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UNIMODAL SINGULARITIES AND
DIFFERENTIAL OPERATORS

by

Yayoi Nakamura & Shinichi Tajima

Abstract — An algebraic local cohomology class attached to a hypersurface isolated
singularity is considered from the view point of algebraic analysis. A holonomic
system derived from first order differential equations associated to a cohomology
class and its solutions are studied. For the unimodal singularities case, it is shown
that the multiplicity of the holonomic system associated to the cohomology class,
which generates the dual space of Milnor algebra, is equal to two.

Résumé(Singularités unimodulaires et opérateurs différentiel3. —  On considére une
classe de cohomologie locale algébrique attachée a une hypersurface & singularités
isolées, du point de vue de ’analyse algébrique. On étudie le systéme holonome des
équations aux dérivées partielles du premier ordre associé a la classe de cohomologie
ainsi que ses solutions. On décrit une méthode générale pour examiner le systeme
holonome associé. Il est montré que, dans le cas de singularités isolées unimodales,
la multiplicité du systéme holonome associé a la classe génératrice de ’espace dual
de lalgebre de Milnor est égale a deux. Une description explicite des solutions du
systeme holonome est donnée.

1. Introduction

We consider algebraic local cohomology classes attached to hypersurface isolated
singularities by using first order differential operators. The purpose is to clarify the dif-
ference between quasihomogeneity and non-quasihomogeneity of the sinuglarity from
a view point of D-modules theory.

In [3], we gave a characterization of quasihomogeneity of hypersurface isolated sin-
gularities based on D-modules theory. We considered an algebraic local cohomology
class attached to a given singularity which generates the dual space of Milnor alge-
bra, and an associated holonomic system derived from first order annihilators of the
cohomology class in consideration. We showed that the simplicity of the associated
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192 Y NAKAMURA & S. TAJIMA

first order holonomic system is equivalent to the quasihomogeneity of the singular-
ity. For non-quasihomogeneous case, the structure of associated first order holonomic
system is not fully investigated. By putting the idea in [3] to practical use to non-
quasihomogeneous singularities, we consider relations between non-quasihomogeneous
singularities and a structure of first order holonomic systems. In this paper, we give a
practical method of computations. Applying the method, we give an explicit descrip-
tion of algebraic local cohomology solution space of the holonomic system in question
and also present a detailed result of computations on normal forms of exceptional
unimodal singularities.

In §2, we briefly recall the dual space of Milnor algebra with respect to the
Grothendieck local duality and introduce a holonomic system derived from differ-
ential operators of order at most one which annihilate a generator of the dual space.
In §3, we give a method for describing the solution space of the first order holo-
nomic system. We recall our results on the quasihomogeneous singularities and the
unimodal singularities concerning to the solution space of the holonomic system. We
show, for the unimodal singularities case, that the solution space of the holonomic
system derived from first order differential equations is of dimension two. In §4, we
give a method for examining semiquasihomogeneous singularities from the computa-
tional point of view. We show that the computation of the solution space of the first
order holonomic system can be carried out in finite dimensional vector spaces. In §5,
we give results of the computations for each normal form of exceptional unimodal
singularities. For proves of results stated in §2 and §3, please refer to [3].

2. The dual space of Milnor algebra and first order differential operators

Let X be an open neighborhood of the origin O in the n dimensional affine space C™
and Oy the sheaf of holomorphic functions on X. Let f(z) € Ox o be a holomorphic
function on X with an isolated singularity at the origin O. Denote by Z the ideal in
Ox,0 generated by the partial derivatives f; = 0f(2)/0z; (j =1,...,n) of f(2):

I= <f17"'7fn>0'
From the Grothendieck local duality, we have a non-degenerate perfect pairing
(1) 2% o0/I02% o % Eaty, (Ox,0/I,0x,0)—C

where (2% is the sheaf of holomorphic differential n-forms on X. Let X' be the space
of algebraic local cohomology classes annihilated by the ideal Z:

S = {n € Hip(Ox) | g(zJn =0, g(z) € T,

We can identify the space X' with £zt (Ox,0/Z,0x,0) as a finite dimensional
vector spaces over C. Then, by identifying Milnor algebra Ox o /7 and 2% /T 2% o
we find that the space X is the dual space of Milnor algebra.
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UNIMODAL SINGULARITIES 193

The space X' is generated by a single cohomology class over Ox,o. For instance,

one can take the cohomology class o5 = [ € Hip(Ox) as a generator over

o
flfn

for functions a, b; - - - b, € Ox o stands for

1--bp

Ox,0 of X, where the notation [b

the algebraic local cohomology class associated to the residue symbol [b “ b } €
1 by

Sxt%x,o(OX,O/Za OX,O)-
Let o be a generator of X over Ox o :

Y= OX70(7.
Since the algebraic local cohomology group Hfb] (Ox) has a structure of Dy o-module,
we can consider annihilators of o in Dx o where Dx is the sheaf of linear partial
differential operators.

