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SPECIAL POLYNOMIALS ASSOCIATED WITH RATIONAL
AND ALGEBRAIC SOLUTIONS OF THE PAINLEVE
EQUATIONS
by
Peter A. Clarkson

Abstract — Rational solutions of the second, third and fourth Painlevé equations
(P1r—P1v) can be expressed in terms of logarithmic derivatives of special polyno-
mials that are defined through coupled second order, bilinear differential-difference
equations which are equivalent to the Toda equation.

In this paper the structure of the roots of these special polynomials, and the spe-
cial polynomials associated with algebraic solutions of the third and fifth Painlevé
equations, is studied and it is shown that these have an intriguing, highly symmet-
ric and regular structure. Further, using the Hamiltonian theory for Pi—Prv, it is
shown that all these special polynomials, which are defined by differential-difference
equations, also satisfy fourth order, bilinear ordinary differential equations.

RésumégPolyndmes spéciaux associés aux solutions rationnellasalgébriques des équations
de Painlevé)

On peut exprimer les solutions rationnelles des équations Pyy, Pypr et Pry en
fonction des dérivées logarithmiques de polynémes spéciaux définis par des équations
différences-différentielles bilinéaires d’ordre deux couplées et équivalentes & 1’équation
de Toda.

Dans cet article nous étudions la configuration des racines de ces polyndémes spé-
ciaux et des polynomes spéciaux associés aux solutions algébriques des équations de
Painlevé Prr1 et Py. Nous mettons en évidence une structure étonnante, fortement
symétrique et réguliere. En outre, appliquant la théorie hamiltonienne & Pyr, Pryp
et Pry, nous montrons que tous ces polyndémes spéciaux, définis par des équations
différences-différentielles, satisfont aussi & des équations différentielles ordinaires bi-
linéaires d’ordre 4.
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22 P.A. CLARKSON

1. Introduction

In this paper our interest is in rational solutions of the second, third and fourth
Painlevé equations (Pi—Prv)

(1.1) w’ = 2w + zw + a,
12 ! 2 )
(12) B 0 s o A S
w z z w
N\2
3
(1.3) w” = (;U—w) + 5103 + dzw? 4 2(2% — a)w + g,

where ' = d/dz and «, 8, v and § are arbitrary constants and algebraic solutions of
Py and the fifth Painlevé equation (Py)

1 1 w o (w—1)2 I6; yw  dw(w+ 1)
14) w'=(—+ —r N — 4= 7 = Tt Sl Mt/
(14) w <2w+w—1)(w) z+ 22 aw+w JrzJr w—1
The six Painlevé equations (P;—Pvyi), were discovered by Painlevé, Gambier and
their colleagues whilst studying which second order ordinary differential equations of
the form

(1.5) w” =F (z,w,w'),

where F is rational in w’ and w and analytic in z, have the property that the solutions
have no movable branch points, i.e. the locations of multi-valued singularities of any of
the solutions are independent of the particular solution chosen and so are dependent
only on the equation; this is now known as the Painlevé property (cf. [34]). The
Painlevé equations can be thought of as nonlinear analogues of the classical special
functions. Indeed Iwasaki, Kimura, Shimomura and Yoshida [35] characterize the
Painlevé equations as “the most important nonlinear ordinary differential equations”
and state that “many specialists believe that during the twenty-first century the Pain-
levé functions will become new members of the community of special functions” (see
also [14, 75]). The general solutions of the Painlevé equations are transcendental in
the sense that they cannot be expressed in terms of known elementary functions and
so require the introduction of a new transcendental function to describe their solution
(cf. [34, 75]).

Although first discovered from strictly mathematical considerations, the Painlevé
equations have arisen in a variety of important physical applications including sta-
tistical mechanics, plasma physics, nonlinear waves, quantum gravity, quantum field
theory, general relativity, nonlinear optics and fibre optics. Further the Painlevé equa-
tions have attracted much interest since they also arise as reductions of the soliton
equations which are solvable by inverse scattering (cf. [1], and references therein, for
further details).

Vorob’ev [79] and Yablonskii [80] expressed the rational solutions of Py (1.1)
in terms of the logarithmic derivative of certain special polynomials which are now
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SPECIAL POLYNOMIALS AND THE PAINLEVE EQUATIONS 23

known as the Yablonskii—Vorob’ev polynomials (see §2 below). Okamoto [60] derived
analogous special polynomials related to some of the rational solutions of Pry, these
polynomials are now known as the Okamoto polynomials (see §4.2 below), which
have been generalised by Noumi and Yamada [58] so that all rational solutions of
Py can be expressed in terms of the logarithmic derivative of special polynomials
(see §4.3 below). Umemura [77] derived associated analogous special polynomials
with certain rational and algebraic solutions of Pyi;, Py and Py which have similar
properties to the Yablonskii—Vorob’ev polynomials and the Okamoto polynomials (see
also [56, 81]). Subsequently there have been several studies of special polynomials
associated with the rational solutions of Py; [26, 38, 40, 68], the rational and alge-
braic solutions of Pyy; [39, 59], the rational solutions of Py [26, 41, 58], the rational
solutions of Py [51, 57] and the algebraic solutions of Py [45, 44, 50, 69, 70]. Many
of these papers are concerned with the combinatorial structure and determinant rep-
resentation of the polynomials, often related to the Hamiltonian structure and affine
Weyl symmetries of the Painlevé equations. Typically these polynomials arise as the
“r-functions” for special solutions of the Painlevé equations and are generated through
nonlinear, three-term recurrence relations which are Toda-type equations that arise
from the associated Béicklund transformations of the Painlevé equations. Additionally
the coefficients of these special polynomials have some interesting, indeed somewhat
mysterious, combinatorial properties (cf. [56, 75, 77]).

Clarkson and Mansfield [22] investigated the locations of the zeroes of the
Yablonskii—Vorob’ev polynomials in the complex plane and showed that these zeroes
have a very regular, approximately triangular structure (see also [15]). An earlier
study of the distribution of the zeroes of the Yablonskii—Vorob’ev polynomials is
given by Kametaka, Noda, Fukui, and Hirano [42] — see also [35, p. 255, p. 339].
The structure of the zeroes of the polynomials associated with rational and algebraic
solutions of Py is studied in [17], which essentially also have an approximately
triangular structure, and with rational solutions of Pry in [16], which have an ap-
proximate rectangular and combinations of approximate rectangular and triangular
structures. The term “approximate” is used since the patterns are not exact triangles
and rectangles since the zeroes lie on arcs rather than straight lines.

In this paper we review the studies of special polynomials associated with rational
solutions of Pyr, Pryr and Pry in §§2—4, respectively, and special polynomials associ-
ated with algebraic solutions of Pyi; and Py in §5 and §6, respectively. Further we
discuss the rational solutions of the Hamiltonian systems associated with Py, Prir and
Pyv, respectively. In particular, it is shown that the associated special polynomials,
which are defined by differential-difference equations, also satisfy fourth order, bilinear
ordinary differential equations. This is analogous to classical orthogonal polynomi-
als, such as Hermite, Laguerre and Jacobi polynomials, which satisfy linear ordinary
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24 P.A. CLARKSON

differential, difference and differential-difference equations (cf. [3, 7, 71]), and so pro-
vides further evidence that the Painlevé equations are nonlinear special functions. In
87 we discuss the interlacing of the roots of these special polynomials in the complex
plane. In §8 we discuss our results and pose some open questions.

