PORTUGALIAE MATHEMATICA

Vol. 63 Fasc. 3 – 2006 Nova Série

F_1F_2F_3F_4F_5F_6F_8F_{10}F_{12} = 11!

Florian Luca and Pantelimon Stănică

Abstract: In this paper, we show that the equality appearing in the title gives the largest solution of the diophantine equation

F_{n1} . . . F_{nk} = m_1! . . . m_t! ,

where 0 < n_1 < · · · < n_k and 1 ≤ m_1 ≤ m_2 ≤ . . . ≤ m_t are integers.

1 – Introduction

Recall that the Fibonacci sequence denoted by (F_n)_{n≥0} is the sequence of integers given by F_0 = 0, F_1 = 1 and F_{n+2} = F_{n+1} + F_n for all n ≥ 0.

There are many papers in the literature which address diophantine equations involving Fibonacci numbers. A long standing problem asking whether 0, 1, 8 and 144 are the only perfect powers in the Fibonacci sequence was recently confirmed by Bugeaud, Mignotte and Siksek [2]. An extension of such a result to diophantine equations involving perfect powers in products of Fibonacci numbers whose indices form an arithmetic progression was obtained in [7]. For example, the only instance in which a product of consecutive terms in the Fibonacci sequence is a perfect power is the trivial case F_1F_2 = 1.

There are also a few papers in the literature which address diophantine equations involving members of the Fibonacci sequence and factorials. For example, in [6] it is shown that the largest solution of the diophantine equation F_n = m_1! . . . m_t! in positive integers n and 2 ≤ m_1 ≤ m_2 ≤ · · · ≤ m_t is F_{12} = 2!^2 3!^2 = 3! 4!, while in [4] it is shown that the largest solution of the diophantine equation F_n = m_1! ± m_2! is F_{12} = 3! + 4!.

Received: August 23, 2004; Revised: August 23, 2005. AMS Subject Classification: Primary 11B39; Secondary 11D72. Keywords: Fibonacci numbers; diophantine equations.

2 – Main Result

In this note, we extend the main result from [6] and we prove the following result.

Theorem 1. The largest solution of the diophantine equation

(1) F_{n1} F_{n2} . . . F_{nk} = m_1! . . . m_t!

with positive integers 3 ≤ n_1 < · · · < n_k and 2 ≤ m_1 ≤ m_2 ≤ · · · ≤ m_t is

(2) F_3F_4F_5F_6F_8F_{10}F_{12} = 11!

In the above theorem, we did not allow the indices n_j to be 1 or 2 because F_1 = F_2 = 1, and we imposed the restriction m_i ≥ 2 for the same reason because 0! = 1! = 1. Note that the numbers m_i are not necessarily distinct for i = 1, . . . , t, while the numbers n_j are distinct for j = 1, . . . , k. We imposed the restriction that the indices n_j are distinct, for if not, then the above equation (1) will have infinitely many solutions (for example, raising the equality (2) to any power will produce another solution).

By the largest solution in the statement of the above theorem we mean that if (n_1, . . . , n_k) are distinct positive integers ≥ 3 such that F_{n1} . . . F_{nk} is a product of factorials, then {n_1, . . . , n_k} ⊆ {3, 4, 5, 6, 8, 10, 12}. That being said, a solution to (1) is of the form

F^{ϵ1}_3 F^{ϵ2}_4 F^{ϵ3}_5 F^{ϵ4}_6 F^{ϵ5}_8 F^{ϵ6}_{10} F^{ϵ7}_{12} = ∏ i m_i! ,

where ϵ_i ∈ {0, 1}. For easy writing, we label [ϵ_1, ϵ_2, . . . , ϵ_7] the left hand side of the previous equation. With this notation, a computer program (assuming Theorem 1) revealed the following corollary (we do not write every possible product of factorials; for instance, (2!)^4 (3!)^3 is written as 3! (4!)^2, that is, we maximize the involved factorials).

Corollary 2. The solutions to equation (1) are

[1, 0, 0, 0, 0, 0, 0] = 2! ; [1, 1, 0, 0, 0, 0, 0] = 3! ; [0, 0, 0, 1, 0, 0, 0] = (2!)^3 ; [1, 0, 0, 1, 0, 0, 0] = (2!)^4 ; [0, 1, 0, 1, 0, 0, 0] = 4! ; [1, 1, 0, 1, 0, 0, 0] = 2! 4! ; [0, 1, 1, 1, 0, 0, 0] = 5! ; [0, 0, 0, 0, 0, 0, 1] = 3! 4! ; [1, 1, 1, 1, 0, 0, 0] = 2! 5! ; [1, 0, 0, 0, 0, 0, 1] = 2! 3! 4! ; [0, 1, 0, 0, 0, 0, 1] = 2! (3!)^3 ; [0, 0, 1, 0, 0, 0, 1] = 3! 5! ; [1, 1, 0, 0, 0, 0, 1] = (3!)^2 4! ; [0, 0, 0, 1, 0, 0, 1] = 2! (4!)^2 ; [1, 0, 1, 0, 0, 0, 1] = 2! 3! 5! ; [1, 0, 0, 1, 0, 0, 1] = (2!)^2 (4!)^2 ; [0, 1, 0, 1, 0, 0, 1] = 3! (4!)^2 ; [1, 1, 1, 0, 0, 0, 1] = (3!)^2 5! ; [1, 1, 1, 1, 1, 0, 0] = 7! ; [0, 0, 1, 1, 0, 0, 1] = 2! 4! 5! ; [1, 1, 0, 1, 0, 0, 1] = 2! 3! (4!)^2 ; [1, 0, 1, 1, 0, 0, 1] = (2!)^2 4! 5! ; [0, 1, 1, 1, 0, 0, 1] = 3! 4! 5! ; [1, 0, 1, 0, 1, 0, 1] = 3! 7! ; [1, 1, 1, 1, 0, 0, 1] = 2! 3! 4! 5! ; [0, 0, 1, 1, 1, 0, 1] = 4! 7! ; [1, 0, 1, 1, 1, 0, 1] = 2! 4! 7! ; [0, 1, 1, 1, 1, 0, 1] = 2! (3!)^2 7! ; [1, 1, 1, 1, 1, 0, 1] = 3! 4! 7! ; [1, 1, 1, 1, 1, 1, 1] = 11! .

