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ANALYTIC CONTINUATION IN REPRESENTATION
THEORY AND HARMONIC ANALYSIS

by

Gestur Olafsson

Abstract — In this paper we discuss topics in harmonic analysis and representation
theory related to two different real forms G/H and G¢/H of a complex semisimple
symmetric space G¢/Hc. We connect representations of G and G¢ using the theory
of involutive representations of semi-groups and reflection symmetry. We discuss
how to generalize the Segal-Bargmann transform to real forms of bounded symmetric
domains. This transform maps L2(H/H N K) into the representation space of a
highest weight representation of G. We show how this transform is related to reflection
symmetry, which shows that it is a natural transform related to representation theory.
Finally we discuss the connection of the H-spherical characters of the representations
and relate them to spherical functions.

Résun® (Prolongement analytique en théorie des repr ésentations et analyse harmonique)

Dans cet article, nous considérons des questions en analyse harmonique et en théo-
rie des représentations concernant deux formes réelles différentes G/H et G¢/H d’un
espace symétrique semi-simple complexe G¢/Hc. Nous établissons un lien entre les
représentations de G et de G¢ & 'aide de la théorie des représentations involutives des
semi-groupes et la symétrie de réflexion. On examine la question de la généralisation
de la transformée de Segal-Bargmann aux formes réelles des domaines symétriques
bornés. Cette transformée envoie I’espace L¢(H/H N K) dans I’espace de représenta-
tions d’une représentation du poids maximum de G. Nous montrons comment cette
transformée est liée a la symétrie de réflexion, ce qui montre que c’est une transformée
naturelle liée & la théorie des représentations. Finalement, on étudie la relation entre
les caracteres H —sphériques des représentations et les fonctions sphériques.

1. Introduction

Let G be a connected semisimple Lie group with Lie algebra g. Let G¢ be the
simply connected complex Lie group with Lie algebra gc. We will for simplicity
assume that G C G¢ even if most of what we say holds also for the universal covering

2000 Mathematics Subject Classification— 22E46, 57525, 43A65, 43A85.

Key words and phrases— Lie groups, symmetric spaces, representation theory, highest weight mod-
ules, holomorphic representations of semigroups, restriction principle, generalized Segal-Bargmann
transform, reflection positivity, H-spherical characters, spherical functions.

(© Séminaires et Congres 4, SMF 2000



202 G. OLAFSSON

group G and other connected groups locally isomorphic to G. Let 0 : G — G a
Cartan involution on G' and denote by K = G the corresponding maximal compact
subgroup of G. We will be interested in a special class of symmetric spaces, that are
closely related to real forms of bounded symmetric domains. We will therefore assume
that D = G/K is a bounded symmetric domain. Let 7 : D — D by a conjugation,
i.e., an anti-holomorphic involution, fixing the point {K} € D. Those involutions
were classified by A. Jaffee in [25, 26]. We will give the list later. We lift 7 to an
involution on G, Gg¢, g, and gc. We will also denote those involutions by 7. Then 7
commutes with 6. Let H = G™ C H¢ := G%. Then D" = H/HN K.
On the Lie algebra level we have

g = bdg
EDp
(Enp) e Eng @ @Nbh)e(png),

t={Xeg|dX=X},p={Xeg|dX=-X},h={Xe€g|7X =X}, and q =
{X € g|7X = —X}. Define a new real form of g¢ by

g°:=hdiq

and let G¢ be the corresponding real analytic subgroup of G¢. Denote also by 7 the
restriction of 7 to G¢. Let H¢ := G°". Then H = H® = G N G*.
We have the following diagrams

Mc = G(c/H(c

Complex

/! AN
M :=G/H Real forms Me¢:=G°/H

and

D"=H/HNK — D=G/K.

Real form

The ideas that we discuss here are how to analyze representations of G, G¢, and H
via analytic continuation to open domains in Mc or by restriction to a real form. The
main tools are involutive representations and positive definite kernels. This can be
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ANALYTIC CONTINUATION 203

expressed by the following simple diagram:

Unitary Generalized

highest weight principal series
. — .
representations representations
of G of G°
Reflection positivity
H-spherical characters
! and spherical !
functions
Restriction of The subspace of
holomorphic functions functions with support
The Segal-Barmann in the open
transform orbit HAN
N v

Representations of
H, Canonical
representations

Most of the ideas discussed here have been explained before in [30, 31, 49, 51].
We would in particular like to point to [31] for discussion on reflection positivity and
highest weight representations. Several other people have been working on similar
projects. We would like to point out here the following papers and preprints [1, 2,
7, 8,19, 41, 43, 56, 64, 68].

This paper is based on lectures at the conferences Analyse harmonique et analyse
sur les variétés, 05/31-06/05, 1999 at Luminy, at the The 1999 Twente Conference on
Lie Groups, Dec. 20-22, 1999, and a series of lectures at the University in Bochum,
June 2000. We would like to thank the University of Nancy, the organizers of those
conferences and the Forschungsschwerpunkt “Globale Methoden in der komplexen
Geometrie” in Bochum for their support. We would also like to thank LEQSF and
NSF for travel support and the Division of Mathematics at the Research Institute of
Iceland for financial support during November /December 1999 as part of the work on
this paper was done. We would like to thank M. Davidson, R. Fabec, P. Jorgensen
and B. Orsted for helpful discussion the last few years on several topics, results and
ideas discussed in this paper. Finally we would like to thank A. Pasquale for reading
over the paper and for her valuable comments.

2. Unitary highest weight representations

We use the same notation and assumptions as in the introduction. In particular
we assume that G C G¢ is a Hermitian group, and G is simply connected. Thus
D = G/K is a bounded symmetric domain. The complex structure on D corresponds
to an element Z° € 3(€) such that ad(Z°) has eigenvalues 0,4, —i. The eigenspace
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204 G. OLAFSSON

corresponding to 0 is ¢, and we denote by p™T, respectively p~ the eigenspace cor-
responding to i respectively —i. Then both p* and p~ are abelian subalgebras of gc
and

gc=pT@tcop .
Let K¢ := exp(fc), and P* := exp(p*). The restriction of the exponential map is an
isomorphism of p* onto P*. The set PTKcP~ is open and dense in G¢. Furthermore
multiplication induces a diffeomorphism

P x Kc x P~ 3 (p,k,q) — pkq € PTKcP~ C Gc.

We denote the inverse map by « — (p(z), k(x), ¢(z)). The Harish-Chandra bounded
realization of D is given by

(2.1) G/K 3 gK —log(p(g)) € Qc C p™

and Q¢ is a bounded symmetric domain in pT. Let (7, H) be a representation of G in
a Hausdorff, locally convex complete topological vector space H, and let L be a closed
subgroup of G. A vector v € H is called L-finite if 7(L)v spans a finite dimensional
subspace of H. We call v smooth or analytic if for all X € g the map

R>t— m(exp(tX))ve H
is smooth, or analytic respectively. We denote by Hy, H*, H* the space of L-finite,
smooth, respectively analytic vectors in H. Define a representation of g on H* by

drn(X)u = }%w, ueH>.

We extend dr by linearity to a representation of gc and then of U(g), the universal
enveloping algebra of g. The representations of G that we are mainly interested in
are the unitary highest weight representations of G (see [5, 6, 9, 10, 15, 16, 22, 27,
42, 61, 65, 67] for further information.) Let (7, H) be an admissible representation
of G in a Banach space, and assume that the center of U(g) acts by scalars. Then
Hyx € HY and Hg is an (U(g), K)-module in the sense that it is both an U(g) and
a K-module such that

X (k-u)=(Ad(k)X)-u, Vke K, X eg,ucHg.

We say that an (U(g), K)-module (7,H) is admissible if the multiplicity of each
irreducible representation of K in H is finite. Let t C £ be a Cartan subalgebra of g
containing Z°. Then t C 34(Z°) C € so t is a Cartan subalgebra of &.