2. Special Polynomials Associated with Rational Solutions of Py

Rational solutions of Pyp, for « = n € Z, can be expressed in terms of the log-
arithmic derivative of special polynomials which are defined through a second or-
der, bilinear differential-difference equation, see equation (2.2) below. These special
polynomials were introduced by Vorob’ev [79] and Yablonskii [80], now known as
the Yablonskii—Vorob’ev polynomials, which are given in the following theorem (see
also [26, 68, 75, 78]).

Theorem 2.1 — Rational solutions of P11 exist if and only if « = n € Z, which are
unique, and have the form

(2.1) i = w(zm) = {ln [Q—”] }

dz Qn(2)
forn > 1, where the polynomials Qn(z) satisfy the differential-difference equation
(2.2) Qui1Qu-1 = 2Q2 — 4[Qu@ — Q)]

with Qo(z) = 1 and Q1(2) = z. The other rational solutions of P11 are given by
wo =0 and w_,, = —w,,.

The Yablonskii-Vorob’ev polynomials Q,(z) are monic polynomials of degree
in(n + 1) with integer coefficients. It is clear from the recurrence relation (2.2)
that the @, (z) are rational functions, though it is not obvious that in fact they are
polynomials since one is dividing by @,,—1(2) at every iteration. Hence it is somewhat
remarkable that the Yablonskii—Vorob’ev polynomials are polynomials. A list of the
first few Yablonskii—Vorob’ev polynomials and plots of the locations of their zeros in
the complex plane are given in [22]. A plot of the roots of Q25(z) in the complex
plane is given in Figure 2. The interlacing of the roots of these special polynomials
in the complex plane is discussed in §7.

It is well-known that Py; can be written as the Hamiltonian system [60]

q/ — aI{H 2 r_ 8HH

2.3 - 1, —
(2.3) op LT 2 p 94

=2qp+a+ 3,

where the (non-autonomous) Hamiltonian Hiyi(g, p, z; @) is given by

(2.4) Hi(q,p,z;0) = 3p° — (¢ + 32)p — (o + 3)q.

SEMINAIRES & CONGRES 14



SPECIAL POLYNOMIALS AND THE PAINLEVE EQUATIONS 25

10 ..:',
LR
| cnEERERRE
-10-

~10 5 0 5

FIGURE 2.1. Roots of the Yablonskii—Vorob’ev polynomial Q25(z)

Eliminating p in (2.3) then ¢ = w satisfies Py, whilst eliminating ¢ yields

dp 2
(2.5) pp’ =3 (E) =10 +2p° - 2p* - S(a+ 3)2,

which is known as Psy4, since it is equivalent to equation XXXIV of Chapter 14 in [34].
The Hamiltonian function o(z; @) = Hii(q, p, 2; ), where p and ¢ satisfy (2.3), satisfies
the second order, second degree equation [36, 60]

(2.6) (0" +4(0")? + 20" (20" —0) = %(a 4 %)2
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26 P.A. CLARKSON

Equation (2.6), which was first derived by Chazy [12] and rederived by Bureau [10, 9,
11], is equation SD-1.d in the classification of second order, second degree equations by
Cosgrove and Scoufis [23] and arises in various applications including random matrix
theory (cf. [24, 73]). Conversely if o(z; ) is a solution of (2.6), then
40" (z; ) + 2a0+ 1

2.7 ja) = :

(2.7) q(z;q) S0/ (a)
are solutions of (2.3) [60]. The relationship between the Hamiltonian function and
associated 7-functions is, up to a multiplicative constant, given by [60]

p(z;a) = —20'(2; ).

on =0(z;n) = P In7,,
where 7, satisfies the Toda equation
(2.8) ToTl — (11)? = CTpy1Tn_1,
with C' a constant. Solutions of (2.2) and (2.8) are related by 7, = Q,, exp(—23/24),
with C'= —1, and so rational solutions of (2.6) have the form
(2.9) o :—122+ian
. n 5 o n-

Using this Hamiltonian formalism for Py, it can be shown that the Yablonskii—
Vorob’ev polynomials Q,,(z) satisfy an fourth order bilinear ordinary differential equa-
tion and a fourth order, second degree, hexa-linear (i.e. homogeneous of degree six)
difference equation (see also [15]). Differentiating (2.6) with respect to z yields

(2.10) 0" +6(0')’ +220' — =0,
and then substituting (2.9) into (2.10) yields the fourth order, bilinear equation
(211)  Que —4QLQ1 +3(Q1)° = 2 [Qu@) — (QL)] — QuQl, = 0.
We remark that substituting (2.9) into (2.6) yields the third order, second degree,
quad-linear (i.e. homogeneous of degree four) equation
Q2 Q) + Qi [4(QL)° — 6QuQ, Q1 — 3@3] +4Qu (@1

(212) — Q) [3(Q)° +2Q2] +3Qu @, Q1 (420}, — Qu)

—(@0)" (2@ = Qu) + 52@0@Q, — fn(n+ 1Q;, =0.

Additionally @,, satisfies the fourth order, second degree, hexa-linear difference equa-
tion

16(2n + 1)*Q% — 8(2n + 1)3(Qn2Q3 Q21 +2Q7 Q% + Qu2Q3Q2
—42Q% 1Qr Q7 1) + (Qui2Qr 1 — Q5 1Qn—2)* =0

(see [15] for details). Hence the Yablonskii-Vorob’ev polynomials @, satisfy nonlinear
ordinary differential equations (2.11) and (2.12), the difference equation (2.13) as well

(2.13)
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SPECIAL POLYNOMIALS AND THE PAINLEVE EQUATIONS 27

as the differential-difference equation (2.2); see [15] for further differential-difference
equations satisfied by the Yablonskii—Vorob’ev polynomials.

It seems reasonable to expect that the ordinary differential equations (2.11)
and (2.12) will be useful for proving properties of the Yablonskii—Vorob’ev polyno-
mials since there are more techniques for studying solutions of ordinary differential
equations than for difference equations or differential-difference equations. For
example, suppose we seek a polynomial solution of (2.12) with a = n in the form

1

Qn(z)=2"+a,—12""" + -+ a1z + ap,

where is has been assumed, without loss of generality, that the coefficient of 2" is unity
since (2.11) is homogeneous. Then it is easy to show that necessarily r = %n(n +1),
which is a simple proof of the degree of @, (z). Similarly it is straightforward to show
using (2.11) that a,—3;_1 = 0 and a,_3;—2 = 0 and to derive recurrence relations for
the coefficients a,_3;. Kaneko and Ochiai [43] derive formulae for the coefficients of
the lowest degree term of the Yablonskii—Vorob’ev polynomials; the other coefficients

remain to be determined, which is an interesting problem.

3. Special Polynomials Associated with Rational Solutions of Py

3.1. Rational solutions and Bicklund transformations of Pyj;. — In this
section we consider the generic case of Pry; when v6 # 0, then we set v = 1 and
0 = —1, without loss of generality (by rescaling w and z if necessary), and so consider
\2 / 2
1
(w') w o aw® 40 i

3.1 "= - —
(3:1) v w T

The location of rational solutions for the generic case of Pyy; given by (3.1) is stated
in the following theorem due to Gromak, Laine and Shimomura [32, p. 174] (see
also [52, 54]).

