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M. Mancini ∗

PROJECTIVELY NORMAL CURVES DEFINED BY QUADRICS

Abstract. We study the projectively normal embeddings of small degree
of smooth curves of genusg such that the ideal of the embedded curves is
generated by quadrics.

1. Introduction

Let C be a smooth curve of genusg andL a very ample invertible sheaf onC, defining
an embeddingϕL of C in Pd−g+h1(L) with degreed ( we always work on the field of
complex numbersC ).

The problem to determine the value ofd as small as possible for whichϕL(C) is
projectively normal and its ideal is generated by forms of minimal degree has been the
subject of study of many authors in the past.

We recall specifically D. Mumford ( see [12] ), who proved thatevery line bundle
L, with h1(L) = 0, is normally generated onC if d ≥ 2g + 1 and that the ideal of
ϕL(C) is generated by quadrics ifd ≥ 3g + 1; B. St. Donat (see [13] ), who improved
Mumford’s result by showing thatϕL(C) is the intersection of quadrics inPd−g if
d ≥ 2g + 2 and that it is defined by forms of degree≤ 3 if d ≥ 2g + 1; M. Homma
(see [10]), who showed that, whenC is a curve of genusg ≥ 5 neither hyperelliptic,
nor trigonal, nor double covering of an elliptic curve (g ≥ 6 ), nor non-singular plane
quintic, almost all the non-special line bundles of degreed = 2g define an embedding
of C in Pd−g which is projectively normal and whose ideal is generated indegree≤ 3.

In the present paper we are interested in studying this problem for a generic curve
C in Mg.

Giveng ∈ Z such that
(r−1

2

)

≤ g ≤
(r
2

)

, with r ≥ 4, we prove that a generic line
bundleL with d ≥ g+2r −1 embedsC in Pd−g as a projectively normal curve whose
ideal is generated by quadrics, thus improving a result in [5].

2. Projectively normal curves defined by quadratic forms.

Let r, s ∈ Z be such thatr ≥ 4 ands =
(r+1

2

)

+ 2.

Let Z = {P1, ...Ps} be a set of generic points ofP2 such that nor + 1 of them are
collinear and letXs be the blowing-up ofP2 with centerP1, ...Ps.

∗I’d like to thank Prof. A. Gimigliano for introducing me to this subject.
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On Xs we consider the complete linear system

|Dr+1| = |(r + 1)E0 − E1 − ...− Es|.

Since the leastt for which1HZ(t) = 0 is justσ = r + 1, where1HZ(t) denotes
the first difference of the Hilbert function ofZ, the linear system|Dr+1| is very ample
(see [3], Theorem 3.1) and embedsXs in P2r as a smooth rational surfaceV of degree
degV=

(r+2
2

)

− 2.

The surfaceV is arithmetically Cohen-Macaulay (see [7], Proposition 2.1) and its
idealIV is given via two matrices of linear formsX anY of size 3× (r − 1) and 2× 3,
respectively. Namely the generators ofIV are the 2× 2 minors ofX and the entries of
the 2× (r − 1)matrixY · X (see [9], Section 4).

HenceIV is generated by quadrics.

In the divisor class of(r + 1)E0 − 2E1 − ...− 2En − En+1 − ...− Es on Xs, with
0 ≤ n ≤ r − 1, we consider the strict transform̃C of an irreducible plane curve of
degreer + 1 with n nodes as its singular locus.

One can refer to the constructions in [11], p.172 or in [6], Section 1, for a proof of
the existence of such curves.

Via the very ample linear system|Dr+1|, C̃ is embedded inP2r as a smooth curve
C of genusg =

(r
2

)

− n, with 0 ≤ n ≤ r − 1, and degreed = g + 2r − 1.

Let (r + 1)E0 − 2E1 − ...− 2En − En+1 − ...− Es be the divisor class ofC on V .

Notice thatC + E1 + ... + En = H , whereH is the hyperplane divisor class
(r + 1)E0 − E1 − ... − Es on V , henceC ⊂ P2r−1. Furthermoreh0(V,IC,V (1)) =

h0(V,OV (H − C)) = h0(V,OV (E1 + ...+ En)) = 1, thusC is contained in only one
hyperplane section ofV , soC is nondegenerate inP2r−1.

Now, with these assumptions made, we show the following statements:

a) h1(C,OC(1)) = 0.

Consider the exact sequence

0 → IV (1) → IC(1) → IC,V (1) → 0.

