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Abstract. Solutions of the qKZ equation associated with the quantum affine algebra
Uy(sl2) and its two dimensional evaluation representation are studied. The integral formulae
derived from the free field realization of intertwining operators of g-Wakimoto modules are
shown to coincide with those of Tarasov and Varchenko.
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1 Introduction

In 1992 I. Frenkel and N. Reshetikhin [7] had developed the theory of intertwining operators
for quantum affine algebras and had shown that the matrix elements of intertwiners satisfy the
quantized Knizhnik—Zamolodchikov (q¢KZ) equations.

The theory of intertwiners and qKZ equations was successfully applied to the study of solvable
lattice models [9] (and references therein). As to the study of solutions of the gKZ equations,
bases are constructed by Tarasov and Varchenko [22] in the form of multi-dimensional hyper-
geometric integrals in the case of Uq(sAlg). However solutions of the qKZ equations for other
quantum affine algebras are not well studied [21].

The method of free fields is effective to compute correlation functions in conformal field theo-
ry (CFT) [3], in particular, solutions to the Knizhnik-Zamolodchikov (KZ) equations [18, 19].
A similar role is expected for those of quantum affine algebras. Unfortunately it is difficult to
say that this expectation is well realized, as we shall explain below.

Free field realizations of quantum affine algebras are constructed by Frenkel and Jing [6]
for level one integrable representations of ADE type algebras and by Matsuo [15], Shiraishi [16]
and Abada et al. [1] for representations with arbitrary level of U,(sl2). The latter results are
extended to Uq(sAl ~) in [2]. Free field realizations of intertwiners are constructed based on these
representations in the case of Uq(;\lg) [9, 10, 12, 15, 4].

The simplicity of the Frenkel-Jing realizations makes it possible not only to compute matrix
elements but also traces of intertwining operators [9], which are special solutions to the qKZ
equations. The case of ¢-Wakimoto modules with an arbitrary level becomes more complex and
the detailed study of the solutions of the qKZ equations making use of it is not well developed.
In [15] Matsuo derived his integral formulae [14] from the formulae obtained by the free field
calculation in the simplest case of one integration variable. However it is not known in general
whether the integral formulae derived from the free field realizations recover those of [14, 23, 22]!.

1See Note 1 in the end of the paper.
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The aim of this paper is to study this problem in the case of the gKZ equation with the value
in the tensor product of two dimensional irreducible representations of U,(slz). More general
cases will be studied in a subsequent paper.

There are mainly two reasons why the comparison of two formulae is difficult. One is that
the formulae derived from the free field calculations contain more integration variables than
in Tarasov—Varchenko’s (TV) formulae. This means that one has to carry out some integrals
explicitly to compare two formulae. The second reason is that the formulae from free fields
contains a certain sum. This stems from the fact that the current and screening operators are
written as a sum which is absent in the non-quantum case. Since TV formulae have a similar
structure to those for the solutions of the KZ equation [18, 19], one needs to sum up certain
terms explicitly for the comparison of two formulae. We carry out such calculations in the case
we mentioned.

The plan of this paper is as follows. In Section 2 the construction of the hypergeometric solu-
tions of the qKZ equation due to Tarasov and Varchenko is reviewed. The free field construction
of intertwining operators is reviewed in Section 3. In Section 4 the formulae for the highest to
highest matrix elements of some operators are calculated. The main theorem is also stated in
this section. The transformation of the formulae from free fields to Tarasov—Varchenko’s formu-
lae is described in Section 5. In Section 6 the proof of the main theorem is given. Remaining
problems are discussed in Section 7. The appendix contains the list of the operator product
expansions which is necessary to derive the integral formula.

