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ON THE CONNECTION BETWEEN AFFINE AND
PROJECTIVE FUNDAMENTAL GROUPS OF
LINE ARRANGEMENTS AND CURVES
by
David Garber

Abstract — In this note we prove a decomposition related to the affine fundamental
group and the projective fundamental group of a line arrangement and a reducible
curve with a line component. We give some applications to this result.

Résumé&Sur le rapport entre les groupes fondamentaux d’arrangemets affine et projectifs
de droites et de courbes)

Dans cet article, nous montrons une décomposition reliée au groupe fondamental
affine et au groupe fondamental projectif d’un arrangement de droites et d’une courbe
réductible avec une composante linéaire. Nous donnons quelques applications de ce
résultat.

1. Introduction

The fundamental group of complements of plane curves is a very important topo-
logical invariant with many different applications. There are two such invariants: the
affine fundamental group of a plane curve, which is the fundamental group of its affine
complement, and its projective fundamental group, which is the fundamental group of
its projective complement.

Oka [7] has proved the following interesting result, which sheds new light on the
connection between these two fundamental groups:

Theorem 1.1(Oka). — Let C be a curve in CP? and let L be a general line to C, i.e.
L intersects C' in only simple points. Then, we have a central extension:

1—Z— m(CP?> - (CUL)) — m(CP* - C) — 1
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62 D. GARBER

Since L is a general line to C, then:
71 (CP? — (CUL)) = m(C? - O).

Hence, we get the following interesting connection between the two fundamental
groups:
1—Z—m(C?*-C) — m(CP? - C) — 1

A natural question is:

Question 1.2 — Under which conditions does this short exact sequence split? Notice
that when it does, we have the following decomposition:

7T1((C2 - C) = 7T1((C]P)2 - C) @Z

A real line arrangement in C? is a finite union of copies of C in C?, whose equations
can be written by real coefficients. Some families of real line arrangements were
already proved to satisfy this condition, see [2].

Here, we show that:

Theorem 1.3 — If L is a real line arrangement, then such a decomposition holds:
7T1((C2 — E) = 7T1((C]P)2 — E) & Z

Actually, one can see that the same argument holds for arbitrary line arrangements
(see Theorem 2.3). Moreover, we give a different condition for this decomposition to
hold: If C is a plane curve with a line component, i.e. C = C' U L where L is a line,
we have that 71 (C? — C) = m (CP? — C) & Z too.

These results can be applied to the computation of the affine fundamental groups
of line arrangements, since the projective fundamental group is an easier object to
deal with than the affine fundamental group.

The paper is organized as follows. In Section 2 we prove Theorem 1.3. The other
condition is discussed in Section 3, and in the last section we give some applications.

2. Proof of Theorem 1.3

In this section, we prove Theorem 1.3.

Proof of Theorem 1.3. — Let L be a real line arrangement with n lines. Let L be
an arbitrary line which intersects £ transversally. By the following remark, one can
reduce the proof to the case where L is a line which intersects transversally all the
lines in £ and all the intersection points of L with lines in £ are to the left of all the
intersection points of £ (see Figure 1 for such an example, where the arrangement £
consists of Ly, Lo, L3 and Ly).
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A CONNECTION BETWEEN FUNDAMENTAL GROUPS 63

FIGURE 1. An example

Remark 2.1 — We have proved in [3] that in a real line arrangement, if a line crosses
a multiple intersection point from one side to its other side (see Figure 2), the fun-
damental groups remain unchanged (see [3, Theorem 4.13] for this property of the

action é).

—

FIGURE 2. A line crosses a multiple intersection point.

By this argument, we can start with any transversal line L as “the line at infinity”.
Then, by using this property repeatedly, we can push this line over all the intersection
points of the arrangement £, without changing the corresponding fundamental group.
This process will be terminated when all the intersection points of L with £ are placed
to the left of all the intersection points of £, and this is the reduced case.

By this remark, we continue the proof of Theorem 1.3 for the reduced case, where
all the intersection points of L with £ are placed to the left of all the intersection
points of £. We compute presentations for 7 (CP? — £) and 7 (CP? — (LU L)) by
braid monodromy techniques (the Moishezon-Teicher algorithm) and the van Kampen
Theorem. The original techniques are introduced in [6] and [5] respectively. Shorter
presentations of these techniques can be found in [2] and [3].

