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1 Introduction

The theory of Nichols algebras was dominated and motivated by Hopf algebra theory. In 1978,
W. Nichols first introduced the structure of Nichols algebra in the paper “Bialgebras of type
one” [22], where he studied certain pointed Hopf algebras. S.L. Woronowicz rediscovered this
structure in his approach to “quantum differential calculus” [28, 29]. M. Rosso and G. Lusztig
defined and used them to present quantum groups in a different language [21, 23]. In fact,
Nichols algebra turns out to be very important in Hopf algebras and quantum groups [2, 6, 24]
and has applications in conformal field theory and mathematical physics [25, 26, 27]. Nichols al-
gebras play an important role in the classification of pointed Hopf algebras with certain finiteness
properties in papers by N. Andruskiewitsch and H.-J. Schneider, see for example [4, 6]. The
crucial step to classify pointed Hopf algebras is the computation of the Nichols algebras. The
explicit presentations by generators and relations of a finite-dimensional Nichols algebra of
a braided vector space in suitable classes are crucial for the classification lifting method in [4, 6].

Several authors have already classified both infinite and finite dimensional Nichols algebra
of Cartan type, see [5, 12, 23]. Further, N. Andruskiewitsch [1] stated the following question.

Question 5.9. Given a braiding matrix (g;j)1<; j<¢ whose entries are roots of 1, when B(V)
is finite-dimensional, where V' is a vector space with basis x1,...,2¢ and braiding c(z; ® ;) =
¢ij(z; ® ;)7 If so, compute dimy B(V'), and give a “nice” presentation by generators and
relations.

The first half of Question 5.9 was answered by the first named author in [14] when the charac-
teristic of the field is 0. The crucial theoretical tools of the classification were the Weyl groupoid
of a braided vector space of diagonal type and the root system associated to a Nichols algebra
of diagonal type, see [12]. From V. Kharchenko [20, Theorem 2] any Nichols algebra B(V') of di-
agonal type has a (restricted) Poincaré-Birkhoff-Witt basis consisting of homogenous elements
with respect to the Z"-grading of B(V'). In [12], the root system and the Weyl groupoid of B(V)
for a Nichols algebra B(V') of diagonal type was defined. This Weyl groupoid plays a similar
role as the Weyl group does for ordinary root systems. Based on these results, in [18] and [10]
the abstract combinatorial theory of Weyl groupoids and generalized root systems was initiated.
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Later, the theory of root systems and Weyl groupoids was extended to more general Nichols
algebras in [3, 16, 17]. With the classification result in [14], N. Andruskiewitsch and H.-J. Schnei-
der [7] obtained a classification theorem about finite-dimensional pointed Hopf algebras under
some technical assumptions. On the other hand, it is natural and desirable to analyze the clas-
sification of Nichols algebras of diagonal type for arbitrary fields. The authors in [8] constructed
new examples of Nichols algebras in positive characteristic by applying a combinatorial formula
for products in Hopf quiver algebras.

In this paper, all rank 2 Nichols algebras of diagonal type with a finite root system over fields
of positive characteristic are classified. We introduce some properties of rank two Cartan graphs,
see Theorem 4.15. Theorem 4.15 characterizes finite connected Cartan graphs of rank two in
terms of certain integer sequences. This theorem simplifies substantially the calculations needed
to check that the Weyl groupoids of the Nichols algebras in Tables 5.1-5.6 of our classification
are finite. Indeed, using the theorem, these calculations can be done by hand within a very
short time, in contrast to the calculations based on the definition of the Weyl groupoid W or
using a longest element of W. The main result of this paper is Theorem 5.1. Table 7 illustrates
all the exchange graphs of the corresponding Cartan graphs in Theorem 5.1.

The structure of the paper is as follows. In Section 2 we recall the definition of Cartan graphs,
their Weyl groupoids and root systems. Some well-known results are also recalled. In Section 3,
Theorem 3.1 associates a semi-Cartan graph C(M) of rank 6 to a tuple M of finite-dimensional
irreducible Yetter—Drinfel’d-modules. Further, C(M) is a Cartan graph if the set of real roots
of M is finite. The Dynkin diagram for a braided vector space of diagonal type is recalled
in Section 3.1 and some corollaries are also obtained, see Lemma 3.4 and Proposition 3.6. In
Section 4 we recall certain integer sequences and prove a local property of them in Theorem 4.6.
This is another main technical part for the classification. Finally the main result of this paper
is formulated in Section 5, see Theorem 5.1. In this section, all rank two Nichols algebras of
diagonal type with a finite root system over fields of positive characteristic are classified. Since
many subcases have to be considered, this is the largest part of the paper. To simplify the
results, this paper ends with 5 tables containing all the Dynkin diagrams of rank two braided
vector spaces with a finite root system for all fields of positive characteristic.

Throughout the paper k denotes a field of characteristic p > 0. Let k* =k \ {0}. The set
of natural numbers not including 0 is denoted by N and we write Ng = NU {0}. For n € N,
let G}, denote the set of primitive n-th roots of unity in k, that is G), = {q € k*|¢" = 1,
q" #1forall 1 <k <n}.

2 Cartan graphs and root systems

Let I be a non-empty finite set. Recall from [19, § 1.1] that a generalized Cartan matrix is
a matrix A = (a;;); jer with integer entries such that

e a;; =2 and aj; <0 for any ¢,5,k € I with j # k,

e if a;; = 0 for some 4,j € I, then aj; = 0.

Let X be a non-empty set and let v : I x X — X be a map. Foralli e I, let r; : X — X,

X = r(i,X). Let AX = (a%{')i,jel be a generalized Cartan matrix in Z/*! for all X € X. The

quadruple C = C(I, X, r, (AX)xex) is called a semi-Cartan graph if
° 7'12 =idy for all i € I,

X — "X forall X € X and i,j € 1.

° Ti

The cardinality of I is called the rank of C, and the elements of I the labels of C. The
elements of X’ are called the points of C. Semi-Cartan graphs are called Cartan schemes in [9].
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We change the terminology in order to increase the recognizability of our structures, to avoid
possible confusion with other mathematical concepts, and in order to shorten the notation for
our main objects, the Cartan graphs. We thank N. Andruskiewitsch and H.-J. Schneider for
a very fruitful discussion on this issue.

The exchange graph of C is a labeled non-oriented graph with vertices corresponding to points
of C, and edges marked by labels of C, where two vertices X, Y are connected by an edge i if
and only if X # Y and r;(X) =Y (and r;(Y) = X). For simplification, instead of several edges
we display only one edge with several labels. A semi-Cartan graph is called connected if its
exchange graph is a connected graph.

Let C = C(I,X,r,(AX)xecx) be a semi-Cartan graph. We fix once and for all the notation
(evi)ieq for the standard basis of Z!. Then there exists a unique category D(X, I) with objects
ObD(X,I) = X and morphisms Hom(X,Y) = {(Y,f, X)| f € End(Z")} for X,Y € X, such
that the composition is defined by

(Zang)O(Y7f7X):(Z7gf7X)
forall X,Y,Z € X, f,g € End(Z'). Forall X € X and all i € I, let

si € Aut (Z1), sfaj=a; —axaq; (2.1)

7 ¥
for all j € I. We write W(C) for the smallest subcategory of D(X,I) which contains all mor-
phisms (7;(X), s, X), where i € I and X € X. The morphisms (r;(X),sX, X) are usually

i
abbreviated by SZX , or by s;, if no confusion is possible. Since all generators are invertible W(C)
is a groupoid.
Let C = C(I, X, 7, (AX) xex) be a semi-Cartan graph and (A%) ycy a family of sets A~ ¢ Z.
We say that R = R(C, (AX)xex) is a root system of type C if and only if
o AY = (A*NN))u—(A¥ NN,
o AXNZa; = {0y, —a;} foralli €1,
o s(A%) = A" forallie I,
o (rirj)mfg (X) = X for any i,j € I such that i # j where me( = ‘AX N (Noay + Noozj)| is
finite.
For any category D and any object X in D, let Hom(D, X) = Uyep Hom(Y, X). For all X € X,
the set
AN = {wa; € 7! | w € Hom(W(C), X)}

is called the set of real rootsof C at X. The elements of Afre = AX NN/ are called positive
roots and those of AX™ N —N! negative roots. A semi-Cartan graph is called finite if AX™ is
a finite set for all X € X.