2 Tarasov—Varchenko’s formula

Let V() = Cuy ® Cuy be a two-dimensional irreducible representation of the algebra Uyq(sla2),
and R(z) € End(V()®2) be a trigonometric quantum R-matrix given by

R(2) (Ve ® V) = Ve ® v,

1—=2 1—¢?
R(Z) (U() & Ul) = mqq}o X v1 + mvl & V0,
2

z
7(12 200 @ V1 + ———5—-qu1 ® o,
q-z —q°z

R(z) (11 ® vo) = 1— 1

Let p be a complex number such that |p| < 1 and T} denote the multiplicative p-shift operator
of z;
7

Tif(z1,- -5 2n) = f(21,- - D2y .. Zn).

The qKZ equation for the V(V®"_valued function W(z1,...,z,) is

T;0 = Rjj_1(pz;i/2j—1) - Rja(pzj/21)k 2 Rjn(2i/2n) - Rjji1(2i/2+1)¥, (1)

where R;;(z) signifies that R(z) acts on the i-th and j-th components, & is a complex parameter,
1—h;
k2 acts on the j-th component as

17hj

— _ €
K 2 Ve =K.

Let us briefly recall the construction of the hypergeometric solutions [22, 20] of the equation (1).
In the remaining part of the paper we assume |q| < 1. We set

(D)oo = (2D)oor  (zD)oo = [[(1=P2),  6(2) = (2)oo(P2™ oo (P)oo-

=0
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Let n and [ be non-negative integers satisfying [ < n. For a sequence (€) = (€1,...,€,) €
{0, 1} satisfying #{ile; = 1} =1 let
- —2
to —tp q 1750” — Zj q tai — taj
w(g)(t,z):H —2; _ Z H — 1 H 1. _ ’
a<bq tq (23 1<a1,~(<,az<lz 1 ; q 2k, j<k; tai q ~zj i<j tai taj
a;#a;(i7£7)

where {ile; =1} = {k1 < -+ < ki }.
The elliptic hypergeometric space F; is the space of functions W(t,z) = W(ty,...,t,
Z1y...,2n) of the form

o | Oltaft)
W=Y(=el, )H?=1 H2:1 0(qta/z5) 1<a<b<l 0(a~*ta/th)

satisfying the following conditions

(i) Y(2) is meromorphic on (C*)" in zy,...,2,, where C* = C\{0};
(ii) ©(t,z2) is holomorphic on (C*)"*in t4,...,2, and symmetric in t1,. .. t;

(iii) TIW/W = gqn—2+4a=2 T;W/W = q!, where T!W = W (ty,...,pta,...1, 2) and ;W =
W(t, z1,...,p%j,...2n).

Define the phase function ®(¢, z) by
l _
ﬁ H qta/zz 00 H (q Qta/tb)oo
i=1a= 1 lta/ZZ o0 a<b (q2ta/tb)oo

For W € Fo let

dt,
—(13 t, t t
wo W) = |, H gt AW, 2),

CL

where T! is a suitable deformation of the torus
T! = {(t1,...,t)||ts| = 1,1 <i <1},

specified as follows [22].
Notice that the integrand has simple poles at

ta/zj = (P H)*, 520, 1<a<l, 1<j<n,
to/to = (P°¢*)T, s2>0, 1<a<b<L

The contour for the integration variable t, is a simple closed curve which rounds the origin in
the counterclockwise direction and separates the following two sets,

{p°q 12, p° Pty |5 >0,1<j<nm,a<b},
{pSqzj,p ¢ *tp|s>0,1<j<nm a<b}

Then

Uy = Z I{wie), W)ve, ® -+ ® ve,,,

is a solution of the qKZ equation (1) for any W € Fy.
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3 Free field realizations

In this section we review the free field construction of the representation of the quantum affine
algebra Uy (slz) of level k and intertwining operators. We mainly follow the notation in [10]. We
set

qx_q—x
o] ="—
q—q

Let k be a complex number and {a,, by, ¢y, ao, b0, €0, Qa, Qb, Qc|n € Z\{0}} satisfy

[ana am] = 5m+n,0[2n”(kn+2)n]a [do, Qa] = 2(k + 2)7
2 ~
[bn, bm] = —Omtn,0 [QZ] , [bo, Qo] = —4,
2
[Cn, Cm] = 5m+n,0 [22] 5 [507 Qc] = 47

Other combinations of elements are supposed to commute. Set
Ny = Clap, by, cn| =n > 0].