Let £ be the set of linear partial differential operators of order at most one which
annihilate o:

Ly={P = j_zlaj(z)a—zj +aop(z) | Po =0, aj(z) € Ox,0,j=0,1,...,n}.

Let Anng))( o (0) be the left ideal in Dx o generated by Ly ; Anngi o(0) =Dx 0Ly

Then Dx, 0/ Anngi , (o) defines a holonomic Dx module supported at the origin.
Let P € Ly be a first order partial differential operator annihilating the algebraic
local cohomology class o. Such an operator has the following property :

Lemma2.1 — Let o be a generator of X over Ox 0. Let P be a first order linear
partial differential operator annihilating the cohomology class o. Then, the space X
is closed under the action of P, i.e., P(X) C X.

It is obvious that the condition whether a given first order differential operator
acts on X or not depends only on its first order part. We introduce ©; to be the set

of differential operators of the form Z?:l a;(z) acting on Y. Then, an operator

0
8Zj
v is in Oy if and only if v satisfies the condition vg(z) € Z for every g(z) € Z, i.e.,

Or={v= Zaj(z)a— |vg(2) € Z,Y g(2) €T, aj(2) € Ox.0,5=1,...,n}.
i=1 “

Lemma 2.2 — The mapping, from Ly to Oy, which associates the first order part
vp € Of to P € Ly is a surjective mapping.

3. Solution space of the holonomic system

Let 0 € X be a generator of X' over Ox o. Let n be another algebraic local
cohomology class in X' and h(z) € Ox, o a holomorphic function satisfying n = h(z)o.
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194 Y NAKAMURA & S. TAJIMA

It is obvious that, to represent n € X in the form n = ho, it suffices to take the modulo
class h mod Z of the holomorphic function h(z) € Ox,0. Let P be an annihilator of
o in Ly. Now let us consider the condition that an algebraic local cohomology class
n € X becomes a solution of homogeneous differential equation Pn = 0. An element
v € Oy induces a linear operator acting on Ox o/Z which is also denoted by v:

v:0x,0/T — Ox,0/T.

For the first order part vp = >

i=10;(2)0/0z; € Oy of an annihilator P, we have

vph = Zaj(z)% =0 modZ.
j=1 J

Let Hy be a set of modulo classes by Z of functions h(z) that satisfies vh(z) € T
forve Oy :
Hf = {h € OX,()/I | vh =0, v’U € @f}
Concerning to the algebraic local cohomology solutions of the holonomic system
Dx.0/ Anng))( ., (7), we have the following result ([3]):

Theorem 3.1 — Let f(2) be a function defining an isolated singularity at the origin.
Let 0 € ¥ be a generator over Ox o of ¥. Then,

Homp, ,(Dx,0/ Anniy). (), Mty (Ox)) = {ho | h € Hy}.

The space H; does not depend on a choice of a generator o of Y. Actu-
ally, the space Hy is completely determined by the ideal Z. Thus, in this
sence, the space H; is an intrinsic object in the study of the solution space

1
Homp o (Dx.0/ Annp). (o), ity (Ox)).
For the quasihomogeneous isolated singularity case, we have the following result

([3]) :

Proposition 3.2 — Let f(z) be a function defining a quasihomogeneous isolated sin-
gularity at the origin. Then

Hy = Spanc{1}.
Let Annpy (o) be the left ideal in Dx,o of annihilators of the cohomology class o.

Theorem 3.3[3]). — Let f = f(z) be a function defining an isolated singularity at
the origin O and o a generator of X. The following three conditions are equivalent :

(1) OX,O<f7 fla"' 7fn> = OX7O<f17"' afn>
(ii) Anng) (0) = Annpy (o).

X,0

(iii) Homp, ,(Dx.0/ Anny). (o), Hiy (Ox)) = Spanc{o}.
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UNIMODAL SINGULARITIES 195

This result can be regarded as a counterpart in the algebraic local cohomology
theory of a result by K.Saito on a characterization of quasihomogeneity of singularities

([5])-

In contrast, for a non-quasihomogeneous function f = f(2),

(2) OX,O<f17"'7f’I’L>#OX7O<f7f17"'7fn>
and thus
dim Homp , ,(Dx.0/ Anny). (), Hib(Ox)) > 2.

