Séminaires & Congrès 10, 2005, p. 265–285

RESIDUES OF CHERN CLASSES ON SINGULAR VARIETIES by Tatsuo Suwa

Abstract. — For a collection of sections of a holomorphic vector bundle over a complete intersection variety, we give three expressions for its residues at an isolated singular point. They consist of an analytic expression in terms of a Grothendieck residue on the variety, an algebraic one as the dimension of a certain complex vector space and a topological one as a mapping degree. Some examples are also given.

Résumé (Résidus de classes de Chern sur les variétés singulières). — Étant donnée une famille de sections d’un fibré vectoriel complexe sur une variété intersection complète, on donne trois expressions pour le résidu en un point singulier isolé. Elles consistent en une expression analytique en termes d’un résidu de Grothendieck sur la variété, une expression algébrique comme dimension d’un certain espace vectoriel complexe et une expression topologique comme degré d’une application. Quelques exemples sont aussi donnés.

This is a partially expository article, in which we give various expressions for the residues of Chern classes of vector bundles, mainly over complete intersection varieties.

Let E be a complex vector bundle of rank r over some reasonable space X of real dimension m. For an ℓ-tuple of sections s = (s_1, . . . , s_ℓ) of E, we denote by S(s) its singular set, i.e., the set of points where the s_i’s fail to be linealy independent. Let c^i(E) denote the i-the Chern class of E, which is in H^{2i}(X). For i ⩾ r − ℓ + 1, there is a natural lifting c^i_S (E, s) in H^{2i}(X, X ∖ S) of c^i(E), S = S(s). We call c^i_S (E, s) the localization of c^i(E) at S with respect to s. Suppose S is a compact set with a finite number of connected components (S_λ)_λ. Then, by the Alexander homomorphism H^{2i}(X, X ∖ S) → H_{m−2i}(S) = ⊕_λH_{m−2i}(S_λ), the class c^i_S (E, s) determines, for

2000 Mathematics Subject Classification. — Primary 14C17, 32A27, 57R20; Secondary 14B05, 32S05, 58K05.

Key words and phrases. — Chern classes, collections of sections, localization, residues, complete intersections.

Partially supported by grants from the Japan Society for the Promotion of Science.

© Séminaires et Congrès 10, SMF 2005

each λ, the “residue” Res_ci (s, E; S_λ) in H_{m−2i}(S_λ). If X is compact, we have the “residue formula” � λ (ι_λ)_∗ Res_ci (s, E; S_λ) = c^i(E) ⌢ [X],

where ι_λ → X denotes the inclusion and [X] the fundamental class of X. The formula itself is of rather trivial nature. However, everytime we have an explicit expression for the residues, it becomes really an interesting one.

In this article, we consider the case where X is a complex manifold M or a (locally) complete intersection variety V of dimension n. We also assume that r −ℓ+1 = n and look at c^n(E) so that the residue Res_cn (s, E; S_λ) under consideration is a number. In tha case S_λ consists of an isolated point p, we give analytic, algebraic and topological expressions for Res_cn (s, E; p). As a consequence we have the fact that these three expressions are the same, which is rather well-known in some cases, in particular in the case X = M, r = n and ℓ = 1 (see, e.g., [DA], [GH], [O]). For the analytic expression, we quote results of [Su4] and for the algebraic one we try to give a complete proof. The proof for the topological one is not so difficult and we only state the outline.

In Section 1, we recall the residues and describe them in the case we consider. This is done in the framework of Chern-Weil theory adapted to the Čech-de Rham cohomology. In Section 2, we give fundamental properties of residues at isolated singularities. In particular, we show that they are positive integers and satisfy the “conservation law” under perturbations of sections. In Section 3, we give an analytic expression of the residue as a Grothendieck residue (on a variety), quoting the results in [Su4]. After we recall some commutative algebra in Section 4, we give an algebraic expression of the residue as the dimension of some complex vector space in Section 5. The proof is done by showing that this algebraic invariant also satisfies the conservation law. It should be noted that the idea of proof is inspired by [EG1] and [Lo, Ch. 4]. In Section 6, we give a topological expression as the degree of some map of the link of the singularity to the Stiefel manifold. This is also done by noting that the degree satisfies the conservation law. Finally in Section 7, we give some examples and applications.

After the preparation of the manuscript, the author’s attention was drawn to a recent preprint of W. Ebeling and S.M. Gusein-Zade [EG2]. They consider also characteristic numbers (not only Chern classes) and define the index of a collection of sections topologically. Their algebraic formula in Theorem 2 is more general than the one in Theorem 5.5 below. They also give a formula (Theorem 4), which corresponds to the one in Theorem 5.8 below, for collections of 1-forms.

1. Residues of Chern classes

We refer to [Su2, Ch. IV, 2, Ch. VI, 4] and [Su4] for details of the material in this section.

SÉMINAIRES & CONGRÈS 10

1a. Non-singular base spaces. — Let M be a complex manifold of dimension n and E a (C^∞, for the moment) complex vector bundle of rank r over M. Then, for i = 1, . . . , r, we have the i-th Chern class c^i(E) in H^{2i}(M). If we use the obstruction theory, it is the primary obstruction to constructing r − i + 1 sections linearly independent everywhere (see, e.g., [St]). The Chern-Weil theory provides us with a canonical way of constructiong a closed 2i-form representing the class c^i(E) in the de Rham cohomology. To be a little more precise, let ∇ be a connection for E. For the i-th Chern polynomial c^i, we have a closed 2i-form c^i(∇) on M. Moreover, for two connections ∇ and ∇^′, we have the “Bott difference form” c^i(∇, ∇^′), which is a (2i − 1)-form satisfying

c^i(∇^′, ∇) = −c^i(∇, ∇^′) and d c^i(∇, ∇^′) = c^i(∇^′) − c^i(∇).

Then the class of c^i(∇) is independent of the choice of ∇ and is equal to c^i(E). Hereafter we assume that r ⩾ n and look at the class c^n(E), which is in the cohomology of M of the top dimension.

For an ℓ-tuple of sections s = (s_1, . . . , s_ℓ) of E, we denote by S(s) its singular set, i.e., the set of points where s_1, . . . , s_ℓ fail to be linearly independent. Suppose we have such an s with ℓ = r − n + 1 and set S = S(s). Then there is the “localization” c^n_S (E, s) in H^{2n}(M, M ∖S; C), with respect to s, of the n-th Chern class c^n(E), which is described as follows.

Letting U_0 = M ∖ S and U_1 a neighborhood of S, we consider the covering U = {U_0, U_1} of M. Recall that, in the Čech-de Rham cohomology for the covering U, the class c^n(E) is represented by a cocycle of the form

(1.1) c^n(∇_⋆) = (c^n(∇_0), c^n(∇_1), c^n(∇_0, ∇_1)),

where ∇_0 and ∇_1 denote connections for E on U_0 and U_1, respectively. If we take as ∇_0 an s-trivial connection (i.e., a connection ∇_0 with ∇_0(s_i) = 0 for i = 1, . . . , ℓ), then c^n(∇_0) = 0 and the cocycle naturally defines a class in the relative cohomology H^{2n}(M, M ∖ S; C), which we denote by c^n_S (E, s). It is sent to c^n(E) by the canonical homomorphism j^∗ : H^{2n}(M, M ∖ S; C) → H^{2n}(M, C).