Then the Fock module F; s is defined to be the free N_-module of rank one generated by the
vector which satisfies

Nilr,s) =0, aplr,s) =rlr, s), bo|r,s) = —2s|r, s), éo|r, s) = 2s|r, s).
We set
F’r = @selFr,s-

A representation of the quantum affine algebra Uq(£) is constructed on F,. for any r € C
in [16).

The right Fock module FrT , and F) are similarly defined using the vector (r, s| satisfying the
conditions

(r,s|N_ =0, (r, s|lag = r{r, s, <T‘,8|l~)() = —2s(r, s, (r, s|éo = 2s(r, s|.

Remark 1. We change the definition of |r,s) in [10]. Namely we use

7, s) = exp <2(k:_2)Qa + sz;Qc> |0, 0).

Let us introduce field operators which are relevant to our purpose. For = = a, b, c let

[Ln|x, _ Lz L
LiM,Nlz:a)= - o pmnglnle o 220 —
ﬂf( 9 b |Z Oé) ;[MTLHN?’L]Z q +MN ng+MNQI7
n
In _ i’o 1
Nlz:a)=ax(L: L. N|z:a)=—Y —2 ynghnle 20 —Q,.
#(N|z: ) = a(L; L, N|z : o) g:;[Nn]Z ¢+ log 2+ - Qa

The normal ordering is defined by specifying N, ag, l;o, Co as annihilation operators and N_,
Qa, Qp, Q. as creation operators. With this notation let us define the operators

Jﬁ(z) : Fr,s — Fr,s—i—la ngq) (Z) : Fr,s — Fr+l,s+l—ma S(Z) : Fr,s - Fr—2,s—1’
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by
J(2) = —— (S5 (2) = ()
2) = —— 2)—J_(2)),
(@—q 1)z
J, (2) =:exp <a(“) <q_2z; —T) + b(2|q(“_1)(k+2)z; —1) + c(2q(“_1)(k+1)_1z;0)> :
_ k+2 e —un (2u—kt2yn
alt) <q QZ;—2> ZM{(q—q 1);aunz HngCr="300m 4 g log q},
-1

S(z) = ——(S:(2) — S_(2)),

( ) (q_q_l)z( +( ) ( ))

k+2
Se(z) =: exp (—a <k: + 2|q %2 —;) — b(2|q*k*22; —1) — c(2\q*k*2+€z; O)> :

k+2
(bgl)(z) =: exp (a <l727 k + 2’qkza ;)) 5

[t =[rllr =1---[1],  [X,Y];= XY — ¢V X,

and the integral in ¢§Qr(z) signifies to take the coefficient of (uj - --u,)~!.
The operator J~(z) is a generating function of a part of generators of the Drinfeld realization

Uq(£) at level k. While the operators gf)?(?ll) (z) are conjectured to determine the intertwining
operator for Ugy(slz) modules [10, 15]

l
V() W, — W oV, ¢0(z) =Y ¢l (z) @ oll),
m=0

where W, is a certain submodule of F,. specified as a kernel of a certain operator, called g-
Wakimoto module [15, 12, 13, 11, 1], V¥ is the irreducible representation of Uq(slz) with spin [/2

and VA" is the evaluation representation of Uq(gl\g) on V.
In this paper we exclusively consider the case [ = 1 and set

bi(z) =0, o (2)=0V,  w=0l", wv=0ol.

The operator S(z) commutes with Uq(gl\g) modulo total difference. Here modulo total
difference means modulo functions of the form

F(d"22) — flq~*+2)2)
(g—q Yz ‘

k20-f(2) ==

Remark 2. The intertwining properties of ¢(!)(z) for | € Z are not proved in [10] as pointed out
in [15]. However the fact that the matrix elements of compositions of ¢)(z)’s and S(t)’s satisfy
the qKZ equation modulo total difference can be proved in a similar way to Proposition 6.1
in [15] using the result of Konno [11] (see (4)).