Theorem 3.1 — Equation (3.1), i.e. Pip with v = —§ = 1, has rational solutions if
and only if a + e = 4n, with n € Z and € = +1. Generically, except when « and
B are both integers, these rational solutions have the form w = Pp2(2)/Qnz2(z), where
P,2(2) and Q,2(2) and polynomials of degree n? with no common roots.

We remark that the rational solutions of the generic case of Pyyr (3.1) lie on the
lines a + 8 = 4n in the a-fF plane, rather than isolated points as is the case for Pry.

The Bécklund transformations of Py are described in the following theorem due
to Gromak [28, 29] (see also [52, 54] and the references therein).
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28 P.A. CLARKSON

Theorem 3.2 — Suppose w = w(z;a,5,1,—1) is a solution of P, then w; =
w;(z;045,05,1,—-1), 7 =1,2,...,6, are also solutions of Pt where

2w+ zw? — fw—w+ 2
( a’) w1y w(zw’+zw2+aw+w+z)’ aq o+ ) ﬁl B—i_ B

2w — zw? — fw—w + 2
3.2b = — —a—2 = 2
( ) w2 ’LU(Z’LUI—Z’LUQ _OCUJ‘F’LU—FZ)’ a2 «@ ) 62 ﬂ+ )

2w 4 zw? + fw —w — 2
3.2 = — = 2 =pB-2
( C) w3 w(zw’+zw2+0¢w+wfz)’ Q3 a+ 3 ﬁl’) B )

2w — zw? + fw—w— 2z

3.2d = =a—2 =p-2
(3-2d) e w(zw — z2w? —ow +w — 2)’ mmams =5

(3.26) Wy = —W, a5 = —Q, Bs = —f

(3.2f) wg = 1/w, ag = —f3, Bs = —a.

3.2. Associated special polynomials. — Umemura [77], see also [17, 39, 81],

derived special polynomials associated with rational solutions of Pyry, which are de-
fined in Theorem 3.3; though these are actually polynomials in 1/z rather than poly-
nomials in z. Further Umemura states that these “polynomials” are the analogues of
the Yablonskii—Vorob’ev polynomials associated with rational solutions of Py; and the
Okamoto polynomials associated with rational solutions of Pry.

Theorem 3.3 — Suppose that T,,(z; 1) satisfies the recursion relation

42T, a7, \ 2
()
dz dz

dT,
— T+ (2 + )Ty,

(33) ZTnJrlTn,l = —Z dz

with T—1(z; 1) = 1 and To(z; 1) = 1. Then

To(zip = 1) Ta (2 1)
To(z; 1) Toa(z; = 1)
satisfies Prip, with o, = 2n+2u—1 and B, = 2n —2u+ 1.

(3.4) wp (23 1) = w(z; ap, B, 1,—1) =

The “polynomials” T;,(z; 1) are rather unsatisfactory since they are polynomials
in & = 1/z rather than polynomials in z, which would be more natural. However it
is straightforward to determine a sequence of functions Sy, (z; 1) which are generated
through an equation that are polynomials in z. These are given in the following
theorem, proved in [17, 37], which generalizes the work of Kajiwara and Masuda
[39].

Theorem 3.4 — Suppose that S, (z; 1) satisfies the recursion relation

2 2
5 S0 (a5,
dz? dz

ds,
(35) Sn+1Sn_1 = —z — Sng + (Z + ,U/)S?l,
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with S_1(z; 1) = So(z; ) = 1. Then

(3.6)
d Sn_1(z; 1 — 1)] } Sp(z;p—1) Sp_1(z; 1)
wy, = w(z;ap, Pn,1,—1) =14+ —1<1In = ,
(% s s 1, 1) dz{ [ e S ) Snalzip— 1)
satisfies Prip with ay, =2n+2pu — 1 and B, =2n —2u+ 1 and
(3.7)

PN A T d Sn—1(z;0) 1\ _ Sn(z3p) Sn—1(z;0 — 1)
B =z 8 B 1, 1) =14 % LM%MU}}_SM%MD&zd%M’

dz
satisfies Pryp with &y, = —2n + 2u — 1 and Bn =—2n—2p+1.

The rational solutions of Pyy; defined by (3.6) and (3.7) can be generalized using
the Bécklund transformation (3.2e) to include all those described in Theorem 3.1
satisfying the condition a+ 8 = 4n. Rational solutions of Pyy satisfying the condition
a — 3 = 4n are obtained by letting w — iw and z — iz in (3.6) and (3.7), and then
using the Bécklund transformation (3.2e).

We remark that the polynomials Sy, (z; 1) and T;,(z; i), defined by (3.5) and (3.3),
respectively, are related through

(3.8) Sz 1) = 2" VT (2 p0).
Also the polynomials Sy, (z; 1) have the symmetry property
(3.9) Sn(2; 1) = Sn(=2; —p).

Plots of the roots of the polynomials S, (z;u) for various p are given in [17].
Initially for u sufficiently large and negative, the %n(n—i— 1) roots form an approximate
triangle with n roots on each side. Then as p increases, the roots in turn coalesce
and eventually for p sufficiently large and positive they form another approximate
triangle, similar to the original triangle, though with its orientation reversed. It is
straightforward to determine when the roots of Sy, (z; 1) coalesce using discriminants
of polynomials. Suppose that f(z) = 2™ + am_12""1 + -+ + a1z + ag is a monic
polynomial of degree m with roots a1, aa, ..., m, so f(z) = H;":l (z —a;). Then the
discriminant of f(z) is
(3.10) Dis(f) =[] (a5 — )

1<j<k<m

Hence the polynomial f has a multiple root when Dis(f) = 0. It is straightforward
to show that

Dis (S5 (2 1)) = 32555 (u? — 1)2,

Dis(S4(2; ) = 3752077 ' (1 — 1)°(p? — 4)?,

Dis(S5 (2 1)) = 3055725252 — 1)1 (2 — 4)°(? — 9)2,

Dis(Ss(z; 1)) = —3M75507631 11 44 (2 — 1)26 (42 — 4)M (2 — 9)0(u% — 16)2.
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30 P.A. CLARKSON

Thus S3(z; ) has multiple roots when p = 0,£1, S4(z; 1) when p = 0,£1,42,
Ss(z; 1) when = 0,+1,4+2, £3, and Sg(z; ) when p = 0, £1, £2, 43, +4. In all cases
the multiple roots occur at z = 0. This naturally leads to the following conjecture.

Conjecture 3.5[6]). — The polynomial S, (z;u) has multiple roots at z = 0 when
pw=0,+£1,4+2 ... +(n—2).