Suppose now that S = S(s) is a compact set with a finite number of connected components (S_λ)_λ. Then for each λ, the class c^n_S (E, s) defines a number, which we call the residue of s at S_λ with respect to c^n and denote by Res_cn (s, E; S_λ). It is also briefly called a residue of c^n(E). For each λ, we choose a neighborhood U_λ of S_λ in U_1 so that the U_λ’s are mutually disjoint, and let R_λ be a real 2n-dimensional manifold with C^∞ boundary ∂R_λ in U_λ containing S_λ in its interior. Then the residue is given by (1.2) Res_cn (s, E; S_λ) = � R_λ

c^n(∇_1) − � ∂R_λ

c^n(∇_0, ∇_1).

We have the “residue formula” (cf. [Su2, Ch. III, Theorem 3.5]):

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

Proposition 1.3. — If R is a compact real 2n-dimensional manifold with C^∞ boundary containing S in its interior, then � λ Res_cn (s, E; S_λ) = � R c^n_R(E, s),

where the right hand side is defined as that of (1.2) with ∇_0 an s-trivial connection for E on a neighborhood of ∂R, ∇_1 a connection for E on a neighborhood of R and R_λ replaced by R.

In particular, if M is compact, the right hand side is equal to � M c^n(E).

Remark 1.4. — Comparing with the obstruction theoretic definition of Chern classes, we see that the residue Res_cn (s, E; S_λ) is in fact an integer. However, in the sequel we prove this fact more directly in the pertinent cases.

1b. Singular base spaces. — Let V be an analytic variety of pure dimension n in a complex manifold W of dimension n + k. We denote by Sing(V ) the singular set of V and let V^′ = V ∖ Sing(V ) be the non-singular part.

Let S be a compact set in V (V may not be compact). We assume that S has a finite number of connected components, S ⊃ Sing(V ) and that S admits a regular neighborhood in W . Let ~U_1 be a regular neighborhood of S in W and ~U_0 a tubular neighborhood of U_0 = V ∖ S in W . We consider the covering U = { ~U_0, ~U_1} of the union ~U = ~U_0 ∪ ~U_1, which may be assumed to have the same homotopy type as V .

For a complex vector bundle E over ~U of rank r (⩾ n), the n-th Chern class c^n(E) is in H^{2n}( ~U) ≃ H^{2n}(V ). The corresponding class in H^{2n}(V ) is denoted by c^n(E|_V ). The class c^n(E) is represented by a Čech-de Rham cocycle c^n(∇_⋆) on U given as (1.1) with ∇_0 and ∇_1 connections for E on ~U_0 and ~U_1, respectively. Note that it is sufficient if ∇_0 is defined only on U_0, since there is a C^∞ retraction of ~U_0 onto U_0. Suppose we have an ℓ-tuple s = (s_1, . . . , s_ℓ) of C^∞ sections linearly independent everywhere on U_0, ℓ = r − n + 1, and let ∇_0 be s-trivial. Then we have the vanishing c^n(∇_0) = 0 and the above cocycle c^n(∇_⋆) defines a class c^n_S (E|_V , s) in H^{2n}(V, V ∖ S; C). It is sent to c^n(E|_V ) by the canonical homomorphism j^∗ : H^{2n}(V, V ∖ S; C) → H^{2n}(V, C).

Let (S_λ)_λ be the connected components of S. Then, for each λ, c^n_S (E|_V , s) defines the residue Res_cn (s, E|_V ; S_λ). For each λ, we choose a neighborhood ~U_λ of S_λ in ~U_1, so that the ~U_λ’s are mutually disjoint. Let ~R_λ be a real 2(n + k)-dimensional manifold with C^∞ boundary ∂ ~R_λ in ~U_λ containing S_λ in its interior such that ∂ ~R_λ is transverse to V . We set R_λ = ~R_λ ∩ V . Then the residue is a number given by a formula as (1.2). We also have the residue formula:

Proposition 1.5. — If ~R is a compact real 2(n + k)-dimensional manifold with C^∞ boundary in ~U containing S in its interior such that ∂ ~R is transverse to V , � λ Res_cn (s, E|_V ; S_λ) = � R c^n_R(E|_V , s),

SÉMINAIRES & CONGRÈS 10

where the right hand side is defined as that of (1.2) with ∇_0 an s-trivial connection for E on a neighborhood of ∂R in V , ∇_1 a connection for E on a neighborhood of ~R in W and R_λ replaced by R, R = ~R ∩ V .

In particular, if V is compact, the right hand side is equal to � V c^n(E).

Remarks

(1) If S_λ is in the non-singular part V^′, Res_cn (s, E|_V ; S_λ) coincides with the one defined in (1a) and if V itself is non-singular, Proposition 1.5 reduces to Proposition 1.3.

(2) If s extends to an ℓ-tuple ~s of sections of E linearly independent everywhere on ~U_λ, we may let both ∇_0 and ∇_1 equal to an ~s-trivial connection so that we have Res_cn (s, E|_V ; S_λ) = 0.

(3) As in the case of non-singular base spaces (cf. Remark 1.4), the residue Res_cn (s, E|_V ; S_λ) is in fact an integer. In the sequel we prove this fact more directly in the pertinent cases.

1c. Residues at an isolated singularity. — Let V be a subvariety of dimension n in a complex manifold W of dimension n + k, as before. We do not exclude the case k = 0, where V = W is a complex manifold of dimension n.

Suppose now that V has at most an isolated singularity at p and let E be a holomorphic vector bundle of rank r (⩾ n) on a small coordinate neighborhood ~U of p in W . Sometimes we identify ~U with a neighborhood of 0 in C^{n+k} and p with 0. We may assume that E is trivial and let e = (e_1, . . . , e_n) be a holomorphic frame of E on ~U. Let ℓ = r −n+1 and suppose we have an ℓ-tuple of holomorphic sections ~s of E on ~U. Suppose that S(~s) ∩ V = {p}. Then we have Res_cn (s, E|_V ; p) with s = ~s|_V . Let ~R be a compact real 2(n + k)-dimensional manifold with C^∞ boundary in ~U containing p in its interior such that ∂ ~R is transverse to V and set R = ~R ∩ V . We also set U = ~U ∩ V and let ∇_0 be an s-trivial connection for E on U ∖ {p}. We choose ∇_1 to be e-trivial. Then we have c^n(∇_1) = 0 and

(1.6) Res_cn (s, E|_V ; p) = − � ∂R c^n(∇_0, ∇_1).

In the subsequent sections, we give various expressions of this number.

2. Fundamental properties of the residues

2a. Non-singular base spaces. — In the situation of (1c), suppose V = W = M is a complex manifold of dimension n and write ~U and ~s by U and s, respectively. Thus our assumption is S(s) = {p}.

Let us first assume that r = n. Thus ℓ = 1 and we have only one section s. We write s =

�_n i=1 f_i e_i with f_i holomorphic functions on U.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

Lemma 2.1. — If r = n and ℓ = 1, we have

Res_cn (s, E; p) = � ∂R f^∗β_n,

where β_n denotes the Bochner-Martinelli kernel on C^n and f = (f_1, . . . , f_n).

Proof. — Recall that the residue is given by (1.7). Let {U^{(i)}} be the covering of U ∖ {p} given by U^{(i)} = { q ∈ U | f_i(q) ≠ 0 }. For each i, let e_i be the frame of E on U^{(i)} obtained from e replacing e_i by s and let ∇^{(i)} be the connection for E on U^{(i)} trivial with respect to e_i. Also, let ρ_i = |z_i|^2/‖z‖^2 and let ∇_0 be the connection for E on U_0 = U ∖ {p} given by ∇_0 =

�_n

i=1 ρ_i∇^{(i)}. Then ∇_0 is s-trivial, since each ∇^{(i)} is.