Let

|m> = |’I7’L, 0> € Fm,Oa <m| = <m,0| S FL’O.
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They become left and right highest weight vectors of Uq(gi;) with the weight mA; + (kK — m)Ay
respectively, where Ag, A are fundamental weights of sls. Consider

F(t,2) = (m+n—2¢W(z1) - ¢ (z0)S(t1) - - S(t1)|m) (2)
which is a function taking the value in V(%" Let

UL SN S
T Ak +2) 2(k+2)

Set
=~ A A 0 s(man—2l—i+2)
[ = (H z, mAn—20+1—i— m+n2li> F = (H Z: mTn T3 ) F, (3)
i=1
Let the parameter p be defined from k& by

p= 2k+2),

We assume |p| < 1 as before. Then the function F satisfies the following qKZ equation modulo
total difference of a function [15, 8, 7, 10, 11]

T7F = R;j1(pzi/zj1) - Ria(pzi/z1) g~ "2 O Ry (2 20)- Ry (25 241) ' (4)
where

R(z) = p(z)R(z),  R(z) = C**R(z)C%*,

—-1. .4 4.,-1. .4 00
Z 59 az ;9 i
,0(2) = q1/2< ( 2);(1 4)2 )OO’ (Z; :U)oo = | |(1 - xlz)a Cve = v1 .
q 147 )oo =0

4 Integral formulae

Define the components of F' (¢, z) by

F(t,z) = Z FW(, 2)V(),s V) = Uy @+ @ Uy,
(v)e{o,1}n

where (v) = (v1,...,vn). By the weight condition F*)(¢,z) = 0 unless the condition
tlilvi =0} =1

is satisfied. We assume this condition once for all. Notice that

bolz) = — fd“ (6 (=), J5 (u) — J= (u)),,

(¢—q 1) J 2miu
1
S(t) = m(&r(t) —S-(t))-
Let

{i‘Vi :0} = {kl < e ]{71},
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and
F 0 2lu) = (m 4 n = 2016 (21) - [ (20,), oy (un)g [0 (2,), Ty ()l -+ 6 (20)

X Sey(t1) -+ Se (t)[m).

Then F®)(t, z) can be written as

v — du; v
FOL2) = (<1 g — g ”Htlzﬂemz/ ([ it P 0210

€515 1=1

where C! is a suitable deformation of the torus T! specified as follows.

The contour for the integration variable u; is a simple closed curve rounding the origin in the
counterclockwise direction such that ¢**3z; (1 < j <n), ¢ 2u; (i < j), ¢ #* 2, (1 < a <)
are inside and ¢**'z; (1 < j <n), ¢®u; (j < i) are outside.

By the operator product expansions (OPE) of the products of ¢_(z), J, (u), Se(t) in the

appendix, one can compute the function F((:))(u) (t,z|u) explicitly. In order to write down the
formula we need some notation. Set

(P27 10, 6" oo (g 2715 p, Yo
&(2) = bt p a) . (5@ = H H —p'd2)

=0 5=0
Then
FO (t2lu) = 10, 2@ (8, 2)GY) (8, 2lu)
(6)() (u) \" (&) ()b )
where
n
v ! n+m—2l—k;+1)p; s(m+n—Il—i
f((u))(t72|u) = (]_ — q2)lqzz:1( + 20—k;+ ).U“z I[ (qkzl) ( + )Hg(zz/zj)
1= 1<)
l
H 72t 4s(a—1) 2ms
=1
() _ A<v> 4t = ¢"ta
Glon (b 21u) = Gyt 2lu) Hb R
a<
! . '—Q—k wi—2—k, .
AV) _ ui(zk, — ¢ 2z — gl uj
G(e)(p)(@z’“)—g(% R (w _qk+32k 31_1121:1! o 1ky.
! _ gk2ny i1 _ g—hilk+1)—eq
u] q JZZ U; q ]u] U; q t
X
]1_11%;[1 uj — "3z E ui — g%y H w; — qri(k+2)¢,
Let

