RAMIFICATIONS OF THE CLASSICAL SPHERE THEOREM

Karsten GROVE

Department of Mathematics University of Maryland College Park, MD 20742 (USA)

Abstract. The paper describes old and new developments, within as well as outside of Riemannian geometry, originating from the classical sphere theorem.

Résumé. Cet article décrit des développements anciens et récents, en géométrie riemannienne et ailleurs, provenant du classique théorème de caractérisation des sphères.

M.S.C. Subject Classification Index (1991) : 53C20. Supported in part by a grant from the National Science Foundations

© Séminaires & Congrès 1, SMF 1996

TABLE OF CONTENTS

1. DEVELOPMENTS FROM WITHIN 365 2. DEVELOPMENTS TO AND FROM THE OUTSIDE 368 BIBLIOGRAPHY 373

SÉMINAIRES & CONGRÈS 1

INTRODUCTION

Although Comparison Geometry can be traced back to the previous century, it did not really take root as a discipline until the 1930’s through the work of Morse, [M1,2], Schoenberg [S], Myers [My] and Synge [Sy]. The real breakthrough came in the 1950’s with the pioneering work of Rauch [R] and the foundational work of Alexandrov and Toponogov [T]. Since then, the simple idea of comparing the geometry of an arbitrary Riemannian manifold with the geometries of constant curvature spaces has witnessed a tremendous evolution.

Sphere Theorems have often played a pivotal role in this evolution. In fact many of the powerful ideas and techniques known today were first conceived in connection with investigations around potential sphere theorems (cf. also [Sh]). Their significance is also measured by their implications for the local structure of general Riemannian manifolds and other related, but more singular spaces.

Our aim here is to trace out paths of developments, still under construction, originating from the classical sphere theorem [R,K2] and the associated rigidity theorem by Berger [B1]. In doing so, it is our hope to reveal that there is an abundance of challenging open problems in this area whose solutions will yet again involve the conception of new ideas and tools.

1. DEVELOPMENTS FROM WITHIN

In this section we describe evolutions associated with constructions on a fixed Riemannian manifold.

It all began with Rauch’s comparison theorem for the length of Jacobi fields [R] and subsequently with the global Alexandrov-Toponogov triangle comparison theorem [T]. And it culminated in the now classical theorem.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

Theorem 1.1 (Rauch-Berger-Klingenberg). — Let M be a closed simply connected Riemannian manifold whose sectional curvature satisfies 1 ≤ sec M ≤ 4. Then, either (i) M is a twisted sphere, or (ii) M is isometric to a rank one symmetric space.

Under the assumptions stated in the theorem, one of the key ingredients is the injectivity radius estimate, inj M ≥^π_2 . In the original approach, this was achieved via Morse theory of geodesics [K1,2], [CG] and [KS] (cf. also [E]). Before moving on to the natural generalization suggested by this estimate, let us point out that so far, no positively curved exotic spheres are known!

Quite recently, it was shown by M. Weiss that some exotic spheres do not admit 1/4-pinched metrics [W]. His method is based on the observation that a 1/4-pinched sphere M has maximal so called Morse perfection, i.e., there is a dim M-dimensional (Z_2 -equivariant) spherical family of Morse functions on M. On the other hand, sophisticated methods from algebraic K-theory reveal that some exotic spheres have smaller Morse perfection. It is interesting to note that this is also related to the so called Gromoll-filtrations of homotopy spheres, an idea which arose in the first proof that there are no exotic δ_n-pinched n-dimensional spheres when δ_n is sufficiently close to 1 [G]. Another completely different method to prove the same result was conceived independently by Shikata [S2]. He constructed a distance between differentiable structures [S1], an idea which has since been expanded tremendously (cf. [Gr]). The best estimate for δ_n = δ is due to Suyama [Su]. His method combines the earlier methods for achieving a dimension independent constant, the first due to Shiohama [SS] and the second to Ruh [R1,2]. Here, Ruh’s method of approximating an almost flat connection with a flat connection has evolved quite far and has had many subsequent applications (cf. [R3]).