If we compute c^n(∇_0, ∇_1) using this connection, we get c^n(∇_0, ∇_1) = −f^∗β_n, as in the proof of [Su2, Ch. III, Theorem 4.4].

We may think of s (or f) as a map from ∂R to C^n ∖ {0}, which has the homotopy type of S^{2n−1}.

Corollary 2.2. — If r = n and ℓ = 1,

Res_cn (s, E; p) = deg s|_{∂R},

the mapping degree of s|_{∂R}. Thus Res_cn (s, E; p) is a positive integer.

We say that p is a non-degenerate zero of s if det^{∂(f1 ,...,fn)}_{∂(z1,...,zn)} (p) ≠ 0. In this case, (f_1, . . . , f_n) form a coordinate system around 0. Hence we have

Corollary 2.3. — If p is a non-degenerate zero of s,

Res_cn (s, E; p) = 1.

Now we go back to the general case of vector bundle E of rank r ⩾ n with an ℓ-tuple s = (s_1, . . . , s_ℓ) of sections, ℓ = r − n + 1. We consider the bundle E^∗ = E × T over U^∗ = U × T , where T is a small neighborhood of 0 in C = {t}. Suppose we have an ℓ-tuple of holomorphic sections s^∗ of E^∗ on U^∗ such that s^∗(z, 0) = s(z). For t in T , we set E_t = E^∗|_{U×{t}} and s_t(z) = s^∗(z, t). We call such an s^∗ (or s_t) a perturbation of s. Sometimes we identify U × {t} with U and E|_t with E. Since we assumed that S(s) = {p}, by the upper semi-continuity of dim S(s_t), S(s_t) consists at most of a finite number of points.

Lemma 2.4. — The sum � q∈S(s_t ) Resc^n (st, Et; q) is continuous in t.

Proof. — Let ∇^∗_0 be an s^∗-trivial connection for E^∗ on U^∗_0 = U^∗ ∖ S(s^∗) and ∇^∗_1 a connection for E^∗ on U^∗. The statement follows computing the residues taking the restrictions of ∇^∗_0 and ∇^∗_1 and using (1.2) and Proposition 1.3.

SÉMINAIRES & CONGRÈS 10

Next we consider the case where s_1(p) ≠ 0 so that we have an exact sequence of vector bundles on a neighborhood of p:

(2.5) 0 −→ I −→ E −→ E^′ −→ 0,

where I denotes the trivial line bundle determined by s_1 and E^′ is a vector bundle (still trivial) of rank r − 1. Let s^′ = (s^′_2, . . . , s^′_ℓ) denote the (ℓ − 1)-tuple of sections of E^′ determined by (s_2, . . . , s_ℓ).

Lemma 2.6. — In the above situation, we have

Res_cn (s, E; p) = Res_cn (s^′, E^′; p).

Proof. — Let ∇ be the connection for I trivial with respect to s_1. Let ∇^′_0 be an s^′-trivial connection for E^′ on U_0 and take an s-trivial connection ∇_0 for E so that (∇, ∇_0, ∇^′_0) is compatible (cf. [BB]) with (2.5). Also, let ∇^′_1 be a connection for E^′ on U and take a connection ∇_1 for E so that (∇, ∇_1, ∇^′_1) is compatible with (2.5). Then we have

c^n(∇_1) = c^n(∇^′_1) and c^n(∇_0, ∇_1) = c^n(∇^′_0, ∇^′_1).

The identity follows from (1.2).

Lemma 2.7. — The residue Res_cn (s, E; p) is a non-negative integer.

Proof. — We proceed by induction on ℓ. By Corollary 2.2, it is true if ℓ = 1. Suppose it is true for arbitrary ℓ − 1 sections with isolated singularity. Take a perturbation s_{1,t} of s_1 such that s_{1,t}(p) ≠ 0 and set s_t = (s_{1,t}, s_2, . . . , s_ℓ). Recalling that none of the s_i’s vanish on U ∖ {p}, we see that, for t ≠ 0, at each point of S(s_t), at least one of the sections of s_t does not vanish. Hence the lemma follows from Lemmas 2.4 and 2.6.

Corollary 2.8. — In the situation of Lemma 2.4, the sum � q∈S(s_t ) Resc^n (st, Et; q) is

constant. In particular,

Res_cn (s, E; p) = � q∈S(s_t )

Res_cn (s_t, E_t; q).

Remarks

(1) If ℓ = 1, there exists always a “good perturbation” of s, i.e., a holomorphic sections s^∗ of E^∗ near 0 such that s^∗(z, 0) = s(z) and that s_t has only non-degenerate zeros, for t ≠ 0 ([GH, Ch. 5]).

(2) By Lemma 5.1 below, Res_cn (s, E; p) is in fact a positive integer.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

2b. Singular base spaces. — Now we consider the situation of (1c) with k > 0. Let p be an isolated singular point in V and suppose that V is a complete intersection defined by h = (h_1, . . . , h_k) : ( ~U, p) → (C^k, 0). Let T be a small neighborhood of 0 in C^k. For a point t in T , we set V_t = h^{−1}(t). Let C(h) denote the critical set of h and D(h) = h(C(h)) the discriminant, which is a hypersurface in T (see, e.g., [Lo]). We have Sing(V_t) = C(h) ∩ V_t, which consists of at most a finite number of points. We set s_t = ~s|_{Vt} and S(s_t) = S(~s) ∩ V_t. By the assumption S(~s) ∩ V = {p}, we have dim S(~s) ⩽ k. Hence S(s_t) also consists of at most a finite number of points. Note that even if q is in Sing(V_t), if q /∈ S(s_t), then Res_cn (s_t, E|_{Vt} ; q) = 0 (cf. Remark 1.6.2).

Lemma 2.9. — The sum � q∈S(s_t) Resc^n (st, E|Vt ; q) is continuous in t.

Proof. — Let ∇_0 be an ~s-trivial connection for E on ~U ∖ S(~s) and ∇_1 a connection for E on ~U. Then by Proposition 1.5, the above sum is equal to an integral over R_t = ~R ∩ V_t, which is continuous in t.

Since T ∖ D(h) is dense in T , by Lemma 2.7, we have

Corollary 2.10. — The sum � q∈S(s_t) Resc^n (st, E|Vt ; q) is constant. In particular,

Res_cn (s, E|_V ; p) = � q∈S(s_t )

Res_cn (s_t, E|_{Vt} ; q),

which is a non-negative integer.

Remark 2.11. — By Lemma 5.6 below, Res_cn (s, E|_V ; p) is in fact a positive integer.

3. Analytic expression

In this section, we review [Su4], see also [Su3].

3a. Grothendieck residues relative to a subvariety. — Let ~U be a neighborhood of 0 in C^{n+k} and V a subvariety of dimension n in ~U which contains 0 as at most an isolated singular point. Also, let f_1, . . . , f_n be holomorphic functions on ~U and V (f_1, . . . , f_n) the variety defined by them. We assume that V (f_1, . . . , f_n) ∩ V = {0}. For a holomorphic n-from ω on ~U, the Grothendieck residue relative to V is defined by (e.g., [Su2, Ch. IV, 8])

Res_0 � ω f_1, . . . , f_n � V = � 1 2π √ −1 �_n � Γ ω f_1 · · · f_n , where Γ is the n-cycle in V given by

Γ = { q ∈ ~U ∩ V | |f_i(q)| = ε_i, i = 1, . . . , n }

for small positive numbers ε_i. It is oriented so that d arg(f_1) ∧ · · · ∧ d arg(f_n) ⩾ 0.

