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AN EXPLICIT CYCLE REPRESENTING
THE FULTON-JOHNSON CLASS, I
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Jean-Paul Brasselet, Jose Seade & Tatsuo Suwa

Abstract — For a singular hypersurface X in a complex manifold we prove, under
certain conditions, an explicit formula for the Fulton-Johnson classes in terms of
obstruction theory. In this setting, our formula is similar to the expression for the
Schwartz-MacPherson classes provided by Brasselet and Schwartz. We use, on the
one hand, a generalization of the virtual (or GSV) index of a vector field to the
case when the ambient space has non-isolated singularities, and on the other hand
a Proportionality Theorem for this index, similar to the one due to Brasselet and
Schwartz.

RésumégUne description explicite de la classe de Fulton Johnson).|—  Pour une hyper-
surface singuliere X d’une variété complexe, et dans certaines conditions, nous mon-
trons une formule explicite pour les classes de Fulton-Johnson en termes de théorie
d’obstruction. Dans ce contexte notre formule est similaire & I’expression des classes
de Schwartz-MacPherson donnée par Brasselet et Schwartz. Nous utilisons, d’une
part, une généralisation de 'indice virtuel (ou GSV-indice) d’un champs de vecteurs
au cas ou ’espace ambiant a des singularités non-isolées et, d’autre part, un Théoréme
de Proportionnalité pour cet indice, similaire & celui di & Brasselet et Schwartz.

1. Introduction

There are several different ways to generalize the Chern classes of complex man-
ifolds to the case of singular varieties. Among them are the Schwartz-MacPherson
classes [5, 16, 20] and the Fulton-Johnson classes [8, 9]. Each one of them is defined
in a relevant context and has its own interest and advantages. The construction in
[5, 20] provides a geometric interpretation of the Schwartz-MacPherson classes via
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22 J.-P. BRASSELET, J. SEADE & T. SUWA

obstruction theory. This approach is very useful for understanding what these classes
measure.

The motivation for this work is to give such a geometric interpretation of the Fulton-
Johnson classes, in the spirit of [5, 20]. Here we prove that if X C M is a singular
complex analytic hypersurface of dimension n, defined by a holomorphic function
on a manifold M, then the Fulton-Johnson classes can be regarded as “weighted”
Schwartz-MacPherson classes.

In order to explain our result more precisely, let us consider a complex analytic

[43

manifold M of dimension m, and a compact singular analytic subvariety X C M.
Let us endow M with a Whitney stratification adapted to X [24], and consider a
triangulation (K) of M compatible with the stratification. We denote by (D) a
cellular decomposition of M dual to (K). Let us notice that if the 2¢-cell d,, of (D)
meets X, it is dual of a 2(m — ¢)-simplex o, of (K) in X.

We recall that in her definition of Chern classes, M.H. Schwartz considers particular
stratified r-frames v" tangent to M, called radial frames. They have no singularity
on the (2¢g — 1)-skeleton of (D), with ¢ = m — r + 1, and isolated singularities on the
2g-cells d, at their barycenter {G,} = d, No,. Let us denote by I(v", ;) the index
of the r-frame v" at 7.

The result of [5] tells us that the Schwartz-MacPherson class ¢,_1(X) of X of
degree (r — 1) is represented in Hy(,_1)(X) by the cycle

E I(v",54) - 0q
0aCX,
dimoq=2(r—1)

In this article we prove:

Theorem 1.1 — Let us assume that X C M is a hypersurface, defined by X = f=1(0),
where f : M — D is a holomorphic function into an open disc around 0 in C. For each
point a € X let F, denote a local Milnor fiber, and let x(F,) be its Fuler-Poincaré
characteristic. Then the Fulton-Johnson class ¢’ (X) of X of degree (r — 1) is
represented in Hy._1)(X) by the cycle

(1.1) S B )I(,5a) 0
0aCX,
dimo,=2(r—1)

On the other hand, the question of understanding the difference between the
Schwartz-MacPherson and the Fulton-Johnson classes has been addressed by sev-
eral authors, and this led to the concept of Milnor classes, defined by p.(X) =
(=1)"! (eo(X) — ¢f7(X)), n = dim X, see for instance [1, 3, 19, 25]. Let us define
the local Milnor number of X at the point a € X by u(X,a) = (—1)" (1 — x(F,));
it coincides with the usual Milnor number of [17] when «a is an isolated singularity
of X. It is non zero only on the singular set X of X. We have the following immediate
consequence of Theorem 1.1:
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Corollary 1.2 — Under the assumptions of Theorem 1.1, the Milnor class p,.—1(X)
in Hyr—1)(X) is represented by the cycle

(1.2) > w(X.5a) I(,5a) - O
o CXE
dimo,=2(r—1)

One of the key ingredients we use for proving the Theorem 1.1 is a Proportionality
Theorem for the index of vector fields and frames on singular varieties, similar to the
one given in [5]. In order to establish it we were led to defining the local virtual index
at an isolated zero of a smooth vector field on a complex hypersurface with (possibly)
non-isolated singularities. This is a generalization of the indices defined previously in
[4, 12, 15]. We call it “local” virtual index to distinguish it from the “global” virtual
index at a whole component of the singular set, as studied in [4]

We notice that for hypersurfaces with isolated singularities one also has the homo-
logical index of [11], which coincides with the index in [12]. It would be interesting to
know whether our generalized virtual (or GSV) index coincides with the generalized
homological index in [10] when the ambient space has non-isolated singularities.

Our formulae can also be obtained in another way, using the MacPherson mor-
phism ¢, (see [16]) together with the Verdier specialization map of constructible
functions [23], since one knows (see for instance [19]) that the Fulton-Johnson and
the Milnor classes are image by the morphism ¢, of certain constructible functions.
The advantage of our construction here is to provide a geometric and explicit point
of view, which can be used to study the general case. This is being done in [6].