It seems natural to expect that the solution space

Homp, ,(Dx,0/ Anny) (), His (Ox))

X,0

is related to non-quasihomogeneity of a given hypersurface isolated singularity. Let
us consider the structure of the solution spaces for exceptional unimodal singularities
which are most typical non-quasihomogeneous singularities.

We have the following result :

Proposition 3.4 — For a function f(z) defining an exceptional unimodal singularity,

Hy = Spanc{1, f mod Z}.

Proposition 3.4 is proved by direct computations for each normal form of excep-
tional unimodal singularities. We shall explain a method we used for computations
in the next section.

We arrive at the following theorem ([6]):

Theorem 3.5 — Let f(2) be a function defining an exceptional unimodal singularity.
Then,

HomDX’O(DXp/.Anng;O(J), 101(Ox)) = Spanc{o, 6},

where § is the delta function with support at the origin O.

Proof. — Theorem 3.1 together with Proposition 3.4 yields that the solution space
HomDX‘O(DXp/.Anng))(O(U), 101(Ox)) is spanned by o and fo. Since the ideal
quotient Z : (f) is the maximal ideal m in O x,0 for any exceptional unimodal singu-
larities, the cohomology class fo is annihilated by m. This implies that fo = const.d

1
where § = 7} . It completes the proof. O
zl ... Z’,L

We note here that it is possible to characterize the cohomology class o attached to
an exceptional unimodal (and bimodal) singularity as the solution of a second order
holonomic system. We shall treat this subject elsewhere.
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196 Y NAKAMURA & S. TAJIMA

4. Strategy of computations

In this section, we describe a method for computing the space H; which works for
the case f € Q[z].

We assume that f € Q[z] is a function defining an isolated singularity at the origin.
For the ideal of the polynomial ring Q[z] generated by partial derivatives of a given
function f, let I denote its primary component at the origin and M be a set of basis
monomials of the quotient space Q[z]/I. Put E = Spang{e € M} C Q[z]. In this
section, let 3 be a space of algebraic local cohomology classes with support at the
origin corresponding to Extg, (Q[z]/1,Q[z]). Let o denote a generator of the space
Y over Q[z]. From a computational point of view, we introduce finite dimensional
vector spaces Ly, Vy and Hy that correspond to Ly, ©f and Hy. Let A, be the
Weyl algebra Q[z](0/0z1,...,0/0z,). For two first order linear partial differential
operators

0 0
Q= ql(Z)a—Zl +oF Qn(z)a—zn + qo(2)
and
R= 7“1(z)8iz1 + rn(z)aizn +7ro(2)
(qr(2), k() € Q[z]), suppose that ri(z) € E and gx(z) =7,(z) mod I, k=1,...,n.
Then, one has

Q= Rt = (@1(2) ~ 1 (2) -+ g (anz) = 1 (2)

0zn
o) —rofe) - (PRE) .y OD) MG ora(z))
LR S i et el
modulo A,I. If we put
s0(2) = (qo(2) —ro(2)) — (8?91—2(1@—'—-“—'—8?—?_6;1—? _____ (9322))7

we have Qn = (R + so(z))n for any n € 3. Accordingly, as first order annihilators
Z;;l aj(z)a%j + agp(2) of the cohomology class o, it suffices to take their coefficients
a;(z) (i=0,1,...,n) from the vector space E. Put

n
0
Ly ={P= Zaj(z)g +ao(z) | Po=0,aj(z) € E, j=0,...,n}.
i=1 /
Note that, a cost of computations for constructing annihilators of a given algebraic
local cohomology class is expensive in general case ([4]). But, for the zero-dimensional

case, the use of the above property provides us an efficient method for computing first
order annihilators of a given cohomology class ([2]).

SEMINAIRES & CONGRES 10



UNIMODAL SINGULARITIES 197

Similarly, we put
n 8
Vf:{V:Zaj(z)— lvge Y g€, ai(z)€E,j=1,...,n}.
=1 aZj

We have the following:

Lemma4.1 — There is a bijective morphism between Ly and V; :
Lf = Vf.

Proof. — For any v € Vg, there exist h(z) € E s.t., vo = h(z)o. By putting ao(z) =
—h(z) € E, we have (v+ ao(z))o =0. O

Since Ox 0/Z =2 CQF as finite dimensional vector spaces and the defining function
f is in Q[z], it suffices to consider Ly and V; instead of £; and ©f. Let Hy be a
vector space defined by

Hp = {h(z) € Q[z]/I | vh(2) =0, Vv € V};}.
As the space Hy corresponds to the space Hy, we have the following result :

Proposition4.2 — H; = C® Hy.

Proposition 4.2 reduces a determination of the solution space
Homp, (Dx,o/Anngi o (0), ”i5;(Ox)) to the computation of the space Hy. The
following procedure, that can be performed by the use of Groébner basis, computes
the space Hy :

(i) Take basis monomials M of Q[z]/1.