We first have to compute the lists of Lefschetz pairs of the arrangements, which
are the pairs of indices of the components intersected at the intersection point, where
we numerate the components locally near the point (see [2]). Since £ is an arbitrary
real line arrangement, its list of Lefschetz pairs is

([al, bl], ey [ak, bk]),
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where k is the number of intersection points in £. If we assume that the additional
line L crosses all the lines of £ transversally to the left of all the intersection points
in £, the list of Lefschetz pairs of LU L is

([a1,b1], - -, [ak, be), [nym+ 1], ..., [1,2])

By the braid monodromy techniques and the van Kampen Theorem, the group
711 (CP? — L) has n generators {x1,...,,} and m1 (CP?— (LUL)) has n+ 1 generators
{x1,...,%n, Tni1}. Moreover, the first k relations of 71 (CP? — (£ U L)) are equal to
the k relations of 71 (CP? — £). Let us denote this set of relations by R.

Now, we have to find out the relations induced by the n intersection points of the
line L with the arrangement £. Moreover, we have to add at last the appropriate
projective relations.

First, we compute the relations induced by the n intersection points of the line L
with the arrangement £. The Lefschetz pair of the (k + 1)th point (which is the first
intersection point of L with £) is [n,n + 1]. Hence, its corresponding initial skeleton
is shown in Figure 3.

FIGURE 3. Initial skeleton of the (k + 1)th point

Since the list of pairs [a1,b1], ..., [ak, bx] is induced by a line arrangement, it is
easy to see that:
A(ak, bk> s A<a1, b1> = A(l,n),
where A(1,n) is the generalized half-twist on the segment [1, n].
Therefore, applying this braid on the initial skeleton yields the resulting skeleton
for this point which is presented in Figure 4.

FIGURE 4. Final skeleton of the (k + 1)th point

By the van Kampen Theorem, the corresponding relation is:

-1 -1
[Tn@p_1- - Tox125 2, Tpg1] =1

Let P; be the ith intersection point, where k + 2 < ¢ < k + n. Its corresponding
Lefschetz pair is [n — (i — k) + 1,n— (i — k) + 2], and hence its initial skeleton is shown
in Figure 5.

Now, we first have to apply on it the following braid:

Aln—(i—k)+2,n—(i—k)+3)---A{n,n+1)
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[ [ CECY *———eo .. [ [

1 2 n—(i-k)+1 n—(i-k)+2 n n+l
FIGURE 5. Initial skeleton of the ith point

and afterwards we have to apply on the resulting skeleton A(1,n), which equals to
A(ak, bk> e A<a1, b1>

as before. Hence, Figure 6 presents the resulting skeleton for the ith point.

. . .« s [ “ e . .
1 2 n=(—l)+1  n—(i=k)+2 n o on+l
_— . . P . .« s .
1 2 ==+ 1N\ n—(i=k)+2 n _nel
—_— ° ° o e ° /J\
1 2 i-k-1 i-k n n+l

F1GURE 6. Computing the final skeleton of the ith point

Again, by the van Kampen Theorem, the corresponding relation is:
—1 —1 _ 1
[Tnpn—1 - T k1T kT Ty Tpg] =

To summarize, we get that the set of relations induced by the intersection points of
the additional line L is:

{[entn_1 icp1®ipt; gy ana] =11 <i—k <n}

One can easily see, by a sequence of substitutions, that actually this set of relations
is equal to the following set:

{lzi, 2np1] =111 <i<n}
Hence, we have the following presentations:
7Tl((C]PQ _‘C) = <Z‘1,...,$n | R TpTp_1--x1 = 1>
1

R [xi,xnp] =1, <i<n;>
Tp41Tn - T1 =1

m(CP? — (LU L)) = <x1, N

It remains to show that these presentations imply that:
71 (CP?2 — (LUL)) =Z @ m (CP? - L)

Denote by R(z1 < w) the set of relations R after we substitute anywhere the gener-
ator 1 by an element w in the corresponding group.
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Hence, using the projective relations in both fundamental groups, we have the
following new presentations:

7 (CP? — L) = (x2, ..., xn | R(x1 <= 252, 1))

Rz <=x51-"$51$£i1);>

CP?— (LUL :< T Tn
ﬂ-l( ( )) €2, y Ly Tn41 [$i,$n+1]:1, 2<z§n

Since all the relations in R are either commutative relations or cyclic relations of the
type

Wi W1+ W1 = Wyp—1 * Wi Wy =+ ++ = W1 Wy * -+ W,

where w; are words in the generators 1, ..., x,, then the sum of powers of the gen-
erator x; or its inverse are equal in any part of the relation. Hence, using the fact
that x,,+1 commutes with all the other generators, we actually can cancel z,1 from
the set of relations

