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DETERMINATION OF LIPSCHITZ STRATIFICATIONS
FOR THE SURFACES y° = zb2¢ 4 ¢

by

Dwi Juniati & David Trotman

Abstract — We determine Lipschitz stratifications for the family of surfaces y* =
2bx¢ + z¢, where a,b, ¢, d are positive integers.

RésuméDétermination de stratifications de Lipschitz pour les sufacesy® = zbz¢ + z%)
Nous déterminons des stratifications de Lipschitz pour la famille de surfaces y* =
2bz¢ 4+ 24, ot a, b, ¢, d sont des entiers positifs.

1. Introduction and previous results

R.Thom and H. Whitney suggested the use of stratifications as a method of un-
derstanding the geometric structure of singular analytic spaces. The stronger the
conditions imposed on the stratified set, the better the understanding of the geom-
etry of this set. One of the strongest conditions is the L-regularity introduced by
T. Mostowski in 1985 [3]. Mostowski introduced the notion of Lipschitz stratification
and proved its existence for complex analytic sets. The existence of Lipschitz strati-
fication for subanalytic sets and real analytic sets was later proved by A.Parusinski
[5], [6], [7]. The Lipschitz stratifications ensure bi-Lipschitz triviality of the stratified
set along each stratum, and bi-Lipschitz homeomorphisms preserve sets of measure
zero, order of contact, and Lojasiewicz exponents. The L-conditions are preserved
after intersection with generic wings, that is L-regularity implies L*-regularity [2];
this was one of the conditions required of a good equisingularity notion by B. Teissier
in his foundational 1974 Arcata paper [8].

In this paper, we check Mostowski’s conditions for almost all members (~ 99%) of
the family of surfaces with two strata given by (V — Oz, Oz) where V is the algebraic
surface

{(2,y,2) [ y* = 2% + 2}
in R? or C3, with a, b, ¢, d positive integers.
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128 D. JUNIATI & D. TROTMAN

The character C' in this paper will stand for various constants.

We begin by recalling the definition of Lipschitz stratification due to Mostowski [3].

Let X be a closed subanalytic subset of an open subset of R™. By a stratification
of X we shall mean a family ¥ = {$7 72, of closed subanalytic subsets of X defining
a filtration:

X=8m">8m1l5...58+g

and §j =S5/\877t for j=1,1+1,...,m (where S'~! = @), is a smooth manifold of
pure dimension j or empty. We call the connected components of §j the strata of 3.
We denote the function measuring distance to S? by d;, so that d;(¢g) = dist(g, S7).
Set d;—1 = 1, by convention (this will be used in the definitions below).

Definition 1.1 — Let v > 1 be a fixed constant. A chain for a point ¢ € S7 is a
(strictly) decreasing sequence of indices j = ji, j2,. .., Jr = [ such that each js, s > 2,
is the greatest integer less than js_; for which

d;.—1(q) = 2v2d;.(q).

For each js € {ji1,...,Jr} choose a point g;, € S7~° such that ¢;, = ¢ and |g — ¢;.| <

vdj,(q)-
If there is no confusion, we will call the sequence of points (g;,) a chain of ¢.

For ¢ € S7, let P, : R™ — T,57 be the orthogonal projection to the tangent space
T,S7 and let PqJ- = I—P, be the orthogonal projection onto the normal space (7,57)*.
Definition 1.2 — A stratification ¥ = {$7}; of X is said to be a Lipschitz stratifi-

cation (or to satisfy the L-conditions) if for some constant C' > 0 and for every chain
4= Qj,qs,---,q5 and every k, 2 < k <,

(L1) [Py Payy - Py, | < Cla— a3l /dj—1(q)
and for each ¢’ € Sjo_1 such that |¢ —¢'| < (1/27v)dj,-1(q),

(L2) ((Py = Py)Py,, Py, | < Clg — q'l/dj,—1(q)
and

(L3). |Py — Py| < Clg — q'/dj,—1(q)

2. Classifications and Calculations

In this section we give diagrams showing when L—regularity holds for the strati-
fication with two strata given by (V — Oz, 0z) where V is the germ of the algebraic
surface

{(x7yvz) | ya = szc + xd}

in R? or C3, and a, b, ¢, d are positive integers.
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DETERMINATION OF LIPSCHITZ STRATIFICATIONS 129

Diagrams classifying Whitney a-regularity and b-regularity for this family of al-
gebraic surfaces were obtained by the second author ([9] and [10]), while the finer
classification needed for the Kuo-Verdier w-regularity can be found in the thesis of
L. Noirel [4].