(i) Construct Vy with coefficients from E.

(ili) Choose generators v1, ..., ve of Vi over Q[z]/I.

(iv) Compute the solution space Hy by solving simultaneous differential equations
h

vih(z) =--- =veh(z) = 0.
We present detailed data of computations for the Ei9 singularity for illustration.

Example 4.3(E;, singularity). — Let f be a two variables polynomial f = 2% + 57 +
axy® with a parameter a. This is the normal form of E;5 singularities. The primary
decomposition of the ideal generated by partial derivatives f, = 32% + ay® and f, =
7y% + Sazy* of f is I N (25a®y + 147,3125a"x + 151263) where I is the primary
component at the origin and its Grobner basis with respect to the lexicographical
ordering x > y is

{v®, 7y° + Bay*z, 32% + ay®}.

As the basis of the vector space Q[z,y]/I, we use the following monomials:

M = {y°z, y*z, y’z, v’ yz, z, ¥°, v*, v3, 2, v, 1}

which are constructed from the quasihomogeneous part x> + 37 of f.
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198 Y NAKAMURA & S. TAJIMA

A basis of X is given by the following 12 cohomology classes which constitute the
dual basis of the monomial basis M:

1 5 1 11 5 o 1 1 5 1 5 o 1
i T T3 T s ’{yw‘?“y?—x*ﬁaﬁ ’
1 1 1 1 1 1 1

1 1 1 1 1
ENNESNENN RSl

where [ ] is a relative Cech cohomology representation of an algebraic local coho-
mology class with respect to the standard covering {X, {z # 0}, {y # 0}}. The first
cohomology class in the above list, denoted by 7, generates X over Q[z,y]. In the
above 12 cohomology classes, only 7 is not annihilated by f, i.e., f7 # 0 and fnp =10
for other cohomology classes 7. If one uses 7, the above classes can be represented in
the following way:

7—)
yr,
{2+ Sa(z — Za® (W + Sa(zy — Za®(y* + 2a(y®x — Za*(¥° + 2ay’))))))}r,
{z — Fa(y® + 2a(zy — 55 (y* + 2a(yPe — 5 (Y° + 2ay®n))))) )},
{y° + 2a(ay — Ha(y* + 2a(y®z — Za®(y° + ay’x))))},
{zy — Za®(y* + Za(y®z — 2 a*(y° + 2ay)))}T,
{y* + Sa(y*z — Za*(y° + Lay®x))}r,
{y?z — 25—1a2(y5 + ?ayBx)}T,
{y° + 2ayialr,
3
yiar,
yiar,
y5$7'.

The vector space Vy is spanned by the following 14 operators:

D o syt L 63 15l oyt
252yx g 30azx 3y 35a°y I 3y oy + 15azzc8 + 25a°y I
0 0 0 0 0 5 8
Ty? x% — 2ayac(9 , Ty 8 + 5ayac(9 nya—y — day I
0 50 0 0 0 0 0

ya’y 879 87y87y aayxaay 8;?] ayay ay
It is easy to see that first three operators generates Vy over Q[z, y]/I. Thus by solving
the system of differential equations
(252y;v— - 30ax8— — 35a%y* 8 5= )h(z y)
(63y2 0 4 15axa + 25a2%y* aax) (z,y) =
(Ty? x — Zaym )h(m, y) =0,
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UNIMODAL SINGULARITIES 199

we have
Hy = SpanQ{l,y5aj}.
Let o be a generator of ¥ over Q[z]. Since the cohomology class o contains T as
its non-zero direct summand, zy°c # 0. As x(y°z) € I and y(y°x) € I, we have
1 n
Hompy (Dx 0/ Annip). (o), Hi) (Ox)) = Spanc{e, 6},

where § stands for the delta function [1/xy] with support at the origin. One can also
verify the above result by direct computation. Actually, since

[ 1 5 1 11 5 1 1
P IEEOVIL U IE . P 6

| ySa? Ty8xr  3yat 21 y3a3 xy
S - T R B
T|—=——a— + —a =0,
Yy 52 Ty 5 2B
[1
y5$ s :05
LYT

we have y®zo = c[1/zy] with some non-zero constant c.