Let tfj(» = ‘Axre N (Noa; + Noaj)‘. We say that C is a Cartan graph if the following hold:

e For all X € X the set AX™ consists of positive and negative roots.

o Let X € X and i,j € I If 5 < oo then (rir;)' (X) = X.
In that case, W(C) is called the Weyl groupoid of C.
Remark 2.1.

e A semi-Cartan graph C is a Cartan graph if and only if R = R(C, (AXre)Xe,y) is a root

system of type C.

e For any finite Cartan graph C, there is a unique root system R = R(C, (AXTe) x ¢ X) of
type C, see [10, Propositions 2.9, 2.12].
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3 Cartan graphs for Nichols algebras

Let H be a Hopf algebra over k with bijective antipode. Let g)ﬂD denote the category of
Yetter—Drinfel’d modules over H and ]-'éq the set of #-tuples of finite-dimensional irreducible
objects in gyD for all 6 € N. For all V € g)ﬂD, let 5 denote the left coaction of H on V
and - the left action of H on V. Let # € N, I = {1,...,0}, and M = (My,...,My) € .7:9H.
Write [M] = ([Mi],...,[Mg]) € X}, where X denotes the set of f-tuples of isomorphism
classes of finite-dimensional irreducible objects in #YD. Let B(M) denote the Nichols algebra
B(M; @ ---@ Mj). The Nichols algebra B(V) is known to be a Ni-graded algebra and coalgebra
in g)}D such that deg M; = «; for all ¢ € I.

The adjoint action in the braided category YD is given by ad.z(y) = zy — (z(<1) - ¥)7(0)
for all z € My @ -+ @® My, y € B(M), where 6(z) = x(_1) ® z(q).

By [17, Definition 6.8], the Nichols algebra B(M) is called decomposable if there exists a totally
ordered index set (L, <) and a family (W});cr, of finite-dimensional irreducible N§-graded objects
in g)}D such that

B(M) ~ Q) B(W). (3.1)

leL

Decomposability of B(M) is known under several assumptions on M. In particular, if H is
a group algebra of an abelian group and dim M; = 1 for all 1 < ¢ < 6, then B(M) is decomposable
by a theorem of V. Kharchenko [20, Theorem 2].

Assume that B(M) is decomposable. One defines for any decomposition (3.1) the set of

positive roots A[Jiw] c Z!' and the set of roots AM < Z! of [M] by
AM = faegw) 1€ L},  AM =AMy _AlM,

The set of roots of [M] does not depend on the choice of the decomposition (3.1).

Let 7 € I. Following [16, Definition 6.4] we say that M is i-finite, if for any j € I\ {i},
ad. M;)™(M;) = 0 for some m € N. Assume that M is i-finite. Let (Gi‘;’[)jel € 7' and
RZ(M) = (Ri(M)j)jeL where

]2 if j=i,
Y| —max {m € N | (ad. My)™(M;) # 0} it j #1,
Ri(M), = M;*,  Ri(M); = (adc M;)™" (M;). (3.2)

Then R;(M); is irreducible by [16, Theorem 7.2(3)]. If M is not i-finite, then let R;(M) = M.
Let

XfT ) = (R R
FYM) = By - By

in

(M) € X/ |n €Ny, i1,....in € I},
M) e Fglin €Ny, i1,... in € I}.

We say that M € FJ admits all reflections if N is i-finite for all N € FI(M).

Theorem 3.1. Let M € F}I. Assume that M admits all reflections. Let r : I x X1(M) —
X (M), (i,[N]) = [R;(N)] for alli € I. Then

(M) = {1, x (M), (A[N])[N]GXQH(W}

is a semi-Cartan graph. If moreover AMIe s finite, then C(M) is a Cartan graph.



Rank 2 Nichols Algebras of Diagonal Type over Fields of Positive Characteristic 5

Proof. The first claim follows from [3, Theorem 3.12], see [16, Theorem 6.10] for details.
If AMIre ig finite and M admits all reflections, then

R(M) = R(C(M), (A™) v (ary)

is a root system of type C(M) by [17, Corollary 6.16]. Hence C(M) is a Cartan graph because
of [10, Proposition 2.9]. [ |

Therefore if M admits all reflections then we can attach the groupoid W(M) := W(C(M))
to M.

3.1 Small Cartan graphs for Nichols algebras of diagonal type

Let G be an abelian group and let V' be a Yetter—Drinfel’d module over kG of rank 6 with a basis
{zilieI}. Let . :kG®V — Vand 6 : V — kG ® V denote the left action and the left coaction
of kG on V, respectively. Assume that V is of diagonal type. More precisely, let {g; |i € I} be
a subset of G and ¢;; € k* for all 7,5 € I, such that

§(xi) = gi ® x;, 9i-Tj = QijTj

for i,j € I. Then V is a braided vector space of dimension 6 [1, Definition 5.4] and the braiding
c € End(V ®V) is of diagonal type, that is c(z; ® x;) = g;;x; @ x; for all 4, j € I. Then (gs5)i jer
is the braiding matriz of V' with respect to the basis {z;|i € I}.
The braiding matrix is known to be independent of the basis {z;|i € I}, up to permutation
of I. It can be obtained for example from [15, Proposition 1.3] using the arguments in its proof.
The Nichols algebra B(V') generated by V' is said to be of diagonal type [1, Definition 5.8].
For p € B(V), the braided commutator ad. takes the form ad.x;(p) = x;p — (g;.p) ;.

Lemma 3.2. Let M = (M;);es € ]:g{G be a tuple of one-dimensional Yetter—Drinfel’d modules
over kG and let x; be a basis of M;, for alli € I. Let m € Ng. For any i,j € I with i # j, the
following are equivalent:

(@) (m+1)q,(afqijq5 — 1) = 0 and (k + 1), (afiqijq5: — 1) # 0 for all 0 < k <m,

(b) (adez;)™ 1 (z5) = 0 and (ad.z;)™(x;) # 0 in B(V),

(c) —af\f =m.
Here (n)y :==1+q+ -+ q" 1, which is 0 if and only if ¢" = 0 for ¢ # 1 or p|n for g = 1.
Proof. (a)&(b) follows from [6, Lemma 3.7] and (b)<>(c) holds by the definition of af‘j/-]. [ |

Lemma 3.3. Leti € I. Then M = (M;);er € F5C is i-finite if and only if for any j € I\ {i}
there is a non-negative integer m satisfying (m + 1)4,, (/" qijq5 — 1) = 0.

Proof. The claim follows from Lemma 3.2. [ |

Let V be a #-dimensional braided vector space of diagonal type. Let (g;;)i jer be a braiding
matrix of V. The Dynkin diagram [13, Definition 4] of V' is denoted by D. It is a non-directed
graph with the following properties:

e there is a bijective map ¢ from I to the vertices of D,

e for all i € I the vertex ¢(i) is labeled by g¢;;,

e for any i,j € I with i # j, the number n;; of edges between ¢(i) and ¢(j) is either 0 or 1.
If g;jqj; = 1 then n;; = 0, otherwise n;; = 1 and the edge is labeled by g;;q;;.
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Let M = (M;)ier € .T-'g‘G be a tuple of one-dimensional Yetter—Drinfel’d modules over kG.
The Dynkin diagram of M is the Dynkin diagram of the braided vector space M1 @ --- @© Mjy.

Let ¢ € I. Assume that M is i-finite. By definitions of R;(M) and M, the tuple (y;)jer is
a basis of R;(M), where

)i it j=1,
= (adcmi)fa%(xj) if j#1,

where y; € M\ {0}.
From the method in [13, Example 1], one can obtain the labels of the Dynkin diagram of
R;i(M) = (Ri(M);)jer. In more detail, we have the following lemma.

Lemma 3.4. Leti € I. Assume that M 1is i-finite and let a;; := af\;[ foralljel. Let (q;k)j’kej

be the braiding matriz of R;(M) with respect to (y;)jer. Then the labels of the Dynkin diagram
Of RZ(M) = (Ri(M)j)jeI are

ii if j=1,
¢, 45j N @:f J # 2:7 Gij Qi = Q3"
4iiqj;(4ij25:) "7 if JF#4 @i € Gig,,,
4jj(qija5i) ™% if jFA qu =1,
Qijdji if A4 G =4
G = \ G050 " JF 0 i € G,
(gja50) " if GA4 qu=1,

and if j, k #1i, j # k, then

Qjkqk; if qirqri =g, 7€ {4k},
Ll — ijij(Qikaiqi;:‘)_aij N i 4 = a7, i € Gy,

Gk ki (@5 q56) "% (Qanari) 7 if  qi = 1,

@k 05 (i Qi Qi Qri )~ if @i €G_,,, i€ Gﬁ—aij-

Assume that M admits all reflections. By Theorem 3.1, we are able to construct a semi-
Cartan graph C(M) of M

C(M) = (Ia XGkG(M)’ (Ti)iela (AX)XGX(E;G(M))a

where Xy% (M) = {[R;, -+ R;,,(M)] € F5|n € Ny, i1,...,i, € I}. Note that any X € X% (M)
has a well-defined braiding matrix given by the braiding matrix of any representative of X.

Definition 3.5. Assume that M admits all reflections. For all X € X}G(M ) let
[(X)g={Y € XxC (M) |Y and X have the same Dynkin diagram }.