SinceV is arithmetically Cohen-Macaulay inP2r we haveh1(P2r ,IC(1)) =

h1(V,IC,V (1)).

On the other hand,h1(V,IC,V (1)) = h1(V,OV (E1 + ... + En)) = 0, by the
Riemann-Roch Theorem onV , so we have thath1(P2r ,IC(1)) = 0.

Thush0(C,OC(1)) = h0(P2r ,OP2r (1)) − h0(P2r ,IC(1)) + h1(P2r ,IC(1)) =

(2r + 1)− 1 = 2r .

Applying the Riemann-Roch Theorem onC, we get

2r = h0(C,OC(1)) = h1(C,OC(1))+ degC+ 1 − g = h1(C,OC(1))+ 2r,

and soh1(C,OC(1)) = 0, as required.
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b) The curve C is projectively normal.

From above we know that the surfaceV is arithmetically Cohen-Macaulay in
P2r , henceh1(P2r ,IV (λ)) = h2(P2r ,IV (λ)) = 0 for all λ ∈ Z.

Thus, from the exact sequence

0 → IV (λ) → IC(λ) → IC,V(λ) → 0,

we deduce that for allλ > 0

h1(P2r ,IC(λ)) = 0 ⇔ h1(V,IC,V (λ)) = h1(V,OV (λH − C)) = 0.

Sinceh1(C,OC(1)) = 0, the curveC is projectively normal if, and only if, it is
linearly and quadratically normal ( e.g. see [2], p. 222] ).

In a) we have already proved thath1(P2r ,IC(1)) = 0, so it remains to show that
C is quadratically normal inP2r .

Consider 2H − C = (r + 1)E0 − En+1 − ... − Es; by construction, the points
Pn+1, ..., Ps impose independent conditions to plane curves of degreer + 1, so

0 = h1(P2,I(r + 1)) = h1(Xs,OXs((r + 1)E0 − En+1 − ...− Es)) =

= h1(V,OV (2H − C)),

whereI is the ideal sheaf inOP2 associated to thePi ’s, i = n + 1, ..., s.

Thush1(P2r ,IC(2)) = 0, as required.

c) The ideal of C is generated by quadrics.

Since the ideal ofV is generated by quadrics, it is enough to prove that the curve
C has its ideal generated in degree 2 in the homogeneous coordinate ring ofV .

LEMMA 1. Let0 ⊆ P
N be a projectively normal curve of degree d and genus g,

with N ≥ 4 and0 ≤ i ≤ N, where i= h1(0,O0(1)). Then:

(i ) if i = 0, 0 is defined by forms of degree≤ 3;

(i i ) if i > 0, 0 is defined by forms of degree≤ 4.

Proof. Consider the exact sequence

0 → I0(m) → OPN (m) → O0(m) → 0.

According to Mumford’s definition of regularity of a sheaf onPN , we say that the ideal
sheafI0 of the curve0 ⊆ PN is m-regular if H j (PN,I0(m − j ) = 0 for all j > 0.

Since the curve0 is projectively normal, when

i = h1(0,O0(1)) = h2(PN,I0(1)) = 0,
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I0 is 3-regular, and this implies that0 is generated by forms of degree≤ 3 (e.g. see
[4], p. 516).

Wheni = h1(0,O0(1)) > 0, with similar arguments we prove thatI0 is 4-regular,
hence thatI0 is generated by forms of degree≤ 4. In fact, we haveh1(PN,I0(3)) = 0,
h2(PN ,I0(2)) = h1(0,O0(2)) = 0 for degree reasons ( using thati ≤ N ), while
h3(PN ,I0(1)) = h2(0,O0(2)) is trivially zero.

From Lemma 1, we know that the ideal ofC can be always generated by forms of
degree≤ 3, hence what we have to show is equivalent to prove that the map

η : H 0(V,OV (2H − C))⊗ H 0(V,OV (H )) → H 0(V,OV (3H − C))

is surjective, i.e. thatH 0(V,IC,V (2))⊗ H 0(V,OV (1)) surjects onH 0(V,IC,V (3)).

We work by induction on the numbern of nodes of the plane model ofC. If
n = 0, the assertion is obvious, asV is generated by quadrics andC coincides with a
hyperplane section ofV .

Suppose the statement is true forn − 1 and consider the exact sequence

(1) 0 → OV (2H − C − En) → OV (2H − C) → OEn (2H − C) → 0,

where 2H − C − En = H + E1 + ...+ En−1 = (r + 1)E0 − En − En+1 − ...− Es.