2. The local virtual index of a vector field

Let (X,0) be a hypersurface germ in an open set  C C"*!, defined by a holomor-
phic function f : (U4,0) — (C,0). Let us endow U with a Whitney stratification {V;}
compatible with X and let us consider the subspace E of the tangent bundle TU of U
consisting of the union of the tangent bundles of all the strata.:

(2.3) E=J1Vi
7

A section of TU whose image is in E is called a stratified vector field on U.

Let v be a stratified vector field on (X,0) with an isolated singularity (zero) at
0 € X. We want to define an index of v at 0 € X which coincides with the GSV -
index of [12] (or the virtual index in [4]) when 0 is also an isolated singularity of X.
For this, let us consider a (sufficiently small) ball B, around 0 € & and denote by T
the Milnor tube f~1(Ds) N B., where D; is a (sufficiently small) disc around 0 € C.
We let 97 be the “boundary” f~1(Cs) N B. of T, Cs = dDs.

Let r be the radial vector field in C whose solutions are straight lines converging
to 0. It can be lifted to a vector field 7 in 7, whose solutions are arcs that start in
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24 J.-P. BRASSELET, J. SEADE & T. SUWA

07 and finish in X; since the corresponding trajectories in C are transversal to all
the circles () around 0 € C of radius n €]0, [, it follows that the solutions of 7 are
transversal to all the tubes f~1(C,). This vector field 7 defines a C* retraction £
of 7 into X, with X as fixed point set. The restriction of £ to any fixed Milnor fibre
F = f~Y(to)N B., to € Cs, provides a continuous map 7 : F' — X, which is surjective
and it is C*° over the regular part of X. We call such map &, or also 7, a degenerating
map for X (this was called a “collapsing map” in [14]). Since the singular set ¥ of X
is a Zariski closed subset of X, we notice that we can choose the lifting 7 so that
71 (X,eg) is an open dense subset of F', where X,¢, is the regular part Xyes = X \ 2.

We want to use 7 to lift the stratified vector field v on X to a vector field on F.
Firstly, let us consider the case where X has an isolated singularity at 0. The map =
is a diffeomorphism restricted to a neighbourhood N C F of F N 0B.. Then v can
be lifted to a non-singular vector field on IV and extended to the interior of F' with
finitely many singularities, by elementary obstruction theory. By definition [12], the
total Poincaré-Hopf index of this vector field on F' is the GSV-index of v on X.

We want to generalize this construction to the case when the singularity of X at 0
is not necessarily isolated. Let us consider (X,0) as above, a possibly non-isolated
germ. We fix a Milnor fibre F = f~1(t,) N B. for some t, € Cs5. Given a point
x € F, we let v, be the solution of 7 that starts at z. The end-point of v, is the
point 7(z) € X. We parametrize this arc v, by the interval [0,1], with v,(0) = =
and v;(1) = m(xz). We assume that this interval [0, 1] is the straight arc in C going
from ¢, to 0, so that for each ¢ € [0, 1], the point 7, (¢) is in a unique Milnor fibre
F, = f~X(t) N B.. The family of tangent spaces to F; at the points 7, (t) defines a
1-parameter family of n-dimensional subspaces of C"*1, {T'F;}., ;). By [18] we may
assume that the Whitney stratification {V;} satisfies the strict Thom w-condition.
This implies that for each trajectory . (t) the corresponding family {T'F;}, ;) has a
well defined limit space Ay (,), i.e. it converges to an n-plane Ay ;) C Tr(y)(U) when
t — 1. Hence one has an identification T, F" = A(,) which defines an isomorphism
of vector spaces. Moreover, since wy implies the Thom a¢-condition one has that the
limit space A, contains the space Tr(,)V; tangent to the stratum that contains 7(z).
Therefore the vector v(m(x)) can be lifted to a vector v(x) € T, F'. This vector field v
is non-singular over the inverse image of X,eg, which is open and dense in F. Also v
is non-zero on a neighbourhood of F' N 0B, since v is assumed to have an isolated
singularity at 0. Furthermore, by the wy-condition the vector field v is continuous, so
it has a well defined Poincaré-Hopf index in F". The wy-condition also implies that
the angle between v(w(z)) and v(x) is small. That is, given any a > 0 small, we can
choose 9§ sufficiently small with respect to a so that the angle between v(w(z)) and
v(z) is less than «. This implies that if we replace v by some other lifting of v, the
induced vector fields on F' are homotopic. Since f induces a locally trivial fibration
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AN EXPLICIT CYCLE REPRESENTING THE FULTON-JOHNSON CLASS, I 25

over the punctured disc Dg \ 0, then the homotopy class of v does not depend on the
choice of the Milnor fibre. So we obtain:

Proposition 2.1 — The Poincaré-Hopf index of v in F depends only on X C U and
the vector field v. It is independent of the choices of the Milnor fibre F as well as
the liftings involved in its definition. We call this integer the local virtual index of v
on X at 0, and we denote it by I,(v,0,X).

In other words, the index Z,(v,0, X) is the obstruction Obs(v, T*F, 7~ *(B.)) to
the extension of the lifting ¥ as a section of TF without singularity on 7—1(B.(0)).

Let us consider now the case where w is a stratified vector field transversal to the
boundary S. = 9(B;) of every small ball B., pointing outwards; it has a unique sin-
gular point (inside B.) at 0. The Poincaré-Hopf index of w at the point 0, denoted
by I(w,0), is equal to 1, computed either in M or in the stratum V;(0) of X contain-
ing 0 (if the dimension of V;(0) is more than 0). The lifting w is a section of T'F' on
771(S:) = F N S, pointing outwards 7~ 1(B.) = F N Be..