SÉMINAIRES & CONGRÈS 10

If k = 0, it reduces to the usual Grothendieck residue (e.g., [GH, Ch. 5]), in which case we omit the suffix V .

If V is a complete intersection defined by h_1 = · · · = h_k = 0 in ~U, we have

Res_0 � ω f_1, . . . , f_n � V = Res_0 � ω ∧ dh_1 ∧ · · · ∧ dh_k f_1, . . . , f_n, h_1, . . . , h_k � . 3b. The analytic expression. — We consider the situation of (1c). We write ~s_i =

�_r j=1 f_{ij} e_j , i = 1, . . . , ℓ, with f_{ij} holomorphic functions on ~U. Let F be the ℓ × r matrix whose (i, j)-entry is f_{ij} . We set I = { (i_1, . . . , i_ℓ) | 1 ⩽ i_1 < · · · < i_ℓ ⩽ r }.

For an element I = (i_1, . . . , i_ℓ) in I, let F_I denote the ℓ × ℓ matrix consisting of the columns of F corresponding to I and set φ_I = det F_I . If we write e_I = e_{i1} ∧ · · · ∧ e_{iℓ} , we have ~s_1 ∧ · · · ∧ ~s_ℓ = � I∈I φ_I e_I .

Note that S(~s) is the set of common zeros of the φ_I ’s. From the assumption S(~s) ∩ V = {p}, we have ([Su4, Lemma 5.6]):

Lemma 3.1. — We may choose a holomorphic frame e = (e_1, . . . , e_r) of E so that there exist n elements I^{(1)}, . . . , I^{(n)} in I with V (φ_I (1) , . . . , φ_I (n) ) ∩ V = {p}.

In general, let Ω = (ω_{ij} ) be an r ×r matrix with differential forms ω_{ij} in its entries. We define the determinant of Ω by

det Ω = � σ∈S_r

sgn σ · ω_{σ(1)1} · · · ω_{σ(r)r},

where S_r denotes the symmetric group of degree r and the products of forms are exterior products.

Let e be a frame of E as in Lemma 3.1. We write I^{(α)} = (i^{(α)}_1 , . . . , i^{(α)}_ℓ ), α = 1, . . . , n, and let F^{(α)} be the r × r matrix obtained by replacing the i^{(α)}_j -th row of the r × r identity matrix by the j-th row of F , j = 1, . . . , ℓ. Note that det F^{(α)} = φ_I (α) . Let F̌^{(α)} denote the adjoint matrix of F^{(α)} and set Θ^{(α)} = F̌^{(α)} · dF^{(α)}, which is an r × r-matrix whose entries are holomorphic 1-forms. Let A denote the set of n-tuples of integers (a_1, . . . , a_n) with 1 ⩽ a_1 < · · · < a_n ⩽ r. For an element A = (a_1, . . . , a_n) in A, we denote by Θ^{(α)}_A the n × n matrix whose (i, j)-entry is the (a_i, a_j )-entry of Θ^{(α)}. For a permutation ρ of degree n, we denote by Θ_A(ρ) the n × n-matrix whose i-th column is that of Θ^{(ρ(i))}_A and, for the collection Θ = {Θ^{(α)}}_α, we set σ_n(Θ) = 1 n! � A∈A � ρ∈S_n

sgn ρ · det Θ_A(ρ),

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

which is a holomorphic n-form on ~U. With these we have ([Su4, Theorem 5.7]):

Theorem 3.2. — In the above notation,

Res_cn (s, E|_V ; p) = Res_p � σ_n(Θ) φ_I (1) , . . . , φ_I (n) � V . 3c. Special cases

(1) The case ℓ = 1 and r = n. Let e = (e_1, . . . , e_n) be an arbitrary frame of E and write s =

�_n

i=1 f_ie_i. Then we may set φ_I (i) = f_i, i = 1, . . . , n, and we have σ_n(Θ) = df_1 ∧ · · · ∧ df_n.

(2) The case n = 1 and ℓ = r. Let e = (e_1, . . . , e_r) be an arbitrary frame of E and write s_i =

�_r j=1 f_{ij} e_j , i = 1, . . . , r. Let F = (f_{ij} ) and set φ = det F . Then we may set φ_I (1) = φ and we have σ_n(Θ) = dφ.

See [Su4] for more cases where the form σ_n(Θ) is computed explicitly.

4. Algebraic preliminaries

In this section, we recall some commutative algebra which we use subsequently. We list [E], [Mat] and [Se] as general references.

In this section, we denote by R be a Noetherian local ring with maximal ideal m, and by M a finitely generated R-module.

The height of a proper ideal I in R is denoted by ht I. The (Krull) dimension of M is denoted by dim_R M, or simply by dim M. Let I be an ideal in R with IM ≠ M. The depth of I on M, denoted by depth(I; M), is the length of a maximal M-regular sequence in I. The depth of I on R is simply called the depth of I and is denoted by depth I. Let (S, n) be another Noetherian local ring and φ : R → S a local homomorphism. Then S has a natural R-module structure. We say that φ is finite if S is finitely generated over R. In this case, we have (e.g., [Se, IV, Proposition 12])

(4.1) dim_S S = dim_R S, depth(n; S) = depth(m; S).

An R-module M is said to be Cohen-Macaulay (simply CM), if M = 0, or if M ≠ 0 and depth(m; M) = dim M. The ring R is a CM ring if it is CM as an R-module. Note that a regular local ring is CM. From (4.1), we have:

(4.2) If φ : R −→ S is finite and if S is a CM ring, then S is a CM R-module.

We need another fact about CM rings, which says that, if R is a CM ring, then for every proper ideal I of R,

(4.3) ht I = depth(I; R), ht I + dim R/I = dim R,

The projective dimension of M, denoted by pd_R M, is the minimum of the lengths of projective resolution of M. We quote the following Auslander-Buchsbaum formula

SÉMINAIRES & CONGRÈS 10

([Mat, p. 114], [E, p. 475]), which says that if pd M is finite, (4.4) depth(m; M) + pd M = depth m.

We also need some facts about determinantal ideals. Let f : R^m → R^n be an R-homomorphism, which may be represented by an n × m matrix. We assume that m ⩾ n and denote by I(f) the ideal generated by all the n × n minors of f. We assume I(f) ≠ R. Then we have ([Mac]): (4.5) ht I(f) ⩽ m − n + 1.

We also have (see, e.g., [E, Theorem 18.18]):

(4.6) If R is CM and if ht I(f) = m − n + 1, then R/I(f) is CM.

Let O_n = C{z_1, . . . , z_n} denote the ring of covergent power series in n variables. A ring R is an analytic ring if R ≃ O_n/I for some proper ideal I in O_n (for some n). In this case R is a Noetherian local ring for which the maximal ideal m is generated by the images of z_1, . . . , z_n. For an ideal I in O_n, we denote by V (I) the germ at 0 (in C^n) of the variety defined by I. If R = O_n/I, then dim_R R = dim V (I). We denote by dim_C the dimension of a complex vector space. By the Hilbert Nullstellensatz, (4.7) dim_R R = 0 if and only if dim_C R is finite.

Let φ : R → S be a local homomorphism of analytic rings. The homomorphism φ induces C = R ⊗_R R/m → S ⊗_R R/m. We say that φ is quasi-finite if this homomorphism makes S ⊗_R R/m a finite dimensional complex vector space. Clearly a finite homomorphism is quasi-finite. The coverse is also true (see, e.g., [N, Ch. II, Theorem 1]):

(4.8) φ is finite if and only if it is quasi-finite.