Definition 2.1 — Let H be an (U(g), K)-module. Then m is called a highest weight
representation if there exists a Borel subalgebra p = tc ®u C gc, A € tg, and v e H
such that the following holds:

1. X -v=XX)v foradl X € t;

2. m(u)v =0;

3. U(g)v=H.
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ANALYTIC CONTINUATION 205

The element v is called primitive element of weight .

All the irreducible unitary highest weight representations of G' can be constructed
in a space of holomorphic functions on D for an appropriate choice of Z° or, which
is the same, complex structure on D. For that let m be an irreducible representation
of K. Let A denote the set of roots of t¢ in gc. A root « is called compact if
gca C tc. Otherwise « is called non-compact. Let A, respectively A,, be the set
of compact respectively non-compact roots. We choose the set A* of positive roots
such that AT := AT N A, is a system of positive roots for A, and A} := ATNA, =
{a € A|gca CpT}. Choose H, € it, such that H, € [ga,0-a] and a(H,) = 2.
Let W = W(A.) C W = W(A) be the Weyl group generated by the reflections

Sa(X) =X —a(X)H, for a € A, respectively o € A. We denote the corresponding
2(8,2)

(or,00)
under Wg. Let o : G¢ — G¢ be the conjugation with respect to G. We sometimes

reflection on it* by the same letter, i.e, so(8) = 8 — a. Then A} is invariant
write W or g for o(W), respectively o(g). We will usually use capital letters for the
elements of the Lie algebra g or gc except where we are viewing them as complex
variables or elements in Qc.

Let (w, V) be an irreducible representation of K with highest weight 1 = u(w) € it*.
For z,v,w € p* and g € G¢ such that gexp(z),exp(—w)exp(v) € PTKcP~, let

(2:2) g-z:=  log(p(gexpz))
(2.3) J(g,2) = k(gexpz), and
(2.4) k(v,w) = k(exp(—w) exp(v)).

Then the isomorphism in (2.1) intertwines the natural G-action on D with the action
(9,2) — g -z of G on Q¢. The function J(g,z) is called the universal factor of
automorphy. Finally we define

(2.5) Je(g,2) :=m(J(g,2)) and K,(z,w):=n(k(z,w))"".

Then z,w — K (z,w) is holomorphic in the first variable and anti-holomorphic in
the second variable.

Let S(Qc) :== {g€Gc | g~ Qc CQc}. Then S(Qc) is a maximal closed semi-
group in G¢ and there exists a maximal closed and convex G-invariant cone Wi, C g
such that Wiax N —Whax = {0} (pointed), Wiyax — Wnax = @ (generating), and (see
[21, 23, 44] )

S(QC) = Gexp(inax) :
Let Winin = {X € g | VY € Whax : —B(X,0(Y)) > 0}, where B stands for the Killing
form. Then Wy, is a minimal G-invariant pointed and generating cone in g. Define
g =o0(g)"t. If s = gexp(iW) € S(Qc) then
s* = exp(iW)g™ = g ' exp(iAd(g)W) € S(Qc).

We notice the following well known and important lemma.
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206 G. OLAFSSON

Lemma 2.2 — Let s, 51,52 € S(Qc) and let w,v € Q¢. Then the following holds:
1. (s182) v =871 (52 v);

J(s182,v) = J(s1,52 - v)J(s2,v);

Jr(s182,0) = Jr(s1, 82 - v)Jr(82,0);

J(s*,w)k(s - v,w)J(s,v) = k(v, s* - w);

T (5,0) VK (s - v, w) = K (v, 5% - w) (Jr(s*, w)*) .

G L

Proof. — 1) and 2) We have, with ¢1, g2 and g3, denoting elements in P,
s1s2exp(v) = s1exp(sz-v)k(s2expv)q
= exp(sy - (s2-v))k(s1 exp(s2 - v))g2k(s2expv)q
= exp(s1 - (s2-v))k(s1exp(s2 - v))k(s2 expv)qs
where we have used that K¢ normalizes P*.
3) Follows from (2).
4) By the defining relation
s* exp(w) = exp(s* - w)J(s",w)q
we get exp(—s* - w) = GzJ (s*, w) exp(—w)s. Hence
exp(—s*-w)exp(v) = GaJ(s*,w)exp(—w)s exp(v)
= @J(s*, w) exp(—w) exp(s - v)J (s, v)gs
Hence the claim follows.

5) This follows from (4) using that 7(g*) = 7(g)*. O

We notice that all of those relations can be lifted to G. We will use this fact without
further comments. Let (7, V) be an irreducible representation of K. Let O (Q¢, V)
be the space of V-valued holomorphic functions on Q¢. Define a representation p, of
G on O(Q¢, V) by

pr(9)f(2) = Jxlg™h,2) " (g™ 2).
Then p, is a representation of G by Lemma 2.2, part 3. Let (p, H) be an irreducible
unitary highest weight module with lowest weight 7, then we can choose p* such
that {0} # HP' ~j V. Furthermore there is an injective map H < O(Q¢,HP")
intertwining p and p,, see [5]. Here are the main ideas in the proof. Let o : gc — gc
be the conjugation with respect to g. For w € p* define g, : H - H by

QUJ(V) = Z pﬂ'(o'(nw .
n=0 :

If v # 0 the series defining ¢, (v) converges if and only if w € Q¢. Define U : H —
O(Qc,H"") by

(U(W))(2) = qz(w).
Then U intertwines the representation p and p, and gives the geometric realization of
p- One should remark, that even if the classification of unitary highest weight modules
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ANALYTIC CONTINUATION 207

is known, it is still an open problem to describe analytically the unitary structure for
pr in general.

Let Ao € i3(€)* such that A\o(—iZ") = 1. Let u(w) be the highest weight of 7.
Then p(mw) = po + rAo where g € (8N ¢)* is AT dominant. Consider the affine
line L(po) = {1o + tAo|t € R}. The following is due to Jakobsen, Enright, Howe and
Wallach:

Theorem 2.3 — Let the notation be as above. Then there exists constants a(po) <0
and c(pg) > 0 such that the Representation pr is unitary if and only if

p(m) € {po +rXo | r <alpo)}U{uo+2zixo | j=0,...,n}

with zo = a(po) and zj41 — 2z = ¢((o)-
Write U(uo) = {po + 7o | 7 < a(po)} = po + (=00, a(ko))Ao-

Theorem 2.4 — Assume that (pr, H(px)) is unitary. Then all the polynomials on p™
are in H(p_) if and only if r < a(po). In that case the space H(pr)x ~U(p™) xg V
is exactly the space of polynomial functions on p+.

If w=tXo, i.e., ™ is a character, then K (-,w) € H(pz)* and

(f, Kuw) = f(w)
for all f € H(px).

Theorem 2.5Harish-Chandra). — Let p(AT) = 1/2% -1+ a. The representation
(p=sH(px)) is isomorphic to a direct summand in L*(G) if and only p, defines a
representation of G and

(p(m) + p,a) <0 Vae Af.

The highest weight representations in L?(G) are called the holomorphic discrete
series of G. In this case the inner product on H(w) is given by

(1) = ¢ [ (FG)LK(.2) g2 du(2)

where p is a G-invariant measure on {)c.
We also have the following, see [24, 51, 52]:

Theorem 2.6 — Let ag = tNq and assume that aq is mazimal abelian in q N €. Let
A(pT,a,) = {ala, | « € A}, Then (pr,H(px)) is isomorphic to a direct summand
in L?(G/H) if and only if p. defines a representation of G, VEMH £ {0} (and thus
p(m) € iay ), and

(u(m) + plag,a) <0, Vo€ Ap™,aq).
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208 G. OLAFSSON

The highest weight representations in L?(G/H) are called the holomorphic discrete
series of G/H.