Calculations. — It is easy to see that the (L1) condition in the definition of Lip-
schitz stratification of Mostowski implies the Kuo-Verdier (w) condition, and in our
case (where there are only two strata) is actually equivalent to (w). So we only need
to study cases when (w) is satisfied in the classification obtained by L. Noirel. And for
these we only need to check condition (L2) (for k = 2) and (L3). Here we illustrate
the method of obtaining the classification with details of the calculations deciding
several branches of Diagram 2 (see the end of the paper). The essential technique in
checking (L2) and (L3) is to apply the mean value theorem to compare values at the
two points g and ¢’ whose distance apart is controlled.

Complete detailed calculations for the case of Lipschitz stratifications can be found
in the first author’s thesis [1].

(2.1) If a =1, V is the graph of a smooth function, hence V' is a smooth subman-
ifold of R?, and consequently is (L) regular.

The Lipschitz condition of Mostowski is stronger than (b)-regularity and (w)-
regularity, so using the classifications of Trotman in [9] and Noirel in [4] we have:

(22) If a # 1, d > ¢, and b is odd, the conditions (b) and (w) do not hold, and
hence the stratification is not (L) regular.

(23) Ifa #1,d > ¢, bis even and (d — ¢) is odd, the conditions (b) and (w) do
not hold, and hence the stratification is not (L) regular.

(24) Ifa#1,d> ¢, biseven, (d—c) is even and a(d — ¢) > b|d — a|, the condition
(w) does not hold, and hence the stratification is not (L) regular.

(25) fa#1,d>c, biseven, (d—c)is even, a(d — ¢) < bld—a|, and ¢ < a < d,
the conditions (b) and (w) do not hold, and hence the stratification is not (L) regular.

Notation. — Let f and g be two real valued functions defined on the same set. We
will write f < g if there exists a function o which tends to 0 at 0, such that f < ag.
We also will write f = g if there is a positive constant C' such that f < Cg¢ and
g < Cf. For functions defined on R3, we will use this notation for their restrictions
to V.

Proposition 2.1 — Consider the stratification with two strata (V — Oz, Oz) of the
germ V = {(z,y,2) | y* = 2°2¢ + 29} in R3, where a,b,c,d are positive integers.

Suppose ¢ = d. Then the stratification is Lipschitz.

Proof. — Let V = {(z,y,2) | f(z,y,2) = —y* + 2°2¢ + 2%}, so that SingV = Oz.
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130 D. JUNIATI & D. TROTMAN

Let (g, g;,) be a chain, with ¢ = (z,y,2) € RegV and ¢;, € O,. We shall write 9, f
for the gradient of f at ¢ from now on.

Then aqf:( c—1 b—|—d$d 1’_aya 1 bl‘c b— 1)

Then dj,—1(q) = 1, and dj, —1(q) = d(g,O-). By the definition of orthogonal projec-
tion, we have the following inequalities:

Ogf > 9qf
"10g £ 11/ 10af1I

Suppose ¢ > d. In this case (w)-regularity holds, so that to verify that the strati-
fication is Lipschitz it is enough to check (L2) and (L3) in the definition of Lipschitz
stratification, because for a stratification composed of two strata, (w) is equivalent

o (L1).

We work in a neighbourhood of the origin. By definition of V', we have y =

+r8/0(zb2¢=4 1 1) and we see that y ~ z°%.