Let Vi (M) = {[X]5|X € Xy (M)} and AR = AX for all X € AFE(M). Let t : I x Y5(M) —
Vi (M), (i,[X]5) = [ri(X)]5. Then the tuple
Co(M) = {1 V5t (A7) cyan}

is called the small semi-Cartan graph of M.
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Proposition 3.6. Assume that M admits all reflections. Then the tuple

CS(M) = {[7 yg(M)a t, (AY)Yeyg(M)}
is a semi-Cartan graph. Moreover, if C(M) is a finite Cartan graph, then Cs(M) is a finite
Cartan graph.

Proof. The map t and AXJi are well-defined for all [X]3 € V5(M). Indeed, if X, X’ € [X]3,
then AX = AX' by Lemma 3.2. Thus AX6 is well-defined. Further, Lemma 3.4 implies that
ri(X) and r;(X’) have the same Dynkin diagram. Hence ¢ is well-defined. Since ¢;([X]5) =
t(i, [X]5) = [ri(X)]5 and r? = id, then for all i € I, t? = idys(ar). Moreover, ag(]z = Z.([X]g)
Hence the first claim holds.

The second claim follows from the definitions of AX™ and Cy(M). |

4 Finite Cartan graphs of rank two

In this section we simplify slightly the fundaments of the theory presented in [9] and give
a characterization of finite Cartan graphs of rank two.

Definition 4.1. Let AT denote the smallest subset of Un>2Np such that

e (0,0) € AT,

o if (c1,...,cp) € AT and 1 < i <mn, then (c1,...,¢ci2,¢i1+1,1,¢,+1,...,¢,) € AT,
Remark 4.2. Note that our definition of A" is different from the one in [11].

From the definition of A", we get the following lemma.

n
Lemma 4.3. Letn > 2 and (c1,...,c,) € AT. Then > ¢; = 3n — 6.
i=1

The definition of A" implies the following.

Proposition 4.4. Let n > 2. Enumerate the vertices of a conver n-gon by 1,...,n such that
consecutive integers correspond to meighboring vertices. Let T, be the set of triangulations of
a convex n-gon with non-intersecting diagonals. Let T' = Up>oT,,. For any triangulation t € T;,
and any i € {1,...,n}, let ¢; be the number of triangles meeting at the i-th vertex. Then the
map ¢ : T — AY, t v (c1,...,¢p) is a bijection.

Proof. We proceed by induction on n. For n = 2, a triangulation of a convex 2-gon is itself.
Then (c1,c2) = (0,0). Hence the claim is true for n = 2. For n > 3, the definition of A™
corresponds bijectively to the construction of a triangulation of a convex (n + 1)-gon by adding
a new triangle between two consecutive vertices of a convex n-gon, but not at the edge between
the first and the last vertex. By adding one triangle between two consecutive vertices of a con-
vex n-gon, one increases the number of triangles at the two adjacent vertices and the number of
triangles at the new vertex becomes 1. |

Corollary 4.5. Let n > 2 and let (c1,...,c,) € AT.

(1) (cnyCn-1,---,c1) € A" and (ca,¢3,...,cn,c1) € AT.
(2) If n > 3, then there is 1 < i < n satisfying ¢; = 1. For any such i, (c1,...,¢i—2,¢i—1 — 1,
Ci1 — 1,¢ip2, ..., ) € AT

(3) If n >3, then¢; > 1 for all1 <i<n.
(4) If i =1, ¢iy1 =1 for some1 <i<n-—1, thenn=3 and c= (1,1,1).
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Table 4.1. Sequences in AT containing exactly one subsequence from Theorem 4.6.

subsequences \ sequences in AT
(1,1) (1,1,1)
(1,2,1) (1,2,1,2)
(1,2,2) (1,2,2,2,2,2,1,6)
(1,2,3) | (1,2,3,1,6,1,2,3,1,6,1,2,3,1,6)
(2,1,3) (2,1,3,4,2,1,3,4,2,1,3,4)
(2,1,4) (2,1,4,2,1,4,2,1,4)
(2,1,5) (2,1,5,1,2,4,2,1,5,1,2,4)
(1,3,1,3) (1,3,1,3,1,3)
(1,3,1,4) (1,3,1,4,1,3,1,4)
(1,3,1,5) (1,3,1,5,1,3,1,5,1,3,1,5)

Proof. (1) and (2) follow directly from the bijection between A™ and triangulations of convex n-
gons in Proposition 4.4. (3) follows from the definition of A™. (4) follows from (2) and (3). W

We say that two consecutive entries of a sequence in AT are neighbors.

Theorem 4.6. Let n > 3. Then any sequence (ci,...,c,) € AT contains a subsequence
(ck)i<k<j, where 1 <i < j < n, of the form

(1,1), (1,2,a), (2,1,b), (1,3,1,b)
or their transpose, where 1 < a <3 and 3 < b <5.

Remark 4.7. We record that it is natural to exclude the cases b =1 and b = 2 since (1,3,1,1)
contains the subsequence (1,1) and (1,3, 1,2) contains the transpose of (2,1, 3).

Remark 4.8. The claim becomes false by omitting one of the sequences from the theorem. In
Table 4.1 we list sequences in A" which contain precisely one of the sequences in Theorem 4.6.

Proof. Let ¢ = (¢1,...,¢,) € AT such that the claim does not hold for ¢. Then n > 5 and ¢
has no subsequence (2,1,2). Otherwise ¢ = (1,2,1,2) or ¢ = (2,1,2,1) by Corollary 4.5(2),(4).
We define E = {v;; |14, j € {1,2}}, where the sequences v;; are given by

Vi1 = (1), V1 = (2, 1), Vo1 = (1,2), Vo9 = (1,3, 1)

Now we decompose ¢ by the following steps.

Replace all subsequences (2,1) by 19, then all subsequences (1,2) by a1, then all subse-
quences (1,3,1) by v92, and finally all entries 1 by v;;. By this construction, (v11,3,v11) is not
a subsequence of d. Hence we get a decomposition d = (dy,...,dg), where k > 2, of ¢ into
subsequences of the form (a) and v, where a > 2 and v € F.

Since (1, 1), (1,2,a), (2,1,b), (1,3,1,b) and their transposes are not subsequences of ¢, where
1<a <3,2<b<5, we obtain the following conditions on the entries of d:

— no entry v;; of d, where 4, j € {1,2}, has 2 or vy with k,l € {1,2} as a neighbor.
— if (v21,a) or (a,v12) is a subsequence of d, then a > 4.

— if (v42,b) or (b,1v;) is a subsequence of d, where i € {1,2}, then b > 6.

By applying Corollary 4.5(2) we get further reductions of d:

(. .. ,dm_l,Vij,dm+1,...) — ( . ,dm_l—i,dm+1—j), (Vig,dg,...) — (Vil,d? — 1,...),
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where i,j € {1,2}. Thus we can perform such reductions at all places in d, where an entry v;;
with i,7 € {1,2} appears. After decreasing them, we get d,,, > 2, where 1 < m < k. Indeed, we
get the following conditions.

~Ifd=1(..,dn-1,dm,dm+1,--.), where d,,, > 6, then d,, can be reduced at most by 4.
Hence the value of d,,, after reduction is at least 2.

If 4 < d,, <5, then neither (v;2,d,,) nor (d,,,vo;) is a subsequence of d, where i € {1,2}.
Hence d can be reduced by at most 2.

- If dm = 3, then dmfl,derl ¢ {V12,V21,V22}. Further, (dmfl,derl) 7& (V117V11)' Hence
d, decreases by at most 1.

— If dp, = 2, then it has no neighbour v;; with 4, j € {1,2}. Hence d,, does not change.

Thus one can reduce ¢ to a sequence (¢}, ..., ) with [ > 1, where ¢, > 2 for all 1 < m <[ and
¢}, ¢, > 1. This is a contradiction to Corollary 4.5(2). |

Recall that (a1, ag) is the standard basis of Z2. We define a map

n: Z—SL(2,Z), ar— (‘1‘ _01>. (4.1)
Lemma 4.9. Let n € N and (c;)i<p<n € Z". For all 1 < k < n+1, let fy = —ag and

Br =mn(c1)...n(cg—1)(a1). Then the following hold:

(1) Br+1 = kB — Br—1 for all1 <k <n,
(2) ifer > 1 and ¢, > 2 for all 1 < k < n, then B € N3 for all 1 <k <n and By — Bx_1 €
NZ\ {0} for1 <k <m.

Proof. (1) By definition, $; = ag and B2 = n(c1)(a1) = c1a1 + ag. Thus the claim holds for
k = 1. Since n(cx—1)(a2) = —aq, then

Brs1 =n(c1) ... n(ex) (1) =n(c1) ... nlex—1)(crar + az) = cpfr — Br-1

for all k£ > 2.
(2) For all 0 < k < mn, let ax, by € Z such that f; = ara; + bpas. By induction on k, we get
the following.

o If ¢, > 2 for 1 <k < n, then
ag > b >0, ap > ag_1, by, > bp_1, ap — by — (ag—1 —bp—1) >0
forall 1 <k <n.
o If cy =1and ¢ > 2 for 2 < k <n, then
bp > ay, > 0, ap > ap_1, by > by—1, ap — by, — (ag—1 — bp—1) <0.
for all 2 < k <n.
Thus B, € N2 for all 1 <k <n and By — Bx_1 € N3\ {0} for 1 <k < n. [ |

The following theorem will be used in the proof of Theorem 4.15. It was proven partially in [9,
Propositon 5.3]. Notice that the definition of A" is different from the one in [9].