We notice that there are holomorphic discrete series of G/H that are not in the
holomorphic discrete series of G. This is due to the so-called pg-shift, see [51] for
further discussion and examples.

The highest weight representations are closely related to holomorphic represent-
ations of semi-groups of the form Gexp(iW), see [22, 23, 24, 42, 57]. Let w be a
unitary representation of G in a Hilbert space H(w). Let

W(r) :={X €g|VYue H(n)>™: (idr(X)u,u) <0} .
Then W(m) is a G-invariant closed convex cone in g. If W(nr) is pointed and

generating, then Gexp(iW(w)) = S(W(m)) is a closed semi-group with interior
S(W(m))* = G exp(iW (7)) = S(W (m)°).

Theorem 2.7 — Let p, be a unitary highest weight representation. Then W (w) is
pointed and generating and p, extends to an involutive, holomorphic, and contractive
representation of the semi-group S(W(r)) := Gexp(iW (w)). In particular we have
for all s € S(W(m)):

L pr(s)" = pr(s™).

2. |lp=(8)|| €1 for all s € S(W(m)).

We also notice the following due to K-H. Neeb and Olshanskii, see [42]:

Theorem 2.8 — Let 7 be a wunitary representation of G. If W(r) is pointed and
generating, then 7 is a direct integral of highest weight representations.

We will in the following mainly work with characters, i.e., d(m) = dim(H(nw)) = 1.
Each character corresponds to a element p € i3 such that

Xulexp Z) = M)

If we replace G with the universal covering group G~ K x p, where K is the universal
covering group of K, then each p € i3 gives rise to a character of K and its com-
plexification K¢. For K itself we need to assume that u(Z) € 2miZ for Z € exp~! {e}.
If m = x,, is a character, then we write J,, K, etc.

3. The Restriction Principle and the Segal-Bargmann Transform

Let us start by recalling the restriction principle put forward in [54]. Let Mc be
a connected complex manifold and let M C Mc¢ be a totally real submanifold thus
locally the inclusion M — Mc is the same as R™ — C" and if F' is a holomorphic
function on M¢ such that the restriction F|M = 0 then it follows that FF = 0. Let
F be a Hilbert space of holomorphic functions F' : M¢ — C. (We can also consider
vector valued functions or even sections of a holomorphic vector bundle over M¢.) We
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assume that F is a reproducing Hilbert space, that is the evaluation maps F +— F(w)
are all continuous on F. This implies the existence of a K,, € F such that
F(w) = (F,Ky)

for all F € F and all w € M¢. We notice that K(z,w) := K,/(z) is holomorphic in
z and anti-holomorphic in w. The function K(z,w) is the reproducing kernel for F.
We have

1. K(z,w) = (K, K,) = (K,,Ky,) = K(w,2).

2. ||Ku|” = K(w,w).

Let p be a measure on M and let D : M — C*. Assume that m — D(m)F(m) is
in L?(M, ) for all F € F. Define the restriction map R : F — L*(M, 1) by

[RF](m) := D(m)F(m).

Then R is injective. If G is a Lie group and H is a closed subgroup such that G acts
on Mc, H acts on M, and F is a unitary G-module, then it is natural to assume
that p is H invariant, so that L?(M,u) is a unitary H-module. We would then
determine D such that R is an H-morphism. Assume that Im (R) is dense. Then
R* : L?(M, ) — F is injective and
R*h(z) = (R*h,K.)
= (h,RK:)

= /h(m)WK(z,m) du .
Thus we have
(3.1) RR*h(z) = / h(m) D(2)Dim) K (z, m) dyi .
Now polarize R* to get R* = U |R*|. Then U : L?(M, 1) — F is a unitary isomorph-
ism.

Definition 3.1 — The map U : L?>(M, u1) — F is called the generalized Segal-Bargmann
transform.

We have U*R* = |R*| and hence RU = |R*|. Thus for x € M and h € L?(M, )
we get
Uh(z) = D(z)" " |R*| h(z) .
To find an explicit expression for the Segal-Bargmann transform we need to take the
square root of RR* in (3.1). This can be done in some special cases. Let us start
with the classical Segal-Bargmann transform. Let M¢ = C™ and M = R"™. Let F be
the classical Fock-space of holomorphic functions F' : C* — C such that

||F||2 = " / |F(z)|2 e I= drdy < 00.
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210 G. OLAFSSON

Then F is a reproducing Hilbert space with inner product
(F,G) = w_"/F(z)G(z) e 1 dady

and reproducing kernel K (z,w) = e** where z - w = z1w1 + - - - + 2,Wy,. Let D(z) :=
e~171°/2 Then the restriction map R becomes

RF(x) = e_|x|2/2F(x) .

The holomorphic polynomials P(z) = > a,z“ are dense in F and obviously RP €
L?(R™). Hence all the Hermite functions hg(z) = (—1)'0“ (Dae_mz
the image of R so Im(R) is dense. For z,w € C" let (z,w) = Y zjw;. We then have

Rg(z) = /g(y)e"y‘gmez'ydy

_ =22 / g(y)e—G=v=)/2 gy

— e(z,z)/2

2 .
)e"”‘ /2 are in

g *p(z)

where p(z) = e~(#*)/2 is holomorphic. It follows that

(3:2) RR*g(x) = g *p(x).

As p € L*(R) it follows in particular that ||RR*|| < ||p||,, so RR* is continuous, and
(R*g, R*g) = (RR*g,g) < ||RR"|| [|g]l; -

Thus we have the lemma:

Lemma 3.2 — R* is continuous.

Let pi(z) = (2mt)"/2e~(#:®)/2t be the heat kernel on R"™. Then (p),., is a
convolution semi-group and p = (27)"/2?p;. Hence vVRR* = (277)”/4]31/2* or

RUg(z) = |R*| g(x) = (2m)" *p1 /s % g(x) = 2"/ *m /1 /g(y)e_(x_y’x_y) dy .
As RUg(z) = e~ @22 (g)(x) it follows that

Ug(x) = (2/7.‘.)71/46(2:,2:)/2/g(y)e—(x—y,x—y) dy

for x € R™. But the function on the right hand side is holomorphic in x. By analytic
continuation we get the following theorem.

Theorem 3.3 — The map U : L>(R") — F given by

Ug(z) = (2/m)/4 / 9(y) exp(— (1) + 2(2,9) — (2,2) /2) dy

18 a unitary isomorphism.
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Next we consider the case where M¢ = Q¢ is a bounded symmetric domain of the
form G/K and the corresponding real forms H/H N K (see [23, 25, 26, 34, 46, 47]
for classifications, structure theory and further information). Let 1 : Q¢ — Q¢ be an
anti-holomorphic involution fixing the point 0 = {K} € Q¢. Then Q = Qg is a real
form of Q¢. The group G is locally isomorphic to the group I(Q¢), of holomorphic
isomorphism of Q¢. Define 7 : I(2c), — I(Qc)o by 7(f)(2) = n(f(n(2)). Then 7 is
an involution commuting with the Cartan involution § with K = G?. Lift 7 to the
Lie algebra of I(€2¢), which is isomorphic to g and then extend that involution — also
denoted by 7 — to an involution on gc. As G is simply connected it follows that 7
defines an involution on G¢ leaving G invariant. Let H = G C Hc¢ = G and notice
that Hc is connected as Gg¢ is simply connected. We have that @ = H/HN K =
H,/H,N K. The classification of these spaces is given by the following table:

g¢ with complex structure

g°=bc g=bxb b
Dual Hermitian
slip+4¢,C)  su(p,q) xsu(p,q)  su(p,q)
50(2n,C) $0%(2n) x 50*(2n)  s0*(2n)
so(n+2,C) s0(2,n) xs0(2,n) so(2,n)
sp(n, C) sp(n,R) x sp(n,R) sp(n,R)
€6 €6(—14) X €6(—14) €6(—14)
e7 €7(—25) X €7(-25) €7(—25)
g¢ without complex structure
¢ g b
Dual Hermitian
sl(p + ¢, R) su(p, q) s0(p,q)
su(n,n) su(n,n) s5l(n,C) x R
su*(2(p +q)) ﬁu(2p7 2q)  sp(p,q)
so(n,n) 0*(2n) 50(n C)
s0*(4n) 50*(4n) su*(2n) x R
so(p+1,q+1) so(2,p+q) so(p,1)xso(l,q)
sp(n,R) sp(n,R) sl(n,R) x R
sp(n,n) sp(2n,R)  sp(n,C)
€6(6) €6(—14) sp(2,2)
€6(—26) €6(—14) fa(—20)
€7(—25) €7(—25) es(—26) X R
€7(7) €7(—25) su* (8)
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We notice that in the first table the symmetric space €2 is a complex bounded
symmetric domain, Q¢ = QxQ, where — stands for “opposite complex structure”, and
the imbedding of  into Q¢ is the diagonal imbedding w +— (w,w@). The holomorphic
functions on Q¢ are then the functions f(z,w) which are holomorphic in the first
variable and anti-holomorphic in the second variable. Some of those cases were treated
in detail in [56]. We note that all the classical irreducible Riemannian symmetric
spaces (with a possible extension by R) show up in the third column in this list.
The spaces that are missing are: FEg(2) /SU(6) x SU(2), Eg6) / Sp(4), E7(7) /SU(8),
E7—5) /SO(12) x SU(2), Eg(s) /SO(16), Eg(—24) / E7 x SU(2), Fy4) /Sp(3) x SU(2),
Ga2) /SU(2) x SU(2). It is interesting that this list contains all the quaternions
exceptional Riemannian symmetric spaces.

Our aim is to use the generalized Bargmann transform to analyze the representation
pr|H, where p, is a unitary highest weight representation with minimal K-type 7
acting on the finite dimensional Hilbert space V(7). In this case we let

Dr(h) = Jx(h,0)7" = w(k(h))™!

for all h € PYKcP~. Then Dy (gk) = m(k) " 'Dx(g). Assume for the moment that
||Dx|| € L*(Q,dm), where dm is the H-invariant measure on {2 given by

/ f(z)dm(x) :/ f(h-0)dh.
Q H
This can be made precise using the root structure of H/H N K and G/K. Define
RF(h) = Dy(R)F(h-0), F € Hp,).
Let V(m) — Q be the vector bundle
H Xz png V(m) — Q.
Then RF € L2(V(r)) for all F € H(py,).

Lemma 3.4 — Assume that D, € L?(Q) and that © € U(uo). Then the restriction
map R : H(pz) — L*(Q,dm) is injective and intertwines p-|H and the left regular
action X of H on L2(V(w)). Furthermore Im(R) is dense in L?(V(r)).

Proof. — Let h € H and F € H(p:). Let a € H. Then
R(px(h)F)(a) = Dx(a)lpr(h)F](a)
= Di(a)Jz(h" a-0)"'F(hta-0)
= Je(a,0)7 (7 a-0) F (A a - 0)
= Ju(h'a,0)"'F(hta-0)
= Dy(h 'a)F(h ta-0)
= Mh)RF(a).

Assume that RF = 0. Then D;(a)F(a-0) =0 for all a € H. As D,(a) is regular
it follows that F'(a-0) = 0. But then F|Q2 =0 and hence F' = 0.
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Let f € L?>(V(r)) and ¢ > 0. Let g be a compactly supported section such that
I|f —gll, < €/2. Then the function h — Dr(h)"*g(h) is K N H invariant and can
therefore be viewed as a 'V (r)-valued function on the compact set cl(2), the closure
of Q. Let p: Q — V(m) be a polynomial such that

NG

sup |[|p(a) — Dx(2) " g(x)|| <

z€cl(Q) 2||D7\'||2

Then
1 = Rpll < 11 — gll + llg — Dapl

But

llg— Dapl? = /H llg(h) — Do (R)p(h - 0)||? dh
2 —1 2
- /||Dﬁ<h>|| 1D (k) g(h) — p(h - 0)| [ dh
< £*/4
Hence |[f — Rpl|, <e. O

Polarizing R* gives us now a unitary H-isomorphism U : L?(V(r)) — H(px).
Hence

Theorem 3.5 — Assume that D, € L*(V(r)) and that pu € U(ug). Then p|H is
unitary equivalent to the representation of H on L*(V(m)).

Let us remark here, that in the case where Q¢ = Qx Q, i.e., G = H x H, then each
of the highest weight representations p, is of the form py ® py where py is a highest
weight representation of H and pg is the conjugate (or dual) representation. The
above result therefore tells us, that py ® py ~ L*(V(7y)) where mp is the minimal
K N H-type of pg.

We will now analyze the generalized Segal-Bargmann transform in more detail for
the scalar case. In that case x,|H, N K is always trivial so D, which we will now
denote by D, is a function on Q2 given by D, (h-0) = D, (h), h € H,. The map R*
is given by

Rf(=) = (f.RK.)
- / F) DK (2 y) dm(y)
(3.3) - Lf(h-O)Ju(h‘l,z)‘ldh
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where the last equation follows from Lemma 2.2. Hence for x =t-0, t € H,, we get

RR*f(z) = / F (@)D, (&) Da @)K (2, ) dm(y)
- /f(h)JM(t,O)‘lJu(h‘l,t-O)‘ldh
H

- /f(h) Ju(h~1,0)~" dh
= [xDut).

Thus again the result is a convolution operator with an L2-function and the gen-
eralized Segal-Bargmann transform is again given by a convolution with a function
. Contrary to the classical case, this convolution operator does not result from
a convolution semi-group. Hence the task of determining the function ¢ becomes
much more involved. But since D, is a H, N K-biinvariant function it is determ-
ined by its restriction to a maximal vector subgroup of H and can be determined by
the spherical Fourier transform on H,/H, N K. Hence one can in ”principle” find
a H, N K-biinvariant function ¢ on H, such that the generalized Segal-Bargmann
transform is given by:

Theorem 3.6 — The Segal-Bargmann transform is given by
Uf(2) = Du(z)"' f x(2).

Here are few problems that are still unsolved or have only case by case solutions:

1. Decompose the restriction of p,, for more singular parameters.

2. Find an explicit formula for ¢.

3. We have a canonical orthonormal basis {pr}, for H(p,) given by polynomi-
als. Is there an expression for the corresponding orthonormal bases {U*p;} for
L2 (9, p)?

4. Work out the case where 7 is not assumed to be one-dimensional.

4. The Principal Series of G and Reflection Positivity

The material in this section follows [30, 31] with few modifications. We use [23] as
standard reference for the structure theory of G¢/H. Let 7 : g — g be the involution
from the previous section. Then g = h @ q and we define g° := h G iq. Let G° be the
analytic subgroup of G¢ corresponding to g¢ as before.

Lemma4.1 — We have H = G N G°.