1 —-1,.—1 )

R(zr <=2y -2, 2,01),

and therefore we have:
Ry <zt ayta ) =R < 2yt z)h).
By this argument, we now have:

Rz < x2 X 1xn}r1),>

(C]P)Q L < ey Iy, T ‘
1 ( (LUL)) = (@2, Ty T [Ti,Tpa] =1, 2<i<n

~ Rz = ay 'yl >
- <x2,...,xn,xn+1 ‘ [T, 2pi1] =1, 2<i<n
& (wg,. @ | Rz <2yt 2, ") & (@nga)

I

1 (CP? — L) D Z

Since L is transversal to £, this is equivalent to:
m(C*-L)2m(CPP - L) Z
and we are done. (]
Remark 2.2 — By the projective relation in 71 (CP? — (£ U L)), we have that:
Tpi1 = (Tp-21) "L

Hence, we have that the element which corresponds to the loop around all the lines
is a central element in 71 (C? — £) = m; (CP? — (LU L)), as was shown by Oka [7] too.

Now, one can see that a similar argument holds for complex line arrangements too.
Hence, one has the following generalization:
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Theorem 2.3 — Let L be an arbitrary line arrangement. Then the following decom-
position holds:

7T1((C2 —E) 271'1(@]?2 —E)@Z

3. A different condition for a decomposition

In this section we will show that the decomposition holds for any reducible curve
with a line component.

Oka and Sakamoto [8] have proved the following decomposition theorem concerning
the affine fundamental group:

Theorem 3.1(Oka-Sakamoto) — Let Cy and Cy be algebraic plane curves in C2. As-
sume that the intersection C1NCy consists of distinct dy -do points, where d; (i = 1,2)
are the respective degrees of Cv and Cy. Then:

7T1((C2 — (Cl U CQ)) = 7T1((C2 — Ol) D 7T1((C2 — 02)
Here is a parallel version for the projective fundamental group:

Lemma3.2 — Let C; and Cy be plane curves in CP? with respective degrees di and
dy. Let C! be the affine part of C; with respect to a projective line L. If C1 N C}
consists of didy distinct simple points, then:

7T1((C]P)2 — (Cl U Cq UL)) = 7T1((C]P)2 — (Cl UL)) @7‘(’1(@]?2 — (CQ UL))

Proof. — When L becomes the line at infinity, the curve Cy U C2 becomes C U CY.
Also, it is easy to see that if C” denotes the affine part of C' with respect to L, then

71 (CP? — (CUL)) =27 (C* - ).
Now, we can compute:

71 (CP? — (C1UCo U L)) =7 (C? — (C] U CY))

)

1

m1(C? — C)) ® m (C? — C%)
71 (CP? — (C1 U L)) ® 7, (CP? — (Cy U L)). O

I

Hence, we get:

Corollary 3.3 — Let C be a plane curve of degree d in CP? and let L be a line ar-
rangement consisting of k lines meeting in a point outside C. Let L be an additional
line which intersects both C and L transversally. If C N L consists of dk distinct
simple points, then:

71 (CP? — (CULUL))2m(CP?2 -~ (CUL))®ZOFy_y,
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where Fy, is the free group with k generators. In particular, if k = 1, i.e. L consists
of one line Ly, then:

71 (CP? — (CUL,UL)) = m(CP2— (CUL)) D Z

Proof. — Substituting C instead of C and £ instead of C in the last lemma, yields
the following equation:

71 (CP? — (CULUL)) 2 m(CP? — (CUL))® 1 (CP? — (LUL)).

Since 71 (CP? — (LU L)) = Z & Fj_1 (see for example [2]), the Corollary is proved.
Fixing k = 1 yields the particular case. O

Hence we got the following result:

Proposition 3.4 — Let C' be a plane curve with a line component, i.e. C = C' U L
where L is a line that intersects C' transversally. Then:

1 (C?-C)=m(CP* -C) Z
Proof. — Using the case k = 1 in the last corollary, we get that:
71 (CP? — (C" UL, UL)) =71 (CP?2 - (C'UL)) ®Z
But since L; intersects C’ U L transversally, we have that
7 (CP? — (C"U Ly UL)) =27 (C*— (C'"UL))
So we get:
7 (C* — (C'"U L)) 2 m(CP?* - (C'"UL)) @ Z. O

Remark 3.5 — By a similar argument to the argument we have used to prove The-
orem 1.3, and by the fact that the line at infinity is transversal to C' U L, we can
generalize Proposition 3.4 to the case that L does not have to be transversal to C.