Theorem 4.10. Let n > 2 and (¢;)1<i<n € Z™. Then the following are equivalent:

(1) (ci)1<i<n € AT,
(2) n(c1) - nlcn) = —id and By = nlc1) -+ nlce—1)(o1) € N2 for all 1 < k < n.
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Proof. (1)=(2). We apply induction on n. If n = 2, then (c1, c2) = (0,0), n(0)? = —id, 81 = o,
and 2 = ag. Assume that n > 3. By the definition of AT, there is a (¢},...,c,_;) € AT and
1 < ¢ <mn—1 such that

/ / / ’ /
(Cla"'acn) = (617‘ -G + 1717ci + 1?ci+17"'7cn—1)'

By calculation,

n(a)n(d) =nla+ Ln(Ln(d + 1) (4.2)

for all a,b € Z. Then

n(c)---n(en) = n(ch) - n(c,—1) = —id.
Let B, =n(c))---n(ci_y)(a1) forall 1 <i <n—1. Then g = g forall 1 <k <iand 3, = 5,
foralli4+1 <k <n+ 1. Finally

Bi =nlcr)---nlci—1)(ar) = n(cy) - n(ci_o)n(ci_y +1)(an)
=n(c)) - n(ci_o)(n(c_1)(ar) + o) = B; + Bi_, € N.

Then (2) follows.
(2)=(1). Again we proceed by induction. If n = 2, then

et = (271 ) =i

C2

implies that (c1,c2) = (0,0) € A'. Assume that n > 3. Set 8y = —ag. One has (41 =
ckBr — Br—1 for all 1 < k < n. By assumption, the condition Bx_1, Bk, Bxr1 € N3 implies
e, > 0for2 <k <mnandc >0. If ¢ = 0 then 85 = ay and 83 = coan — a1 §ZN3.
Hence ¢ > 1 for all 1 < k < n. Moreover, there is 1 < i < n satisfying ¢; = 1. Indeed,
Brnt1 = cnfn — Pn—1 = (¢n — 1)Bn + (Bn — Pn—1) by Lemma 4.9(1). Assume that ¢; > 2 for all
1 <i<n. Then 3,11 € N(Z) ife, >1and —f,41 € Ng \ {0, a1} if ¢, < 0 by Lemma 4.9(2), since
n > 3. This is a contradiction to S,+1 = n(c1) - n(cp) (1) = (—id)(aq) = —ay.
Hence there is (c},...,c/, ;) € Z"! such that

»Pn—1
/ / / / /
(Cl,...,cn) = (Cl,...,ciil + 1, 1,C,L'+ 1,Ci+17...7cn71).

Then n(er) - nlen) = n(cl) -+ 1(cl,_y) = —id by equation (4.2) and § = n(c}) .. n(ch_)(en) €
N for all 1 < k <n — 1. Hence (c},...,c,_;) € AT by induction hypothesis. Then

»n—1
(c1,...,cq) € AT. [
Definition 4.11. Let C = C(I, X,r,(AX)xcx) be a semi-Cartan graph of rank two and let

X € X and @ € I. The characteristic sequence of C with respect to X and i is the infinite
sequence (c,)f’l)kzl of non-negative integers, where

X,i (rjra)*(X) _ _ rilrjmi)*(X) X,i R ) _(rgr) LX)

Copyr1 = —y = 0y ) Coko = —Qy; i
for all k > 0 and 5 € I\{i}.
By the definition of a characteristic sequence, we get the following remark.

Remark 4.12. Let C = C(I, X, r, (AX)xecx) be a semi-Cartan graph of rank two and let X € X
and i,j € I with ¢ # j. Let (cx)r>1 be the characteristic sequence of C with respect to X and i.
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— The characteristic sequence of C with respect to 7;(X) and j is (cx+1)k>1-

— Suppose that (rjr;)"(X) = X for some n > 1. Then the characteristic sequence of C with
respect to X and j is (Cont1—k)k>1-

Definition 4.13. Let C = C(I, X,r,(AX)xecx) be a semi-Cartan graph of rank two and let
X € X and i € I. Let (c;)r>1 be the characteristic sequence of C with respect to X and 1.
The root sequence of C with respect to X and iis the infinite sequence (fy)x>1 of elements of 72,
where

B =n(c1) - n(cg—1)(ar)
for all £ > 1. In particular, 81 = ay.

Let C = C(I = {1,2}, X, 7, (AX)xex) be asemi-Cartan graph. For all X € X, the maps sy*, s5'
are defined by equation (2.1). Recall that (ay, ) is a basis of Z2 and 7 is a map defined by
equation (4.1). Define a map

T 7%= ZQ, aaq + bag — bay + aas
for any a,b € Z. One obtains

sy = n(—a{%)T, 55 = Tn(—ag(l) (4.3)
for all X € X.

Lemma 4.14. Let C = C(I = {1,2}, X, 7, (AX)xecx) be a semi-Cartan graph of rank two and
let X € X. Let (By)r>1 be the root sequence of C with respect to X and 1 and let (y;)k>1 be the
root sequence of C with respect to X and 2. Then

Boy1 = idx (s182)Fan, Bokya = idx (s152)Fs100,

Tyort1 = idx (s251) s, Tyokta = idx (s251) s201
for all k > 0. Hence AX™ = {£8;,, £7y|k > 1}.

Proof. Let (ci)r>1 be the characteristic sequence with respect to X and ¢ = 1. By equa-
tion (4.3) and the definition of the root sequence, one obtains that

Bak+1 = n(c1)n(c2) - - - n(car—1)n(car) (1)
(X)) ) (7“27“1)’“_1(X))n(_agll(?"zrl)k_l(x))(

=n(— ~n(—ay o)

T roT k-1 T1\(Tr2r k-1
) )
= s 0 s O O 0 () iy (s159)Fn,

TY2k+1 = TW(—Gg(l)W( ag(x)) (- 1)

= (ro(=adi)n(=ais™)r) () (e (—ag ) ) (en)

n(a g (—ay )

= idX(SQSl)kOéQ.
The claims fogqo = idx (s152)Fs1a9, Tyor42 = idx (s251)%s2a1 hold by a similar argument.
Thus AX™ = {48, £7y,|k > 1} follows from the definition of AXTe. |
For a finite sequence (v1,...,v,) of integers or vectors, where n > 1, let (vy,...,v,)® =

(uk)k>1 be the sequence where w4 = v; for all 1 <i <n, m > 0.
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Theorem 4.15. Let C = C(I = {1,2},X,r,(AX)xecx) be a connected semi-Cartan graph of

rank two such that |X| is finite. Let X € X and let n be the smallest positive integer with

(ror1)™(X) = X. Let (cx)r>1 be the characteristic sequence of C with respect to X and 1, and
2

n
let | =6n— > ¢;. The following are equivalent:
i=1
(1) C is a finite Cartan graph,
(2) 1>0,1112, (c1,¢2,...,Cron) € AT, and (cp)p>1 = (c1,¢2, - - ., C1o0/1)™
In this case 12n/l = |AX™| = ¢35,

Proof. Let (f)r>1 be the root sequence of C with respect to X and 1 and (7x)g>1 the root
sequence of C with respect to X and 2.

(1)=(2). Let ¢ = 5. Then AY™ C N2 U —NZ for all Y € X since C is a Cartan
graph. By [16, Lemmas 3, 4] and Lemma 4.14, we have 8, € N3 for all 1 < k < ¢ and
By = n(c1) - n(cqg—1)(a1) = ao. By the same reason we obtain that n(c)---n(cq)(a1) = as.
Then we have

—Bg+1 = —nlc1) - nleg) (1) = —nler)(az) = aq.

Thus —n(c1) - - -n(cq) = id. Indeed, if we set w := —n(c1)...n(cq) and w(ag) = aoy + bag, then
b = 1 since det(w) = 1. If ¢ is odd then —w7r € Hom(Y, X) by equation (4.1) and equation (4.3),
where Y = 71 (ror1)(@1/2(X). In the same way, one gets —w € Hom((ror1)?%(X), X) if ¢ is
even. Hence w(ay),w(ag) € AX™. Then a > 0 since w(ag) = n(c1) -+ n(cg—1)(c1) = B, €
AXre ¢ N2U —N2. Moreover, a < 0 since w™!(ag) = ag —aa; € N3 U —N2. Hence a = 0 and
w(az) = ag. Then —n(cy)---n(cy) = id. Hence (c1,...,¢q) € AT by Theorem 4.10. Therefore

q
> ¢; =3q — 6 by Lemma 4.3.

i=1
Further, we apply the first part of the proof for r1(X) and the label 2 instead of X and the
q+1
label 1, respectively. Then (cg,...,cq41) € AT by Remark 4.12 and Y ¢; = 3¢ — 6. Hence
=2
‘ 2qn
Cq+1 = ¢1. By induction, (cx)r>1 = (c1,¢2,...,¢4)>°. In particular, we obtain that ) ¢; =
z 1

2n
2n(3q — 6) = (z ¢i). Therefore Z ¢ = 6n — 12n/q. Hence ¢|12n and [ = 6n — Z ¢ =
~ :
12n/q > 0. Further n|q since C is a Cartan graph. Thus [|12.