Proof. — Let o be the conjugation with respect to G and let ¢¢ be the conjugation
with respect to G°. Then ¢|G° = 7|G¢ and ¢°|G = 7|G. The claim follows directly
from this. O
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Let Phax := LAN~ := KcP~ NG€. Then P, is a maximal parabolic subalgebra
of G¢. Notice that LA = KcNG®, A = exp(RX?) with X? =iZ° and N~ = P~ NG°.
Welet NT = PTNG°=7(N")=0(N~) We remark that things are set up so that

Q=H/HNK = HPyax/Prnax -

Let us recall some facts about parabolic induction that will be used in this and next
section. Let a; be the maximal abelian subspace in g N ¢ from Theorem 2.6. Let
a® :=ida C q° N p°. Then a° is maximal abelian in g N pc. Let A° be the roots of
a® in g¢ and choose a set of positive roots A°T. Let m = 3¢(a®) = 35(a®), and let
Nmin = Pacac+8s. Then pmin = Pmin(A°T) = m @& a © nyin is a minimal parabolic
subalgebra of g¢. Let p = [® a ® n be any parabolic subalgebra containing p,;, and
such that a C a®. Let Ppin = MA°N = Ng(pmin) C P =: LAN = N¢(p). Notice
that we are using p for a moment in two different ways, but the meaning should be
clear in each case. Define p(n) € a* by 2p(n)(X) := Tr(ad(X))n, X € a. Let A € a*
and define

> =Indf 1 ®-A®1.
The minus sign has been inserted in order to simplify some formulas later on. The
Hilbert space H(A) for 7y is the space of measurable function f : G¢ — C such that

f(glan) = a*~ "™ f(g)
and [ |f(k)]* dk < oo. The inner product in this space is (f,9) = [ f(k)g(k) dk.
Let P = 7(P) = LAN. Define 7_) = Indgcl ®A® 1 and H(—)\) in the same way by
replacing P by P. The following result is then obtained by a simple calculation.

Lemma4.2 — The map T : H(=\) — H(\), f — f o1 defines a G°-isomorphism
between T_» and wy o T.

We will now specialize to the situation where P = Pp,,x. The set of positive roots
is now chosen such that —A} c Act.

Lemma 4.3(Matsuki). — The set H Ppax is open in G€.
We also have:
Lemma 4.4 — If P is any parabolic subgroup Ppin C P C Pupax, then HP = H Py .

Let Ko(A) € H()) be the space of smooth functions with Supp(f) C H Ppax such
that f|H has compact support. Let

5(Q)={g € G| g 'HPunax C HPnax} = S(Qc) NG“.

The cone Chax = §¢ N iWnax is a maximal H-invariant cone in q° = iq and S(Q2) =
H exp(Chyax) = S(Chax)- Notice that

T(S(Q)) = S(_Cmax) = {g €G” | gHPmax C HPmax}
= {geG°|g-QCO}.
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Let f € Ko(A\) and s € S(—Chax). Then ma(s)f € Ko(A). Write
x = h(z)ag(x)n(zr) € HPnax -
Then
m(s)f(h) = an (s~ h)* P f(h(s™'h)).

We have HPpax C N1 Ppax. For & € NT Py write o = fi(z)l(x)ay (x)nyg(z). As
X% =iZ% and Zg.(Z°) = K¢ it follows that our group A is just exp(ize) and hence
ag(z)* = xu(ke(x)) = Dy(x). We will therefore use the notation D,, in the following.
Assume that we have chosen A such that the unitary highest weight representation

pr+p exists. Then Q x Q 3 (z,y) — Kxi,(x,y) € C is positive definite. By equation
(2.2) and (2.5) we get

(4.1) ay(r(expz) " expy) P = Kay,(z,y) z,y € Q.
Define a map Ly : Ko(A) — H(=X\) by
Lif(z) = f(r(x)n) dn
N+
(42) = | Hexo) Baiplo. o)y
(4.3) - / F(R)ag(@=h)~>" dh.
H/HNK

Lemmad4.5 — Let f € Ko(A\) and s € S(2). Then Ly(mx(7(8))f) = m_x(s)Lrf.

Proof. — We have with s* = 7(s

Lam(r(s) ) () = / (@) ) dy
- / (") Fls ) ()~ y) 0 dy
Notice that y = 7(s)s*y = Yl(s*y)ay(s*y)ny(s*y). Hence the last integral
becomes
La(ma(s")f)(x) = /N+ Fals*y))ag(r(2) " r(s)n(s*y) 7 Pay(s*y) > dy

/N+ f(n) aN(T(sflx)*lh)*)‘*p dn
Tx(s)Laf(z).

Motivated by the fact that the pairing

HO\) x H(-X) 5 (.9 H/f gk dk € C
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is G°-invariant, we now define a new form on Ko(A) by

(fvg)A = (faL)\g) :

Lemma 4.6 — Let the notation be as above. Let f,g € Ko(A\) and let A € a*. Define
F = foexp and G =goexp. Then

(f,9x = /Q/QF(ir)@KHp(y,m)dydx
= / s f(h)g(k)ay(h~1k)™ = dkdh.

In particular (-,-)x is positive semidefinite if A+ p < a(0).

Proof. — Let F and G be as before. As Supp(F'), Supp(G) C Q it follows by equation
(4.2) that

(m»:(ﬁmmmﬂ%mwm

/ /G () Ky, ) dy d
= //F G(Y) Ky p(y, x) dyda.

The second equation follows by equation (4.3). O

Assume that (-, ) is positive semidefinite. Let
LA ={ueKo(A) | Vv eKy) : (u,v)y =0}
and let K(\) be the completion of Ko(A)/L(A). Then 7y defines a involutive repres-
entation of S(—Chax) on K(A):
Lemma4.7 — Let f,g € K(\). Then for all s € S(—Cax) the relation

(ma(s)f, 9)x = (f, ma(s)g)a
follows. Thus ) o T defines a involutive representation of S(2). In particular mx(h)
is unitary for all h € H and 7y (exp X) is self adjoint for all X € —Cipax-
Proof. — As (maA(s)f,g9) = (f, Wﬁx(sfl)g) for all A € af and A is real it follows that

(ma(s)f, Lag) = (f,7-x(s7")Lag) = (f, La(ma(r(s™1))g) = (f, ma(s™)g)x -
O

This lemma implies that by starting from the representation ), we have construc-
ted a involutive representation of the semi-group S(€2). By the Liischer-Mack theorem
such a representation can be extended to a unitary representation of G. Another way
of obtaining such an extension is to use the theory of local representation developed
by P. Jorgensen [28, 29]. We will give a short review of the Liischer-Mack theory and
use reference [21, 14, 32, 39, 60, 30, 31].
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We have seen that m ~ ) o 7 passes to a representation on K(A) (also denoted by
m) such that m(h) is unitary and m(exp(X)), X € Cnax is self-adjoint. As a result
we arrive at self-adjoint operators dn(Y) with spectrum in (—oo, 0] such that for
Y € Chax, m(expY) = e¥™(Y) on K(\). As a consequence of that we notice that

t—s et dn(Y)
extends to a continuous map on {z € C | Re(z) > 0} which is holomorphic on the
open right half plane {z € C | Re(z) > 0}. Furthermore,

e(z+w) dn(Y) _ &7 dﬂ'(Y)eU} dn(Y) )
The Liischer-Mack Theorem now states, see [39]:

Theorem 4.9L Uscher-Mack). — Let C' C q° be a closed H-invariant pointed and gen-
erating convex cone. Let p be a strongly continuous contractive representation of S(C)
on the Hilbert space H such that p(s)* = p(s*). Let G be the connected, simply con-
nected Lie group with Lie algebra g = b @ q. Then there exists a continuous unitary
representation p: G — U(H), extending p, such that for the differentiated represent-
ations dp and dp:

1) dp(X) =dp(X) VX €h.
2) dp(iY) =idp(Y) VY €C.

We apply this to our situation and get the following theorem:

Theorem 4.9 — Let the notation be as before and assume that pay, s unitary with
A+ p < a(0). Then the following holds:

1) S(C) acts via s — w(s) by contractions on K(X).

2) Let G be the simply connected Lie group with Lie algebra g. Then there exists
a unitary representation © of G such that dm(X) = dn(X) for X € b and
idn(Y) =dr(iY) forY € C.