The main theorem in this paper is

Theorem 1. If (n) # () = (—,...,—), G(Z) t,z) = 0. For (n) = (') we have
v _ 1r_1)_S0 ) _
GE,)I)(ta z) =q 204+51(11=-1)=> 25—y kl(q —q 1)lw(_y)(t, Z),

where (—v) = (1 —vy,...,1 —vy).
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It follows that F)(t, z) is given by

F(u) (t, Z) — (_1)lqf(n+m+2f2l)l+ksn(m+nfl)7%ksn(n+1)+4sl(mfl+1)

XH s(m+n l—i Hf ZZ/Z] Ht2s (2a—2—m)— lq)(t z)w( zx)(t Z)

1<J

5 Transformation to Tarasov—Varchenko’s formulae

We describe a transformation from F', which satisfies (4), to ¥, which satisfies (1). The parame-
ter k is also determined as a function of [, m, n.
For a solution G of (4) let

-1

L —s(m+2—14+1) L s N A
I (A s | oe (5)
i=1 i=1 i<j
One can easily verify that G satisfies (1) with x = ¢2=2"=2™ using
I G N Ve
£(2) (®2 0%

Let F' be defined by (3) and F by (5). Then

F:( 1)lq7(n+m+2 2l)l+ksn(m+n— l)fflcsn(n+1)+4sl(m 1+1)

n l
% H Zf(m+n—2l—1) H t§5(2a727m)71(13(t, Z) Z W(v) (t7 Z) ® V)
i=1 a=1

For W € Fyy let

n l -1
W= H Zf(eranZfi) H tgs(2a2m)> ) (6)
(il a=1
Then the condition (iii) for W is equivalent to the following conditions,
TiW/W =1,  T;W/W =q~m ",
To sum up we have

Proposition 1. For any W € F;

Uy = /TZHQM W(t,2),

is a solution of the gKZ equation (1), where F is defined by (5) with F and F being given in (3)
and (2) and W is defined by (6).
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6 Proof of Theorem

Let A* = {j|u; = +}. Suppose that the number of elements in A* is r* and write A* = {I <
< l;ti}. Set A= A", r=r" and [; = [; for simplicity. Let

() duj A
T -2) /C’l H 2miug o (b #10)-

Lemma 1. We have

162 = -y Y IT6 oo T2 T IT 2

Zkl

,,,,, ar=1 j=1 1i<k i
aira) (i49) ti=tichy

r —1—¢

ta- —q ata

X -
R -

i=1 a#a;,...,ar v
Proof. We first integrate in the variables u;, j € AT in the order Upks oo Upt . Let us consider
+

the integration in Uyt - We denote the integration contour in w; by C;. The only singularity of
the integrand out81de Cll+ is co. Thus the integral is calculated by taking residue at co. Since
the integrand is of the form

dul;r
H(u
uli*’ ( li"‘)a

where H(u) is holomorphic at co. Then

/C ) = — Res YU H(u) = lim H(w).

N 2miu u=00 U u—00
l
1

In this way the integral in u;+ is calculated. After this integration the integrand as a function
of Ut has a similar structure. Therefore the integration with respect to Uyt is carried out in
a similar way and so on. Finally we get

¥) _(_1yt <o Av)
Logn(t:2) = (=17 Res S SEMICELD)
+
/ H du; H q_S_kui H Zi — q_3_kuj U — Uj
ot s 2miug sz — ¢ Ry i % —q "y 1w — g,
jEA i,jEA
k+1—e
U — “tq
<]1- : Tw —
U — @y

’LEA

Here C" " is specified by similar conditions to C!, where Uyt 1 < i < 7' are omitted. We

(v)+
denote the right hand side of this equation other than [,_.+ [] ; 2mu by I ) (t,z).