(2)=(1). Set ¢ = 12n/l. Then n(c1)...n(c,) = —id and B € N for 1 < k < ¢ by
Theorem 4.10. Then (cq,¢q—1,...,¢1) € A" by Corollary 4.5(1) since (c1,c2,...,¢) € AT.
Since |12, ¢ is a multiple of n. Hence (cq,¢q—1,...,¢1)> is the characteristic sequence of C

with respect to X and 2. By Lemma 4.14, we get that v, € N2 for all 1 < k < q. Therefore,
since (cx)p>1 = (€1,...,¢q)°, AKX = {£8 7y, |1 < k < ¢} C N2U-N2 for all X € X by
Lemma 4.14. Hence C is finite.

By the definition of {5 and [16, Lemma 4], we obtain that t3, = ¢ = |AX™|. Hence n|t{, by

assumption and (7“27“1)t{(2 (X) = X. Therefore, C is a Cartan graph. [

5 Classification of rank two Nichols algebras of diagonal type
over fields of positive characteristic

In this section, we classify all the two-dimensional braided vector spaces V of diagonal type over
fields of positive characteristic such that the Nichols algebra of V' has a finite root system. The
proof uses the characterization of the finite Cartan graphs of rank two.
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Table 5.1. Dynkin diagrams in characteristic p = 2.

Dynkin diagrams ‘ fixed parameters
1 Oq (; q,r € k*
2| Lt L g€k \ {1}
31676 00 qek\ {1}
4| 12 @ g ek \ {1}
2 - N gek\ {1}
6 St 0 St (e Gy qek\ {1,¢,¢%
e e iy =
1| gy g€k \ {1}, ¢ ¢ Gy
il A S e
16658 600686 68 5]¢eCh
N e

Let V be a braided vector space of diagonal type with a basis {x1,x2} and the braiding
c(z; ® x5) = qijxj ® xy, where g;; € k, i,j € {1,2}. We choose an abelian group G and the set
{gilgi € G, 1 € {1,2}} such that the assignments 6(z;) = g;zi, gi.x; = gijx; for i,j € {1,2}
define a Yetter—Drinfel’d module structure on V' over kG. Let B(V') denote the Nichols algebra
of V.

The following theorem determines whether Weyl groupoid W(kz1,kxs) of (kxi,kxs) is finite
in terms of the Dynkin diagram of V.

Theorem 5.1. Let V be a two-dimensional braided vector space of diagonal type with the brai-
ding

c(xi & l’j) = qijT; Q T4,

where i,7 € {1,2} and {x1,z2} is a basis of V.. Let M := (kx1,kxs). Assume that the charac-
teristic p of k is positive. Then the following are equivalent:

(1) B(V) is decomposable and AM™M! is finite,

(2) the Dynkin diagram D of V appears in Tables 5.1, 5.2, 5.3, 5.4 and 5.5, if p = 2, p = 3,
p=2>5,p="7andp > T, respectively,

(3) M admits all refections and W(M) is finite.

In this case, the row of Table 5.6 containing D consists precisely of the Dynkin diagrams of
the points of Cs(M). Further, the corresponding row of Table 5.7 contains the exchange graph

of Cs(M).
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Table 5.2. Dynkin diagrams in characteristic p = 3.

Dynkin diagrams ‘ fixed parameters
q r N
1o O q,m €k
q 41 q .
21 oL o g€k \ {1}
q ,~1 —1 —1 —1 . B
3l o0 oo g ek \{-1,1}
4§ 7 gek\ {-1,1}
Oo———=O )
— —1— -1 —1 .
o I N qek \{-1,1}, ¢ ¢ G}
0| ot 5 G qek\{1,-1}
6" 1 4 -1
o———O
" 66 o205 oto ced,
| Lt gek\{~1,1}
Oo—O ,
1 2 1.1 2 1
12é—col<o—¢101cogco Cedl
¢ <2 *1*4_2C72 —1 ,
1415 o0 O 0 CeGy
_ = —
I ey N Cedh

Remark 5.2. In order to illustrate the exchange graphs of the semi-Cartan graph Cs(M) in
Theorem 5.1, we use the following notation in Tables 5.1-5.7.

— In row n of Tables 5.1-5.6 let D,; be the [-th Dynkin diagram for all [ > 1. Since the
exchange graph of the semi-Cartan graph is labeled, we write 7D, for the graph D,;; where
the two vertices of D,,;; change the positions.

— We also use the notation (2,1,6,1,2,3)? = (2,1,6,1,2,3,2,1,6,1,2,3) and (3,1,5,1)% =
(3,1,5,1,3,1,5,1,3,1,5,1) in Table 5.7.

Proof. (1)=(3). Since B(V) is decomposable and AlM! is finite, we obtain that M admits
all reflections and R(M) = (C(M),(A[X])[X]€X2(M)) is a root system of type C(M) by [16,
Corollary 6.12]. Then W(M) is finite by [16, Lemma 5.1] since AM! i finite.

(3)=(1). Since M admits all refections and W(M) is finite, the set AM is finite by [16,
Lemma 5.1]. Moreover B(M) is decomposable by [17, Corollary 6.16].

(2)=(3). By Lemma 3.3 one obtains that M is i-finite for all ¢ € I. For i € I, one can
determine the Dynkin diagram of R;(M) by Lemma 3.4. One observes that it appears in the
same row of Table 5.6 as D. Doing the same for all the Dynkin diagrams in the same row of D
implies that M admits all reflections. Hence Cs(M) is well-defined by Proposition 3.6. Now, we
identify the objects of Cs(M) with their Dynkin diagrams.
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Table 5.3. Dynkin diagrams in characteristic p = 5.

Dynkin diagrams ‘ fixed parameters
1 (;1 5 q,r € k*
2| 9 41 3 geke\ {1}
q g1 -1 —1 -1 *\ [
3 3 q o o q 5 gek*\{-1,1}
4] 927 gekt\ {~1,1}
_1_g—1 _
5 g)q_2ol ‘é q? Ol gek*\{-1,1}, ¢ ¢ G)
61 ¢ g1 @ ¢ cgat (eGy, qC# -1
O 0 O O g ek*\{1,¢,¢%}
-1
6" ¢ —¢—¢ Ce Gg
¢ ¢ -1 C_l_gflfl !
7 O O O O ¢ € Gy
742 C —1 7(2 Cd 74_27174—174'_2 —1 7( CS —1 C—l 43 /
8 O O O O O O O O O ) € G
R I e GG I B G ’
9 O O O O O O ¢ €G,
—¢? ¢ 1 ¢ ¢ -1 ¢? 2 ¢ /
10 O O O O O O CE€Gy
. 3
11| 2 a4 gek*\{-1,1}, ¢ ¢ G4
¢ —¢ -1 ¢? —¢1-1 ¢? ¢ ¢t /
12 O O O O O O ¢ €Gy
C C—S —1 —C74 C5 —I—Ciél_c—l C6 C71 C <6 ’
13 O O O O O O O ) CEGy
S T N O L e S GO ’
15 O O O O O O O O CEGy
n| ¢ 1 —¢ ¢? ¢ 1 1 _¢—1-1 1 g-Cil /
16 O O O O O O O O CEGy
—¢_p—3—1 —C2_,3-1 ’
17 o ¢ o o ¢ o (e Gy

Assume that D appears in row r of one of Tables 5.1-5.6. Then by the above calculations,
the exchange graph of Cs(M) appears in row r of Table 5.7. Then we calculate the smallest
integer n with (r9r1)" (D) = D and we observe that it appears in the third column of row r of
Table 5.7.

Then we compute the characteristic sequence (c)r>1 with respect to the first Dynkin diagram
in row 7 and the label 1. We observe that (c)x>1 is the infinite power of the sequence in the fifth

2n
column of row r of Table 5.7. Further, we get the numbers | = 6n — > ¢;. They appear in the
i=1
fourth column of Table 5.7. One checks that [|12 and (c1, ¢z, . . ., ¢12,,/1) € AT by Corollary 4.5(2).
The detailed calculations are skipped at this point here. Then Theorem 4.15 implies that Cs(M)
is a finite Cartan graph. Hence C(M) is a finite Cartan graph and W(M) is a finite Weyl
groupoid by [16, Lemma 5.1].
(3)=-(2). Since M admits all reflections, the tuple

C(M) = {I, X%(M), (r:)icr, (AX)XeX2(M)}
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Table 5.4. Dynkin diagrams in characteristic p = 7.