Let us denote by T*F the fiber bundle over F' which is T'F minus the zero section.
The obstruction to the extension of w as a section of T*F inside 7~1(B.) is equal to
the Euler-Poincaré characteristic of the Milnor fiber, i.e.

(2.4) Obs(w, T*F,n~ ! (B:)) = x(F).
We obtain:

Proposition 2.2 — If w is a stratified vector field pointing outwards the ball B. along
its boundary S. = 0(B.), then its local virtual index equals the Euler-Poincaré char-
acteristic of the Milnor fiber:

Zy(w,0,X) = x(F) =1+ (-1)"u(X, 0).

In the sequel, for any vector bundle £ over a space B, we will denote by £* the
bundle over B which is £ minus its zero section.

3. Proportionality Theorems

Let us consider again a stratified vector field v defined on the ball B, C U, with
a unique singularity at 0. We assume further that v is constructed by the radial
extension process of M. H. Schwartz [20]. This means, essentially, that if V; is any
stratum containing V;(0) in its closure, then the vector field v is transversal to the
boundary of every tubular neighbourhood of V;(0) in X, pointing outwards. The
Poincaré-Hopf index of v, computed in V;(0) and denoted I(v,0), can be any integer,
and the fact that v is constructed by radial extension implies that I(v,0) equals the
Poincaré-Hopf index of v computed in &. We shall call v a vector field constructed
by radial extension, or simply a radial vector field if this does not lead to confusion,
as in Theorem 3.1 below. If the stratum V;(0) has dimension 0, this implies that v is
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26 J.-P. BRASSELET, J. SEADE & T. SUWA

actually radial and its local virtual index equals x(F'), by the proposition above. In
the next section we will show that, more generally, we have:

Theorem 3.1(Proportionality Theorem for vector fields). — Let v be a radial vector
field.  Then the local virtual index of v in X, I,(v,0,X), is proportional to the
Poincaré-Hopf index I(v,0) of v in the ambient space Be:

Zy(v,0,X) = x(F) - I(v,0).

Let us recall some basic facts about the notion of radial frames, as defined by
M.H. Schwartz [21], in order to generalize the notion of radial vector fields. A radial
r-frame is a set v" = (v1,v9,...,v,) of r stratified vector fields constructed by the
M.H. Schwartz method of radial extension.

Let us consider a Whitney stratification of i compatible with X and a triangulation
(K) of U compatible with the stratification. Let us consider a cell decomposition (D)
of U dual of (K). Each cell of (D) meets the strata transversally. The union of cells
which meet X is a tubular neighbourhood of X in U. A k-cell d, meeting X is dual
of a (2(n + 1) — k)-dimensional K-simplex o, in X. Let us denote by T"U the fiber
bundle associated to TU whose fiber at © € U is the set of (complex) r-frames in T,U.
A section of T"U on a subset A of U is an r-frame tangent to U over A.

The general obstruction theory (see [22]) tells us that the obstruction dimension
to the construction of an r-frame tangent to U is equal to 2¢ = 2((n+ 1) —r+1). In
the same way, on X,.q, the obstruction dimension is 2p = 2(n—r+1) and on V2% it is
equal to 2e = 2(s — r 4+ 1). This implies that we can construct a stratified r-frame v”
with isolated singularities on the 2g-cells d2? of a cellular decomposition (D) of U,
with index I(v",T"U,d2?) in the barycenter {G,} = d27 N o,.

Since the r-frame is stratified, we can also consider the index I(v"|v,, T"V;, d24NV;)
of its restriction to the stratum V; containing &,. The main property of the radial
frames [21] is that these two indices are equal:

IW", T"U,d*) = I(v"|v;, T"V;,d2? N V;).

ke

We denote this common index by I(v",0,). The method above for lifting a vector
field from X to a local Milnor fiber works for frames and we have:

Theorem 3.2Proportionality Theorem for frames). — Let v" be a radial r-frame with
isolated singularities on the 2q-cells d2? with index I(v",54) in the barycenter {54} =
d** N o,. Then the obstruction to the extension of 1" as a section of T"F on 52” =
7 1(d% N X) is

Obs(v", T"F, 3%) = x(Fs.) - I(v",5a).
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4. Proof of the Proportionality Theorems

The proofs of Theorems 3.1 and 3.2 are analogous to the proof of Théoréeme 11.1
in [5]. We first give some topological properties of the Milnor fiber. Then we prove
independence and proportionality properties for the obstructions in question. We will
prove Theorem 3.1 in section 4.4 and Theorem 3.2 in section 4.5.

4.1. Topological properties of the Milnor fiber. — We will denote by {V;} the
strata of a stratification of X N B, restriction of a Whitney stratification of U to X,
and we denote by {W;} a Whitney stratification of F' such that:

(i) m: F — X N B is a stratified map,

(ii) for every j, the restriction of 7 to W; is a map of constant rank from W; to a
stratum V; of X.

Such stratifications exist by [13]. We notice that each m=*(V;) is union of strata
{W;}.

In the case of isolated singularities, the construction of “polyeédres d’effondrement”
by Lé [14] allows us to prove that there are triangulations of & and F compatible with
the previous stratifications, and such that 7 is a simplicial map. For non necessarily
isolated singularities, let us consider a triangulation (K) of X compatible with the
stratification {V;}; as the restriction of 7 to each stratum {W;} of F has constant
rank, the intersection of the inverse image of a simplex of (K') with the strata W; can
be decomposed into cells o satisfying the following proposition:

Proposition 4.1 — There is a simplicial triangulation (K) of U compatible with the
stratification {V;} and a cellular decomposition (I~( ) of F' compatible with the strati-
fication {W;}, such that for each cell o5 of (IN(), there is a simplex o, of (K) such
that m(6g) = 0o and the restriction of w to each open cell G has constant rank.