Another natural question related to the classical sphere theorem is: what happens if M is not simply connected ? So far, all known (strictly) 1/4-pinched manifolds are diffeomorphic to space forms. Moreover, at least these are the only manifolds which admit a δ-pinched riemannian metric, with δ sufficiently close to 1 [GKR1,2], [IR]. The general nonlinear “Riemannian center of mass” was developed in connection with the first proof of this result [GK].

SÉMINAIRES & CONGRÈS 1

Recall that the radius rad M and diameter diam M are given by rad M = min_p max_q dist(p, q) ≤ max_{p,q} dist(p, q) = diam M. Since inj M ≥^π_2 for 1-connected Riemannian manifolds M with 1 ≤ sec M ≤ 4, we also have diam M ≥ rad M ≥^π_2 for such manifolds. In particular,

{M | 1 ≤ sec M ≤ 4, π_1(M) = {1}} ⊂ {M | 1 ≤ sec M, rad M ≥ π 2 } ⊂ {M | 1 ≤ sec M, diam M ≥ π 2 } . For the largest of these classes we have the following diameter sphere Theorem [GS] a homotopy version of which was first proved in [B2] and its associated rigidity theorem [GG1,2].

Theorem 1.2. (Gromoll-Grove-Shiohama) — Let M be a closed Riemannian manifold with sec M ≥ 1 and diam M ≥^π_2 . Then, either

(i) M is a twisted sphere, with the possible exception that H^∗(M) ≃ H^∗(CaP^2), (ii) M is isometric to one of (a) a rank 1 symmetric space, (b) CP^{odd}/Z_2, (c) S^n/Γ, Γ ⊂ O(n + 1) acts reducibly on R^{n+1}.

The principal new tool discovered in the proof of this sphere theorem was a “critical point theory” for nonsmooth distance functions. This signaled the beginning of intense investigations of manifolds with a lower curvature bound only (for surveys, cf. [C], [Gro]).

Aside from trying to deal with the exceptional case of the Cayley plane in the above result, the most obvious questions related to the theorem are Problem 1.3.

(i) Are there any exotic spheres M with sec M ≥ 1 and diam M ≥^π_2 ? (ii) Are there “new” manifolds M with sec M ≥ 1 and diam M ≥^π_2 − ϵ, which are not on the list of the above theorem ?

At this moment it appears to be too ambitious to answer these questions at the level of generality at which they were posed (cf. the discussion in the next section).

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

It turns out, however, that it is possible to give answers if one assumes the existence of multiple points with large distances. The techniques used for this, however, come somewhat surprisingly from “outside” in both cases, i.e., it does not suffice to work exclusively within the manifold itself.

2. DEVELOPMENTS TO AND FROM THE OUTSIDE

When Gromov extended the classical Hausdorff distance to arbitrary pairs of compact (separable) metric spaces, [Gr], a new powerful tool became available, conceptually as well as technically. Its utility, however, is balanced between the facts that on the one hand large classes of Riemannian manifolds are precompact relative to this so-called Gromov-Hausdorff topology, but on the other hand only a limited amount of structure is transferred onto spaces in their closure.

One of the first striking applications of these ideas to Riemannian geometry is due to Berger. He showed that, for each even integer 2n, there is an ϵ = ϵ(2n) such that any closed 1-connected Riemannian 2n-manifolds M which satisfies 1 ≤ sec M ≤ 4+ϵ is diffeomorphic to a projective space or homeomorphic to the 2n-sphere, [B3].

The main difference between even and odd dimensions in this problem is that, under the given assumptions, inj M ≥^π_2 when dim M is even [K1]. Just very recently, Abresch and Meyer have extended this to odd dimensions in the remarkable paper [AM]. This yields a sphere theorem for below 1/4-pinched simply connected odd dimensional manifolds.