Dynkin diagrams ‘ fixed parameters
1 (g Or q,r € k*
2| Lo 2 g€k \ {1}
q -1 -1 -1 -1 £\ [_
3 Oq o o q 5 qgek*\{-1,1}
4| L @ g€k \{-1,1}
_1_g-1 _
5[ 8 g A te gek \ {11}, ¢¢ G
6 ¢ gt 4 ¢ C*lng_l g € Gé’n qC 7& -1
o o O ® g ek*\{1,¢,¢*}
1
6" ¢ — ¢ C e Gg
< _C —1 <_1—<71 —1 /
o O O O ¢ €0y
S e S R G SiVCe G SIS S S NG /
8 O O O O O o) O O O ) ¢ € Gy
—C‘Lg?» -1 —¢2 3 —1 —¢2 ¢ —¢2 ’
9 O O O O O ) CE€Gy
—¢2 ¢ 1 ¢ ¢t -1 ¢ 2 ¢ ’
10 O O O O O ) ¢ €Gy
P 3
11 4 q¢°14 qek*\{-1,1}, ¢ ¢ G
¢ —¢ -1 ¢? —¢1-1 ¢? ¢ ¢! /
12 o O O O O o) ¢ €Gy
¢ ¢ —-1-¢4 s —1—(4_4_1 ¢8 ¢t ¢ ¢S ,
13 o O O O O O O ®) ¢ € Gy
¢ 2 —1—(2472 -1 /
1414 o o o (e Gy
¢ ¢-3 —1—¢2 ¢3 —1—(*2_43 -1 —¢_¢—3-1 ’
15 O O O O O O O ®) ¢ € Gy
¢ —¢3—¢ ¢ 21 ¢3 2 -1 ¢3 _C4fc_4 /
16 O O O O O O O ) CE€Gs
g ¢t e -1 1 1l ,
18 O O O O O ) C€GCy
1 ¢ -1 ¢ _¢1-1 ¢ _1—¢!
O O O O O )

defined in Theorem 3.1 is a semi-Cartan graph. In particular,

XQ(M):{[R“-“R (M)] €X2|REN0, il,...,inEI}

in
and R;(M) = (R;(M););er is defined by equation (3.2). Moreover, AX = (agj{)i,jej for all
X € Xy(M), where

—af](- =min {m € Ny | (m + 1)%( G gy — 1) =0}
by Lemma 3.2 and (g;;);jer is the braiding matrix of X. Then AM] s finite since W(M) is
finite. Hence all roots are real by [10, Proposition 2.12]. Then C(M) is a finite Cartan graph

by Theorem 3.1. Hence Cs(M) is a finite Cartan graph by Proposition 3.6. We can apply
Theorem 4.15 to Cs(M).
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Table 5.5. Dynkin diagrams in characteristic p > 7.

Dynkin diagrams

‘ fixed parameters

1 Oq 5 q,r € k*
IR geke\ {1}
q -1 —1 —1 -1 % _
3 g q o o q 5 gek*\{-1,1}
4 q q—2 q2 qek*\{—l,l}
51 4 g2 l-atge -1 g ek \{-1,1}
O O O O q ¢ G
61 ¢ g1 a € cglat (€ Gy, qC# -1
O o O O ek \{1,¢ ¢}
=1
6" ¢ —¢—¢ Ce Gé
¢ —¢ —1¢ 1 ¢-1-1 !
7 O O O O CEGy
—¢2 ¢ -1 —¢2 ¢3 —§*2—1_<71—c*2 -1 _¢ ¢ -1 ¢t ¢3 ’
8 O O O O O O O O O ) ¢ € G,
*C71_43 -1 ¢ 3 1 —¢2 ¢ -2 ’
9 O O O O O O € G,
=% ¢ -1 ¢ 1 -1 P2 ¢ ’
10 O O O O O ) ¢ € Gy
11 q q*3 q3 qek*/\{—l,l}
o——-oO q¢ G
12 ¢ —¢ -1 C2 _C—l -1 CZ ¢ C71 C i Gi))
O O O O O O 8
¢ =5 —1=Ctes —1-CLe1 (0 ¢ o (O )
13 O O O O O O O O CEGy
C CQ —1—472472 —1 ’
14 5 o o o ¢ € Gy
C C73 717(72 CS 717(72_43 -1 7C_C7371 ’
15 O O O O O O O O ¢ € Gy
¢t ¢3¢ ¢t —¢2-1 ¢ ¢z -1 ¢ 7g4*C_4 !
16 O O O O O O O O CE€Gs
—(_,—3-1-C"2_,3 —1 ’
17 o ¢ o 6 ¢ o (e G

By the implication (2)=-(3), it is enough to prove that the Dynkin diagram of at least one
point in Cs(M) is contained in Table 5.6.

Set X = [M]s and m = t35. Let (cj)k>1 be the characteristic sequence of Cs(M) with respect

to X and the label 1. Then we have (c1,co,...

Theorem 4.15.
If m = 2 then (c1,c2) = (0,0). Hence af, = as; = 0. Then qiago1 = 1 and D = Dy;.
If m > 2, by Theorem 4.6, one of (1,1), (1,2,a), (2,1,b), (1,3,1,b) or their transpose, where

1 <a<3and 3 <b <5, is asubsequence of (¢, ¢, ..

sm) € AT and (cp)r>1 = (c1,c2,. ..

’Cm)oo by

.,¢m). Let n be the smallest integer

with (ror1)™(X) = X. Then n|m by Theorem 4.15. Since ¢4, = ¢ for all £ € N, we have
the freedom to assume any position in (c)x>1, where any of these subsequences is starting. Let
co = ¢m and qo = ¢12921-

We may assume that ¢ = 1, j = 2, but change the labels if necessary. Next we proceed case

by case:
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Table 5.6. The Dynkin diagrams in Theorem 5.1.

Dynkin diagrams

‘fixed parameters ‘char k

1 S OT q,r € k*
2| gek*\ {1}
q 1 —1 —1 ) *
3 O q 0O O a 0 qu \{_1>1}
2
4/ 4 ¢ 1 g€k \{-1,1}
5l 4 g2 1-a7hg2 -1 gek*\{-1,1}
o O O o q¢ G,
¢ g1 a ¢ -1y Cat CeGy, q¢ # -1
6 q (g 3 3
o0 o0 gek\ {1 P7
R e SR R *
6 o o 6 o gek*\{1,-1} |[p=3
_r—1
6// C _< C CGG% p#2’3
6" 1 4 -1 p=3
o0—o0
¢ —C —1 471 471—1 /
To—"0 o0 (€ Gy p#3
,cQ C -1 7§2 43 7(—2 71—C717<_2 -1 C 43 1 ~_1 <3 ,
8 5 o o o o o o o 05 C€GY, p#2,3
_—1 a _ 2 _ _ 2 _ 2
9 é{d olé ¢ olé ¢ é (€ G, p#2,3
¢ ¢ 11 -1 1 1 / _
95 o o o o o ¢ € Gy p=3
=2 ¢ -1 ¢ 1 -1 P2 ¢ /
10 4 o0 O 0 O o e Gy p#3
11 q q*3 q3 q S k* \ {_17 1}
o—0 q ¢ Gy
¢ ¢ -1 ¢? 11 ¢? ¢ ¢! /
12 4 o o o 0O o ¢ € Gy p#2
¢ =5 —1=Ctes —1-CLe1 ¢ Tt (O /
13) 4 o O o0 O o © o ¢ € Gy p# 2,3
—¢ 1 -1 1 -1 1 -1 —¢2 ¢! —¢?
13/OC<1OO ¢ OogloC é—Cé el p=3
¢ 42 717C_2€72 —1 /
14 O O O O CGGE) p%5
¢ ¢=3 —1-¢ 2<3 —1-¢2_,3 -1 —¢_,-3-1 ,
15) 4 0 60 66 05 ¢ € Gy p#2,5
<@
G (3¢ ¢ 21 ¢ 21 _a¢ :
16| ¢ =¢ ¢ ¢ e p#£3,5
o o0 O O O O O o 15 ;
1 _471—6 1 ¢ -1 ¢ _¢1-1 ¢ _¢3— -3 ’ .
16°) o e, O O O O o CEGs p=3
n| ¢t g ¢ ¢t —¢ 1 1 _¢1-1 1 _g—Cfl / _
167", o0 o o0 O o0 O o (€G3 p=5
—~C _-3-1-¢"2_s3 —1
170 ¢ o 6 < o Ce Gt p#T
¢t ¢ ¢! B L O B e _1—¢7] ’ .
1875 e o o o0 o o o o o o |CEGs p=T
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Table 5.7. The exchange graphs of Cs(M) in Theorem 5.1.
exchange graphs \ n \ l \ sequences in AT \ char k
1| ou 1|6 |(0,0)
2 | D 1|4 |(1,1,1)
3| Dy——Dyy—— 7Dy 3112 (1,1,1)
4] Du 13 [(21,2,1)
5| Dsi——Dss 2 16 | (2,1,2,1)
6 | Dor——Deo 2 16 |(21,2,1) p#3
6' | Dy1—Dy s 2 16 |(2,1,2,1) =3
6" | Dy 13 [(21,2,1) p#£2,3
6" | Dy, 13 [(21,2,1) p=3
7| Du—2Dr 2 16 |(21,2,1) p#3
Ds1 Dgo 2 Dss ! Dsy 2 Dss
2 1 9 1
8 | ™Pss—— TDsa——7Ds3 —7Ds2— D1 5 112 (2,2,1,3,1) p#£2,3
9 | Dyi—2Dgy ——Dy3 ——+Dgr—— Do 5 112 (3,1,2,2,1) p£2,3
9 | Dy 2Dy 3Dy g——rDyrg— 7Dy 5 112 (3,1,2,2,1) p=
10 | Dior——Dior—Dios 306 |(4,1,2,2,2,1) p#3
11 | Dus 1 (3,1,3,1,3,1)
12 | Diyr——Diss—Diss 3 16 |(3,1,3,1,3,1) p#2
13 | DD —Diss—— Disa 4 16 |(51,2,3,1,3,2,1) | p#2,3
13 | Dyy1o—Diys—Diggo— Digia 416 |(51,2,3,1,3,2,1) | p=3
14 | Dur—>—Dias 2 |3 |(3,1,4,1,3,1,4,1) | p#£5
15 | Dis.——Disor—Diss— Disa 4 16 |(3,1,4,1,3,1,4,1) | p#2,5
15" | Dy r——Dyss—Disg— Disra 4 16 |(3,1,4,1,3,1,4,1) | p=
16 | Dis.r——Digr—Digs—— Disa 4 16 |(2,1,4,1,4,1,2,3) | p#3,5
16/ | Dy Dy 5—Dig 5——Digr 4 4 16 |(2,1,4,1,4,1,2,3) | p=3
16" | Dygr.—— Digr ——Dign——Digr 4 4 16 |(2,1,4,1,4,1,2,3) | p=5
17 | Diry —2 Dirs 2 |2 |(31,5,1)3 p#T
18 | Dis1——Disos— Digs—— Disg— Diss— Diss | 6 | 6 | (2,1,6,1,2,3)2 p="1