3.3. Hamiltonian theory for Pij;. — The Hamiltonian associated with Py is
[36, 60] (see also [25])

(3.11) Hint = p%¢* — 2pg® — (B = V)pg +zp+ 5 (B — 2 — a) zq,

and so from Hamilton’s equations we have

(3.12)

20 =2p¢" —2¢° = (B—1V)g+2 20/ =-2pq+2zpg+ (B-1)p—3(F-2-a)z

Setting ¢ = w and eliminating p in this system yields Pyp (3.1). Next, define the

auxiliary Hamiltonian function o by

(3.13) o= %HHI + %pq + %(ﬁ —2)% - %zQ,

where p and ¢ satisfy the Hamiltonian system (3.12). Then o satisfies the second

order, second degree equation given by

(3.14) (20" =o'V +4(0'F (20" — 20) + dz\0’ — 22 (20" — 20 + 2X) =0,

with Ay = —a(8—2) and Ao = za?+5(3—2)? [36, 60]. Conversely if o is a solution

of (3.14) then

220" 4+2(1—p)0’ —az
22 —4 (o)

are solution of (3.12). Due to the relationship between the Hamiltonian and the

7-function (see [60]), it can be shown that solutions of (3.14) have the form

(3.15) , p=o'+ 3z,

d 1/8 1.2 1.2 1 d
o(2) :,Z&ln{z / exp(g2 )Tn(z)} =77 +§+Z£1n7'n(z)

d
where 7, satisfies the Toda equation (2.8), with ’ = e Hence, since 7,(z) =
z

exp (—12% — puz) Sn(z; 1), then rational solutions of (3.14) have the form
d

(3.16) on(zip) =—32" —pz+ % +zd—lnSn(z;u),
z

with Ay = p? — (n+ )2 and Ao = p® + (n + 1)2.

Using this Hamiltonian formalism for Pryp, it can be shown that the polynomials
Sn(z; 1) satisfy an fourth order bilinear ordinary differential equation and a sixth
order, hexa-linear difference equation [17]. Multiplying (3.14) by 1/2? and the differ-
entiating with respect to z yields

(3.17) 220" — 20" 4 62 (J’)2 — 800’ + 0’ — 12° + 227 = 0.
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SPECIAL POLYNOMIALS AND THE PAINLEVE EQUATIONS 31

Then substituting (3.16) and Ay = p? — (n + 3)? into this yields the fourth order,
bilinear equation

22 sgsg"474sgsﬂ'+f3(sg)ﬂ 22 (S,8" — 55"
(3.18)
—4z(z+ p) {SnS,’{ — (S;)Q} — 28,8 +4uS,S!, = 2n(n +1)S2.

As for the case for the ordinary differential equations satisfied by the Yablonskii—
Vorob’ev polynomials, i.e. equations (2.11) and (2.12), it seems reasonable to expect
that the ordinary differential equation (3.18) will be useful for the derivation of prop-
erties of the polynomials S, (z; u). For example, using (3.18) it is straightforward to
show that the polynomials S, (z; 1) has degree sn(n + 1).

4. Special Polynomials Associated with Rational Solutions of Py

4.1. Rational solutions and Béicklund transformations for P;y. — Rational
solutions of Pry (1.3) are classified in the following theorem due to Lukashevich [47],
Gromak [31] and Murata [53] (see also [8, 32, 78]).

Theorem 4.1 — Py has rational solutions if and only if either

(4.1) a=m, B=-22n—m+1)2
or
(4.2) a=m, B=-202n—-m+ 1)

with m,n € Z. Further the rational solutions for these parameter values are unique.

Some simple rational solutions of Pyy are

(4.3)  wi(z;£2,-2) ==+1/z, wa(z;0,—2) = =2z, w3 (z;0,—3) = —2z.

It is known that there are three families of unique rational solutions of Py, which have
the solutions (4.3) as the simplest members. These are summarized in the following
theorem due to Bassom, Clarkson and Hicks [8] (see also Murata [53] and Umemura
and Watanabe [78]).

Theorem 4.2 — There are three families of rational solutions of Pry, which have the
forms

(4.4a) wi(z; 01, B1) = p1a—1(2)/q1,n(2),
(4.4b) wo(z; a2, f2) = =22+ p2,n—1(2)/q2,n(2),
(4.4¢) ws(z; a3, F3) = =32 + p3n—1(2)/@3.n(2),
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where p;n(2) and g;n(2), j =1,2,3, are polynomials of degree n, and

)
(4.5a) (a1,B1) = (Em, —2(1+2n+m)?), n<-1, m>—2n,
(4.5b) (v, Ba) = (m, (I4+2n+m 2) , n>0, m>-n,
(4.5¢) (a3, 83) = (m, —% (14+6n— 3m)2) ,

with m,n € Z.

The three families given in this theorem are known as the “—1/z hierarchy”, the
“—2z hierarchy” and the “fgz hierarchy”, respectively (see [8] where the terminology
was introduced). The “—1/z hierarchy” and the “—2z hierarchy” form the set of
rational solutions of Pry with parameter values given by (4.1) and the “— %z hierarchy”
forms the set with parameter values given by (4.2). The rational solutions of Pry with
parameter values given by (4.1) lie at the vertexes of the “Weyl chambers” and those
with parameter values given by (4.2) lie at the centres of the “Weyl chamber” [78].

The Bécklund transformations of Py are described in the following theorem due
to Lukashevich [47], Gromak [30, 31] (see also [8, 32]).

Theorem 4.3 — Let wy = w(z;aq0,50) and wj[ = w(z;a]i,ﬂjt), j = 1,2,3,4, be
solutions of Py with

2
(4.6a) of i(2*2aoi3 7260), :f% (1+aoj: 7260) 7
(46b) aF =1 (2+2a0i3\/—250), =3 (1-a0 V2R
(4.6c) az =3 —3a0F £/ 200, —1 (1 —ap+l 1/_250)
o et et et
Then
(47&) Ti : u}i = w6 _ w% — 2Z’LUO FV *260
! ! 2’LUO ’
/ 2 9 —5
(4.7b) T wgtz_wOerOJr ZWo F v 50’
2’LUO
= L _ 2 (1— a0 F 3V=208) wo
(47C) 7;’ . ’LU3 = Wy + n o
wi £ /=280 + 2zwo + wg
2(14+ ap +1v/=25,) w
(4.7d) TE . wE—wot (14 a0+ 3v/=28) wo

wh F /=28y — 22w — w3’

valid when the demominators are non-zero, and where the upper signs or the lower
signs are taken throughout each transformation.
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4.2. Okamoto polynomials. — In a comprehensive study of the fourth Painlevé
equation Py, Okamoto [60] (see also [26, 41, 58]) defined two sets of polynomials
analogous to the Yablonskii—Vorob’ev polynomials, which are defined in Theorems 4.4
and 4.5 below. These have been scaled compared to Okamoto’s original definition,
where the polynomials are monic, so that they are for the standard Pry.

Theorem 4.4 — Suppose Qn(z) satisfies the recursion relation

(48) Quir@u-1 =3 |Qu@y = (@} F] + [222 +3(2n — 1)] @2,
with Qo(z) = Q1(z) = 1. Then

_ ) 2 d Qn+1(2)
(4.9) wy, = w(z;an, Bn) = gz + P {hl { ont) ]} ,

for n >0, satisfies Pry with (o, 5n) = (2n, —%)

Theorem 4.5 — Suppose R, (z) satisfies the recursion relation

(4.10) Ro1Rn1 =2 |R.R! - (R;)Q} +2(22 + 3n)R2,
with Ro(z) = 1 and Ry(z) = v/22. Then

. = d Rn 1(2)
4.11 = : —_2 = Jp | 2t

for m >0, satisfies Pry with (Qn, Bn) = (2n+ 1, ,%)'

The polynomials @, (z) are polynomials of degree n(n — 1), in fact they are monic
polynomials in ¢ = v/2 z with integer coefficients, which is the form in which Okamoto
[60] originally defined these polynomials. Further the polynomials @, (z) are even
polynomials, i.e. monic polynomials in (? = 222 of degree %n(n —1). The polynomials
R, (z) are polynomials of degree n?, in fact they are monic polynomials in ( = 2z
with integer coefficients, which is the form in which Okamoto [60] originally defined
these polynomials. In [16] plots of the locations of the zeros, in the complex plane,
for the Okamoto polynomials @, (z) = 0, defined by (4.8), and R,(z) = 0, defined
by (4.10), are given. These both take the form of two “triangles” with the polynomials
R, (z) having an additional row of zeros on a straight line, the real axis, between the
two “triangles”. The term “triangles” is used since the zeros lie on arcs, rather than
straight lines and so are only approximately triangular.