Let us denote by (A) a barycentric subdivision of (K) and by (D) the cell decom-
position dual of (K) defined by (A). The intersection of a (D)-cell d’, with X is a
(A)-subcomplex of dimension £ — 2, denoted by 6°72. Using [5] one can construct a
cell decomposition (5) of F dual of (IN( ) satisfying the following property:

Proposition 4.2([5], Proposition 3). — Let us consider a (K)-simplezx 0., its dual cell
d and 052 = d, N X. Let us denote by {53}secn, the set of (K)-cells such that
w(0g) = 0 and dim7(og) = dim(o,). Let us denote by Jﬁ the dual cell of 53 in (D).
One has:
Closure of 7~ 1(6572) = Closure of U Eﬁ
BEBa

We can suppose that the barycenter &, of the cell d2**2 in the cellular decompo-
sition (D) corresponds to the point 0 in U, open subset in C"*1. Let us denote by 2s
the dimension of V;, by b%* a small euclidean ball centered at 0 in V; and by D?7+2-2s
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28 J.-P. BRASSELET, J. SEADE & T. SUWA

a small disc, transverse to b2°. The tube b?>"12 = 125 x D?"*t2725 i5 homeomorphic to
a (2n + 2)-ball, neighbourhood of 0 in the dual cell d2"*2. The intersection

g ="t X
is not always homeomorphic to a ball, but it is contractible to 0. One defines
0B*" = " ? N X.
Let us denote N N
Fr=a (g and 05 =7 (05%)
in the Milnor fiber F.

Proposition 4.3 — Let z € V. Then dimn~!(z) < 2(n — s — 1) for all x € b**.
More precisely:

0 3 =
dim 7! (z) = fs=n
2d<2(n—s—1) ifs<n—1.

Proof. — Using the stratifications of F' and X N B., we see that 7—!(V;) is a union
of strata of F' such that on each of them the restriction of m has constant rank. The
strata of 7=1(V;) of maximal dimension have dimension dim(V;) + 2d. Moreover, as
7~1(V;) is an analytic subspace of F' contained in the closure of 7~!(X,eg), one has

dim7 1 (V;) = dim(V;) + 2d < dim 7 (Xyeg) = 21
and the result follows. O

One obtains that dim 7= (b**) < 2(n — s —1) +2s = 2(n — 1). On the other hand,
Proposition 4.1 implies that dim %" < 2n. As 82" N Xyeg is not empty, one gets
dim 8" = 2n.

4.2. The obstruction depends only on the index. — In this section, we show
that Obs(v, T*F, 7~ *(B.)) depends only on the Poincaré-Hopf index I(v,0) of v at 0
as a section of TV; and not on the vector field v itself. Moreover, if I(v,0) = 0, then
Obs(v, T*F,7~*(B.)) = 0.

A non-zero section v of Th?* over 9b%° determines a cycle v of T*b?* whose index
I(v) is, by definition, the class of v in Has_1(T*b%*) = Z. One can extend v as a
section of Th?¢ inside b%* with an isolated zero at 0, by a homothety centered at 0,
along the rays of b2°. This section can now be extended by the radial extension process
[20] as a section of F (see (2.3)) over b2"T2. One obtains a section of E, still denoted
by v, without zero over b2"*2 \ {0}, in particular over 9b?"*2. Let us consider the
restriction of v on 93%" = 9b*"*2 N X, one denotes by ¥ the section of T*F over
352" = 771(93%") defined by a lifting of v.

Since working in the ball B, is equivalent to working in the tube b2"*2, one has

Obs(v, T*F, 7" (B.)) = Obs(¥, T*F, 3").
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Proposition 4.4 — Let vy and vy be two sections of T*b** over Ob**. They define two
cycles vo and v, of T*b**. Let Ty and U, be liftings of vo and v, respectively, over
",

() If I(70) = I(m), then Obs(To, T*F, 32") = Obs (¥, T*F, "),

(b) If I(vo) = 0, then, Obs(vy, T*F, 3*>7) = 0.

Proof

a) If I(vo) = I(71), then vy and v; are homotopic over 9b**. The same holds for
their extensions over b2* and b2"*+2. The liftings ¥ and 9; over 932" are homotopic
as sections of T'F, so the obstructions Obs(vy, T*F, 52”) and Obs(vy, T*F, 52”) are
equal.

b) If I(vp) = 0, then by a) one can take for vy the restriction to 9b** of a vector
field v; without singularities in 2¢. The lifting of v1 in F is a section of TF without
singularities over 32". One has Obs (31, T*F, 32") = 0 and the result follows by a). [

4.3. The obstruction is proportional to I(y).— In this section, we prove
the proportionality itself, i.e. we show that there is a constant C such that
Obs(v, T*F, 7~ Y(B.)) = C - I(v,0).

Proposition 4.5 — Let v be the radial vector field previously deﬁnediv’y the cycle in
T*b?* defined by the restriction of v to Ob** and v a lifting of v over 3?™. Then there
is a constant C' such that

Obs(7, T*F, 3?*) = C - I ().

Proof. — Proposition 4.4 shows that Obs(v, T*F, 52”) does not depend on the cycle
defined by a section v of T*b*® over 9b** and whose index is I(7y). Let us consider
two cycles in T*b%® defined in the following way:

i) The cycle  is defined by a smooth map

1 s Ob* — T*b*,

such that 1 (€) = v(£) for the unitary vector field v tangent to b2* along the boundary
Ob**, defining a smooth section of TOb%, i.e. v = b1 (Ob**).
ii) The cycle 7y is defined by the smooth map

(4.5) Yo : Ob* — T*p**

such that 1o (&) is the unitary vector in Tpb?® parallel to v(€) and with origin 0. Then,
Yo = ¥o(0b%%) is a cycle in the fiber Tyb?* and 1 is a map with rank 2s — 1 nearly
everywhere and it preserves the orientations.