X

Step 1. If cg = ¢1 = 1, then a3 = az) =

21 —

1. Hence g9 # 1. We distinguish four cases: laa,

lab, 1ba and 1bb.
Case laa. If q11qp = 1 and go2g9 = 1, then D = Do;.
Case lab. If g1190 = 1, go3 = —1, and g¢22qgo # 1, then D = Dg;.
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Case lba. If g11 = —1, g29go = 1, and q1190 # 1, then D = 7Dg;.
Case 1bb. If ¢11 = —1, goo = —1, and ¢y # —1, then D = Dsp.
Step 2. Assume that (co,c1,c2) = (1,2,d’), where o’ € {1,2,3}. Then we obtain that

ay, = —1, aiy, = ag(x) = —2, and agll(X) = —a’. We distinguish four cases: 2aa, 2ab, 2ba
and 2bb.

Case 2aa. If Q112QO =1 and 22490 = 1, then D = D41.

Case 2ab. If q112qo =1, goo = —1, and go2qo # 1, then D = Ds;.

Case 2ba. Assume that 1 + qi1 + q112 = 0, ¢2qo = 1, and q11%q0 # 1. If p = 3 then
14+ qi1 +qi1? =0 yields g1 = 1. If go9 # —1 then D = Dg 1 and if gog = —1 then D = Dgm ;.
Assume that p # 3. Set ¢ := ¢11 and ¢ := go2. Then g = ¢~ ' ¢ {1,¢(™!} since af, = —2, and
q0 75 C since Q112qO 75 1. Thus D = DGI or 'D6//’17 p 75 2.

Case 2bb. Consider the last case 1+ qi1 + q112 =0, go2 = —1 and qo ¢ {1, -1, q11, 73 }-

Case 2bba. If p = 3 then ¢;; = 1. Set g := go. By Lemma 3.4, the Dynkin diagrams of 7 (X)
and X are

1 —q? 1 -1
o——=oO0 o——=0
with ¢ € k*\ {—1,1}. Then agll(X) < —2since (—¢?)g ' = —q #1, and —¢® # —1.

Case 2bbal. If p = 3 and o’ = _a72"11(X) = 2 then one gets (—¢%)%2¢™' = 1 or 1 + (—¢?) +
(—¢*)? = 0. If (—¢*)?¢~! = 1 then ¢ = 1, which is a contradiction. Hence —¢?> = 1 from the
second equation since p = 3. Then D = Dy .

Case 2bba2. If p = 3 and a’ = —agll(X) = 3, then one has (—¢?)3¢™! = 1 or 1 + (—¢?) +
(—¢*)? + (—¢*)® = 0. The first equation (—¢*)3¢~! = 1 yields (—¢)° = 1, hence D = Dyg 2. If
14+ (—=¢%) + (—¢*)* + (—¢*)3 = 0, then (1 — ¢?)(1 +¢*) = 0 and hence g € G§. Then D = Dy 5.

Case 2bbb. We now suppose that p # 3. Set ¢ := ¢11 and q := qo. Hence the Dynkin diagram

o Ceq e s ! * _ -1 : ! ot ;
of r(X)is > () with ¢ € G%, ¢ € k*\ {1,—1,(, ("'}, Since o’ € {1,2, 3}, we distinguish

three cases:
ri(X
(b1) p #3, ap™ =1,
b2 3, 1% — 9
p 9 21 9
(b3) p#3, al®) =3,

Case 2bbbl. If the condition (b1) holds, then one gets (—(q?)(¢q)~! =1 or 1+ (—(q?) = 0.
If (—¢q*)(Cq)~! =1, then ¢ = —1, which is a contradiction. If 1+ (—(q?) = 0 then ¢? = ¢* and
hence ¢ = —(. Then D = Dr;.

2
Case 2bbb2. If the condition (b2) holds, then (—(¢*)?(¢q)™' =1 or 3. (—¢¢?)* = 0.
=0

Case 2bbb2a. Consider the equation (—CqQ)Q(Cq)_1 = 1. Then ¢¢*> = 1 and hence g € Gy
since ¢ € G5 and p # 3. Hence D = Dj 2.
2 )
Case 2bbb2b. If Y (—(q¢?)! = 0, then —(q? € {¢,¢71}. Hence ¢*> = —1 or —¢® = (.
i=0

o . ¢ -1 _.
Case 2bbb2bl. If ¢> = —1, then p # 2 and the Dynkin diagram of X is q with ¢ € G,

¢ e Gh. Set = ¢%2q7!. Then n € GY,, ¢ = —n?, and ¢ = n®. Hence D = Dys.
Case 2bbb2b2. If —¢? = (, then ¢ € G'5 and p # 2 since ¢ # (~'. Hence D = Dyg;.

3 .
Case 2bbb3. If the condition (b3) holds, then (—(q?)3(Cq)~t=1or > (—(¢*)'=0,1-(q? # 0.
i=0

Case 2bbb3a. Consider the equation (—(q?)3(Cq)~! = 1, that is —_q5 = (. Hence ¢ = —(¢7!
or —q € G5, p # 5.
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Case 2bbb3al. If —q € G5, p # 3,5, and ( = —¢°, then D = Ds4 2.
Case 2bbb3a2. If ¢ = —¢~! then p # 2 since ¢ # ¢~!. Hence the Dynkin diagrams of
r1(X), X and ro(X), respectively, are

¢ _1-¢1* ¢ _¢1-1 1 -1
o0—=0 o—=0 Oo——O

with ¢ € G%. Then one obtains that ag(x) =1 — p. We distinguish four cases.

Case 2bbb3a2a. If p = 5, then D = Digro.

Case 2bbb3a2b. If p = 7, then D = D13 .

Case 2bbb3a2c. If p = 6s+1 (s > 2), then the Dynkin diagrams of r1 (X)), X, ro(X), rir2(X),
ror1r2(X), and (r172)%(X), respectively, are

¢ _1-¢t ¢ —¢-1-1 1 -1 1 _-1-1 ¢! —¢ 1 ¢ty ¢
o0—=0 o—=o0 o———o0O O O O O

with ¢ € G%. Hence n = 6 in Theorem 4.15 and (cx)r>0 = (2,3,2,1,p—1,1,2,3,2,1,p—1,1)>.
Then [ = 20 — 2p < 0, which is a contradiction to Theorem 4.15.