5. Computations for normal forms

In this section, we give results of computations which we used to derive Proposition
3.4. We apply the procedure introduced in the above section to the following normal
forms of non-quasihomogeneous unimodal singularities classified by V.I.Arnold ([1]):

2variables

Eis: f(x,y) =23+ 9" + axy® 3variables

Ei: f(z,y) = 2° + 2y° + ay® Quo - fz,y,2) = 2 +y* +y2* + axy®
By f(z,y) = 2% + 48 + axyb Qu : f(x,y,2) =23 +y?2 + 22 + a2’
Zi: fla,y) =2y +9° +axy4 Q2 : f(x,y,2) = 2® +y° + y2* + axy®
Zia: f(z,y) =23 y+xy +az®y®  Siu: f(z,y,2) =2t +yPz + 22% 4 a2®
Zig: f(xy) =2y +yS +azy® St f(a,y,2) =Py + Pz a2 +a2®
Wiz : f(z,y) = a* +9° +aa?y®  Urp: f(z,y,2) = 2° + 4 + 2* + awy2?

Wiz« f(2,y) = a* + 2y* + ay®

Let A = HyNm where m is the maximal ideal in Q[z]. Then, Spang{1}® A = H;
holds. From the output of computations, we find that dimA = 1. Data in the
following list is an explicit form of a generator of each A:

a generator of A

Er9|E3|E14)Z11|Z12|Z13| W12 |Whs

y5$ y8 y6$ y4$ yG y5$ y3$2 y6

Q10|Q11|Q12| S11 |S12| U2

| 2 [tz ly?a?| 27 |22y
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200 Y NAKAMURA & S. TAJIMA

Thus, for each case, dimH; = 2. Combining this result and the fact that
{1, f mod Z} C H; for non-quasihomogeneous singularities ([3]), one can prove
Proposition 3.4, i.e.,

Hy ={1, f mod Z}.

5.1. data. — In the rest of this paper, we give the following resulting data of our
computation:

— a Grobner basis of the ideal I in Q[z] (with a parameter a),

— basis monomials M of Q[z]/I constructed from the quasihomogeneous part of f,

— a basis of ¥ which constitutes the dual basis of M w.r.t. Grothendieck local
duality,

and

— a basis of V; whose coefficients are in £/ = Spang{e € M} and the number k of
generators over Q[z]/I in the list. The first k operators are generators.

Note here that the basis monomials M of Z15, Q19, S11 and Si2 are different from
that in [1]. The first two operators (resp. three operators) in the list of V; and I are
generators over A, for two variables (resp. three variables) case.

5.1.1. E15 : 2% +y" + axy®. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:
y®, 7y® + Sayz, 322 + ay®

Basis monomials M:

yor,y'e, vy vyt yr, v m Py, L
A basis of X :

51 11, 5,1 151 5,1
_ o P Ny R
yx2 7T yTx 21 23|’

1 1 1 1 1 1 1 1
vz | |y 39| || | o] || |t |

A basis of Vy : (# of generators : 3)

[y6x2

0 0 0 0 0 0
52yx o 30a:cay 35a”y 97’ 63y _83/ + 5a:c—ay + 25a%y 2’

0 0 0 0
7y3—y + 5ayr——, 6yr— — Say® —

0 0
Tyl — — 2ayx 3 y’ ay oz’

Oz oy’

0 0 0 0 0
4 3 2 5 4 3 5 4 5
yayvymaxvyxayay 8yayxaxvymayayxaxaymayaymay
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5.1.2. Bz : 23 4+ xy® + ay®. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:

y?, 5y + 8ay”, 322 + ¢°
Basis monomials M :

A T T e T VL Ve I TR e T R T T |
A basis of X :

1 1 1 +af n ) 1 1 1
— —c——ta(————= + — — —c————a
yr  3ytas 59622  15yx*’|’ |ydx  3ydxd 5 yPx?]’

A basis of Vy : (# of generators : 3)

0 0 0 0 0 0 0
125y — 2= — 40ay* — + 192a%y*r—, 20y* 1 156ay*r——
5ym8x+50y 3y Oay* o + 19 ayxax, Oy e + 5xay 56ay a:ax,

0 3 0 0 0 0 0 0 45
51> 3 —|—2y(9 ,yxay day? xa , 5y° I 24ay? xa , 5y xa + 2y By’

ol o0 (50 s, 0 0 o0 s 0 10 s
oy’ 7 ax 7 oy’ Oy’ 7 0x’ 7 Oy’ 0z’ 7 Oy’ 7 Oy
5.1.8. E1y : 23 +y® 4+ axy®. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:
y?, 4y" + 3ay°z, 322 + ay®
Basis monomials M :

yor, P, yta, o, vPa, v P,y yr, R Py,
A basis of X :

[W talg yr  3yat
1 1 1 1 1 1 1
) [ 1) () ) [ )
1 1 1 1 1 1
i [ [ ) [ ]

A basis of Vy : (# of generators : 3)