When the assumptions of simple connectivity and upper curvature bound are replaced by a lower bound for the diameter, one arrives at question 1.3(ii) raised at the end of the previous section. A natural approach to this problem is to investigate a situation, where a sequence {M_i} of closed riemannian n-manifolds are given such that sec M_i ≥ 1 and^π_2 > diam M_i ≥^π_2 −^1_i , i = 1, · · ·. By Gromov’s precompactness theorem [Gr], a subsequence of {M_i} will converge to an inner metric space X with

SÉMINAIRES & CONGRÈS 1

diam X =^π_2 . Moreover, as observed in [GP1]: The Hausdorff dimension of X satisfies dim X ≤ n, and curv X ≥ 1 in the sense that the global Alexandrov-Toponogov distance comparison theorem holds in X. It has proven adventageous to consider these properties abstractly, and we adopt the terminology Alexandrov space for any finite Hausdorff dimensional inner metric space X for which curv X ≥ k in distance comparison sense. In this framework one therefore asks a classification question.

Problem 2.1. Classify all n-dimensional Alexandrov spaces X with curv X ≥ 1 and diam X =^π_2 .

In analogy to the case of Riemannian manifolds, this should be compared with the situation where curv X ≥ 1 and diam X >^π_2 . Here, a completely satisfactory solution has been given by Perelman [P]. In fact, any such X is homeomorphic to the suspension � E, where E can be any Alexandrov space with curv E ≥ 1 and dim E = dim X − 1.

Once it has been established that critical point theory for distance functions extends to Alexandrov spaces, the proof of the above diameter suspension theorem is identical to that of the diameter sphere theorem. To establish this, however, is deeply intertwined with understanding the local structure of Alexandrov spaces (cf. [P]).

Here we give only a brief account on the structure of Alexandrov spaces X. First of all, the curvature assumption implies that geodesics are unique in the sense that they cannot bifurcate. This implies in particular that for every p ∈ X there is a well defined space of geodesic directions (germs) at p. Moreover, the curvature assumption yields a natural notion of angle between geodesics emanating at p. The space of directions at p, S_pX is now simply the completion of the space of geodesic directions at p relative to the angle metric. This space is again an Alexandrov space and curv S_pX ≥ 1, dim S_pX = dim X − 1, [BGP], [Pl]. In fact, the euclidean cone C_0 S_pX = T_pX on S_pX, is the pointed Gromov-Hausdorff limit of the scaled spaces (λX, p), λ → ∞, [BGP]. The basic local structure result is proved in [P]:

Theorem 2.2. (Perelman) — Let X be an Alexandrov space. Then, any p ∈ X has an open neighborhood which is (bi-Lipschitz) homeomorphic to the tangent cone, T_pX = C_0S_pX to X at p.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

It is easy to see that this result yields a global stratification of X into topological manifolds, a fact which is used in the proof of 2.5 below. The following stability theorem is another key result proved in [P].

Theorem 2.3. (Perelman) — Given a compact n-dimensional Alexandrov space X with curv X ≥ k. There is an ϵ = ϵ(X) such that any other n-dimensional Alexandrov space Y with curv Y ≥ k and Gromov-Hausdorff distance d_{GH} (X, Y ) < ϵ is (bi- Lipschitz) homeomorphic to X.

The key to both of these results is a general local fibration theorem for m-tuples of distance type functions, 1 ≤ m ≤ n, near a “regular point”, (see [P]). The ingenious proof is carried out via inverse induction on m. The idea for the induction anchor, i.e., when m = n was in essence first used in a Riemannian setting in the paper [OSY], and then in [BGP].

To get an idea of the difficulty of Problem 2.1 we point out that there is an abundance of examples (cf. [GP2] and [GM] for more details).

Example 2.4. Let A and B be Alexandrov spaces with curv A ≥ 1 and curv B ≥ 1. Define a metric on the join A ∗ B, such that the join α ∗ β ⊂ A ∗ B of segments α ⊂ A, β ⊂ B is isometric to α ∗ β ⊂ S^3_1 when α and β are identified with segments of the unit circle S^1. It is easy to see that curv A ∗ B ≥ 1, in fact A ∗ B = S_{(a,b)}(C_0A × C_0B) where a ∈ C_0A and b ∈ C_0B are the cone points. Moreover, diam A ∗ B = max{diam A, diam B,^π_2 }.

Now, suppose G is a compact Lie group which acts by isometries on A and on B. Obviously, these actions extend to an isometric G action on A ∗ B and diam(A ∗ B/G) ≥^π_2 .