Py~ Pyl =P} = PFl, and P)= (v

I. Case a < d. — We have that y ~ %% and a < d, hence |y| = o|z| and d(g, O.)
|z|. Take ¢’ = (2/,y',2") € V — Oz, such that |¢ — ¢’| < 3d(q,O.). That is:

Q

1
o= d| =V -2+ -y + (-2 < Sal

It is easy to see that zz’ > 0. We shall treat separately the cases yy’ < 0 and yy’ > 0.
If yy' < 0, then as za’ > 0, it follows that |y| + |¢'| < Clg — ¢/|- For a point
q = (z,y, z), we have:

‘af‘ = |ea® 12" + da? | ~ |z?7| because ¢ > d
5]t
‘8 ‘ b2~

As a < d, in some neighbourhood of 0 we have:

‘a < ‘a ‘a ‘<<‘a
Calculating,
}bxczbflaqf} _} w2t (eat 12t + dadY, —ay 1, bazb)
10q.f11? cxe™ 1Zb+da:d D2 4 (—aya—1)2 + (bxczb—1)2
~ Z‘ch 1
N‘ ya—1 ‘
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DETERMINATION OF LIPSCHITZ STRATIFICATIONS 131

since |0f /0z| < |0f/0y| and |8f/0z| < |0f/dy| in some neighbourhood of 0, and
¢ b 1 c b—1 xczb 1
xd ‘

‘ <1 in some neighbourhood of 0.

‘ ‘zmc—kxd‘
c d b—1

~

Then
‘(Pq - Pq’)quz

— |(P, = P)(0,0,1)

= (P} = P$)(0,0,1)]
_ ‘bxczb_laqf by f
104117 10g fII?
<yl + 1y <Clg—d'|-
We have shown that (L2) holds when yy' < 0.
Now we check (L3) when yy’ < 0. Take the basis vectors: (1,0,0),(0,1,0) and
(0,0,1). Calculating:
’(C{Ec 1 b—i—dxd 1 af’_’ 2C— 1 b—l—d$d 1)(0;160 1 b—l—d$d 1 _aya 1 bx Zb 1)
e T dat D (a1 F (baeh )2
C:Ec 1 b+dxd 1
ya 1 ‘
since |5f/8x| < |5f/8y| and ‘af/az‘ < |5f/8y| in some neighbourhood of 0, and
‘C c—1 b—l—dl‘d 1

aya 1

~
~

‘% is bounded in some neighbourhood of 0.

Hence
(P, = P)(1,0,0)] = | (P = P)(1,0,0)]
, el dat )0, f (e TN 4 de' 1)6q/f‘
0 10,117 194 1T
lg—d'|
= <C .
d(q,0:)
We do the same for the basis vector (0,1,0). Because |8f/dx| < |0f/0y| and
‘af/az‘ < |5f/8y| in a neighbourhood of 0,
}ayaflaqf - ‘(ya 1)
110 f112 104 f1I?

N

E
Also
|(Py — Py)(0,1,0)] = |(P;- — P)(0,1,0)]

_ ’ay“ L0, f  ay'“ " ogf
104111 |0q f 112
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132 D. JUNIATI & D. TROTMAN

Note that the majoration of the z-coordinate of the vector in the line above has already
been done in the calculation for (1,0,0). The majoration for the z-coordinate has also
been done above in checking (L2). So we just need to consider the y-coordinate:

" D D (@) D))

[10q.f1I7 [[0g f1I?
Let
a—1\2
i iy
101
Then it suffices to show that « is Lipschitz. Calculation shows that:
xa—a xa—a and ma—a
ox’ oy’ 0z

are bounded in a neighbourhood of 0, and we can apply the mean value theorem to
show there exists a constant C' such that:

lg— 4|

d(q,0z)

By (i) and (ii) we can conclude that (L3) holds when yy’ < 0.

(ii) |(Pq_Pq’)(05170)|<0

Now let yy' > 0 and zz’ > 0 (¢ and ¢’ are in a connected set). We shall check
(L2):
|(Pq - Pq’)qu2| = |(Pq - Pq’)(oaoa 1)| = |(fla§2a§3)|
with & = g:(q) — gi(¢'), where g; : R® — R, q¢ — gi(q), and

_ 0f/0z-0f/0x _0f/0z-0f/0y (01 /02)?

g f11* g 11" 10, F1*
It is not hard to show that dg;/0x, 0g;/0y and Og;/0z are bounded in some neigh-
bourhood of 0, for ¢ = 1,2, 3.