) ) 5 0 ) )
28yr— — Jar— — 4a’y® ——, 28y* = + 6ax— + 154’y

Ox Oy Ox Oy oy ax’
0 0 0] 0 0 0
2 _ 3 . 6
4y x—am ayx—ay, 4y _83/ + 3ayr— By’ yx—ay ay 92’

0 0 0 0 0
4 3 2 5 4 3
yayayxaxayxayay 8y’yx3x’yx8y7
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202 Y NAKAMURA & S. TAJIMA

yo—, vPr—, ylv—, ylr—, yPur— 0 yor— 0
oy’ Ox’ oy’ ox’ oy’ Ay

5.1.4. Zy1 : 23y +y® + axy*. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:
y®,15¢° + 1lay*z, 3yz? + ay*, 23 + 5¢y* + 4ayz
Basis monomials M :
y'a,y’eyt e,y a? ye, gt ey,
A basis of ¥ :

1 1 +af 11 1 1 1 ) 11 o2 1
Y S N et R
yo 2 y® 1545z 3 y2zt 15¢ Y33

3
141 4,0 S S W
yta? 5ay5x 15" y2x3 |7 Yoz y;v4 3¢ y2x

1 1 1 1 1
w2 | |yt | |y | |22 |3 ] ny
A basis of Vy : (# of generators : 4)
0 0 0 5 0 0 0
15yz— — a(612®— + 48yz—), 15y°— + a(1082° — + 83yz—
yrgy — Bl +a8yagn), 15y 5 + all08e" 50 + 83yr g )
0 0 0 0 0 0 0
602% — + 45yx— 2 5P 20 — oyt — yPr—
* 6x+ ym8y+am oy’ 4 6:c+ . ay’y ay’y o
2, 9 40 4,0 3, 0 - 0 - 0 0
Y 87y3xy8y7y 8;?] 87y 8m7y 8y
5.1.5. Z1a : 23y + zy* + ax?y®. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:
y", 33yt — Tay®, 3yx? + y* + 2ay>x, 3323 + 132y%x — 33ay® — 14a’y®
Basis monomials M :

A T R TR Tt R T e T TR TR |
A basis of X :

1 1 1 +4 1 i (6 1 18 1
ally x4 11yPa2’]’
1
3

y’x  3ytaxd  3yad
1 1 1 3 1 1 4 1 1 1
Y T 5 - _a/ ) - N ) = ™ 9 )
yor  3y8x8 2 yia? yia? gt you y2a3

o ) ) [ ) ) (2] )

A basis of Vy : (# of generators : 3)

9 d d d
29042 — 22— 24azy— + a?(260y> + 7252%) —
90 x8y+387y8m+53 axyam—i—a(GOy—i— 5x)83:’
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) d
792y25§ +1188zy— + a(— 68y3-+225x2)l?- (8y3-9x2)12-+-12axy253,

oz oz’ oz
3} 0 3} 0 3} 0
72xya—y + (8y> + 99x2)%, (—8y® + 9m2)% + 9am28—y, (—8y® + 9m2)% + 8ay38—y,

T P P Y A KA P R R R 5.2
ox’ oy’ Oz’ 7 9y’ 7 Ox’ ay’ 7 oy ax 7 oy
5.1.6. Z13 : 23y + y% + azy®. — The Grobner basis of I w.r.t. the lexicographic
ordering x > y:

y" 9 + Tay’x, 3ya® + ay®, a® + 6y° + Say'x
Basis monomials M :

R T T T TR T R e T VN T T
A basis of X :

1 1 71 7 1 1 1 1 5 1 5 5 1
gz S g s T3] [ 6% T Y )

IR
yoa? yrt | | yia?

7o) e

A basis of Vy : (# of generators : 4)

0 5 0 0 5 0 5 0 0]
9yx8$ a(23z o + 15yx8y)7 9y oy a(60x % + 37y:cay),
0 0 0 0 0 0 0
4 i 2 . — 4 2 Y 37 2, 7
5ma + 7ym8y+ama , 3y 6x+x6 ,yay,ymax,
0 4 0 50 3, 0 50 0 0 0 0

4
Ty a T, a0 ’ ’ ) T, ’

Yy Yoy Tar Y oY oy Y oy viege V' By Y v dy
5.1.7. Wip : 2* +13° + az®y®. — The Grébner basis of I w.r.t. the lexicographic
ordering x > y:

y8, yte, 5yt + 3ay®a?, 2% + ayix
Basis monomials M :
yia? yta? yte, ya® ey 2yt g, 1
A basis of ¥ :

7 s )| [ s [ e
7 [l ) [ ] (e ) [ ]

A basis of Vy : (# of generators : 4)
0 0 0 0 0 0 0 3 0
8_+y8_ 322 8—+2yx8— 10y? 8—+3axa—y 2yxa—y— ay 5
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) o ,0