Case 2bbb3a2d. If p = 6s + 5, where s > 1, then the Dynkin diagrams of 1 (X), X, r2(X)
and r172(X), respectively, are

with ¢ € G5. Then n =4 and (¢x)k>0 = (2,3,2,1,p—1,1,p — 1,1)*°. Hence | = 16 — 2p < 0.
Again, one gets a contradiction.
3 )
Case 2bbb3b. Consider the equation 0 = > (—(¢?)" = (1 — ¢¢?)(1 + ¢%¢*), where (¢? # 1.
i=0

One gets ¢ = —¢*. If p = 2, then ¢* = ¢* and hence ¢ = ¢, which is a contradiction to (q¢? # 1.
Otherwise ¢ € G, and D = D3 9.

Step 3. Now we change the label. It means that (c;)g>1 is the characteristic sequence
of Cs(M) with respect to X and the label 2.

Assume that (cg, c1,c9) = (2,1,¥), where b’ € {3,4,5}. Then we obtain that a5 = —2, a3 =

(X) r2(X) _
12 -

= —V. If g11%g0 = 1 and ¢22 = —1 then a —2, which is a contradiction.

If goge2 = 1 then a71~22(X) = a{% = —2, which is again a contradiction. Suppose now that
1+q1+q112=0,q02=—1and g ¢ {1,-1, q1_12}. Since a7, = —2, we also obtain that go # ql_ll.
Case 3a. If p = 3, then by setting g := qp, the Dynkin diagrams of X and r9(X), respectively,

are

T2
—1 and a5

1 -1 —q 1 -1 \ [
q g gek\{-1,1}. (5.1)
3 )
Case 3al. If p = 3 and V' = 3, then one gets (—q)3¢~ ! =1 or > (—¢)* = 0. Since q # 1, both
i=0
equations imply that ¢> = —1. Hence D = Dy 5.
4 .
Case 3a2. If p =3 and b’ = 4, then one has (—¢)*¢ ! =1or > (—¢) =0. If (—q)*¢ ' =1
i=0

4 ,
then ¢ = 1, which is a contradiction to (5.1). If 3" (—¢)* =0 then ¢° = —1 and D = D¢ ».
i=0

5 .
Case 3a3. If p = 3 and b’ = 5, then one obtains (—¢)°¢ ! = 1or Y (—q)! = 0. If (—¢)°¢ ' =1
i=0

5 4
then ¢ € G§ and D = D;3 5. Consider the equation 0 = Y (—¢)* = (1 — ¢)(1 + ¢*> + ¢*). Then
i=0
q®> = 1 since p = 3 and ¢ # 1, which is a contradiction to (5.1).
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Case 3b. We now consider the cases in which the condition p # 3 holds. Set ¢ := ¢11 and
q := qo. The Dynkin diagram of ro(X) is

— — —1 * —

Srat D CeGy qek\{1,-1,¢C ) (5.2)
3 )

Case 3bl. If p # 3 and b’ = 3, then one gets (—Cq)gq_1 =1lor > (—Cq)"=0.1If (—Cq)3q_1 =1
i=0

then g € G, p # 2 and D = Dygy. 1f 0 = i(—CQ)i = (1= ¢q)(1 + (¢g)?), then (¢g)* = —1 and

i=0
p # 2 since ¢ # (1. Hence D = Dg;.
4 .
Case 3b2. If p # 3 and b’ = 4, then one gets (—Cq)4(f1 =1lor > (—Cq)=0.1If (—Cq)‘lq*1 =1
i=0

4 .
then ( = ¢~3. Since q ¢ G%, one obtains ¢ € G and D = Djg2. The equation Y (—(q)* = 0
i=0
gives ( = —¢°. Since ¢ € G%, one gets —q € G, ( = —¢ L, p=5o0r —q € G5, p # 3,5. If
—q € G% then D = Dygr 9 and if —q € G5 then D = Dyg0.
5 )
Case 3b3. If p # 3 and U/ = 5, then one gets (—Cq)’¢' =1 or > (—=Cq)! =0, =Cq # 1. If
i=0
(=Cq)°¢' =1 and p = 2 then ¢¢~! = 1, which is a contradiction to (5.2). If (—C¢)’¢~! = 1 and

p # 2 then ( = —¢* and D = Dy35. Consider 0 = 253(—@1)i = (1=¢g)(1 + (=¢9)* + (—¢a)*)-

i=0
Since ¢ ¢ {1,—1,(, ("1}, one gets p # 2 and ¢3 = —1. Since —Cq # 1, one gets ¢ = —( and
ag(x) = —2, which is a contradiction.

Step 4. Again we use the same labeling as in steps 1 and 2. Assume that (co,c1,c2,c3) =
(1,3,1,c), where ¢ € {3,4,5}. Then as; = —1 and a35, = —3. We distinguish four cases: 4aa,
4ab, 4ba and 4bb.

Case 4aa. If Q113QQ =1 and q224q0 = 1, then D = 'D1171.

Case 4ab. Set ¢ := qi1. If ¢11°qo = 1 and g2 = —1, then the Dynkin diagrams of X, r1(X)
and 7971 (X)), respectively, are

—2

q -3 —1 q ,~3 -1 -q e -1 * - !
q q gek*\{1,-1}, q ¢ Gj.

Then —a,g”(x) = €{3,4,5}. Hence we distinguish three cases: 4abl, 4ab2 and 4ab3.

Case 4abl. If ¢ = 3, then (—¢ 2)3¢3 =1 or Z( ) =0,1-¢2#0. If (—¢2)3¢ =1
then D = Dy 1, where ¢ = —1. If Z(—q’ ) =0, then D = Dya;.

Case 4ab2. If ¢ =4, then (—¢~2)*¢* =1 or Z( —2)i = 0.

Case 4ab2a. The equation (—q~2)%¢® = 1 gives ¢® =1 and p # 5, since ¢ # 1. Hence
D =Di4.

Case 4ab2b. Consider the equation i(— ~2)i = 0. One gets ¢'© = —1. If p = 2 then
D =Dyy;. If p=>5then ¢ = -1 anle 01?15/1 If p# 2,5, then ¢ € Gy, and D = Dy5 ;.

Case 4ab3. If ¢ =5, then (—¢~2)%¢®> =1 or Z( —2)i = 0.

Case 4ab3a. Consider the equation (—¢~2)%¢® = 1, which gives —¢” = 1. Since q # —1, one
gets p # 7 and —¢ € G%,.. Hence D = Dy7,1.
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5 )
Case 4ab3b. Consider the equation 0 = > (—¢72)' = (1 — ¢ 2)(1+q*+¢8). Since ¢* # 1,

i=0
one gets 1 + ¢4 +¢ % =0. If p= 3 then ¢ € G, since ¢> # 1. Hence agrl(x) = —2, which is

a contradiction. Then p # 3 and ¢~* € G%. Since ¢/ = 5, one gets ¢ € Gg or q € G If ¢ € G,
then agrl(x) = —3, which is a contradiction. If ¢ € GY,, then ag”(X) = —2, which is again
a contradiction.

Case 4ba. The conditions 1 + ¢11 + Q112 + Q113 =0, q11 75 —1 and g92q9 = 1 hold. Then

q11 € G and p # 2 since a{% = —3. Set ( := ¢11 and g = g22. The Dynkin diagram of r(X)

is ¢ -0 S Gith ¢ €G)and ¢ € k*\ {1,-1,(,¢"'}. Since _av2"11(X)
(€3 (—q) = 1or (g2 = —1. If (C¢2)(—q) = 1 then ¢ = —(, which is a contradiction. If
Cq_z = —1 then q € Gg and D = Dz 3.

Case 4bb. Consider the last case: 1+ ¢11 + q%l + q:fl =0, goo = —1 and q11 # —1. Then

2 _ L B . . ¢ —1-Cg3 .
g7 = —1 and p # 2. Set ¢ := g11 and g = ¢o. The Dynkin diagram of r(X) is a with

q € k*\ {1,-1,¢(,¢"1} and ¢ € G). Since —agll(X) = ¢y = 1, one has (—¢~!)(=(¢®) =1 or

Cq* =1

Case 4bbl. If (¢® = 1, then ( = ¢® € G/. If p = 3, then ( = ¢, which is a contradiction.
Hence p # 3 and D = 7Dgs.

Case 4bb2. The condition (—g~1)(—(q®) = 1 holds. Then ¢ = ¢~2 € G';. Hence q € G§ and
D = Diap.

By checking all cases in Theorem 4.6, the proof of Theorem 5.1 is completed. |

= co = 1, one gets

Remark 5.3. Assume that char k = p > 0. Let V be a two-dimensional braided vector space
of diagonal type. Let (z1,22) be a basis of V and (gi;)1<ij<2 € (k\ {0})2*? satisfying

c(ri ® Tj) = qijr; @ T4
for any 1, j.

— By [13, Corollary 6], dimy B(V') < oo if and only if M = (kz1,kzs) admits all reflections,
W(M) is finite, and for all points D of Cs(M ), the labels of the vertices of D are roots of
unity (including 1). Therefore with Theorem 5.1 one can easily decide whether dimy B(V')
is finite.

— If the Dynkin diagram of V' appears in the row 18 of Table 5.6, then the Weyl groupoid
of B(V) is not appearing for Nichols algebras in characteristic zero.
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