4. Some applications

In this section, we present some immediate applications of the main result.

4.1. Structure of the affine fundamental groups for some real arrange-
ments. — Fan [1] proved the following result:

Proposition 4.1(Fan). — Let ¥ be an arrangement of n lines and S = {a1,...,ax} be
the set of all singularities of ¥ with multiplicity > 3. Suppose that the subgraph of
3, which contains only the higher singularities (i.e. with multiplicity > 3) and their
edges, is a union of trees. Then:

m(CP? - %) 27" @ Pl g ... g Fmlen) =1

where 1 = n+ k —1—m(a1) — -+ — m(ax) and m(a;) is the multiplicity of the
intersection point a;.
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Using Theorem 1.3, we have the following easy consequence:

Corollary 4.2 — Under the same conditions of the last proposition, we have that:
71'1(((:2 _ E) ~ Zr—i—l a Fm(al)—l e = Fm(ak)—l
wherer =n+k—1—m(a1) — - — m(ag).

This generalizes Theorem 5.3 of [2].

4.2. The connection between the invariants of real arrangements. — In [3]
and [4] we address the following question about the invariants of real arrangements:

Question 4.3 — Does the incidence lattice determine the affine fundamental group
and the projective fundamental group of real line arrangements?

For complex line arrangements, the answer for this question is negative due to an
example of Rybnikov (see [9]).

Our main result is (see [4]):

Theorem 4.4 — For real line arrangements with up to 8 lines, the incidence lattice
does determine the affine fundamental group and the projective fundamental group.

By Theorem 1.3, we actually reduce this question to the projective case only, since
we have:

Corollary 4.5 — Let L1 and Ly be two real line arrangements such that:
7T1((C]P)2 - ,Cl) = 7T1((C]P)2 - £2)

Then:
71'1(((:2 - ,Cl) = 7T1((C2 - EQ)

This simplifies much the computational aspect of this question, since during the
computations we have performed in [4], it was turned out that the comparison of
two projective fundamental groups was much easier than the comparison of the corre-
sponding affine fundamental groups. The main reason for this difference is probably
that the affine fundamental group has one more generator than the projective fun-
damental group (this generator is cancelled by the projective relation which implies
that the multiplication of all the generators is the unit element).

Acknowledgments. — 1 wish to thank Mutsuo Oka and Pho Duc Tai for fruitful
discussions. I also thank Ehud De-Shalit and Einstein Institute of Mathematics for
hosting my stay.

SOCIETE MATHEMATIQUE DE FRANCE 2005



70

[

2]

8]
[4]
[5]

[6]

[7]
8]

[9]

D. GARBER

References

K.M. FAN — Direct product of free groups as the fundamental group of the complement
of a union of lines, Michigan Math. J. 44 (1997), no. 2, p. 283-291.

D. GARBER & M. TEICHER — The fundamental group’s structure of the complement
of some configurations of real line arrangements, in Complex Analysis and Algebraic
Geometry (T. Peternell & F.-O. Schreyer, eds.), de Gruyter, 2000, p. 173-223.

D. GARBER, M. TEICHER & U. VISHNE — Classes of wiring diagrams and their invariants,
J. Knot Theory Ramifications 11 (2002), no. 8, p. 1165-1191.

, mi-classification of arrangements with up to eight lines, Topology 42 (2003),
no. 1, p. 265-289.

E.R. vAN KAMPEN — On the fundamental group of an algebraic curve, Amer. J. Math.
55 (1933), p. 255-260.

B. MOISHEZON & M. TEICHER — Braid group techniques in complex geometry I, Line
arrangements in CP2, Contemporary Math., vol. 78, American Mathematical Society,
1988, p. 425-555.

M. OKA — On the fundamental group of the complement of a reducible curve in P?,
J. London Math. Soc. (2) 12 (1976), p. 239-252.

M. OkrA & K. SAKAMOTO — Product theorem of the fundamental group of a reducible
curve, J. Math. Soc. Japan 30 (1978), no. 4, p. 599-602.

G. RYBNIKOV — On the fundamental group of the complement of a complex hyperplane
arrangement, preprint, math.AG/9805056, 1994.

D. GARBER, Einstein Institute of Mathematics, The Hebrew University, Givat Ram, 91904 Jerusalem,

Israel o FE-mail : garber@math.huji.ac.il e Department of Sciences, Holon Academic
Institute of Technology, PO Box 305, Holon 58102, Isracl e FE-mail : garber@hait.ac.il

SEMINAIRES & CONGRES 10