A special case occurs if B = S^∘ is the two-point space with diameter π. Then A ∗ S^∘ is nothing but the spherical suspension Σ_1A of A, and diam Σ_1A = π. All Alexandrov spaces X with curv X ≥ 1 and diam X = π are of this type.

Another special case of interest occurs when B = G, i.e., G = S^∘, S^1 or S^3. The space A ∗ G/G is then simply the spherical mapping cone C_1(A → A/G).

SÉMINAIRES & CONGRÈS 1

These examples show that even replacing the assumption diam X =^π_2 with rad X =^π_2 in (2.1) is ambitious. The corresponding inequality rad X >^π_2 has, however, a very satisfactory and optimal solution obtained in [GP2] and independently by Petrunin.

Radius Sphere Theorem 2.5. — Any n-dimensional Alexandrov space X with curv X ≥ 1 and rad X >^π_2 is homeomorphic to S^n.

Another natural strengthening of the assumptions in (2.1) is obtained by replacing the diameter assumption by having multiple points with distances ≥^π_2 . To be precise, let pack_q denote the q^′th packing radius, i.e.,

2 pack_q X = max_{(p1,···,pq )} min_{i<j} dist(p_i, p_j) .

Then obviously 1 2 diam X = pack_2 X ≥ · · · ≥ pack_q X ≥ · · · ,

and thus, pack_q X ≥^π_4 , q ≥ 2, provides a natural filtration of the class, diam X ≥^π_2 . A simple comparison argument shows that

pack_q X ≤ pack_q S^n_1

for all q and any n-dimensional Alexandrov space X with curv X ≥ 1.

Using critical point theory (cf. [P]) and the global rigidity distance comparison theorem from [GM], one gets the following join theorem:

Theorem 2.6. ([GW]) — Let X be an n-dimensional Alexandrov space with curv X ≥ 1, and let q ≤ n. Then (i) pack_{q+2} X = pack_{q+2} S^n_1 if and only if X is isometric to S^q_1 ∗ E for some n − q − 1 dimensional Alexandrov space E with curv E ≥ 1 ;

(ii) if pack_{q+2} X >^π_4 , then X is homeomorphic to S^q_1 ∗ E.

This result is essentially optimal both with respect to the inequality and the chosen number of points.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

The equality discussion pack_q X =^π_4 is very difficult in general. However, for q = n + 1 and diam X =^π_2 we have the following partial answer to 2.1.

Theorem 2.7. ([GM]) — Let X be an n-dimensional Alexandrov space with curv X ≥ 1. Then diam X = 2 pack_{n+1} X =^π_2 if and only if X is isometric to S^n_1 /H, where H is a finite group of commuting isometric involutions acting without fixed points on the unit sphere, S^n_1 .

Among this fairly large class of spaces, the only manifolds are RP^n_1 and spaces homeomorphic to S^n_1 (see [GM]). As a consequence of the stability Theorem 2.3, and Yamaguchi’s fibration theorem [Y] we thus have the following partial answer to 1.3(ii):

Corollary 2.8. ([GM]) — For every integer n ≥ 2, there is an ϵ = ϵ(n) such that any closed Riemannian n-manifold M with sec M ≥ 1 and pack_{n+1} M ≥^π_4 − ϵ is homeomorphic to S^n or diffeomorphic to RP^n.

Note that if in the above Corollary, 2 pack_{n+1} M = diam M =^π_2 , then M is isometric to RP^n_1 . As a corresponding partial answer to 1.3(i) we have:

Theorem 2.9. ([GW]) — If M is a closed Riemannian n-manifold with sec M ≥ 1 and pack_{n+1} M >^π_4 , then M is diffeomorphic to S^n.