3) The representation 7 is irreducible if and only if © is irreducible.
We notice the following consequence of 2.8:

Lemma 4.10 — Let the notation be as before. In particular assume that A+ p < a(0).
Then 7 is a direct integral of highest weight representations.

We will now identify the representation 7 using the special situation we have here.

Let 154, be the constant function z — cy4, where the constant cy4, is determined
by

Lagoll =1,
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Define a map U : Ko(A) — H(px1,) by

Uf(z)

/H FR) prsp ()L p(2) dh

- / F) prsp ()L (2) dh
Ho/HoNK

= crip [ S s 072

= crp [ Flh- 0 (07)

where F(h-0) = ay(h)*?f(n(h)). Notice the similarity with the map R* from
equation (3.4). So in some sense the map U is just R* and hence naturally related to
the generalized Segal-Bargmann transform. We refer now to [31] for the proof of the
following Lemma.

Lemma4.11 — Let f,g € Ko(A) then (f,g9)r = (Uf,Ug).

Theorem 4.12 — The map U extends to an unitary isomorphism U : K(A) — H(px4,)

—~—

such that U(mx(7(8))f) = pa+p(8)U(f), s € S(Q). In particular (mx o T) is unitarily
isomorphic to px4,

Proof. — We will prove here the intertwining relation U(m(7(9))f) = pa+,(9)U(f).
For that we need the following transformation rule for the integral over H (see [30],
Lemma 5.12):

/ f(h(sh)H N K)ag(sh)~2" dh = / f(hHNK)dh.
Ho,/H,NK H,/HoNK

We also notice that if X € p™ then
Pr+p(X) gy =0.
Thus if we decompose s*h as s*h = hopp($*h)am,opp(s*h)i € HAN, then
A 1) Lok p = @t opp(5"h) P prkp(s™h) Lasy

Finally the relation between our usual decomposition according to H AN and the one
using HAN, denoted by the subscript ,p, in the following, is

x = h(z)ag(x)n <= 7(x) = M(@)am ()" 7(n) = hopp(T(x))am,0pp (7(2))70 -
Thus

h(x) = hopp(T(z)) and  am,opp(7(2)) = aH(x)_l .
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Using this we get

U(ma(7(s)).f)(2)

. f(s*h) pasp(h)1xtp dh

/H (s R))art (s°h) 7 papp (W) Lnp

R an (57072 o (sh(s" )

/H f(h) prtp(sh)Lxi, dh
= pap(8)Uf(2).

As this holds for all s € S() it follows that 7(s) = pay,(s) for all s € S(Q) =
S(Q¢) N G°. But then both of them have to agree on S(W(pa+p))- O

Our inner product for the realization of py;, has some peculiar properties. Let
U C Q be open and let Ko 7(A) be the set of functions in Ko(A) such that Supp(f) C
U and notice that we can make U arbitrary small. Let Ky (A) be the projection of
KO’U(A) into K()\)

Lemma4.13 — Let U # @ be an open set in Q. Then Ky () is dense in K(X).

The argument proving Lemma 4.13 actually shows that the d-distribution f +— f(0)
is in K(A). Take ¢ in the definition of U to get

U(8)(2) = 1a4p(2)
Uy, =6.

Now an orthogonal basis of H(px4,) can be constructed applying elements of U(p~)
to 1x4,. This corresponds to applying differential operators to 1x4,. The above
arguments imply the following lemma:

Lemma4.14 — The § distribution is a normalized lowest K -type of the highest weight
module K(X) corresponding to the constant function z — cx1,. The K-finite elements
of K(\) are finite linear combinations of derivatives of the ¢ -distribution.

We end this section by pointing out one difference in our presentation here and the
one in [31]. In that paper we identified Q with a bounded subset in p~ N g¢ instead
of pT N g°. The action of G¢ in those two realization is just a twist by 7. Therefore
the action of the group on {2 is twisted by 7 but there is no twist in the identification
of the representation, expressed here by the fact that my o 7 >~ 7T_j.
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5. The Character Formula

We will now show that the relation between the representations m\ o 7 and px4,
can also been made precise using the H-invariant spherical distribution characters.
For a moment we will let G stand for any semisimple Lie group and H for a closed
subgroup. Let 7 be a unitary representation of G or one of the induced representations
7 defined in the last section. The space H(7w)* can be made into a complete locally
convex, and Hausdorff topological vector space, and G acts continuously on H(w)>
by 7°(g) = w(g)|H(m)>, see [66]. Let H(m) °>° be the continuous dual of H(m)>.
Then G acts on H(7w)™*>° by

(0,7~ (g)v) = (x(g " )u,v), ueH(m)®, veHm) .

Here (-,-) stands for the canonical bilinear pairing between H(7)> and H(7)~>. A
non-zero element v € H(w)~>® is called an H-invariant distribution vector. Let v

be an H-invariant distribution vector. Then we can imbed H(m)* into C*°(G/H) by
H(m)® 3 u+—— (gH — (n(g")u,v)) € C*(G/H).
Let v € H(7) = and p € C°(G/H) and define 7=°°(p)v by

() = /G P g ds.

Notice that if 7 is unitary then we have a conjugate linear embedding H(7) ~ H(7)* C
H(7)” ™, and 7 has an H-invariant distribution vector if and only if the dual repres-
entation on H(7)* has an H-invariant distribution vector, say v*. Let v € H(m)~>H
then 7= (p)r € H(m)™™ for all p € C°(G/H) and we can define the H-invariant
distribution ©, by

CS(G/H) 3 ¢ Ox(p) = (1" F(p)r,v") € C.

It is in most cases an unsolved problem to find an explicit formula for the distribution
Or.

As an example let us assume that G = H x H. In this case G/H ~ H, (a,b)H —
ab~1!, such that the action of H x H on G/H is mapped into (a,b) - ¢ = acb~!. An
irreducible unitary representation 7 of G has an H-invariant distribution vector if
and only if 1 = p ® p, where p is an irreducible unitary representation of H and p is
the representation on H(p) ~ H(p)*. In this case there is — up to scalar — only one
H-invariant distribution vector, and the corresponding distribution is a multiple of
the usual character

Ox(p) = Trm(p).

As a second example we take one of the representations m_, = Indg;nl RA®1
where Py, = M AN is a minimal parabolic subgroup of G¢. Define the Weyl groups
W = NK(A)/ZK(A) and W() = NKQH(A)/ZKQH(A). Then W() C W and W()\W =
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Ui, Womy, for some elements 1 = my,...,m, € W. Then by [40] it follows that
U Hm;MAN c G°
=

is a open and dense. Associated to each of those open orbit is an H -invariant
distribution vector [45]. We will describe the construction for the set H Pyi,. For
x € HP,;, write
x = h(z)bg(x)n(x) € HAN .

Define py(z) = by (z) ™77, X\ € a, for ¥ € HAN, and py(z) = 0 for z ¢ HAN.
The function py is sometimes called the Poisson kernel of G°/H (related to the open
orbit H Ppin). We have py(rman) = a=*"p,(z), and by [45] it is known that py
is continuous if Re(\ 4+ p, @) < 0 for all positive roots. In that case p_) € H(\) —
H(—X\)~°°. Here the pairing is given by

(f.px) = /K FR)p_x (k) dk = /H f(h)dh, feH(-N®

By construction it follows that p_, is H-invariant, or p_y € H(—=X)">. Again
by [45] it follows that A — p_, € H(—X)~>° has a meromorphic continuation to
all of ag". If ¢ € C°(G°/H) then 725 (p)p—x € H(A)**. Hence we can apply the
distribution vector py to 7_3°(¢)p—_x to get the distribution ¢y defined by

(0, x) = (T3 (@)p—x, D) -

Formally, without bothering about convergence or the use of Fubini’s Theorem, we
get

(0,0 / < ()p_x(h) dh

//F/H @)p_x(g~*h) dgdh
L 2@ | panan] ag

/ o@)ea(a™) di.
Ge/H

It turns out that this calculation is not only formal for our spaces G¢/H and certain

spectral parameters A\, but it can be made formally correct and gives rise to the theory
of spherical functions, see [11, 48].