Sinceh1(V,OV (2H−C−En)) = 0 ( the pointsPn, ..., Ps impose, by construction,
independent conditions to plane curves of degreer + 1 ), we can apply the following
lemma.

LEMMA 2 (SEE [12], P.46). LetL,F1,F2,F3 be coherent sheaves on a scheme
X. If

0 → F1 → F2 → F3 → 0

is an exact sequence and H1(X,F1) = 0, then the sequence

S(F1,L) → S(F2,L) → S(F3,L)

is exact, where each S(Fi ,L) is defined by the exact sequence

H 0(X,Fi )⊗ H 0(X,L) → H 0(X,Fi ⊗ L) → S(Fi ,L).

Thus, from (1), we get the exact sequence:

S(OV (2H − C − En),OV (H )) → S(OV (2H − C),OV (H ))→

→ S(OEn (2H − C),OV (H )).

By the induction hypothesisS(OV (2H − C − En),OV (H )) = 0, hence we will
haveS(OV (2H − C),OV (H )) = 0 wheneverS(OEn (2H − C),OV (H )) = 0, i.e. if
the map

ψ : H 0(En,OEn (2H − C))⊗ H 0(V,OV (H ))→ H 0(En,OEn (3H − C))
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is surjective.

SinceEn.(2H − C) = En.(H + E1 + ... + En) = 0, we haveOEn (3H − C) =

OEn (2H + E1 + ... + En) ∼= OEn(H ) ⊗ OEn (H + E1 + ... + En) ∼= OEn (H ) ⊗

OEn
∼= OEn(H ), thusψ multiplies the sections ofOV (H ) by constants and then it

restricts them toEn. Soψ is trivially surjective, as we wanted to show, and this implies
S(OV (2H − C),OV (H )) = 0 andη is surjective as required

Now we can prove our main result.

PROPOSITION 1. Let r, g ∈ Z be such that r≥ 4 and
(r−1

2

)

≤ g ≤
(r
2

)

. Let

C be a generic curve of genus g andL ∈ Wd−g
d (C) a generic line bundle of degree

d ≥ g + 2r − 1. Then the embedding of C inPd−g via the line bundleL is projectively
normal and its ideal is generated by quadrics.

Proof. We recall that, if a generic line bundleL of degreed on a smooth curveC is
normally generated, then also the generic line bundle of degreed + 1 onC is normally
generated (see [8], p. 129), hence it is enough to prove the statement of the proposition
in the cased = g + 2r − 1.

We reconsider the curveC ⊂ P2r−1 of genus
(r−1

2

)

≤ g ≤
(r
2

)

and degreed =

g+2r −1 on the projective embedding ofXs, s =
(r+1

2

)

+2, via the very ample linear
system|(r + 1)E0 − E1 − ...− Es|.

By [5], Lemma 4.7,C ∈ V ′, whereV ′ is the open subset of the Hilbert scheme
Hilb2r−1

d,g whose points parametrize smooth projectively normal curves defined by
quadratic forms.

Sinceh0(C,OC(−1)⊗ ωC) = h1(C,OC(1)) = 0, the map

µ0 : H 0(OC(1))⊗ H 0(OC(−1)⊗ ωC) → H 0(ωC)

is the 0-map, which is trivially injective, hence, by the following proposition,V ′ has
general moduli.

PROPOSITION2 (SEE [14] AND [1]). Let C ⊂ Pr , with r ≥ 3, be a nondegenerate
curve of degree d and genus g. Assume that

(i ) h0(C,OC(1)) = r + 1

(i i ) the natural mapµ0 : H 0(OC(1))⊗ H 0(OC(−1)⊗ωC) → H 0(ωC) is injective.

Then H1(NC) = 0, where NC is the normal line bundle of C inPr , i.e. C is parame-
trized by a smooth point of H ilbrd,g, which will belong to an unique open set V parame-
trizing nondegenerate curves of genus g and degree d, and V has general moduli.

This implies that the generic curve of genusg can be embedded inP2r−1 as a
projectively normal curve defined by quadrics, with the samedegree as the curveC, by
some very ample invertible sheafL ∈ W2r−1

d (C).

We conclude the proof by recalling that, for any smooth curveC of V ′,
W2r−1

g+2r−1(C) is irreducible, so the generic element ofW2r−1
g+2r−1(C) will embedC as a
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projectively normal curve whose ideal is generated by quadrics ( see [6], Theorem 3.1
or [5] ).
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