The proof of this result involves yet another idea from “outside of M”. In fact, the global Riemannian problem is changed to a local problem in Alexandrov geometry. It is shown that M can be smoothly embedded in R^{n+1} by establishing that a deleted neighborhood of one of the cone points in the spherical suspension X^{n+1} = Σ_1M is diffeomorphic to an open subset of R^{n+1}. This is done by exhibiting the deleted neighborhood as a union of a 1-dimensional line bundle and a 1-dimensional annulus bundle. The fibers consists of points, where n smoothed distance functions take a given value. By appealing to the results of Smale [Sm] and Hatcher [H] on the diffeomorphism groups of S^2 and S^3 respectively, the technique can be pushed to yield the same conclusion with the weaker assumption pack_{n−1} M >^π_4 (see [GW]). The reason why that is a significantly stronger result is that there are metrics on M = S^n with sec M ≥ 1, pack_{n−1} M arbitrarily close to pack_{n−1} S^n_1 and yet with

SÉMINAIRES & CONGRÈS 1

vol M arbitrarily small. To be concrete, a Gromov-Hausdorff limit space can be chosen to be the (n−1)-dimensional hemisphere, whereas in all previous differentiable sphere theorems the limiting object in the extreme case is S^n_1 .

BIBLIOGRAPHY

[AM] U. Abresch, W. T. Meyer, Pinching below 1/4, injectivity radius, and conjugate radius, J. Differential Geom. 40 (1994), 643–691.

[B1] M. Berger, Les variétés riemanniennes 1/4-pincées, Ann. Scuola Norm. Sup.

Pisa 14 (1960), 161–170.

[B2] M. Berger, On the diameter of some Riemannian manifolds, preprint Berkeley (1962).

[B3] M. Berger, Sur les variétés riemanniennes pincées juste au-dessous de 1/4, Ann. Inst. Fourier, Grenoble 33 (1983), 135–150.

[BGP] Y. Burago, M. Gromov, G. Perelman, A.D. Alexandrov’s spaces with curvatures bounded from below, I, Uspechi Mat. Nauk. 47 (1992), 3–51.

[C] J. Cheeger, Critical points for distance functions and applications to geometry, in Geometric Topology – Recent developments, P. de Bartolomeis and F. Tricerri, Springer-Verlag, Lect. Notes Math. 1504 (1991).

[CG] J. Cheeger, D. Gromoll, On the bound for the injectivity radius of 1/4- pinched Riemannian manifolds, J. Differential Geom. 15 (1980) 437–442.

[E] J. Eschenburg, Local convexity and non-negative curvature – Gromov’s proof of the sphere theorem, Inventiones Math. 84 (1986), 507–522.

[G] D. Gromoll, Differenzierbare Struktur und Metriken positiver Krümmung auf Sphären, Math. Ann. 164 (1966), 353–371.

[GG1] D. Gromoll, K. Grove, A generalization of Berger’s rigidity theorem for positively curved manifolds, Ann. Sci. Ecole Norm. Sup. Paris 20 (1987), 227– 239.

[GG2] D. Gromoll, K. Grove, The low-dimensional metric foliations of euclidean spheres, J. Differential Geom. 28 (1988), 143–156.

[Gr] M. Gromov, Groups of polynomial growth and expanding maps, Publ. Math.

Inst. Hautes Études Sci. Bures-sur-Yvette 53 (1981), 53–73.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

[GLP] M. Gromov, J. Lafontaine, P. Pansu, Structures métriques pour les variétés riemanniennes, Textes Math. 1 (1981), Cedic/Fernand Nathan, Paris.

[Gro] K. Grove, Critical point theory for distance functions, Proc. Amer. Math. Soc.

Symposia Pure Math. 54 (Differential Geometry), Part 3 (1993), 357–385.

[GK] K. Grove, H. Karcher, How to conjugate C^1-close group actions, Math. Z.

132 (1973), 11–20.

[GKR1] K. Grove, H. Karcher, E.A. Ruh, Group actions and curvature, Inventiones Math. 23 (1974), 31–48.

[GKR2] K. Grove, H. Karcher, E.A. Ruh, Jacobi Fields and Finsler Metrics on Compact Lie Groups with an Application to Differentiable Pinching Problems, Math. Ann. 211 (1974), 7–21.

[GM] K. Grove, S. Markvorsen, Curvature, triameter, and beyond, Bull. Amer.

Math. Soc. 27 (1992), 261–265. K. Grove, S. Markvorsen, New extremal problems for the Riemannian recognition program via Alexandrov geometry, J. Amer. Math. Soc. 8 (1995), 1–28.

[GP1] K. Grove, P. Petersen, Manifolds near the boundary of existence, J. Differential Geom. 33 (1991), 379–394.