We will now assume that p, is an unitary highest weight module corresponding
to a holomorphic discrete series of G/H. (The same arguments also holds for the
universal covering space G /H, but the arguments become more involved because
again we would have to discuss the universal covering of the semi-groups S(W (7)),
the lifting of g — k(g) to G and K, etc.) We refer to [4, 24, 35, 36, 51, 52, 55] for
the theory of spherical highest weight modules, Hardy spaces and the holomorphic
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discrete series. We use the notation from section 2. In particular t is a Cartan
subalgebra of £ and g such that a; = tMNq is maximal abelian in q. We use A, etc for
the set of roots of t¢ in gc, whereas A stands for the set of roots of aqc in gc. We
choose compatible sets of roots, i.e., AT = {& = ala, | @ € A}. In this case jp = pla,.

Let W be a G-invariant cone in g such that Wy, C W C Wihax for some choice
of ordering. Let S(W) = Gexp(iW), S(W°) = Gexp(iW?°) = S(W)°, and define
= C G(c/H(c by

E=EW°) =S(-W°z,, x,={Hc}€ Gc/Hc.

Then Z is an open submanifold of G¢/Hc. In particular E is complex. We notice that
G/H C cl(Z)\E and that y"1(G/H) C Z for all v € S(W?). Let Ha(W) be the Hardy
space of all holomorphic functions on = such that v- F : G/H > m + F(y~'m) € C,
is in L?(G/H) and the L2-limit

B(F) = lim 7 F € L*(G/H)

exists. Define an inner product on Ho (W) by
(F,G) = (B(F),B(G)).-

Then Hy(W) is a Hilbert space carrying an involutive representation of S(W') defined
by v+ F(z) = T(y)F(z) = F(y~! - 2). This representation decomposes discretely and
with multiplicity one into a direct sum of holomorphic discrete series representations

Hy(W) = @ E()

where the sum is taken over all the holomorphic discrete series representations that
extend to holomorphic representations of S(W). Here E(7) stands for the realization
of pr in Ha(W). This realization can be made explicit in the following way. Let
0 # ugp be a H N K-invariant vector in V., the representation space for the minimal
K-type 7. Let s € S(W). Then s € HcKcP". Write s = hkg(s)p. For u € V let

pru(s) = (n(ku(s™"))u uo) .

Then ¢ru € Hao(W) if and only if (u(r) + ,@) < 0 for all @ € A} and in that case
the closed G-invariant subspace generated by {¢x v | u € V;} is isomorphic to E(r).
We normalize ug so that this map is an unitary isomorphism of V into L*(G/H).
Notice that the map V; 3> u — ¢, 4 is K-equivariant.

The space Ha (W) is a reproducing Hilbert space. Let K (z,w) be the corresponding
reproducing kernel. For z € E the map w — K(w, z) = K,(w) extends to a smooth

SOCIETE MATHEMATIQUE DE FRANCE 2000



224 G. OLAFSSON

function on S(—W)z,. In particular K(z,-) = B(K.) is a well defined, smooth L>-
function on G/H. For F' € Hyo(W) and v € S(—W?°) we have

Fly-2) = (FK,.)
= [T(yH)F](2)
= (T(vHFK.)
= (KTH)K:)

Thus

(5.1) K(y-z,w)=K(z,7" - w).

It follows that K is determined by the function k € O(2)H, k(z) = K(z,z0), and
K(v1 - xo,7v2 - o) = k(v5v1) (by abuse of notation, viewing k as a H-biinvariant
function). Finally we have

N
-
—~
-
~—
—~
2
S~—
Il
|
—
I8
~—
|

fim) K(z,m)dm
G/H

— (f.K.)
/ F@) kG =) dg
G/H

Lemma5.1 — Let F € Ho(W)*. Then
IRT - 70N
(5.2) B(F)(m) = OiltrgOF(exp(th )-m).

Proof. — Decompose f into K-types f = > ;. fs. The Fourier series ) f5 con-
verges to f in the C*-topology, a fact due to Harish-Chandra, see [66], Lemma
4.4.2.1. Denote the highest weight of § by 1(d). Then, using the notation from The-
orem 2.3, we have 1(0) = pg + rsAo. Each p(d) is a weight in one of the spaces E(m)

and we have r; < 0. Furthermore — as E(m)x = U(p~ )V, — we get

(5.3) w(d) = p(r) — Z Nao, ne € Ngo =NU{0} .

aeAt

Hence rs < r,; < 0. Furthermore
§(exp(—itZ°)) = €™ 1d.
Notice that 0 < e™* < 1 for all t > 0. Hence we have for z € S(—W) - z¢:
flexp(itZ®)-z) = Y fs(exp(itZ°) - z)

= Z et fs(z).

It follows that the series Y | fs(exp(itZ°) - z)| is uniformly dominated by the series
> s f5(2)], and the claim follows. O
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Let pr, : L?(G/H) — E(7) be the orthogonal projection and define Ty, := 371 o
pr, : L*(G/H) — Ha(W). Then

Tr(f)(w) =B~ (pry(f))(w) = /pfw(f)K(w,m) dm .

As f — T, f(w) is continuous it comes from a function O,(-,w) € E(r) C Hy(W).
Thus

(5.4) B (pry () () = / £ (m)8 (myw) dm

The function m — O,(m,w) extends to = such that O,(z,w) is holomorphic in the
first variable, anti-holomorphic in the second variable, and O,(z,w) = O, (w, z). As
the projection L?(G/H) — Hy(W) is given by f — (w — (f, Ky)) and Hy(W) =
@, E(m) it follows that

K(z,w) = Z@W(z,w) .

Lemma5.2 — Let {¢,}

250:1 @u(z)Wu (w) .

Proof. — This is well known, but let us recall the proof here. As z — O,(z,w) is in
E(n) it follows that

ven be an orthonormal basis for E(m). Then O (z,w) =

Or(z,w) = Zal,(w)gal,(z).

But

pu(w) = Tr(Bpy)(w) = (pv, Ox (-, w)) = ay(w) . .
Since pr, and 87! are intertwining it follows that
Or(s-z,w) = Or(z,8" - w), se€S(-W).
Hence ©, is determined by a function 6:
(5.5) 0x(2) = Or(z,20) = Or (0, 2) .

By construction we have ©,(y1 - zo,v2 - o) = 0.(7471) and

Trf(y-x0) = G/Hf(g)t%(g*lv)dg'= G/Hf(m)t%(v*m)dm-

Furthermore we have the Lemma:

Lemma5.3 — The reproducing kernel has a decomposition in the form k=73 _6..

Let O, be the spherical distribution defined by f — pr.(f)(x¢). We can now realize
the spherical distribution character as a hyperfunction on G/H in the following way:
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Lemma5.4 — Let f € C*(G/H). Then

Ox(f) =l [ Jm)Oslexp(itZ”) - m) dm

. o
Ogrgo . F(m)0,(exp(itZ0) - m) dm.

Furthermore we have

1. The distribution ©, extends to a holomorphic function on E = S(—=W?°) - xg

given by O.(z) = 0,(2) = > wu(z0)pu(2);
2. There exists a character x : D(G/H) — C such that DO, = x(D)O.

Proof. — 1t is clear that ©, is an H-invariant distribution. The first part now follows
by (5.2), (5.4), (5.5), and Lemma 5.2. Let D € D(G/H). Then D : E(m)x —
L?(G/H). But the multiplicity of p, in L?(G/H) is one. Hence D(BE(m) k) = E(7) k.
But E(7) is irreducible, so D has to be a scalar on E(7). O

Finding the character formula for the holomorphic discrete series now becomes the
problem of determining the function ,. Let pu = u(w) denote the highest weight of
7, let u = u,(r) € V; be a highest weight vector. We assume that ¢1(2) = ¢r u.
Furthermore ||u|| =1 as ||¢1]] = 1. We have

01(t712) = troi(2), Vt € exp(tc) N S(W).