In the case of the radial vector field w pointing outwards b>* along the boundary
Ob%, the cycle 7o is a cycle of index 1 in Has—1(T;b%%). We denote it by [co].
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30 J.-P. BRASSELET, J. SEADE & T. SUWA

4.3.1. Homotopy between 1)y and v over Ob**. — Let us construct a homotopy ¢
between v and 1, in T*b?*. In order to do that, one extends on b>* the vector
field v previously defined on 9b%°, by a homothety of center 0. One denotes by v’ the
extension; it has an isolated singularity at the point 0. One defines a map

J :]0,1] x b* — T

such that J(p, &) is the unitary vector parallel to v'(£) at the point p&; we will denote
it by v,(p¢).

The map 1) is the restriction of J to 9b%*, it is a diffeomorphism over its image. Let
us define ¢, by ¢¥,(§) =¥ (p,&). If p goes to 0, then the limit of 1, coincides with the
map 1 defined in (4.5). Let us denote by S the unit sphere of the fiber Tob?*. As 1
and ¢; are homotopic, 9 is a (C2-differentiable) map v : 9b?° = §25-1 — § =~ G2s—1
with topological degree I(7).

One has, at the level of chains and cycles in Hos_ 1 (T*b%):

(4.6) OImy =Imypy — I(7) - [co]

The proof of Proposition 4.5 consists of showing that one has still a formula of type
(4.6) at the level of the radial extension of v, still denoted by v, over 93?" (formula
(iii) of Lemma 4.6) and at the level of the lifting of v in F', over 93" (formula (4.7)).
We will conclude the proof of Proposition 4.5 using the Transgression Lemma (Lemma
4.7).

4.8.2. Construction of the homotopy ¥ over 03?". — Let us denote by 327"~2% =
D?7+2-25 0 X, the intersection of X with the transversal disc to b2° in U/, and by @
the piecewise differentiable homeomorphism

0 - b25 % ﬁ2n72s N 6271

such that 6(&,¢) is the point of 3%" whose barycentric coordinates, relative to the
vertices of (A) N (9" 2 \V;), are equal to those of ¢ and the others, corresponding
to the vertices of 9b%*, are proportional to those of £. On the one hand, for ¢ fixed,
0(¢,¢) is on a ray of Dg"”*?s, on the other hand, ¢ and 6(¢,() are in the same
stratum.

The boundary 93%" is

8ﬂ2n =0 ((8b25 x ﬂQn—Qs) U (bQS x 86211—25)) .
Let us define a map
¥ :)0,1] x 95%" — E*

such that U(p,y) = ¥(p, (¢, ¢)) is the vector at the point y, = §(p¢, () obtained by
radial extension, at this point, of v,(p§).

Let us denote, for p €]0,1], ¥,(y) = ¥(p,y). Then ¥y(y) is the original vector
field v defined on 93%". One defines ¥y as the limit of ¥, for p going to zero.
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We define the cycle I'' in E* in the following way: one considers the radial extension,
along %7725, of the radial vector field w constructed on b%*. It defines a chain
of E(5%"), canonically oriented by ¢ and 32"~2% and whose oriented boundary is T'.
One hasTNE; =T NT;V; 28 =2 9b%. In fact T' can be written I UT” where I
is the union of radial extensions, along 32" ~2% of vectors of S and I'” is the union of
radial extensions, in 93%"~2% of vectors of b%*.

Lemma 4.6

i) For p > 0, ¥, is a piecewise differentiable homeomorphism from O3*" onto its
1mage,

ii) Uy : 968%™ — T is a piecewise differentiable homeomorphism, with topological
degree I(7y),

iii) 0ImV¥ =Im ¥y — I(y) - T.

Proof. — The only point to be proved is (ii). We show that the topological degrees
of Uy and 1)y are the same. Let ¢ € T'N E such that 1, *(¢) consists of I(y) points
&; € 0b**, and at each of them 1)y is differentiable of rank 2s — 1. From the definition
of the local radial extension (see [5] Proposition 7.4) one obtains that ¥y is still an
homeomorphism in the neighbourhood of each point &;, considered as in 93?", and
that W, respects the orientations of 3" and I'. One has \Ilal(C) = 77110_1((), proving
the Lemma. O

4.3.3. Lifting of the homotopy over 852". — Let us define the map
U :10,1] x 95°" — TF|5,

such that W(p,7) is the lifting at 7 of (p, (7)), for ©(§) € 52", We define \Tlp@) =

U(p, 7). B
If p =1, then V¥, is the lifting of the radial extension of v, along 93%", i.e. .

If p = 0, then the image of the map Uy is the lifting of I', denoted by I. It
can be oriented with the orientation induced by the one of I'|x,,,, and we claim
that it is a (2n — 1)-cycle. In fact, the dimension of I'|-1(x,,,) is the same as the

dimension of I'|x,,,, i.e. 2n — 1. If VJ?’L is a stratum whose dimension 2h is bigger

than or equal to 2s, then f|r1(vj) =7 1(T|v,). Now, for transversality reasons, the

dimension of I'|ly, = o (038%™ N Vj2h) is 2h — 1. By Lemma 4.3, one has, for x € Vj?h7

dim7~1(z) < 2(n—h—1). One obtains dim f|7r—1(vj) < 2n — 3, that proves the claim.
One has

(4.7 OIm¥ =ImV¥;, —I(y)-T' and Im¥,; = 5(d5°").