4.3. Generalized Hermite polynomials and generalized Okamoto polyno-
mials. — Noumi and Yamada [58] generalized the results of Okamoto [60] described
above and introduced the generalized Hermite polynomials Hp, »(z), which are defined
in Theorem 4.6, and the generalized Okamoto polynomials Qm, n(z), which are defined
in Theorem 4.7. Noumi and Yamada [58] expressed both the generalized Hermite
polynomials and the generalized Okamoto polynomials in terms of Schur functions
related to the so-called modified Kadomtsev-Petviashvili (mKP) hierarchy. Kajiwara
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and Ohta [41] also expressed rational solutions of Pry in terms of Schur functions by
expressing the solutions in the form of determinants.

Theorem 4.6 — Suppose Hy, n(z) satisfies the recurrence relations

(4.12a) 2mHp s 10 Hon 1 = HpnHll o — (HL L+ 2mH2,
(4.12b) 20 Hpppi1 Honoo1 = —H o Hi o+ (HL Y+ 20H2,
with H0,0 = HI,O = HO,I =1 and H1,1 = 22, then
d Hpi1

4.13 O — = ) ( 2t
(4.130) wllo = () )

d H 1
4.13b N — _ — Jp | —mntd
(113b) wih = ()}

d H, 1

4.13 U — 97 4 — dp [ it
( C) wm,n i dz " Hm-l—l,n ’
where wg)n = w(z; ozg,}]?n, ,(ﬁ])n) for J=LILIIL, is a solution of Py, respectively for
(4.14a) a,(v?,n =2m+n+1, ﬁ,ﬁﬂ}f = —2n?,
(4.14D) o) =—(m+2n+1), Y, =-2m?
(4.14c) ol =n—m, B = —2(m+n+ 1)

The rational solutions of Pry defined by (4.13) include all the solutions in the
“—1/2” and “—2z” hierarchies, as is easily verified by comparing the parameters
in (4.14) with those in (4.5a) and (4.5b). Further they are the set of rational so-
lutions of Pry with parameter values given by (4.1). The rational solutions of Pry
generated by the generalized Hermite polynomials H,, ,(z) are special cases of the
special function solutions, often called one-parameter families of solutions, which are
expressible in terms of parabolic cylinder functions D, (§), or a special case of the
Whittaker functions M, ,(¢) and W, ,(¢) (cf. [16]; see, for example, [3, §19.12] for
the relationship between parabolic cylinder functions and Whittaker functions).

Plots of the locations of the zeros of the polynomials H,, ,,(z) for various choices of
m and n, are given in [16]. These plots, which are invariant under reflections in the
real and imaginary z-axes, take the form of m x n “rectangles”, though these are only
approximate rectangles as can be seen by looking at the actual values of the zeros. A
plot of the complex roots of the generalized Hermite polynomial Hag 20(%) is given in
Figure 4.3.

Theorem 4.7 — Suppose Qum.n(2) satisfies the recurrence relations
(4152) Quitn@m-1n = 3 [@mn@in — ()| + 222 +32m+n - 1] Q2

(415b) Qm,nJrlQm,nfl = % [Qm,nQ;;m,n - (Qfm,n)2:| + [222 =+ 3(1 —m— 2”)] 7271,717
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FIGURE 4.1. Roots of the generalized Hermite polynomial H2g,20(2)

with Qoo = Q1,0 = Qo1 =1 and Q11 = V22, then

(4.16a)
(4.16D)

(4.16¢)

(J)

where Wy/n = w
(4.17a)
(4.17b)
(4.17¢)

(

m,n

~(J) 20

&ﬁ,{{n =2m + n,
&’ngLI,?n = _(m + Qn)a
G — oy

m,n

— 2,
= 32

2
f3z+

dz
d
dz

B’V(YII)TL

BUD

m,n

A (II1)

m,n

—-ter g {m (G2
{n(522))
Qmn ’
()}
dz Q7n+1,n, ’

25 Q' Bmn) for JI=LILIL, are solutions of Pry, respectively for

= —2(n—1)%

=—2(m+n+3)>

35
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The rational solutions of Pry defined by (4.16) include all the solutions in the
“fgz” hierarchy, as is easily verified by comparing the parameters in (4.17) with
those in (4.5¢). Further they are the set of rational solutions of Pry with parameter
values given by (4.2).

Examples of generalized Okamoto polynomials and plots of the locations of their
complex roots are given in [16]. Plots of the complex roots of the generalized Okamoto
polynomials Q10,10(%) and Q_g _s(z) are given in Figures 4.3 and 4.3, respectively.
The roots of the polynomial @y, »(z), with m,n > 1, take the form of m xn “rectangle”
with an “equilateral triangle”, which have either m — 1 or n — 1 roots, on each of its
sides. The roots of the polynomial Q_,, _(2), with m,n > 1, take the form of m x n
“rectangle” with an “equilateral triangle”, which now have either m or n roots, on
each of its sides. These are only approximate rectangles and equilateral triangles as
can be seen by looking at the actual values of the roots. We remark that as for the
generalized Hermite polynomials above, the plots are invariant under reflections in
the real and imaginary z-axes.

Due to the symmetries
(4.18a) Qnm(z) = exp(f%ﬁidmyn) Qmn(iz),
(4.18Db) Q1—m—nn(2) = exp(—3midm,n) Qm.n(iz),

where dpm, = m? +n? + mn — m — n is the degree of Qm n(2), the roots of the
polynomials Q_p, n(2) and Qp,,—n(z), with m,n > 1 take similar forms as these
polynomials they can be expressed in terms of Qar,n(2) and Q_ps,—n(z) for suitable
M, N > 1. Specifically, the roots of the polynomial Q_,, »(z), with m > n > 1, has
the form of a n x (m — n + 1) “rectangle” with an “equilateral triangle”, which have
either n — 1 or n —m — 1 roots, on each of its sides. Also the roots of the polynomial
Q_mn(z) with n > m > 1, has the form of a m x (n —m — 1) “rectangle” with an
“equilateral triangle”, which have either m or n — m — 1 roots, on each of its sides.
Further, we note that Q_,,.m(2) = Qm,1(2) and Qi_m,m(2) = Qm.o(2), for allm € Z,
where Qu,,0(2) and Qm,,0(2) are the original polynomials introduced by Okamoto [60].
Analogous results hold for @, _n(z), with m,n > 1.