3 2 2 2
a €T ) T, YT y YT )
Y oy Y Ox 4 oy Y Ox 4 dy

0 0 0
3, 9 20 920 390 2
Yy 87yx3y’yx37yx3y7yx8’yx8y
5.1.8. Wiz : 2* + 2y* + ay®. — The Grobner basis of I w.r.t. the lexicographic

ordering x > y:
y". 2y + 3ay®, 42 + y*
Basis monomials M :

yO, 00 Pyt vt Pyt 2ty P ey, 1
A basis of X :

1 1 1 +a 3 1 +3 1) 1 1 1 3 1
yTx  4ydzt “ 29522 Syxb’| |ybx 4 y2zt 2ay4x2’

b 7 o) [ ] o)
) ) (][] el ]

A basis of Vy : (# of generators : 4)

4yx6% —|—3y2(% — 3ay 82 822 58;16 — 9ay3§, Zym% —|—3ay3§, 3y36% +43:2(%,
9 9 0 20 50 5 3 6 3 6 0
yx %7y$ a_yay %ay a_yvy %719 6_y
5.1.9. Quo : 23 +y* +yz?+axy®. — The Grébner basis of I w.r.t. the lexicographic
ordering z > = > y:

v, 4yt + 3axy®, 32% + ay®, yz, 2% + 4y + 3axy?
Basis monomials M :

Vo, y’r, v, 2y, yP, 2, 1y, 1
A basis of X :

1 4 1 +a(- 3 1 1 ) 1,5, 1
—— —4——+ta - = —a*——|,
2yt 23yx? 4 2y 3zya:4 4 zy2x3

1

1 3 1 1 2 1 n 1 1
- -a - = ~a
23?4 zytx 44 zyxs |’ 2Pyr 3 zyxd |’

et st [l [ Lyxz] o) 5]

A basis of Vy : (# of generators : 5)

R A B SO R R N R
zay+4y 8z+3axy8z’8xy8m+3ax282 2a%y 8m,2zzcyay 3xzaz—|—ay 97’
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0 0 0 0 0 0 0
16y* — + 24zy— + 3 , 4y° — + 3azy® —, 16y° — — 3azrz—
Y oy + arya + amza 5 Y Ep + 3axy ot Y . arz

0 40 0 0 0 0
2 2 30 39 30
Ty o 7y ay Ty 3 Ty azaxy oz’ xy ay’
5.1.10. Q11 : 23 +y?2+x234+az®. — The Grobner basis of I w.r.t. the lexicographic

ordering y > x > z:
2% 3223 + 5az®, 23 + 322, yz, 3x2% + y* + baz?
Basis monomials M :
20,24 22wy, 23 v, 22y, w2, 1

A basis of ¥ :
1

[1 1 1 1

el
)
) 5]

0 5 0 0 30 0 0
18xza— + 1222 % + 15cwcza— + 250223 2. Y9, + (5az® + 3xz)ay

)
_Z al—2
2Pyr  zy3x? 3 23yad ( 3z

zhyx?
1 1 1 1 1 1
5. 35253 20 5| 3, 3
z2yr 3 z%yx zysT 23 3 2%yx
1 1

1 11 1 1
Ziyr  3zyxd |’ | 22yx? |’ | ZByx |’ zyx?

A basis of Vy : (# of generators : 5)

=
)

LR R Y LT R S ST R
3xzaz + 3acy8 + bSaz 9 6z B + szaz + 35az 9 xyam, 3xz By + 5cwcyaz,

3zz 63 + 2z Bag 24(%— y%,sz%,z4%,z4%,z5%,z5%,z5§y,
5.1.11. Q12 : 2> +y°+yz?+axy*. — The Grobner basis of I w.r.t. the lexicographic
ordering z > x > y:
Y0, 5y° + daxy?, 322 + ay?, vz, 22 + byt + daxy®
Basis monomials M :
vie, vix, yt, vt 2,y gz, y?, 2 a1
A basis of ¥ :

S R U B S8 SR DA L1
—— —b5——ta(-—c—— —=——) + —a —4a
2y°x? 23yx? 5zy8c 3 zyxt 157 zy2x3 |’ | zyta? 23yx |’

1 5 1 a 1 1 1 1 1
2y Pyr  3zyxd | |zyda? |’ | 22yx? |’ |2yt | | 2y22? |’

) [ [l [ [

A basis of Vy : (# of generators : 5)