4.83.4. End of the Proof of Proposition 4.5. — Let us recall the Transgression Lemma
([7], see also [5] and [21]):

Lemmad4.7 — Let p : TF — F be the projection of the tangent bundle to F'. There
are differential forms Q%" and I1?"~! on TF, and Q3" on F, such that:
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(i) II>"~1 induces on each fiber T7F the fundamental form of H*"~1(T;F),
(ii) Q%" = p*(Q3") = —dlI* 1,

Proof. — The differential forms are the transgression differential forms, induced from
the classical Chern transgression differential forms [7] on the universal bundle over
the Grassmanian, as classifying space. The induced transgression forms verify (i)
and (if). O

Let us denote by y; the singularities of v inside 52” with Poincaré-Hopf index
I(v,y;). Let us denote by 7; the cycle defined in T3 F' in the same way as in (4.5).
By Lemma 4.7(i), one has

>t = I1(9,9).
Vi
Let us apply the Stokes formula in T'F to the differential forms —I1?"~! and Q%" and
to the variety defined by 17(52"). One has

/~ QQn — _/ - dHQn—l — _/ - HQn—l
v(B2m) v(B2m) ov(B2m)

95(B*") = B(9F*™) U; 7i

Observing that

one obtains:

(4.8) Obs(¥, T*F, B*") = / R G [ o
‘5(85271) ﬁ2n

By integration of the form IT?"~! on 9 Im ¥ and using (4.7), one has

/ HQn—l _ I(,Y) . / HQ’n—l :/ HQn—l :/ dHQ’n—l
Imlfll r 81Im ¥ Im ¥

:_/ ) an:_[ 0z,
p(Im W) B2
Then, using (4.8), one has

Obs('ﬁ,T*F,B%):/ _ H%HJF/~ QS":I(A/)./~H2"*1

Im ¥, B2n r

and Proposition 4.5 follows with C' = [zII*"~1,
One the other hand, if I(y) = 0, the result is obvious. O

4.4. Proof of Theorem 3.1. — The proof of Theorem 3.1 now goes as follows:
firstly, we showed in 4.2 that the obstruction Obs(v,T*F,7~1(B.)) depends only
on the index I(v,0) of v at 0 as a section of T'V; and not on the vector field v itself.
Moreover, if I(v,0) = 0, then Obs(v, T*F, 7~ !(B.)) = 0. Then we proved Proposition
4.5, which is the proportionality itself, i.e. we showed that there is a constant C such
that Obs(v, T*F, 7~ 1(B.)) = C - I(v,0). Using 2.4 one obtains that if w is a radial
vector field of index +1, then C = x(F'). This proves the theorem.
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4.5. Proof of Theorem 3.2. — The previous argument is also valid in the case
of r-frames. Since an important part of the proof is similar to the case of vector fields,
we give only the main indications for the proof.

Let us consider a complex manifold M of (complex) dimension (n + 1), and
0<r<n+1. We recall that 2¢ = 2((n+ 1) — r + 1) is the obstruction dimension
to the construction of an r-frame tangent to M. This implies that we can construct
a radial 7-frame v” with isolated singularities on the 2g-cells d2¢ of a cellular de-
composition (D) of M, with index I(v",5,) in the barycenter {G,} = d2? N 0,.
One can write the r-frame as v" = (v" 71, u,), the (r — 1)-frame v"~! being without
singularities on the (2¢)-skeleton of (D). The singularities of v" are zeroes of the last

r—1

vector u,.

In the neighbourhood of 0, the (r — 1)-frame v"~! generates a sub-bundle P"~1
of TM, of (complex) rank (r —1). Let us denote by @ the sub-bundle of T M orthog-
onal to P"~! relatively to an Riemannian metric induced by the one of C**1. The
projection of the vector field u, on @ parallel to P"~!, defines a section of Q over d?¢
with an isolated singularity at 0. The index I(v",5,) is equal to

(4.9) (0", 50) = (0", T" M, d27) = I(uy, Q, d29).

Since the map 7 has constant rank on the strata, the lifting 9”1 defines an (r —1)-
frame tangent to F' over % = 7~ 1(d2? N X). In the same way, whenever it is

defined, the lifting @, is linearly independent of 7"~! and they define an r-frame

"= (0" ).

At any point y of ng, the (r — 1)-frame 9" ~! generates a (r — 1)-subspace }Br’l(y)
of Ty F. One obtains a trivial fiber sub-bundle of T'F' of rank (r — 1) with basis 32
Let us denote by @(y) the vector subspace orthogonal to ]Brfl(y) in T, F, with the
Riemannian metric induced by the one of C"*1. One obtains a fiber sub-bundle Q
of TF of rank p, with basis 521’. Let us denote by @* the associated bundle whose
fiber is the previous one without the zero section.

One has
(4.10) Obs(i", T"F, 3%") = Obs(u,, Q*, 5°P)

Now, working with u, as a section of Q C E over d?? and with u, as a section of @
over (3P, one can use the proof of Theorem 3.1 with the following modifications:

p2s ., p2e — diq n st
b2n+2 — bQS X D2n+2—25 _ b2q — b2e X D2n+2—25
5% —p2t2 X B2 6271723 N 62;0 — P2 X = p2e i ﬂ2nf2s
B =nm (8P 057 = n T 0P) — B =m N (B%); 05 = = (957)

2n—1, 02n—1 2p—1. O2p—1
II ; Q — II ; Q
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Let us denote by V; the stratum containing o,. The cell diq, dual of o, is transverse
to X, i.e. to all strata of X, in particular to V;. Recalling that we use Whitney
stratifications, the intersection Y := d2¢N X is homeomorphic to the cone ¢(Lz, ) over
the link of 7, and a distinguished neighbourhood Uz of &, in X is homeomorphic
to B; x ¢(Lz,) where B; is an open ball in V; whose dimension is the one of V;. One
can consider two (local) Milnor fibres of 4. The first one Fi3, = Fx 5, is the Milnor
fibre of 7, considered as a singularity of X, in M, the second one Fy 5, is the Milnor
fibre of 7, considered as a singularity of Y = d?¢ N X, in d2%.