Note that ¢ and ¢’ can be joined by a curve of length comparable to |¢ — ¢’|. Then
we can apply the mean value theorem, and say there exists a constant C; such that
|€z| < Cz|q - q/|7 Vi=1,2,3.

We conclude that there exists a constant C' > 0 such that |(Pq—Pq/)qu2 | < Clg—¢|,
i.e. condition (L2) holds when yy’ > 0.

To check condition (L3) when yy’ > 0, we use basis vectors v;1 = (1,0,0), and
vs = (0,1,0).
For v; = (1,0,0), we have:

B G) H8)
|(Py = Pyr)(v1)| = | == — =
104 £ 104 £

Let
(0f/0x)? - of /0x - 0f /0y and my = af/am-af/az.

= T4 .2 2 )
10, /1 19, £ 10, /1
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DETERMINATION OF LIPSCHITZ STRATIFICATIONS 133

Calculating, we can show that:
om; om; om;
xax,xay, and m(‘?z
are bounded in some neighbourhood of 0, for i =1, 2, 3.
Then we can apply the mean value theorem to show there exists a constant C' such

that:

(1) |(Py = Py)(n)] <C

lg —q'|
d(q,0:)

For vy = (0,1,0), we have:
Qﬁ(_i of Qﬁ) ﬂ(@‘_ of Qﬁ)

p_p S T AR T A T TR TR L
|( (2] 10, £1I° 10y £1I*
Let
_ofjoy-offor _@f/ou? | 0fjoy-0f/o:
10aF17 oI 191"
It is easy to show that:
T Oni T Oni and =z Oni
Ox’ oy’ 0z

are bounded in some neighbourhood of 0, for i =1, 2, 3.

Then we can apply the mean value theorem to show there exists a constant C' such
that:
lg— 4|
2 P,— P,)(v)| < C .
( ) |( q q )( 2)| d(q,Oz)
By (1) and (2) we see that (L3) holds when yy’ > 0.

d/a

II. Case a > d. — Supposing that y = 2%/ and a > d, then |z| = o|y| or |z| = |y],

and d(q, =)~ yl.
Let ¢ = (2/,y/,2') € RegV, such that |¢ — ¢’| < 3d(q,O.). This means that:

1
0= d|= V=) + -y + (=22 < Syl

It is easy to see that yy’ > 0, and that |z| < |¢ — ¢'| and |2/| < |¢ — ¢’|. We shall treat
separately the cases za’ < 0 and zz’ > 0.

First let za’ < 0, and yy’ > 0, then |z| + |2'| < C|q — ¢|. For a point ¢ = (z,y, 2),
we have:

‘af‘ = |ex® 2P + da? Y ~ 2?7 because ¢ > d
‘af‘ — | |(Zbl‘c +xd>(a—1)/a| ~ |xd—d/a|
‘af‘_“’x &7,
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134 D. JUNIATI & D. TROTMAN

If a > d, then in some neighbourhood of 0 we have:

<l e 15| <l

5
while if @ = d, then of of
‘a ‘a | and 15 <[5
Using the same method as in the case when a < d, we can show that the L
conditions hold.
In the case when z2’ > 0, and yy’ > 0, we can use the mean value theorem and
the same method as for a < d, to check that the L conditions hold. This completes
the proof of the Proposition. O

Proposition 2.2 — Let two strata be given by (V — Oz, Oz) where the germ V =
{(z,y,2) | y* = 2bz¢+24} inR3, and a, b, ¢, d are positive integers. Suppose a(d—c) <
b|d—a|. The condition (L2) in the definition of Lipschitz stratification is not satisfied
in the cases below:

(1) c<d < a, and d,c are even,

(2) c<d<a, andb< 2(d —c¢),

(3) c<d, a<d, and a is even,

(4) a < c<d, and 2a(d — c) > db.

Proof. — Let V = {(x,y,2) | f(z,y,2) = —y* + 2°2¢ + 29}, so Sing V C Oz.