Next we integrate with respect to the remaining variables u;, j € A in the order uy,,...,uy,.
Let us consider the integration with respect to u;,. The poles of the integrand inside Cj, is
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¢**2t,, a=1,...,1. Thus we have

l
dut,_p = )+
/Cl ml@(“)(t’ Z) B Z 7R€S o I(E)(M)(t,z)

-3

I e
—1- k g1k, . a2 . gk+2
ar—1 ica “ki Ui i<k, i 9 Uj i<j<lr Ui —q Uy i€ A\{lr} Ui =" la
#r jeA{lr} nied

a

% _qiltar H Zi — qilta»,- H Ui — qk+2ta,~ H ta,n - qilieat(z
2k, — qla, i t ta, —

1 _ —1—6a)
_ Tk (1-q
7;<le Zi q ar i<klr Uj q tar a;éar ar ta
i€A
1 2z —q Ui — U
=(1-q Z o 2, lku H 2z — ¢ 1Ry H u; — q2u;
ar=1 1€EA z<kj 1<j<lp
il jea\{tr) bieA
% H Ui — qk+1_€ata _q_ltar H 2 — q_ltar H tar — q_l_eata
- gkt2 _ _ — '
ieAQ{lr} U q ta Zklr qtar i<ky, Zj qtar atay tar ta
The last expression as a function of u;, , has a similar form to [ ((:))(:) (t,z) as a function of wu;, .
Namely the poles inside Cj, _, are ¢*2¢,, a # a,. Thus the integral in u;, , is the sum of residues
at ¢**t2t,, a # a, and so on. Finally we get

l ! !
)

[ =2 3 o 3 Re o Res I

t, 2
ar=1 ap_1=1 a1 u =q" 2t wy =g+, (O )( )
T ap_q#ar aj#ag,..., ar
2\r 1\r l . : Z—q taj
SRR D DI | LN | T gy
asar=1 j=1 i=1 “ki; T Atai G Li<hy, ta;
a;j#aj (i)
" —1—e¢
taq- —q ata
X -
.1—‘[ H ta' - ta
i=1 a#a;,...,ar v
Thus the lemma is proved. |
Recall that
(v) qebtb - CIG“ta
G(E)(M)(t,z) t z H =T
a<b
For a set {a1,...,a,} let {b1,...,b,+} be defined by
{1,...,0} = {a;} U {b;}.
Then
(=) (q—q )G (¢, 2)
l r —14 r
_ Z] —dq ai al q taj 1
Z_lnlzm —qaz.HlH zj = qta, H ” HH as th—q‘Qta
----- ar=1j i 1=1j<ky, 1>] i=1j= 1 a<b
aisa) (179)

r

rt roort
X H 5€ai’+ Z H ij H H(tai - q_l_Ebj tbj) H(qebtb - qeata).
1=1

Ebl""’ebqu =t j=1 i=1j5=1 a<b
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Let us calculate the sum in {e, } assuming e,, = +. Using

(ta — ¢ ) (ta — ¢ 1) = (ta — t) (ta — ¢ 2ty),

and
H(qutb — qeat H q a; aJ H (qui tbi - quj tbj)
a<b iJ
a; >a b; >bj
X H (qtai - qﬁbj tbj) H (q€bj tbj - qtai)’
ai;bj bjlgai
we have

rt r rt
€. (ta; —a " ity,) T (a%ty — g°ta)
> e ITT¢ 11

€bps--+5€b +::|: j:l =1 j=1 a<b
T
Ir—s 1 1) -2
= (=1)r2 Tr(r— )211612 rrt+ir(r— HH (ta, —to.)(ta, — q tb)H(tai_taj)
i=17=1 ¥

”‘7,'>"‘j

X Z H €b; H @ity — q* tbj)' (7)

€bqyse+5€b ==+ Jj=1
rt bi>b]