0 0] 0 0 0 0
49 20 9 o2l L9 39 L gaant
Y 8y+axy8y+ “y oy Y 3z+ Y

0 0 9
15xy% —3cwcya—y —2a%y 7 9z’ By
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0 0 0 0 0 0 0
2 4 3 2 2
by oy o xyay 63:262)’ xz@x’ 4 oy’ i oz’ d oy’

0 0 0 0 0 0 0 0 0
4~ Il Il 37 4 - 37 37 4 >~ 4 7 4 >~
25y g 4axzay,xzay+5xy 55 Y ay,xy 5z Y ay,xy 9% g0 Y By’

5.1.12. Si1 : 2*+y?z+x224+ax3z. — The Grobner basis of I w.r.t. the lexicographic

ordering z > y > x:
25, 2%y, 162% — 5ax’y?, >, 222 + o + az, yz, 22° + 822 — 3axy® — 3a’z*
Basis monomials M :
yia?, P, ya?, 22yt g, a2, 2y, 1, 1

A basis of ¥ :
1 1 1 1 ( 1 1 1 5 1 )
“ 223z 22%yx? 8ayxb’|’

Y33 Zyr 2 22yat

1 1 1 1 1 1 1 1 4 1
Y —5a ) —a ) - )
zydx? 2 2%yxd 2 zyat zy2xs 2292z zyxt 23yx

1 _1 1 1 1 1 1 1 L
23w 22%yx2 |7 |2y | | zyxd | | 22yz | | 2yPx | |2yx? ] |2y

A basis of Vy : (# of generators : 6)

16xy(% — 16y2% — 48@:1;32 + 15a2xy2%,

0z
64962% + 32y2% + 144ax3% — 65a2xy2%, xy%,
yQ%, 4y2% + 48x3% — 21axy2%, 23:3% + a:Qy%, mQy(% — a:yQ%,
2x3% —l—ny%, ny(,%, myQ(%, myQ(,%, nyQ%, mQyQ(%, nyQ(,%.

5.1.13. Syo : 2?y+y*z+2234+az®. — The Grobner basis of I w.r.t. the lexicographic
ordering y > x > z:

2813223 + 20a2°, 2222, 2% — 23, 2yz + 22, 23 + 22y, 322 + % + bazt
Basis monomials M :

25,24, 22, 2x, 22, 22 2, 22,y, x, 2,1

A basis of ¥ :
1 3 1 1 1 1 ( 5 1 20 1 10 1 )
2 _Z al— 2 _ = -
2Pyr  2zyte 223y2x? 0 22yat 13 22y3x 13 24%yx2 13 zy223’]’

1 1 1 n 1 5 1 1 1 1 1 3 1
Y — 20 ) Y ) - )
Pyr 222222 zyxt z2y3x 22y 2 23y%x 23yx? zy3x

1 1 1 1 1 1 1 1
Ziyr  2zy22? | | zyxd 22222 |0 | 22yx?| | Z3yx |’
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o) [ (2] [55)

A basis of Vy : (# of generators : 5)

0 0 0 0 0
2 - i ~ ~ 2.3 7

0 0 0 0 0
15622 — + 195yz— + 1172 — + 130ayz — — 100@2332'25,

ox dy 0z 0z
39yz§—x — 39:62% — 50az3%, 39238% + 78952% + 160a23%,

1323% + 13yz% - 50am22%, 393:22(% — 13yz% — lloasz%,
3xz2%+23%,3yz 8ay+z 88 83—1—29& g,yzgaax—xf%,
z4§,y22§2 z438’ 5% 5({%,25%

5.1.14. Upp : 2> +1y>+2* +azxyz?. — The Grobner basis of I w.r.t. the lexicographic

ordering y > x > z:
z5, sz, xgz, 224 — 3963, 32 + ayzz, 223 + aryz, xgy, 3y2 + axz?
Basis monomials M :
2y, zyx, 22x, 22y, yx, za, 2y, 22 2Ly, 2, 1

A basis of ¥ :

1 1 1 +af 1 1 1 1 ) 1 1 1
23202 3azyx4 @73 Pyr 3zylz’|’ | 22y2a? 2a24yx ’
1 1 1 1 1 1 1 1
—5a ) —5a ) ) )
23y2x 3 zyxd 2yr? 3 zysw zy2x? 22yx?

) (7 [57) 77 (] [55)

A basis of Vy : (# of generators : 8)

2x 9 z8 2224—,232 2—3}28
Yor = V02 ay T 92 "oy T oz

0 0 0 0 0 0
2 YV v 2 Y = 2 7
3z 8Z—l—a:z:yaz, 2x26x+z 9 ,szaz ayz o’

9 20 20 50 50 50
3y28z axzay xza,y ay yzazx 9

Yz ngmzangngmga
Y ’yay’yazyaxyayyaz

da
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