4.4. Hamiltonian Theory Pry. — The Hamiltonian for Py is [60]
(4.19) Hiv(q,p, 200, 00) = 2qp” — (¢* + 22q + 200)p + 004,

then from Hamilton’s equation we have
(4.20) ¢’ = Oty = 4qp—q* — 2zq — 20, p=— Oty
dp dq
Eliminating p in (4.20), then ¢ = w satisfies Prv with (o, 8) = (1 — 6 + 20s0, —263),
and eliminating ¢ in (4.20), then w = —2p satisfies Pry with (o, 8) = (—1 4 20 —
0o, —202.). The Hamiltonian function o (z; 6y, 0 ) = Hrv(q, p, 2; 00, 0 ) satisfies

(4.21) (0"F — 4 (20" — o) + 40" (o' + 260) (¢’ + 2050) = 0.

= 20>+ 2pq+22p — e
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FIGURE 4.2. Roots of the generalized Okamoto polynomial Q10,10(2)

This equation is equivalent to equation SD-I.c in the classification of second order, sec-
ond degree ordinary differential equations with the Painlevé property due to Cosgrove
and Scoufis [23], an equation first derived and solved by Chazy [12] and rederived by
Bureau [10, 9, 11]. It was also derived by Jimbo and Miwa [36] and Okamoto [60]
in a Hamiltonian description of Pry. Further equation (4.21) arises in various appli-
cations including random matrix theory (cf. [24, 72]). Conversely, if o is a solution
of (4.21), then

o’ —2z0' + 20 o’ +2z0' — 20
(4.22) 1=——FS— 57 P=—F5 o5
2(0" 4 20) 2(o" + 26)
are solutions of (4.20).
Due to the relationship between the Hamiltonian function ¢ and the associated

7-functions given by [60]

d
(4.23) alnT(z;Go,Hm) =0(2;00,0),
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FIGURE 4.3. Roots of the generalized Okamoto polynomial Q_g,—g(2)

then it can be shown that rational solutions of (4.21) have the form

d

4.24 R, = —
( 2) ’ dz

In Hy, p, 0y = —n, O = m,
d
(4.24b)  opmp = %23 - %(m —n)z+ o InQmun, 6o=-n+ %, O =m — %,

where Hp, ,(z) are the generalized Hermite polynomials and Qp, »(2) the generalized
Okamoto polynomials.

Using this Hamiltonian formalism for Pry, it can be shown that the generalized
Hermite polynomials H,, ,(z) and generalized Okamoto polynomials @, (z), which
are defined by differential-difference equations, also satisfy fourth order bilinear ordi-
nary differential equations and homogeneous difference equations [18]. Differentiating
(4.22) with respect to z yields

(4.25) 0" 46 (0")° — 4(2% + 200 + 2000 )0” + 420 + 8000 = 0.
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Then substituting (4.24) into (4.25) yields the fourth order, bilinear equations
H, o H —AH, JHY, +3(H! )
(4.26) —4(2* +2n — 2m) [HmnH,','ln - (H';nn)2i|
+42Hm nH,, , — 8mnH}, , =0,
QuunQit = AQ @i 43 Q) + 82 | Q@i — Q)]
+ 42Qum Qo — 8(m*+n®+mn—m—n) ,2nn =0.

(4.27)

As for the case for the ordinary differential equations satisfied by the Yablonskii—
Vorob’ev polynomials, i.e. equations (2.11) and (2.12), it seems reasonable to expect
that the ordinary differential equations (4.26) and (4.27) will be useful for the deriva-
tion of properties of the generalized Hermite and generalized Okamoto polynomials.
For example, using (4.26) and (4.27) it is straightforward to show that the polynomials
Hyn(2) and Q. n(2) have degree mn and m? + n? + mn — m — n, respectively.

5. Special Polynomials Associated with Algebraic Solutions of Py

In this section we consider the special case of Py;p when either (i), v = 0 and
ad #0, or (i), § = 0 and fv # 0. In case (i), we make the transformation

(5.1) w(z) = (H)%uQ), 2= (3¢,

and set « = 1, § = 2 and 0 = —1, with g an arbitrary constant, without loss of
generality, which yields

2

(5.2) %%(3—2‘) —%j—z‘ +4§u2+12u4f%4.

In case (ii), we make the transformation

(5-3) w(z) = ()70, 2= ()¢,

and set @ = 2u, B = —1 and v = 1, with p an arbitrary constant, without loss

of generality, which again yields (5.2). The scalings in (5.1) and (5.3) have been
chosen so that the associated special polynomials are monic polynomials. We remark
that equation (5.2) is of type D7 in the terminology of Sakai [67], and we shall
refer to it as Pgl) Further, Ramani et al. [64] argue that Pgl) (5.2) should be
considered as a different canonical form from Pyyy with vd # 0, which is of type Dg in
Sakai’s classification since (i), the structure of the Béicklund transformation is quite
different with a different associated Weyl group as shown below, (ii), there are no
solutions expressible in terms of classical special functions, and (iii), the coalescence
limit of Pgl) yields Py, whereas the coalescence limit of Py with vd # 0 yields Pyy.
Tsuda, Okamoto and Sakai [74] state that “from the viewpoint of algebraic geometry
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and of Hamiltonian structure, it is necessary and quite natural to study these cases
separately”.

Rational solutions of (5.2) correspond to algebraic solutions of Pyy; with v = 0 and
ad # 0, or 6 =0 and By # 0. Lukashevich [46, 48] obtained algebraic solutions of
P11, which are classified in the following theorem.

Theorem 5.1 — Equation (5.2) has rational solutions if and only if u = n, withn € Z.
These rational solutions have the form u(¢) = Pn241(¢)/Qn2(C), where P,2,1(¢) and
Q,2(¢) and monic polynomials of degree n® 4+ 1 and n?, respectively.

Proof. See Gromak, Laine and Shimomura [32, p. 164] (see also [28, 52, 54]).
A straightforward method for generating rational solutions of (5.2) is through the
Béacklund transformation
¢, ¢ du, 3CuL1)
5.4 == 4 > - \EP/
(5:4) Ypt1 uﬁ 2ui d¢ 2u,
where u,, is the solution of (5.2) for parameter p, using the “seed solution” uy(¢) = ¢
for ;1 = 0 (see Gromak, Laine and Shimomura [32, p. 164] — see also [28, 52, 54]).
Therefore the transformation group for (5.2) is isomorphic to the affine Weyl group
Agl), which also is the transformation group for Py [60, 76, 78]; the transformation
group for Pyyp with vd # 0 is isomorphic to the affine Weyl group Bél).

5.1. Associated special polynomials. — Ohyama [59] derived special polynomi-
als associated with the rational solutions of (5.2). These are essentially described in
Theorem 5.2 below, though here the variables have been scaled and the expression of
the rational solutions of (5.2) in terms of these special polynomials is explicitly given.

Theorem 5.2 — Suppose that R, (() satisfies the recursion relation

(5.5)  2(Rpi1Rn_1=—Ry,

d2R,, dR,\> R, dR,
< )— 12— )R,

d¢? d¢ ¢ d¢
with Ro(¢) =1 and R1(¢) = ¢%. Then

_ Rn 1(<)Rn71(§) _ C2 —n 1 d d
(5.6) un () = —F B = - {(&Ian(g)},

satisfies (5.2) with u =n. Additionally u_,(¢) = —iu,(i().