Lemma 2. For N > 1 we have

N
>, IeIlwt—aty=o. (8)

€1,..,eN=% 7j=1 i>7

Proof. Let

ai(e) = t(lv qetia (qeti)2v SRR (qeti)N_l)'
Then the left hand side of (8) is equal to

N
Z Hejdet (al(el),...,aN(eN)) = det (Zelal(el),...,ZGNaN(eN)> . (9)

€1,..,eN=* 7=1 €1 EN

Since

> cai() =" (00— g v, (VT = NN,

the right hand side of (9) is zero. [

By this lemma the right hand side of (7) becomes zero if r* > 0. Consequently GE:)) =0 for
* > 0. Suppose that r™ = 0. In this case r =1, 1; =4 (1 <1i <) and

(=)' (g —a )G (t,2)
(ty — tq
iy >

ay,...,a;=1 ¢=1
a;j#aj(i#))

H Zj — q_ltai H ta, — q*Qtaj
Zj — qlq ta, )

Zki — Qtai 3 i sy W

The theorem easily follows from this.
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7 Concluding remarks

In this paper we study the solutions of the gKZ equation taking the value in the tensor product
of the two dimensional evaluation representation of Ug(sl2). The integral formulae are derived
for the highest to highest matrix elements for certain intertwining operators by using free field
realizations. The integrals with respect to u variables corresponding to the operator J~ (u) are
calculated and the sum arising from the expression of J~(u) and the screening operator S(t)
is calculated. The formulae thus obtained coincide with those of Tarasov and Varchenko. The
calculations in this paper can be extended to the case where the vector space VI®" ig replaced
by a tensor product of more general representations. It is an interesting problem to perform
similar calculations for other quantum affine algebras [2] and the elliptic algebras [13].

In Tarasov—Varchenko’s theory solutions of a qKZ equation are parametrized by elements of
the elliptic hypergeometric space F;; while the matrix elements are specified by intertwiners.
It is an interesting problem to establish a correspondence between intertwining operators and
elements of F ;. With the results of the present paper one can begin to study this problem.
Study in this direction will provide a new insight on the space of local fields and correlation
functions of integrable field theories and solvable lattice models. The corresponding problem in
CFT is studied in [5].

Appendix. List of OPE’s

Here we list OPE’s which are necessary in this paper. Almost all of them are taken from the
paper [10]. Let

C(z) = (¢ %2;P)o

= M7 (2)o0 = (23P) oo

t— g

Ser (t1)Sey (t2) = (¢ 1) "¢ t — q 2t Clta/t1) : Sey(t1)Sey(t2) 5, g ta| < [ta],
_s (qt/z) _
_(2)8.(t) = (¢~ suz_zset:, ) < |z,
6-(2)S.0) = ("2 LT o (9505 el < e
_ o gu—grrDme , —(k+2)
J,u (U)Sg(t) =4q U — q_“(k+2)t . ‘],u (U)S€(t) 9 ’q t| < |u’7
_ z— 'Ry . N k+3
¢—(2)J, (u) = PR ¢—(2)J, (u) =, lul <[¢"""z| for p=-—,
_ gkt2—p
_ u—q z _
Jy (w)o—(z) = qum 1o-(2)J, (u) " 2| < ful for p=+,

— P u(z — g2 Fy
-0 Ty ly = o 0 ()

_ g2
T (w) T, (ug) = q—mu

i i (un) g (u2) 1, g | < Judl,

up — g 2uy

O (21)p—(22) = (¢°21)°¢(21/ 22) : p—(21)d—(22) 1, [pza| < |21

Note 1. After completing the paper we were informed that H. Awata, S. Odake and J. Shiraishi
obtained a similar result to this paper. The result is reviewed in Shiraishi’s PhD thesis [17] in
which one statement is a conjecture. However the complete version containing all proofs for all
statements had not been published after all. We would like to thank J. Shiraishi for the kind
correspondence.
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