Case (1). Let g = (t,2Y/e¢d/a (d=a/b) g/ = (¢, 2V/agd/a 1(d=)/b) and ¢, =
(0,0,t(@=9)/%) for positive ¢ near 0. We have:

lg—¢'| =2t and dj,_1(q) =d(q,0,) = V12 + t2/a,
Then there is 7 > 1 such that |¢ — ¢'| < 35dj,-1(q), because d < a. Now,
aqf:( Clb—|—d$d 1,—aya1bx6b1),

Also dj,—1(q) = 1, | Py — Py| = |P- — Py|, and P;"(v) = (0,04 f /(104 f[)0q.f /04 f -
Then

|(Py = Py)Pyy, (v)] = [(Py = Py)(0,0,1)] = (P = Pyr)(0,0,1)]

dj2
_ ‘bxczb_laqf ba' 2" 0y f
19.f11 18 f11%

yd—d—c/byd—1 td—(d—c)/b
~ ‘(td—1)2 + (td—d/a)Q + (t(d—(d—c)/b)Z‘ ~ ‘ td—1 ‘
We have (P, — Py) Py, | ~ t1=(d=e)/b and |q — ¢|/dj,—1(q) = t, so (L2) fails.

Case (2). Let g = (t,2"/a¢d/a (d=/b) ¢/ = (¢ ,21/ard/a _4(d=2)/b) "and ¢;, =
(0,0,t(@=9)/%)  for positive ¢t near 0. With the same technique as above we have
that [(Py — Py )Py, | = t1=(d=9)/b and |q — ¢|/dj,—1(q) = t(4=9/% and by hypothesis
b < 2(d —¢) so (L2) fails.
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DETERMINATION OF LIPSCHITZ STRATIFICATIONS 135

Case (3). Let g = (t,2V/a¢d/a tld=)/b) ¢ = (¢, —2/a¢d/a #(d=c)/b) " and ¢;, =
(O,O,t(d*c)/b)7 for positive t near 0. With the same technique as above we have
|(Py — Py) Py, | mt4/a=(4=9/b and |q — ¢'|/dj,—1(q) ~ 1%/, and by hypothesis d/a —
(d—c¢)/b < d/aso (L2) fails.

Case (4). Let g = (t, 2%t/ (d=a/by g/ = (¢, 2/ apd/a _(d=)/b) and ¢, =
(0,0,t(@=9)/%)  for positive ¢t near 0. With the same technique as above we have
|(Py — Py)Py,, | = t¥/2=4=9/b and |q — ¢/|/dj,—1(q) ~ t(4=9/% and by hypothesis
2a(d — ¢) > db so (L2) fails. This completes the proof of the Proposition. O

Now we determine when the stratification is Lipschitz supposing that d > ¢, b and
d — ¢ are even, and that a is odd, a > 3. To ensure that (L1) holds (i.e. (w)) we need
that a(d — ¢) < bld — al.

We can replace the equation y* = zbz¢ + 2¢ by y = (2bz° + xd)l/“ to simplify the
calculation. Let ¢(x;2) = y — (2°2° + 24V Then V = {(z,y, 2) | é(z,y, 2) = 0}.
Let ¢ = (z,y,2) and ¢’ = (2/, ¥y, 2'), s0 Oqp = (g—ﬁ, g—‘;, g—ﬁ), and Oy p = (gf,, g—;’ﬁ, gj).
We know that dj,—1(q) = 1. Then

840(890 dp Bgo) 890(840 Jdp Bgo)

P _ PP | 92\0z 9y Bz 02’ \ 9z’ Dy’ 9z
|(q_ q/) qj2|— 2 - 2
kel 10g ¢l

Let hy = 0ip/dz - 0p[0x/04¢l|*, ha = 00/ D=/ |04ll”, and hs = (9p/D2) /| 0ye0I”.
If Ohy/0z and Oh1/0z are bounded near 0, then by using the mean value theorem,
there is a constant C' for ¢, ¢’ near 0, such that:

‘&p/@z 0p/0x 0p/02' - 0p/0a
10401 10401
Similarly for ho and hs, if Oha/dz, Oha/0z, Ohs/0x, Ohz/0z, are bounded near 0,
then there is a constant C such that:

’

< Clg—4'|.