Let π : (X, O_X ) → (T, O_T ) be a morphism of analytic spaces. For each point x of X, π induces a local homomorphism π^∗_x : O_{T,t} −→ O_{X,x}, t = π(x).

For a point t in T , the fiber X_t of π over t is the analytic space with support π^{−1}(t) and structure sheaf O_{Xt} = O_X /m_tO_X , where m_t is the maximal ideal of O_{T,t}. Thus, for a point x in π^{−1}(t),

O_{Xt ,x} = O_{X,x}/m_tO_{X,x} = O_{X,x} ⊗_{OT,t} O_{T,t}/m_t = O_{X,x} ⊗_{OT,t} C.

Hence by (4.7) and (4.8), we see that x is an isolated point in π^{−1}(t) if and only if π^∗_x is finite.

Suppose now that π is a finite morphism (i.e., proper with finite fibers) of analytic spaces. Let t be a point in T . For a point x in π^{−1}(t), we set ν(x) = dim_C O_{Xt ,x} and ν(t) = � x∈π^{−1}(t) ν(x). Recall that π is flat if, for every x in X, OX,x is a flat

O_{T,t}-module, t = π(x). If T is reduced, we have ([Do]): (4.9) π is flat if and only if ν(t) is locally constant.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

5. Algebraic expression

5a. Non-singular base spaces. — We consider the situation of (1c). We assume that k = 0 and set ~U = U and ~s = s. In general, by (4.5), codim S(s) ⩽ r − ℓ + 1 = n. Here we assume that S(s) = {p} so that S(s) attains its maximum codimension. Let F and φ_I be defined as in (3b). We denote by O_U the sheaf of germs of holomorphic functions on U and by F the ideal sheaf in O_U generated by the (germs of) φ_I ’s. Note that F does not depend on the choice of the frame e of E.

Let s^∗ = (s^∗_1, . . . , s^∗_ℓ ) be a perturbation of s as in Lemma 2.4. We define F^∗_I and φ^∗_I as above, using the s^∗_i ’s. Let T be a small neighborhood of 0 in C and F^∗ the ideal sheaf generated by the φ^∗_I ’s in O_U ∗ , U^∗ = U × T . Also, let F_t be the ideal sheaf generated by the φ_{I,t}’s in O_{Ut} , U_t = U × {t}.

Lemma 5.1. — We have dim S(s^∗) = 1 and S(s_t) is a non-empty finite set.

Proof. — By the upper semicontinuity of dim S(s_t), we have dim S(s^∗) ⩽ 1. On the other hand, by (4.5) we have codim S(s^∗) ⩽ r − ℓ + 1 = n.

Lemma 5.2. — In the above situation,

dim_C O_{U,p}/F_p = � q∈S(s_t )

dim_C O_{Ut ,q}/F_{t,q}.

Proof. — Let X be the analytic space in U^∗ with support S(s^∗) and structure sheaf O_X = O_U ∗ /F^∗. By Lemma 5.1, dim X = 1 and the restriction π to X of the projection U^∗ → T is a finite morphism. We claim that π is flat. Let x be a point in X and set t = π(x). In the following, we set O^′_x = O_U ∗_{,x}, O_x = O_{X,x} and O_t = O_{T,t}. Note that O^′_x and O_t are regular local rings of dimensions n + 1 and 1, respectively. We have ht F^∗_x = n = r − ℓ + 1. Hence by (4.6), the ring O_x is CM. Since the homomorphism π^∗ : O_t → O_x is finite, by (4.2), O_x is a CM O_t-module. By (4.4), denoting by m_t the maximal ideal in O_t,

depth(m_t; O_x) + pd_{Ot} O_x = depth m_t.

We have depth(m_t; O_x) = dim_{Ot} O_x = dim_{Ox} O_x = 1 and depth m_t = dim O_t = 1. Therefore, pd_{Ot} O_x = 0 and π is flat.

Set X_t = π^{−1}(t), which has a natural structure of (discrete) analytic space and is supported by S(s_t). For x in X_t, we have O_{Xt ,x} = O_{Ut ,x}/F_{t,x}. Hence the lemma follows from (4.9).

Suppose r = n and ℓ = 1. Then we have one section s =

�_n i=1 f_ie_i and F_p = (f_1, . . . , f_n). If p is a non-degenerate singularity of s, we have

dim_C O_n/(f_1, . . . , f_n) = 1.

From Corollaries 2.3 and 2.8, Remark 2.9.1 and Lemma 5.2, we have

SÉMINAIRES & CONGRÈS 10

Corollary 5.3. — In the case r = n and ℓ = 1,

Res_cn (s, E; p) = dim_C O_{U,p}/F_p = dim_C O_n/(f_1, . . . , f_n).

Now we go back to the general situation with r ⩾ n. We assume that s_1(p) ≠ 0 as in the situation of Lemma 2.6. Then we may write s^′_i =

�_r j=2 f^′_{ij} e^′_j , i = 2, . . . , ℓ, with f^′_{ij} holomorphic functions on U and e^′ = (e^′_2, . . . , e^′_ℓ) a frame of E^′ (cf. (2.5)). Let F^′ be the (ℓ − 1) × (r − 1) matrix whose (i, j)-entry is f^′_{ij} . We set

I^′ = { (i_2, . . . , i_ℓ) | 2 ⩽ i_2 < · · · < i_ℓ ⩽ r }.

For an element I^′ = (i_2, . . . , i_ℓ) in I^′, let F^′_I ′ denote the (ℓ − 1) × (ℓ − 1) matrix consisting of the columns of F^′ corresponding to I^′ and set φ^′_I ′ = det F^′_I ′ .

Note that the set of common zeros of the φ^′_I ′ ’s consists only of p. Let F^′_p denote the ideal of O_{U,p} generated by the φ^′_I ′ ’s.

Lemma 5.4. — We have F_p = F^′_p, and thus dim_C O_{U,p}/F_p = dim_C O_{U,p}/F^′_p.

Proof. — We may assume, without loss of generality, that f_{11}(p) ≠ 0. Then, we may take as (e^′_2, . . . , e^′_ℓ) the sections determined by (e_2, . . . , e_ℓ). For i ⩾ 2, we have

s_i = 1 f_{11} � f_{i1}s_1 + r� j=2 � � � f_{11} f_{1j} f_{i1} f_{ij} � � � e^j � . Hence f^′_{ij} = 1 f_{11} � � �f^{11} f^{1j} f_{i1} f_{ij} � � � . For I^′ = (i_2, . . . , i_ℓ), we compute φ_{(1,I} ′_) = f_{11} · φ^′_I ′ . Thus the ideal F^′_p is generated by { φ_{(1,I} ′_) | I^′ ∈ I^′ }. On the other hand, for any I = (i_1, . . . , i_ℓ), considering the determinant of the (ℓ + 1) × (ℓ + 1) matrix whose first and second rows are (f_{11}, f_{1i1} , . . . , f_{1iℓ} ) and whose k-th row is (f_{k−1,1}, f_{k−1,i1} , . . . , f_{k−1,iℓ} ), k ⩾ 3, we have

f_{11} · φ_I = ℓ� j=1 (−1)^{j−1}f_{1ij} · φ_{(1,i1 ,..., bij ,...,iℓ)}.

Hence we have F^′_p = F_p.

Theorem 5.5. — We have

Res_cn (s, E; p) = dim_C O_{U,p}/F_p.