Lemma4.8 — The Milnor fibres Fx 5, and Fy s, satisfy the following relation:
Fxs, = B; x Fyz,

and one has

(4.11) X(Fxz.) = Xx(Fyz.)-
Let us return to the proof of Theorem 3.2. Theorem 3.1 implies
(4.12) Obs(tir, Q*, B%) = x(Fy5.) - I(ur, Q*,50).

Combining the equalities (4.9) to (4.12), one obtains the result.

5. The Fulton-Johnson classes

Let us consider now a compact complex manifold M of dimension m =n + 1 and
a holomorphic function f: M — D, where D is an open disc around 0 in C and f has
a critical value at 0 € C. We set X = f~1(0) and denote by X the singular set of X,
which consists of the points in X where the differential df vanishes. We denote by
Xreg = X X2 the regular part of X. One has an exact sequence of vector bundles:

0 — TXreg - TM|Xreg - L|Xreg - 07

where L is a trivial line bundle, pull back by f of the tangent bundle of C, T'X,¢s is
the tangent bundle of X,es, which is a sub-bundle of the tangent bundle of M, T'M.
Thus, Ll|x,,, is isomorphic to the normal bundle of X,g in M and, in particular, if X
is smooth then its tangent bundle T'X is equivalent to TM|x — L|x in the K-theory
group KU (X). In general, when X is singular, we set

T(X):TM|X—L|X,

and call it the virtual tangent bundle of X. This is not an actual bundle generally
speaking, but it represents an element in KU (X ), that we still denote by 7(X). Thus
its total Chern class:

o(7(X)) = e(TM|x) - e(L|x) ™"
is well defined. The image of ¢(7(X)) in H.(X) under the Poincaré homomorphism
coincides with the Fulton-Johnson class of X, defined in [8, 9]. We denote it by

SEMINAIRES & CONGRES 10



AN EXPLICIT CYCLE REPRESENTING THE FULTON-JOHNSON CLASS, I 35

cFJ(X) € Hy.(X) and we refer to [4] for background on these classes. If X is smooth,
these are the Poincaré duals of the Chern classes of the tangent bundle T'X.

Our aim now is to prove Theorem 1.1 stated in the introduction. For this, let us
denote by X; the fibers f~1(t), t # 0. This is a 1-parameter family of n-dimensional
complex submanifolds of M that degenerate to X when ¢ = 0.

Since for ¢ # 0 each X; is a smooth complex manifold, its Chern classes c'(X;) €
H?!(X};) are well defined, and since it is compact, by Poincaré duality one can think of
these as homology classes in Ha,—2;(X;), denoted by ¢,,—;(X¢). The class in degree 0,
corresponding to ¢ (X;), is the Euler-Poincaré characteristic of Xj.

We notice that, by the compactness of X, given a regular neighbourhood N of X
in M, we can find ¢ sufficiently small so that X; C N. Thus, one has a homomorphism,

st Ho(Xy) — Ho(N),
induced by the inclusion. One also has:
v Ho(N) — H.(X),
induced by a retraction r from N into X. The composition:
Ox =T5 0ty Ho(Xy) — Hio(X)

is the Verdier specialization map. Notice that by construction, for each z € X,
o4 is induced by the degenerating map 7w of section 2 above, which is now globally
defined on all of X;. In other words, the Verdier specialization map is in this case
the homomorphism in homology induced by the map 7 : X; — X defined (locally) in
section 2 above.

For each Xy, t # 0, one has that [TX;] = [TM|x, — L|x,] in K-theory. Thus the
Chern classes of X, are those of the virtual bundle [T'M|x, — L|x,]. By [23], the
homology specialization map o, carries the Chern classes of TM|x, and L|x, into the
Chern classes of TM|x and L|x, respectively. Thus, as noticed in [19], one has:

(5.13) cEN(X) = ouea(X2).

*

Let v" be, as before, a lifting to X; via the degenerating map =, of a frame v" on
the 2p-skeleton of X with isolated singularities. With the notations of 4.5, the Chern
class ¢P(Xy) is represented by the obstruction cocycle 7 satisfying

(7, 6%) = Obs(", T"X,, f%) = Y _1(7",y»)

where the points y) are singular points of ¥" within ng =7 1d* N X).

For each point a € X, the restriction of f to a small neighbourhood of a can be
regarded as a holomorphic function from an open set in C**! into C. Hence there
exists a (local) Milnor fiber Fy, of X at a. This can be identified with X; N B.(a) for
t # 0 sufficiently near the origin in C and B:(a) a small ball in M around a. We
denote by x(F,) the Euler-Poincaré characteristic of Fj,.
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By Theorem 3.2 one has: (3, 32°) = x(F5,) - I(v",34). The following lemma will
prove Theorem 1.1:

Lemma5.1 — Let 7 be a (D)-cocycle representing the Chern class ¢ (X) and let us
denote ko = (7, 3°P). Then the cycle

2r—2
E kool

o2rT2cx

represents the Fulton-Johnson class cf'”/,(X).

Proof. — Let us write the cycle 7 representing ¢ (X;) as

~ 2p\ *

v = Z Nﬂ(dgp)
where (cAZZp )* is the elementary (D)-cochain whose value is 1 on the cell c%p and 0 on
all others. In other words, ug = (%, c%p).

Since X; is smooth, the Chern class ¢,_1(X}) is the Poincaré dual of ¢?(X;). This
means that if [X;] denotes the fundamental class of X; and if 527’_2 denotes the dual

cell of &?f’ then one has (see [2]):

:)7 N [Xt] = Z /nggrig

Gy RCx,

By (5.13), the Fulton-Johnson class is represented by the cycle m.(¥ N [X¢]). In
the image of ¥ N [X¢] by 7, the only cells 52“2 with non-zero contribution are the
cells such that m(og) = 0o and dim7(d3) = dim(o,). The images of other cells have

dimension strictly less than 2r — 2. Thus the cycle 7. (3 N [X¢]) is homologous to

(X meE )= Y ek
&5 rCX, o TPCX
where ko = > pg = > (7, CAZZP ), the sum being extended to all the indices 3 such that
m(0g) = 04 and dimn(cg) = dim(o,). By Proposition 4.2 one has ko, = (7, 32,
hence the lemma. O

References
[1] P. ALUFFI — Chern classes for singular hypersurfaces, Trans. Amer. Math. Soc. 351
(1999), p. 3989-4026.