Plots of the locations of the roots of the polynomials R,,(¢) are given in [17]. These
plots show that the locations of the poles also have a very symmetric, regular structure
and take the form of two “triangles” in a “bow-tie” shape. A plot of the complex roots
of Ra0(() is given in Figure 5.1.
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FIGURE 5.1. Roots of the polynomial R20(()

5.2. Hamiltonian theory for Pgl) — A Hamiltonian associated with Pgl) (5.2)
is [59, 67]

7
(5.7) H{T} (p, 4; %) = P*¢° + 6(x — $)pg —2¢3(p + q),

and so from Hamilton’s equations we have

dg _, > _ 1y, _ 93 dp
(5.8) Cdc =2pq” +6(k — 3)g — 2¢°, Cdg
(7)

Setting p = u and eliminating ¢ in this system yields Py;; (5.2) with p = k, whilst
setting ¢ = u and eliminating p yields (5.2) with y = x — 1, and so p = u, and
g = uyu—1. Now define the auxiliary Hamiltonian function

= —2p%q - 6(k — 5)p + 2¢°.

(5.9) o= LH{) (0, ;1) + pa + 3% = 1p*a* — L0+ )¢ + upq + 3,
where p and ¢ satisfy (5.8). Then o satisfies the second order, second degree equation
d?o do\’ do\’ [ do do
5.10 — —5b— ) +4( = — — 60 | —48u¢®— = 16¢".
o (cqE-sg) +4(F) (o) e -

Conversely, if o is a solution of (5.10), then

1 do o [.d% do 5 do\?
P="5ma0 =g {Cd—§+(6u—5)g+4c}/(g) ;

are solutions of (5.8). Since p = w, and ¢ = u,_1, where w, satisfies (5.2), then
rational solutions of the Hamiltonian system (5.8) with x = n have the form

(5.11) Pn(C) = Bn41(6) Bna(C) B (Q) Bn—2(Q)

RL(0) ’ R3_1(0)

4n(C) = pn-1(¢) =
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It is straightforward to show, using the relationship between solutions of (5.8) and
(5.10) together with (5.5), that rational solutions of (5.10) with p = n have the form

(5.12)
d
On = %pi%% - %(pn =+ Qn)gg + Npngn + %RQ = 7%§4 =+ nCQ - %TL + % =+ CE In Ry,
Using this Hamiltonian formalism for Pgl) , it can be shown that the polynomials
R, (¢) satisty an fourth order bilinear ordinary differential equation and a fifth order,
tri-linear difference equation [17]. Dividing (5.10) by (19, setting 4 = n and then
differentiating with respect to ¢ yields the third order equation

d3o d%o do\? do
5.13 P —9(— +6¢( — 25 — 240)— = 24n(°.
513 CE G 0 (5E) (25240 T = 2nC
Substituting (5.12) into this equation yields the fourth order, bilinear equation
d*R, dR, d*R, 2R, \’ d&*R,, dR, d’R,
G R, —F —4 i} 3< 2) 6<2<Rn = — 2)
d¢ d¢ d¢ d¢ d¢ d¢ d¢
2 2 2 2
(5.14) 19t —an—1 R an<an) _oclR an+<an)
N T dc e dc
4 2 dR, 2 2
+3(12¢* — 16n¢” + 12n + 7)RHT —24nl[(n+ 3)¢* —3n — 1)R: = 0.

Additionally R, (¢) satisfies the fifth order, tri-linear difference equation
(5.15) RyoR%2 | + Ry oR2, | =2C°R> — 6nR, 1Ry Ry1

(see [17] for details).

As for the ordinary differential equations satisfied by the special polynomials as-
sociated with rational solutions of Pi;—Pry, it seems reasonable to expect that the
ordinary differential equation (5.14) will be useful for the derivation of properties of
the polynomials R, ().

6. Special Polynomials Associated with Algebraic solutions of Py
It is well-known that there is a relationship between solutions of Pryg
d2v1<dv)2 1dv+a02+b
d¢> v \d¢ ¢dg¢ ¢

where a, b, ¢ and d are arbitrary constants, in the generic case when cd # 0 (then we

(6.1)

d
+ cv® 4 =,
v

set ¢ = 1 and d = —1, without loss of generality), and solutions of the special case
of Py (1.4) with 6 = 0 and v # 0 [29] (see also [32]). This is given in the following
theorem.
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Theorem 6.1 — Suppose that v =v({;a,b,1,—1) is a solution of Py1 and

(6.2) n¢) = W gy L e

with €2 = 1. Then

. _ n(¢Q) -1 _ 1,42
(63) w(z7a)ﬁ7776)_77(<)+1’ Z_ég )
satisfies Py with
(64) (Oé, 67 s 5) = ((b —ea+ 2)2/327 7(b +ea— 2)2/325 —-&, 0)

Making the change of variables w(z) = u(({), with z = %§2, in Py with § = 0 yields

Pu (1 1 du\> 1du  4(u—1)2 3
69 = (et ) (@) e e (D) poe

Algebraic solutions of Py with § = 0 and 7 # 0 are equivalent to rational solutions
of (6.5) and so henceforth we shall only discuss rational solutions of (6.5). These are

obtained by substituting the rational solutions of Py, which are classified in Theorem
3.1, into equations (6.2) and (6.3). Consequently we have the following classification
of rational solutions for equation (6.5); for details see [32, §38], also [52, 54].

Theorem 6.2 — Necessary and sufficient conditions for the existence of rational so-
lutions of (6.5) are either

(6.6) (@, 8,7) = (3%, —5(2n = 1)%, 1),
(67) (aa 6)7) = (é(QTL - 1)2a 7%M2a 1)7

where n € Z and p s arbitrary.

We remark that the solutions of (6.5) satisfying (6.6) are related to those satisfying
(6.7) by the Béicklund transformation for Py given by the transformation

(6.8) S: @(3) =1/w(z), Z=az, (@,5,7,8) = (=83, —a, =, 6).

Thus we shall be concerned only with rational solutions of (6.5) satisfying (6.6).

As shown above, there are special polynomials associated with the rational solutions
of Py given in Theorem 3.1. Finally rational solutions of (6.5) are obtained by
substituting the rational solutions of Py given by (3.6) into (6.2) and (6.3). Hence,
in the case when e = 1, rational solutions of (6.5) have the form

_ Gun(Gp) = G (G i) = 2(n+ pwvn(Gip) = €
Cui (G ) = Cua (G ) = 2(n 4 p)vn (G p) + ¢
with v, (¢; 1) given by (3.6). Consequently we obtain the following result.

un(C; 1)
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Theorem 6.3[21]). — Suppose that S, (; p) satisfies the recursion relation (3.5) with
S_1(¢; ) = So(¢; ) = 1. Then, for n > 1, the rational solution

S (G5 1) Sn—2(C; 1)
6.9 n\G5 = )
( ) " (C ,LL) MSn—l(CQ =+ 1)Sn—1(<§ n—= 1)
satisfies (6.5) with parameters given by (6.6).

It is straightforward to any specific value of n that (6.9) satisfies (6.5) with pa-
rameters given by (6.6). However, at present, Theorem 6.3 should be regarded as a
conjecture rather than a theorem since we do not yet have a proof.