090z Op/dZ Dp/02)?  (0p)02")?
o/ : _ o/ | <crg-q1. ‘(so/ 2) _ ¢/ 2) <Cla—d|.
10q¢l [10q- ¢l (leel [10q ¢l
This means that there exists a constant C, such that for ¢ and ¢’ near 0, we have:
(L2)- |(Pq_Pq’)qu2| §C|q—q/|

To verify the (L3) condition in the definition of Lipschitz stratification, we use
the vector basis v1 = (1,0,0),v2 = (0,1,0), and vs = (0,0,1). If ¢ > a, dj,—1 =
d(q,0z) =~ z. For v; = (1,0,0), we have:

(55 55 58) 55 (55 o 55)
[(Py = Py)(wn)| = | P00 020 - S v O
190l 100l

Let k1 = (0¢p/0)?/042||", ko = 0/ 02/ (|04¢|%, and ky = 0/ 0z - Dp/0=/ |04,
If £0ky1/0x, and x0k,/0z are bounded near 0, by using the mean value theorem,
there is a constant C' such that for ¢, ¢’ near 0:

(Op/0x)® _ (Op/0x")?

2 2
1946l 10l

lg —q'|
djlfl(q)
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136 D. JUNIATI & D. TROTMAN

Similarly with ks and ks, if 20ks/0z, x0ke/0z, x0ks/Ox, xdks/0z, are bounded
near 0, then there is a constant C' such that:

9 9 2] 9
Op/0z _ 0p/02’ lg—d| oo oo lg—d'|
2 2| P} o .
1040l 104l dj,-1(q) 104l 104l d;j—1(q)

This means that there exists a constant C, such that for ¢ and ¢’ near 0, we have:

: lg—d|
(L3)(1) [(Py — Py)(01)] < C——%.
! ! djlfl(q)
For vy = (0,1, 0), we have:
(5 %) 555 55
[(Py = Py)(v2)| = | g — ==
[y 10, ¢1”
It is clear that if (L2) and (L3)(#) are verified, then we have
. Il
(L£3) (i) [(Py = Py)(v2)] < C————.
! ! dj1—1(Q)
For v = (0,0, 1), we have:
o (58,55 58) _ 55(58 5p 5)
(P = Py)(vs)| = | =——— 15— — —— ==
10q¢ll 10|
It is clear that if (L2) is verified, then we have
lg—d|
(L3)(iii) (P, — Py)(v3)| < C—r——.
! ! djlfl(q)

By calculation of differentials, we find that if d¢/0x, dp/0z, 0% /0x0z, and %p/0z>
are bounded near 0, then
Ohy Ohy Oky Oky Oks Ok Ok Ohy  Oke  Oko  Oks  Oks

are all bounded near 0. And we have that:

« Op/0x is bounded if ¢ > a, d > a,

« dp/0z is bounded if b > a, or if a(d — ¢) < d,

« 0%p/02? is bounded if b > 2a, or if 2a(d — ¢) < d,

« 0%p/0x0z is bounded if b > a, ¢ > a or if 2a(d — ¢) < d — a.

In the complex case, if a = 1 the L-conditions hold, while if ¢ > 1 and d > ¢,
Whitney’s condition () is not satisfied ([9], [10]), and so the L-conditions fail. When
d < ¢, we can prove that the L-conditions are satisfied by the mean value theorem.
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previous version of this paper. We also thank Claudio Murolo and Guillaume Valette
for help with the preparation of the manuscript.
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a# i

— dre

— afd-c) £ & |d-al -

— d-¢ =0(2) —

— bzo2) — — a@c)> 4 |d-al

— d-ezo0(2) +7 X
b=of2) +1 X

d,¢c even )
— d<a |_H £< 2(@c) X 2a(d-c)id v
dc oll A_H — &<2a Za{d-c)> a6 X
b2 2(dc) 7 2a(d-c)> &
s 2afd-c) < 387
— @ even X
éx2 v
— Cc2a —
~ 2a(d-c)sda v
- d> a—
— d<a
2ofd-c)> 46 X
— 4ol o L 2afd-c)si-a
2a(d-c) <db 7
X
- c<a X

Classificetions of Lipschitz Stredificetions
of the fumily : wa = meo+ am

FIGURE 1. L—regularity in R®. Note: ,/ means that regularity holds, x

= 0(2) means that b is even, etc.

means that regularity fails, b
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