[2] J.-P. BRASSELET — Définition combinatoire des homomorphismes d’Alexander, Poincaré
et Thom, pour une pseudo-variété, in Caractéristique d’Euler-Poincaré (séminaire ENS,
1978-1979), Astérisque, vol. 82-83, Société Mathématique de France, 1981.

SEMINAIRES & CONGRES 10



3]

[4]

[5]

(6]
[7]
8]
[9]

[10]

[11]
[12]

[13]

[14]
[15]
116]
17]
18]
[19]

[20]

21]
22]

23]

AN EXPLICIT CYCLE REPRESENTING THE FULTON-JOHNSON CLASS, I 37

J.-P. BRASSELET, D. LEHMAN, J. SEADE & T. Suwa — Milnor numbers and classes
of local complete intersections, Proc. Japan Acad. Ser. A Math. Sci. 75 (1999), no. 10,
p- 179-183.

, Milnor classes of local complete intersection, Trans. Amer. Math. Soc. 354
(2001), p. 1351-1371.

J.-P. BRASSELET & M.-H. SCHWARTZ — Sur les classes de Chern d’un ensemble an-
alytique complexe, in Caractéristique d’Euler-Poincaré (séminaire ENS, 1978-1979),
Astérisque, vol. 82-83, Société Mathématique de France, 1981, p. 93-147.

J.-P. BRASSELET, J. SEADE & T. SUWA — An explicit cycle representing the Fulton-
Johnson class, II, in preparation.

S.S. CHERN — Characteristic classes of Hermitian Manifolds, Ann. of Math. (2) 47
(1946), p. 85-121.

W. FULTON — Intersection Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete,
Folge 3 Band 2, Springer-Verlag, 1984.

W. FuLToN & K. JOHNSON — Canonical classes on singular varieties, Manuscripta Math.
32 (1980), p. 381-389.

L. GIRALDO, X. GOMEZ-MONT & P. MARDESIC — On the index of vector fields tangent
to hypersurfaces with non-isolated singularities, J. London Math. Soc. (2) 65 (2002),
no. 2, p. 418-438.

X. GOMEZ-MONT — An algebraic formula for the index of a vector field on a hypersurface
with an isolated singularity, J. Algebraic Geom. 7 (1998), no. 4, p. 731-752.

X. GOMEZ-MONT, J. SEADE & A. VERJOVSKY — The index of a holomorphic flow with
an isolated singularity, Math. Ann. 291 (1991), p. 737-751.

M. GORESKY & R.D. MACPHERSON — Stratified Morse theory, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, Folge 3 Band 14, Springer-Verlag, Berlin, Heidelberg,
New York, 1988.

L& D.T. — Polyedres évanescents et effondrements, in A fete of Topology (Y. Matsumoto,
T. Mizutani & S. Morita, eds.), Academic Press, 1988, p. 293—-329.

D. LEHMANN, M. SOARES & S. SUwA — On the index of a holomorphic vector field
tangent to a singular variety, Bol. Soc. Brasil. Mat. 26 (1995), p. 183-199.

R. MACPHERSON — Chern classes for singular algebraic varieties, Ann. of Math. 100
(1974), p. 423-432.

J. MILNOR — Singular points of complex hypersurfaces, Annals of Mathematics Studies,
vol. 61, Princeton University Press, Princeton, NJ, 1968.

A. PARUSINSKI — Limits of tangent spaces to fibres and the w condition, Duke Math. J.
72 (1993), p. 99-108.

A. PARUSINSKI & P. PrAGASCZ — Characteristic Classes of Hypersurfaces and Charac-
teristic Cycles, J. Algebraic Geom. 10 (2001), p. 63-79.

M.-H. ScHWARTZ — Classes caractéristiques définies par une stratification d’une variété
analytique complexe, C. R. Acad. Sci. Paris Sér. I Math. 260 (1965), p. 3262-3264,
3535-3537.

, Classes de Chern des ensembles analytiques, Actualités Mathématiques, Her-
mann, Paris, 2000.

N. STEENROD — The Topology of Fibre Bundles, Princeton Univ. Press, Princeton, NJ,
1951.

J.-L. VERDIER — Spécialisation des classes de Chern, in Caractéristique d’Euler-Poincaré
(séminaire ENS, 1978-1979), Astérisque, vol. 82-83, Société Mathématique de France,
1981, p. 149-159.

SOCIETE MATHEMATIQUE DE FRANCE 2005



38 J.-P. BRASSELET, J. SEADE & T. SUWA

[24] H. WHITNEY — Geometric integration theory, Princeton University Press, Princeton,
NJ, 1957.

[25] S. YOKURA — On characteristic classes of complete intersections, in Algebraic geometry:
Hirzebruch 70, Contemp. Math., vol. 241, American Mathematical Society, 1999, p. 349—
369.

J.-P. BRASSELET, Institut de Mathématiques de Luminy, UPR 9016 CNRS, Campus de Luminy -
Case 907, 13288 Marseille Cedex 9, France e FE-mail : jpb@iml.univ-mrs.fr

J. SEADE, Instituto de Matematicas, Universidad Nacional Auténoma de México, Ciudad Universi-
taria, Circuito Exterior, México 04510 D.F., México e E-mail : jseade@matcuer.unam.mx

T. Suwa, Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan
E-mail : suwa@math.sci.hokudai.ac. jp

SEMINAIRES & CONGRES 10