Proof. — We prove this by induction on ℓ. The case ℓ = 1 is Corollary 5.3. Suppose that the statement is true for ℓ − 1 sections (with isolated singularity). Take a perturbation s_{1,t} of s_1 so that s_{1,t}(p) ≠ 0. For t ≠ 0, the support of S_t consists of p, zeros of s_{1,t} and the zeros of s_{1,t} ∧ · · · ∧ s_ℓ. However, at any one of these points, at least one of the sections is non-zero. The theorem follows from Lemmas 2.6 and 5.4 and the induction hypothesis.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

5b. Singular base spaces. — Now we consider the situation of (1c) with k > 0. As in (2b), we suppose that V is a complete intersection defined by h : ( ~U, p) → (C^k, 0). Let T be a small neighborhood of 0 in C^k and, for a point t in T , we set V_t = h^{−1}(t). Also let S(s_t) = S(~s) ∩ V_t, as before. From the assumption S(~s) ∩ V = {p} we have

Lemma 5.6. — dim S(~s) = k and S(s_t) is a non-empty finite set.

Proof. — By the assumtion, we have dim S(~s) ⩽ k. On the other hand, if by (4.5), codim S(~s) ⩽ r − ℓ + 1 = n.

Let F and φ_I be defined as in (3b). We denote by O_{eU} the sheaf of germs of holomorphic functions on ~U, by F the ideal sheaf in O_{eU} generated by the φ_I ’s, by I(V ) = (h_1, . . . , h_k) the ideal sheaf of V in O_{eU} and by F(V ) the ideal sheaf generated by F and I(V ). Also, for t = (t_1, . . . , t_k) ∈ T , we denote by F(V_t) the ideal sheaf generated by F and I(V_t) = (h_1 − t_1, . . . , h_k − t_k).

Lemma 5.7. — In the above situation,

dim_C O_{eU ,p}/F(V )_p = � q∈S(s_t)

dim_C O_{eU ,q}/F(V_t)_q .

Proof. — This is proved as Lemma 5.2. Let X be the analytic space in ~U with structure sheaf O_X = O_{eU} /F. The support of X is S(~s) and is k-dimensional, by Lemma 5.6. Thus the restriction π to X of the map h : ~U → C^k is a finite morphism. We claim that π is flat. Let x be a point in X and set t = π(x). In the following, we set O^′_x = O_{eU ,x}, O_x = O_{X,x} and O_t = O_Ck_{,t}. Note that O^′_x and O_t are regular local rings of dimensions n + k and k, respectively. We have ht F_x = n + k − k = n = r − ℓ + 1. Hence by (4.6), the ring O_x is CM. Since the homomorphism π^∗ : O_t → O_x is finite, O_x is a CM O_t-module. By (4.4), denoting by m_t the maximal ideal in O_t,

depth(m_t; O_x) + pd_{Ot} O_x = depth m_t.

We have depth(m_t; O_x) = dim_{Ot} O_x = dim_{Ox} O_x = k and depth m_t = dim O_t = k. Therefore, pd_{Ot} O_x = 0 and π is flat.

Set X_t = π^{−1}(t), which has a natural structure of (discrete) analytic space and is supported by S(s_t). For x in X_t, we have O_{Xt ,x} = O_{eU ,x}/F(V_t)_x. Hence the lemma follows from (4.9)

Since the regular values of h are dense, by Corollary 2.11, Theorem 5.5 and Lemma 5.7, we have the following theorem.

Theorem 5.8. — We have

Res_cn (s, E|_V ; p) = dim_C O_{eU ,p}/F(V )_p.

Remark 5.9. — As we can see from the above proofs, the assumption that V is a complete intersection is necessary only to ensure that V admits a “smoothing” in ~U.

SÉMINAIRES & CONGRÈS 10

6. Topological expression

Let V , ~U, E and s be as in (1c). We assume that V is a complete intersection in ~U with at most an isolated singularity at p. Let W_ℓ(C^r) denote the Stiefel manifold of ℓ-frames in C^r. It is known that the space W_ℓ(C^r ) is 2(r − ℓ)-connected and π_{2n−1}(W_ℓ(C^r)) ≃ Z (recall 2r − 2ℓ + 1 = 2n − 1). Let L denote the link of (V, p). Note that both of W_ℓ(C^r) and L have a natural generator for the (2n − 1)-st homology. Thus the degree of the map s|_L : L −→ W_ℓ(C^r) is well-defined.

As for the algebraic expression in the previous section, Theorem 6.1 below is proved by the following steps, noting that the mapping degree satisfies the conservation law under perturbations of sections:

(1) reducing to the case of non-singular base space (as Corollary 2.11 or Lemma 5.7),

(2) reducing the number of sections (as Lemma 2.6 or Lemma 5.4), and going to the case of one section,

(3) applying Corollary 2.2 (or further reducing to the case of non-degenerate singularities, where everything is 1).

Theorem 6.1. — We have

Res_cn (s, E|_V ; p) = deg s|_L.

7. Examples and applications

7a. Index of a 1-form and multiplicity of a function. — Let M be a complex manifold of dimension n. The holomorphic cotangent bundle T^∗M of M is naturally identified with its real cotangent bundle. Thus a C^∞ 1-form θ on M may be thought of as a section of T^∗M. For a compact connected component S of the zero set S(θ) of θ having a neighborhood disjoint from the other components, we define the index Ind(θ, S) of θ at S by Ind(θ, S) = Res_cn (θ, T^∗M; S).

If M is compact and if S(θ) admits only a finite number of connected components (S_λ), by Proposition 1.3, we have � λ Ind(θ, S_λ) = (−1)^nχ(M).

If θ is holomorphic and if S_λ consists of a point p, Ind(θ, p) has the analytic, algebraic and topological expressions as given in the previous sections.

If we do similarly for a vector field v, we have the Poincaré-Hopf theorem for v.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

For a C^∞ function f on M, its differential df is a section of T^∗M and we have S(df) = C(f), the critical set of f. For a compact connected component S of C(f) as above, we define the multiplicity m(f, S) of f at S by

m(f, S) = Ind(df, S) = Res_cn (df, T^∗M; S).

Note that, if f is holomorphic and if S consists of a point p, it coinsides with the usual multiplicity of f at p (cf. (3c) 1).

Now we consider the global situation. Let f : M → C be a holomorphic map of M onto a complex curve (Riemann surface) C. The differential df : T M → f^∗T C of f determines a section of the bundle T^∗M ⊗ f^∗T C, which is also denoted by df. The set of zeros of df is the critical set C(f) of f. Suppose C(f) is a compact set with a finite number of connected components (S_λ)_λ. Then we have the residue Res_cn (df, T^∗M ⊗ f^∗T C; S_λ) for each λ. If M is compact, by Proposition 1.3,

(7.1) � λ Res_cn (df, T^∗M ⊗ f^∗T C; S_λ) = � M c^n(T^∗M ⊗ f^∗T C).

If the critical value set D(f) of f consists of only isolated points, we have

Res_cn (df, T^∗M ⊗ f^∗T C; S_λ) = Res_cn (df, T^∗M; S_λ) = m(f, S_λ).

and, if moreover M is compact, � M c^n(T^∗M ⊗ f^∗T C) = (−1)^n(χ(M) − χ(F ) χ(C)),

where F denotes a general fiber of f (cf. [IS, 2]). Thus in this situation, (7.1) becomes � λ m(f, S_λ) = (−1)^n(χ(M) − χ(F ) χ(C)),

In particular, if C(f) consists of isolated points, we recover a formula of [I] (see also [F, Example 14.1.5] and [HL, VI 3]):

(7.2) � p∈C(f )

m(f, p) = (−1)^n(χ(M) − χ(F ) χ(C)).