7. Interlacing of roots?

An important, well-known property of classical orthogonal polynomials, such as
the Hermite, Laguerre or Legendre polynomials whose roots all lie on the real line, is
that the roots of successive polynomials interlace (cf. [3, 7, 71]). Thus for a set of
orthogonal polynomials ¢, (z), for n =0,1,2,..., if 2, m and 2z, m4+1 are two succes-
sive roots of ¢, (2), i.e. Yn(2n.m) =0 and vp(2n,m+1) = 0, then v,_1(¢p—1) = 0 and
©n+1(Crt1) = 0 for some (,—1 and (u11 such that z, m < Goo1, Cot1 < Znmt1. An
interesting question is whether there are analogous results for the special polynomials
P, (z) associated with rational solutions of the Painlevé equations. Clearly there are
notable differences since the special polynomials P, (z) are polynomials with complex
roots whereas classical orthogonal polynomials ¢, (z) have real roots. The pattern of
the roots of the special polynomials are highly symmetric and structured, suggesting
that they have interesting properties. An particularly intriguing question is whether
there there is any “interlacing of roots” (in the complex plane), analogous to that
for classical polynomials (on the real line); though we do not expect any specific re-
lationship between the roots of the special polynomials with roots of any classical
polynomial. Further it is necessary to define what is meant by “interlacing of roots in
the complex plane”. There have been some preliminary numerical investigations using
MAPLE of the “interlacing of roots” of the special polynomials associated with ratio-
nal solutions of Py [22], algebraic solutions of Pyy; [17] and rational solutions of Py
[18]. These studies give experimental evidence which suggests that there is structure
to the relative positions of the roots. A plot of the roots of the Yablonskii—Vorob’ev
polynomials Q25(z), denoted by e, and Q26(z), denoted by o, are given in Figure 7.

Some properties of the roots of the Yablonskii-Vorob’ev polynomials @, (z) are
given in the following theorems.

Theorem 7.1 — For every positive integer n, the polynomial Qn(z) has simple roots.
Further the polynomials Qn(2) and Qn+1(2) do not have a common root.

Proof. — See Fukutani, Okamoto and Umemura [26]. O
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FIGURE 7.1. Roots of the Yablonskii-Vorob’ev polynomials Q25(z) () and
Q26(2) (o)

Theorem 7.2 — The polynomial @, (z) is divisible by z if and only if n = 1 mod 3.
Further Qn(2) is a polynomial in z° if n # 1 mod 3 and Q,(z)/z is a polynomial in
23 ifn=1 mod 3.

Proof. — See Taneda [68]. O

Theorem 7.3 — The real roots of the Yablonskii—Vorob’ev polynomials Qn,—1(z) and
Qn+1(7) interlace.

Proof. — Suppose that a and b are successive real roots of Q,—1(2), i.e. Qn—1(a) =

Qn-1(b) =0, with Q,,—1(z) > 0 for a < z < b, so that Q},_;(a) > 0 and Q/,_,(b) < 0;
the case when Q,,—1(2) < 0 for a < z < b, so that Q],_,(a) < 0 and Q,,_,(b) > 0, is
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treated analogously. It is known that @, (z) satisfies

(7.1) Qni1Qn—1— Qu1Qy_y = 2n + 1)Q7,
(cf. 26, 43, 68]). Evaluating this at z = a yields
(7.2) Qn+1(a)Q—1(a) = (2n + 1)Q} (a).

We know from Theorem 7.1 that Q,(z) and Q,—_1(z) have no common roots and the
roots of Q,—_1(z) are simple. Hence if Q,,—1(a) = 0 then Q,(a) # 0 and Q,_,(a) #0
and so from (7.2) we have

(7.3) Qn+1(a) = (2n+1)Q7(a)/Q; 1 (a) > 0.
Similarly by setting z = b in (7.1) gives
(7.4) Qu1(b) = (2n+1)Q7(0)/Q;,_1 (b) < 0.

Therefore Q,,+1(§) = 0 for some & € (a,b) and hence between any two real roots of
Qn-1(z) there is a real root of Qp4+1(2). Similarly it can be shown that between any
two real roots of Q,41(z) there is a real root of @Q,—1(2). O

The plots of the roots of the Yablonskii—Vorob’ev polynomials @Q,,(z) suggest the
following conjecture.

Conjecture 7.4 — The Yablonskii—Vorob’ev polynomials Qan—1(2) and Qan(z) have
n real roots.

We feel that this “interlacing of roots” for the special polynomials warrants further
analytical and numerical studies, though we shall not pursue these questions any
further here.

Another indication that the Yablonskii—Vorob’ev polynomials are special is given
by studying their discriminants, which are defined by (3.10).

Theorem 7.5 — The discriminant of the Yablonski-Vorob’ev polynomial Q. (z) is
given by

[Dis(Qn)| = 2 =002/ T (25 1) @B+ (m =",
j=1

where Dis(Qy) < 0 if and only n = 2 mod 4.
Proof. — See Roberts [65], whose results have to be scaled. O

Roberts [65] also derives expressions for the discriminants for the generalized Her-
mite polynomials H,, ,(z) and the generalized Okamoto polynomials @y, »(z). These
results show that the discriminants are expressed as products of small integers to large
powers.
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8. Discussion

In this paper we have studied properties of special polynomials associated with
rational solutions of Pyy, Pryr and Pry and algebraic solutions of Pyyp and Py, which
are related to rational solutions of Pry;. In particular the zeroes of these polynomials
have a very symmetric, regular structure. Further using the Hamiltonian formalism for
P11—Prv, it is shown that these special polynomials, which are defined by second order
bilinear differential-difference equations, which are equivalent to the Toda equation,
also satisfy fourth order bilinear ordinary differential equations and homogeneous
difference equations. It seems reasonable to expect that these ordinary differential
equations will be useful in proving properties of the associated polynomials since
there are more techniques for studying solutions of ordinary differential equations
rather than differential-difference equations Regular, symmetric structures also arise
for the roots of special polynomials associated with rational solutions of the equations
in the Py hierarchy [22]. This seems to be yet another remarkable property of the
Painlevé equations.

Open questions related to special polynomials associated with solutions of the
Painlevé equations discussed in this paper include the following.

1. What is the structure of the roots of the special polynomials associated with
rational and algebraic solutions of Py and rational solutions of the discrete
Painlevé equations? It should be noted that most of these special polynomials
have yet to be derived.

2. What is the structure of the roots of special polynomials associated with ratio-
nal solutions of soliton equations? Airault, McKean and Moser [5] studied the
motion of the poles of rational solutions of the Korteweg-de Vries (KdV) equa-
tion and a related many-body problem; see also [2, 4, 13]. Subsequently there
has been studies of other soliton equations, including the Boussinesq equation
[27], the classical Boussinesq system [66], the Kadomtsev-Petviashvili equation
[62, 63] and the nonlinear Schrodinger (NLS) equation

(8.1) s = Uge — 2|ul?u,

[33, 55]. A recent study of the roots of special polynomials associated with
rational and rational-oscillatory solutions of the NLS equation (8.1) is given in
[20], which includes some new rational-oscillatory solutions that are expressed
in terms of the generalized Okamoto polynomials.

3. Do these special polynomials have applications, for example in numerical analy-
sis? The classical orthogonal polynomials, such as Hermite, Laguerre, Legendre
and Tchebychev polynomials which are associated with rational solutions clas-
sical special functions, play an important role in a variety of applications (cf.
[7, 71]). Hence it seems probable that the polynomials discussed here which are
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associated with rational solutions of nonlinear special functions, i.e. the Painlevé
equations, will also arise in variety of applications.
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