We assume that the other functions ¢, are weight vectors of weight say p,. Since
H(p:) =U(p~) - V. it follows that
My = [ — Z naa, mne € NU{0} =:Np.
acAt

This, ¢1(xo) = (u,up), and Lemma 5.4 imply the following.

Theorem 5.5 — Let 0, = > ¢, (x0)p, be as above. Then 0, is a H-invariant function
on E such that for all D € D(G/H) =D(G°/H)

DO, = xx(D)0r
where Xx is a character on D(G/H). Furthermore
tlim e Mg (exp —tX - x0) = |(u,u0)]?

for all X € it, such that a(X) > 0 for all « € AT UAST.

Theorem 5.5 implies that 6, |G/ HNZ is a H -invariant eigenfunction on S(—C°)/H,
C =W ng°. We will therefore turn our attention to spherical functions on G¢/H.
We use [11, 48] as standard reference.
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Definition 5.6. — A continuous H-invariant function ¢ : S(—=C°)-xo — C, p # 0, is
called a spherical function if there exists a character x : D(G°/H) — C such that (in
the sense of distributions)

Dy =x(D)p, VDeD(G/H).

To construct spherical functions let a¢ = ia, and Pynin = M AN be the minimal
parabolic subgroup of G corresponding to the positive system AT. Then Nt :=
PtNG® Cc N, N =NyN*t, and N = Ng)N—. Let LA = K¢ N G¢ as before. Let
now X% = —iZ°% and define A} = {a € A(g¢,a®) | a(X°) =1}. For a € Ay let
H, € a° be determined by H, = [X,7(X)] for some X € g¢ and a(H,) = 2. Let
Ag={aeAla(X" =0} and A] =AgNAT.

Lemma5.7 — Let A € a;c and s € S(—Cy

© o) Then the following conditions are

equivalent.

1. The function H 3 h+— p_x(sh) € C is integrable;
2. The function 2 5 w — py(w) € C is integrable,
3. eé:= {)\Ga;C|Va€A+ : Re(\, Hy) <2 —mg}.

The equivalence of (1) and (2) was first proved in [11]. The implication (3)==(2)
was proved in [48], and finally (2)=(3) was proved in [37].
Assume that A € €. Define

o)1= [ po(sh)dn
and
ca(A) = /QpA(epr) dX.

Let c¢o(A) be the Harish-Chandra c-function for the Riemannian symmetric space
L/HNK. Thus

NNL

co(A) = / pa(n) dn

wherever the integral converges. Finally we let
() = / () di = co(N)eo (M) -
NOH Puin

There is a well known product formula for the c-function for a Riemannian symmet-
ric space in terms of the c-function ¢, (A, ) for rank one symmetric spaces constructed
from the roots «, see [18]. For the space G°/H this was an open problem for a long
time. The general case was solved by B. Krotz and the author in [37]. We refer to
that article and [50] for further references.
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Theorem 5.8K099). — The following product formula for ca(A) is valid

M 1 M
d H B<7,_<)\,§Ha>—7+1>

aEA L

(5.6) ca(X)

P (%) D (-2t )
(5.7) = dall r(—@ﬂ)

for some constante d. In particular the c-function for G/H is a product over the
c-functions for the rank one subsymmetric spaces G(a)/H NG(a), a € AT

c(N\) = H ca(Aa) -
aEAT
Here G(a) is the analytic subgroup of G¢ corresponding to the Lie algebra g(a) =
go +[0-a:8a) + 90

For the function ¢, we have according to [11, 48]:

Theorem 5.9 — The function ¢y is a spherical function for X € €. It has a mero-
morphic continuation as a spherical function for A € a&*. Furthermore

Jdim e PN g, (exp(tX)) = c(N)

for all X € (—C%) N{Y €a®|Vae Af : a(Y) >0} and A€ E.

max

Recall that if 7 is a irreducible representation of K with highest weight p, and
such that VN 2 {0}, then p € ia} = a®*.

Corollary 5.1Q — Let the notation be as before. In particular pr is a holomorphic
discrete series representation of G/H. Denote the highest weight of @ by p. Let
A= p+p € a“. Assume that A\ € £. Then

Ox(s-xo) = %@A(s *T) -

Define the coefficients I',,(\) by recursion as in [18], p. 427, and set for a €
exp(—Coux N{Y €a, [Va e A : a(Y) >0}):

Oy(a) =a*" > Tu(Na .

HENo AT

Theorem 5.1](()97). — For generic A € ai. we have

©x = Z c(w - A)Pyr = ca(N) Z co(w - A) @y n.

weWy weWy
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For the evaluation of (u,ug) we recall some facts from [33]. As before we let
w=p(m) and A= p+ p. Let

d(M)G _ HaeA+(H + p, @)
[Toeat(p,a)

If p, is in the holomorphic discrete series of G, then d()“ is the formal dimension of
pr, [17].

Lemmab5.12 — Let the notation be as above. Then

[(a, u)[* = d(u)“e(N).

Proof. — By definition

{1, p77(9)Ox) = ¢1(g - z0) -
We also have ||¢1|| = 1. Assume first that p, belongs to the holomorphic discrete series
of G and that A € £. Then |(u,u9)|? = d(u)%c(\) follows from Definition I11.3 and

Theorem III.4 in [33]. The general statement follows now by analytic continuation,
see Theorem IV.15 in [33]. O

Using the same analytic continuation arguments as in the proof of Theorem IV.15,
[33] combined with Corollary 5.10 and Theorem 5.11 we arrive at the following char-
acter formula for the holomorphic discrete series representation p..

Theorem 5.13 — Assume that pr corresponds to a holomorphic discrete series rep-
resentation of G/H. Let y be the highest weight of m and let A = p+ p. Then

Or = d(M)GSO/\ .
In particular
Or = d(p)%cq(N) Z co(w - A) Dy n
weWy
for generic .

This gives us the character formula for p,. Assume now that 7 is a character xx,
related to the representation 7_) as before. Then this does not relate the H-spherical
character of 7 directly with that of #_y. But write p(A™) = pg + p where pg is the
sum over the compact roots and p; is the sum over the non-compact roots. Then
H(—)) can be embedded into Hp,_. (=X — pg) where the subscript p,

m min

indicates that
we are inducing from the minimal parabolic subgroup. It is easy to check that the
restriction of p_y to H(—)\) is non-zero and corresponds to the corresponding Poisson
kernel. Thus by restriction ¢y can be viewed as the character of 7_, (related to the
open orbit H Ppin = H Pax)-

As a final remark we would like to mention, that most of the compactly causal
symmetric spaces G/H can be compactified as the Sylov boundary G7/Pimax of a
bounded symmetric domain G1/K; of tube type, see [3, 55| for details and list.
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In short there exists a connected semisimple Lie group G; such that Gi/K; is a
bounded symmetric domain which can also be realized as a tube type domain. The
Sylov boundary of G1/K; is a compact symmetric space S1 = K1/L1 = G1/Pimax,
where Pimax is a maximal parabolic subgroup of G;. Furthermore there exists an

injective G-map F : G/H — S; with open dense image. Using F one can identify
L?(G/H) with L*(S1). The map F can be extended to a holomorphic isomorphism
of Z into a open dense subset of G1/K;. This can be used to compare the Hardy
space on G/H (or a covering in some cases) with the classical Hardy space. We refer
to [4, 55] for details. It is still an open question how to use the orbit G-structure of
Sy to analyze L?(G/H).
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