7b. Index of a holomorphic 1-form of Ebeling and Gusein-Zade Let V be a complete intersection in ~U with an isolated singularity at p and defined by (h_1, . . . , h_k), as before. Also, let L be the link of (V, p). For a holomorphic 1-form θ on ~U, we consider the (k + 1)-tuple ~s = (θ, dh_1, . . . , dh_k) of sections of T^∗ ~U, which is of rank n+k. Thus r−ℓ+1 = n+k −(k +1)+1 = n. We assume that S(~s)∩V = {p}. Let s = ~s|_V , which defines a map of V ∖{p} to W_ℓ(C^r). It should be emphasized that here we take the restrictions of components of ~s as sections and not as differential forms.

Following [EG1], with different naming and notation, we define the V -index Ind_V (θ, p) of θ at p by Ind_V (θ, p) = deg s|_L.

SÉMINAIRES & CONGRÈS 10

Then by Theorem 6.1, it coincides with Res_cn (s, T^∗ ~U|_V ; p) and by Theorems 3.2 and 5.8, it has analytic and algebraic expressions. In fact the algebraic one is already given in [EG1].

Remark 7.3. — For a vector field, there is a similar index, which is called the GSVindex ([GSV], [SS1]). Namely, in the above situation let v be a holomorphic vector field on ~U. Assume that v is tangent to V ∖ {p} and non-vanishing there. Set ~s = (v, grad h_1, . . . , grad h_k) and s = ~s|_V . Then the GSV-index of v at p is defined by

GSV(v, p) = deg s|_L.

Since s involves anti-holomorphic objects, we cannot directly apply our previous results. Note that it coincides with the “virtual index” of v ([LSS], [SS2]) and that there is an algebraic formula for it as a homological index, when k = 1 ([Go]).

7c. Multiplicity of a function on a local complete intersection. — We refer to [IS] for details of this subsection. Let V be a subvariety of dimension n in a complex manifold W of dimension n + k. We assume that there exist a holomorphic vector bundle N of rank k and a holomorphic section σ of N, generically transverse to the zero section, with V = σ^{−1}(0). Thus V is a local complete intersection defined by the local components of σ. Note that the restriction of N to the non-singular part V^′ coincides with the normal bundle of V^′ in W . We denote the virtual bundle (T^∗W − N^∗)|_V by τ^∗_V and call it the virtual cotangent bundle of V . Let g be a C^∞ function on W and let f and f^′ be its restrictions to V and V^′, respectively. We define the singular set S(f) of f by S(f) = Sing(V ) ∪ C(f^′). As in the case of vector bundles, we may define the localization of the n-th Chern class of τ^∗_V by df, which in turn defines the residue Res_cn (df, τ^∗_V ; S) at each compact connected component S of S(f). We define the virtual multiplicity ~m(f, S) of f at S by

(7.4) ~m(f, S) = Res_cn (df, τ^∗_V ; S).

The multiplicity of f at S is then defined by

(7.5) m(f, S) = ~m(f, S) − μ(V, S),

where, μ(V, S) denotes the (generalized) Milnor number of V at S as defined in [BLSS] (cf. [A], [P], [PP] in the case k = 1). Note that if S consists of a point p, it is the usual Milnor number μ(V, p) of the isolated complete intersection singularity (V, p) ([Mi], [H], see also [Lo]).

Note that, if S is in V^′, we have Res_cn (df, τ^∗_V ; S) = Res_cn (df, T^∗V^′; S). On the other hand, in this case we have μ(V, S) = 0 so that m(f, S) coincides with the one in (7a).

Let g : W → C be a holomorphic map onto a complex curve C and set f = g|_V , f^′ = g|_V ′ and S(f) = Sing(V ) ∪ C(f^′). We assume that S(f) is compact. We further set V_0 = V ∖ S(f) and f_0 = g|_{V0} . Thus df_0 is a non-vanishing section of the bundle

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

T^∗V_0 ⊗ f^∗_0 T C, which is of rank n. If we look at c^n(ε), ε = τ^∗_V ⊗ f^∗T C and we see that there is a canonical localization c^n_S (ε, df) in H^{2n}(V, V ∖ S; C) of c^n(ε).

Let (S_λ)_λ be the connected components of S and let (R_λ)_λ be as in (1b). Then c^n_S (ε, df) defines, for each λ, the residue Res_cn (df, τ^∗_V ⊗ f^∗T C; S_λ), which is given by a formula similar to (1.2). Note that, if S_λ is in the non-singular part V^′, it coincides with the one in (7a). If V is compact, by Proposition 1.5, we have � λ Res_cn (df, τ^∗_V ⊗ f^∗T C; S_λ) = � V c^n(τ^∗_V ⊗ f^∗T C).

The both sides in the above are reduced as follows. If f(S(f)) consists of isolated points, we may write

Res_cn (df, τ^∗_V ⊗ f^∗T C; S_λ) = ~m(f, S_λ) = m(f, S_λ) − μ(V, S_λ)

and, if moreover, V is compact, then we have � V c^n(τ^∗_V ⊗ f^∗T C) = (−1)^n (χ(V ) − χ(F ) χ(C)) + � λ μ(V, S_λ),

where F is a general fiber of f ([IS, Lemma 5.2]). Thus, in the above situation, we have ([IS, Theorem 5.5]): � λ m(f, S_λ) = (−1)^n (χ(V ) − χ(F ) χ(C)) .

In particular, if S(f) consists only of isolated points,

(7.6) � p∈S(f )

m(f, p) = (−1)^n (χ(V ) − χ(F ) χ(C)) ,

which generalizes (7.2) for a singular variety V .

If S_λ consists of a single point p, the residue Res_cn (df, τ^∗_V ; p) is given as follows. Let ~U be a small neighborhood of p in W so that the bundle N admits a frame (ν_1, . . . , ν_k) on ~U. We write σ =

�_k i=1 h_i ν_i with h_i holomorphic functions on ~U.

Then V is defined by (h_1, . . . , h_k) in ~U. Consider the (k + 1)-tuple of sections

~s = (dg, dh_1, . . . , dh_k)

of T^∗ ~U. By the assumption, we have S(~s) ∩ V = {p}. Since the rank of T^∗ ~U is n + k, we have the residue Res_cn (s, T^∗ ~U|_V ; p), s = ~s|_V . Then we have ([IS, Theorem 4.6])

(7.7) ~m(f, p) = Res_cn (s, T^∗ ~U|_V ; p).

The virtual multiplicity ~m(f, p) was defined as the residue of df on the virtual bundle τ^∗_V (cf. (7.4)) and this definition led us to a global formula as (7.6). The identity (7.7) shows that it coincides with the residue of s = (dg|_V , dh_1|_V , . . . , dh_k|_V ) on the vector bundle T^∗ ~U|_V . Thus we have various expressions for ~m(f, p) as given in

SÉMINAIRES & CONGRÈS 10

the previous sections; by Theorem 3.2 we have a way to compute ~m(f, p) explicitly, by Theorem 5.8 we may express (7.8) ~m(f, p) = dim_C O_{n+k}/(J(g, h_1, . . . , h_k), h_1, . . . , h_k), where J(g, h_1, . . . , h_k) denotes the Jacobian ideal of the map (g, h_1, . . . , h_k), i.e., the ideal generated by the (k + 1) × (k + 1) minors of the Jacobian matrix^{∂(g,h1 ,...,hk)}_{∂(z1,...,zn+k)} , and by Theorem 6.1, (7.9) ~m(f, p) = Ind_V (dg, p).

