ▷ eiqαxα = eixαJα(k,q)+ih(k,q).

Corollary 3.5. Let λ ∈ R and let

eiλxαF
(1)
α (p) = :eixα(J

(1)
α (λ,p)−pα):,

eiλxαF
(2)
α (p) = :eixα(J

(2)
α (λ,p)−pα):,

where

J (1)
µ (λ, p) =

(
eλO

(1))
(pµ), O(1) = ad−ixαF

(1)
α (p)

,

J (2)
µ (λ, p) =

(
eλO

(2))
(pµ), O(2) = ad−ixαF

(2)
α (p)

.

Then,

eiλxαF
(1)
α (p)eiλxβF

(2)
β (p) = eiλxγF

(3)
γ (p) = :eixγ(J

(3)
γ (λ,p)−pγ):,

J (3)
µ (λ, p) = J (1)

µ

(
λ, J (2)(λ, p)

)
.

Proof.

eiλxαF
(1)
α (p) eiλxβF

(2)
β (p) ▷ eiqx = eiλxαF

(1)
α (p) ▷ eixαJ

(2)
α (λ,q) = eixαJ

(1)
α (λ,J(2)(λ,q)),

from which it follows

J (3)
µ (λ, q) = J (1)

µ

(
λ, J (2)(λ, q)

)
, ∀ q ∈ R,

J (3)
µ (λ, p) = J (1)

µ

(
λ, J (2)(λ, p)

)
.

From J
(3)
µ (λ, p) =

(
eλO

(3))
(pµ) and O(3) = ad−ixαF

(3)
α (p)

we can construct F
(3)
µ (p) =

∂J
(3)
µ (λ,p)
∂λ

∣∣
λ=0

.

This is an alternative construction to the one obtained from the BCH expansion. ■

The results from Section 3 can be applied to arbitrary noncommutative spaces for the con-
struction of star products, coproducts of momenta and twist operators [5, 22], specially for the
Weyl realizations of Lie algebra type spaces. They can also be related to the BCH formula.
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