[GP2] K. Grove, P. Petersen, A radius sphere theorem, Invent. Math. 112 (1993), 577–583.

[GS] K. Grove, K. Shiohama, A generalized sphere theorem, Ann. Math. 106 (1977), 201–211.

[GW] K. Grove, F. Wilhelm, Hard and soft packing radius theorems, Ann. Math.

142 (1995), 213–237.

[IR] H.-C. ImHof, E.A. Ruh, An equivariant pinching theorem, Comment. Math.

Helv. 50 (1975), 389–401.

[H] A. Hatcher, A proof of the Smale Conjecture, Diff (S^3) ≃ O(4), Ann. Math.

117 (1983), 553–607.

[K1] W. Klingenberg, Contributions to Riemannian geometry in the large, Ann. Math. 69 (1959), 654–666.

[K2] W. Klingenberg, Über Riemannsche Mannigfaltigkeiten mit positiver Krümmung, Comment. Math. Helv. 35 (1961), 47–54.

[KS] W. Klingenberg, T. Sakai, Injectivity radius estimaste for 1/4-pinched manifolds, Archiv. Math. 34 (1980), 371–376.

[M1] M. Morse, A generalization of the Sturm Separation and Comparison Theorem in n-space, Math. Ann. 103 (1930), 52–69.

SÉMINAIRES & CONGRÈS 1

[M2] M. Morse, The calculus of variations in the large, Amer. Math. Soc., Colloq.

Publ., Providence RI 18 (1934).

[My] S. B. Myers, Riemmanian manifolds in the large, Duke. Math. J. 1 (1935), 39–49.

[OSY] Y. Otsu, K. Shiohama, T. Yamaguchi, A new version of differentiable sphere theorem, Inventiones Math. 98 (1989), 219–228.

[P] G. Perelman, A.D. Alexandrov’s spaces with curvatures bounded from below, II, preprint St. Petersburg, Russia.

[Pl] C. Plaut, Spaces of Wald Curvature Bounded Below, J. Geom. Anal., to appear.

[R] H.E. Rauch, A contribution to differential geometry in the large, Ann. Math.

54 (1951), 38–55.

[R1] E.A. Ruh, Curvature and differentiable structures on spheres, Comment.

Math. Helv. 46 (1971), 127–136.

[R2] E. A. Ruh, Krümmung und differenzierbare Strukturen auf Sphären, II, Math.

Ann. 205 (1973), 113–129.

[R3] E. A. Ruh, Almost Lie Groups, Proc. Int. Congress Math., Berkeley 1 (1986), 561–564.

[S] I. J. Schoenberg, Some applications of the calculus of variations to Riemannian geometry, Ann. Math. 33 (1932), 485–495.

[S1] Y. Shikata, On a distance function on the set of differential structures, Osaka J. Math. 3 (1966), 65–79.

[S2] Y. Shikata, On the differentiable pinching problem, Osaka J. Math. 4 (1967), 279–287.

[Sh] K. Shiohama, Recent developments in sphere theorems, Proc. Amer. Math.

Soc. Symp. Pure Mathematics 54 (Differential Geometry), Part 3 (1993), 551– 576.

[SS] K. Shiohama, M. Sugimoto (improved by H. Karcher), On the differentiable pinching problem, Math. Ann. 195 (1971), 1–16.

[Sm] S. Smale, Diffeomorphisms of the 2-sphere, Proc. Amer. Math. Soc. 10 (1959), 621–626.

[Su] S. Suyama, Differentiable sphere theorem by curvature pinching, J. Math.

Soc., Japan 43 (1991), 527–553.

[Sy] J. L. Synge, On the connectivity of spaces of positive curvature, Quart. J.

Math. Oxford 7 (1936), 316–320.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 1996

[T] V. A. Toponogov, Riemannian spaces with curvature bounded below, Uspehi Mat. Nauk 14 (1959), 87–130.

[W] M. Weiss, Pinching and concordance theory, J. Differential Geom. 38 (1993), 387–416.

[Y] T. Yamaguchi, Collapsing and pinching under a lower curvature bound, Ann. Math. 133 (1991), 317–357.

SÉMINAIRES & CONGRÈS 1