From (7.5), (7.8) and the identity (cf. [Gr], [Le])

μ(V, p) + μ(V_g , p) = dim_C O_{n+k}/(J(g, h_1, . . . , h_k), h_1, . . . , h_k), where V_g denotes the complete intersection defined by (g, h_1, . . . , h_k), assuming g(p) = 0, we get (7.10) m(f, p) = μ(V_g , p).

7d. Some others. — Let V be a complete intersection defined by (h_1, . . . , h_k) in ~U and p an isolated singularity of V , as before.

The n-the polar multiplicity m_n(V, p) of Gaffney ([Ga]) is defined by m_n(V, p) = dim_C O_{n+k}/(J(ℓ, h_1, . . . , h_k), h_1, . . . , h_k), where ℓ is a general linear function. By (7.8) and (7.9), we may write m_n(V, p) = Ind_V (dℓ, p) = ~m(ℓ|_V , p).

Also, in the expression Eu(V, p) = 1 + (−1)^{n+1}μ(V_ℓ, p) for the Euler obstruction Eu(V, p) of V at p (cf. [Du], [K], see also [BLS]), we have by (7.10), μ(V_ℓ, p) = m(ℓ|_V , p).

Note that these local invariants appear in the comparison of the Schwartz- MacPherson, Mather and Fulton-Johnson classes of a local complete intersection with isolated singularities (cf. [OSY], [Su1]).

References [A] P. Aluffi – Chern classes for singular hypersurfaces, Trans. Amer. Math. Soc. 351 (1999), p. 3989–4026.

[BB] P. Baum & R. Bott – Singularities of holomorphic foliations, J. Differential Geom.

7 (1972), p. 279–342.

[BLS] J.-P. Brasselet, Lê D.T. & J. Seade – Euler obstruction and indices of vector fields, Topology 39 (2000), p. 1193–1208.

[BLSS] J.-P. Brasselet, D. Lehmann, J. Seade & T. Suwa – Milnor classes of local complete intersections, Trans. Amer. Math. Soc. 354 (2002), p. 1351–1371.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005

[DA] J. D’Angelo – Several Complex Variables and the Geometry of Real Hypersurfaces, CRC Press, 1993.

[Do] A. Douady – Flatness and privilege, Enseign. Math. 14 (1968), p. 47–74. [Du] A. Dubson – Classes caractéristiques des variétés singuliéres, C. R. Acad. Sci. Paris Sér. I Math. 287 (1978), p. 237–240.

[EG1] W. Ebeling & S.M. Gusein-Zade – On the index of a holomorphic 1-form on an isolated complete intersection singularity, Doklady Math. 64 (2001), p. 221–224.

[EG2] , Indices of vector fields or 1-forms and characteristic numbers, arXiv: math.

AG/0303330, v1 26 Mar, 2003.

[E] D. Eisenbud – Commutative Algebra with a View Toward Algebraic Geometry, Springer-Verlag, 1995.

[F] W. Fulton – Intersection Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete, Folge 3 Band 2, Springer-Verlag, 1984.

[Ga] T. Gaffney – Multiplicities and equisingularity of ICIS germs, Invent. Math. 123 (1996), p. 209–220.

[Go] X. Gómez-Mont – An algebraic formula for the index of a vector field on a hypersurface with an isolated singularity, J. Algebraic Geom. 7 (1998), p. 731–752.

[GSV] X. Gómez-Mont, J. Seade & A. Verjovsky – The index of a holomorphic flow with an isolated singularity, Math. Ann. 291 (1991), p. 737–751.

[Gr] G.-M. Greuel – Der Gauß-Manin-Zusammenhang isolierter Singularitäten von vollständigen Durchschnitten, Math. Ann. 214 (1975), p. 235–266.

[GH] P.A. Griffiths & J. Harris – Principles of Algebraic Geometry, A. Wiley- Interscience, New York, 1978.

[H] H. Hamm – Lokale topologische Eigenschaften komplexer Räume, Math. Ann. 191 (1971), p. 235–252.

[HL] F.R. Harvey & H.B. Lawson – A theory of characteristic currents associated with a singular connection, Astérisque, vol. 213, Société Mathématique de France, Paris, 1993.

[I] B. Iversen – Critical points of an algebraic function, Invent. Math. 12 (1971), p. 210–224.

[IS] T. Izawa & T. Suwa – Multiplicity of functions on singular varieties, Internat.

J. Math. 14 (2003), p. 541–558.

[K] M. Kashiwara – Index theorem for a maximally overdetermined system of linear differential equations, Proc. Japan Acad. Ser. A Math. Sci. 49 (1973), p. 803–804.

[Le] Lê D.T. – Calculation of Milnor number of isolated singularity of complete intersection, Functional Anal. Appl. 8 (1974), p. 127–131.

[LSS] D. Lehmann, M. Soares & T. Suwa – On the index of a holomorphic vector field tangent to a singular variety, Bol. Soc. Brasil. Mat. 26 (1995), p. 183–199.

[Lo] E. Looijenga – Isolated Singular Points on Complete Intersections, London Math.

Society Lect. Note Series, vol. 77, Cambridge Univ. Press, 1984.

[Mac] F.S. Macaulay – Algebraic Theory of Modular Systems, Cambridge Tracts, vol. 16, Cambridge Univ. Press, 1916.

[Mat] H. Matsumura – Commutative Algebra, Benjamin/Cummings Publishing Co., 1980. [Mi] J. Milnor – Singular points of complex hypersurfaces, Annals of Mathematics Studies, vol. 61, Princeton University Press, Princeton, NJ, 1968.

[N] R. Narashimhan – Introduction to the Theory of Analytic Spaces, Lect. Notes in Math., vol. 25, Springer-Verlag, 1966.

SÉMINAIRES & CONGRÈS 10

[OSY] T. Ohmoto, T. Suwa & S. Yokura – A remark on the Chern classes of local complete intersections, Proc. Japan Acad. Ser. A Math. Sci. 73 (1997), p. 93–95.

[O] P. Orlik – The multiplicity of a holomorphic map at an isolated critical point, in Real and Complex Singularities, Oslo, 1976 (P. Holm, ed.), Sijthoff & Noordhoff International Publishers, 1977, p. 405–474.

[P] A. Parusiński – A generalization of the Milnor number, Math. Ann. 281 (1988), p. 247–254.

[PP] A. Parusiński & P. Pragacz – Characteristic classes of hypersurfaces and characteristic cycles, J. Algebraic Geom. 10 (2001), p. 63–79.

[SS1] J. Seade & T. Suwa – A residue formula for the index of a holomorphic flow, Math.

Ann. 304 (1996), p. 621–634.

[SS2] , An adjunction formula for local complete intersections, Internat. J. Math.

9 (1998), p. 795–768.

[Se] J.-P. Serre – Algèbre Locale Multiplicités, third ed., Lect. Notes in Math., vol. 11, Springer-Verlag, 1975.

[St] N. Steenrod – The Topology of Fibre Bundles, Princeton University Press, Princeton, NJ, 1951.

[Su1] T. Suwa – Classes de Chern des intersections compleètes locales, C. R. Acad. Sci.

Paris Sér. I Math. 324 (1996), p. 67–70.

[Su2] , Indices of Vector Fields and Residues of Singular Holomorphic Foliations, Actualités Mathématiques, Hermann, 1998.

[Su3] , Dual class of a subvariety, Tokyo J. Math. 23 (2000), p. 51–68. [Su4] , Residues of Chern classes, J. Math. Soc. Japan 55 (2003), p. 269–287.

T. Suwa, Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan E-mail : suwa@math.sci.hokudai.ac.jp

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2005