Throughout this paper, we use p, q and r to denote prime numbers. For a positive real number x we use log x for its natural logarithm. By p^e||n we mean that p^e|n, but p^{e+1} ̸| n.

3 – The Proof

We assume that 3 ≤ n_1 < n_2 < · · · < n_k and 2 ≤ m_1 ≤ · · · ≤ m_t are integers satisfying equation (1). We write N = n_k and M = m_t. We shall find upper bounds on N and M.

Recall that if m is any nonnegative integer then the identity

F_m = α^m − β^m α − β

holds, where α =^{1+} √ 5 2 and β =^{1−} √ 5 2 . We start by recalling the classical argument which leads to a proof of the Primitive Divisor Theorem (see, for example, [3, 9]). We have

F_m = ∏ 1≤k<m ( α − e^{2πikm} β ) .

Write Φ_m = ∏ 1≤k<m gcd(k,m)=1 ( α − e^{2πikm} β ) .

By the principle of inclusion and exclusion

(3) Φ_m =

(α^m − β^m) ∏ p|m ( α^{mp} − β^{mp} ) ·

∏ p<q pq|m ( α^{mpq} − β^{mpq} )

∏ p<q<r pqr|m ( α^{mpqr} − β^{mpqr}

) · · · .

Using now the trivial fact that the inequalities

α^ℓ − β^ℓ ≥ α^ℓ − |β|^ℓ = ( α − |β| ) ( α^{ℓ−1} + α^{ℓ−2}|β| + · · · + |β|^{ℓ−1} ) ≥ α^{ℓ−1} and α^ℓ − β^ℓ < 2 α^ℓ < α^{ℓ+2}

hold for every positive integer ℓ, we then get, by (3), that the inequality

(4) Φ_m ≥ α ( m − ∑ p|m m p + ∑ p<q pq|m m pq − ... ) − 3·2^{ω(m)−1}

= α^{ϕ(m)−3·2ω(m)−1}

holds, where we use ϕ(m) and ω(m) to denote the Euler function of m and the number of distinct prime factors of m, respectively.

In order to get an upper bound on N, it suffices to assume that N is large. Thus, we assume that N >12. By the cyclotomic criterion (see Theorem 2.4 in [1]), it follows that we have a representation

Φ_m = A_m B_m

with positive integers A_m and B_m where A_m ≤ m and every prime factor of B_m is congruent to ±1 (mod m). Thus,

(5) B_m ≥ 1 m · α^{ϕ(m)−3·2ω(m)−1} .

We now make the following claim.

Claim 1. There exists N_0 such that if N > N_0 then one of the following holds:

(i) M > N^65 ;

(ii) If s is the smallest index in {1, . . . , t} such that m_s ≥ N −1, then t − s + 1 > N^15 .

We now prove the above claim and find a suitable value for N_0. Well, assume that M and N are such that the above claim does not hold. In this case, we let p be an arbitrary prime number ≡ ±1 (mod N) dividing

∏_t

j=1m_j!. Clearly, p ≥ N −1, therefore p |

∏_t

j=s m_j! | (M!)^{t−s+1}. We compute an upper bound for the exact order at which p divides (M!)^{t−s+1}. The order at which p divides M! equals ⌊ M p ⌋ + ⌊ M p^2 ⌋ + . . . < M p + M p^2

+ . . . = M p − 1 ≤ N^65 N − 2

< N^{15} + 2 ,

where in the above inequality we used the fact that M ≤ N^{6/5} together with the fact that N > 12. This shows that if p ≥ N −1 and p^{αp} || (M!)^{t−s+1}, then α_p < (N^15 +2) (t−s+1) ≤ N^15 (N^15 +2).

Hence, ∏ p^{αp} ||(M!)^{t−s+1} p≡±1 (mod N)

p^{αp} ≤ M^N 1 5 (_{N 15 +2})(_π(_{N 65 ,N,−1})_{+π}(_{N 65 ,N,1})) ,

where, as usual, we write π(x, k, l) for the number of primes p ≤ x which are congruent to l (mod k). Since clearly π(N^65 , N, ±1) ≤ N^15 + 1, we get that (6) ∏ p^{αp} ||(M!)^{t−s+1} p≡±1 (mod N)

p^{αp} ≤ exp ( 2N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log ( N^{65} )) .

Since B_N obviously divides the number appearing in the left hand side of the above inequality, we get, from (5) and (6), that 1 N · α^{ϕ(N)−3·2ω(N)−1} ≤ B_N ≤ ∏ p^{αp} ||(M!)^{t−s+1} p≡±1 (mod N)

p^{αp}

≤ exp ( 12 5 · N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log N ) . By taking logarithms of both sides the above inequality becomes (7) ( ϕ(N) − 3 · 2^{ω(N)−1} ) log α − log N < 12 5 · N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log N .

We now show that we can choose N_0 = 5 · 10^7. Indeed, assume that N > 5 · 10^7. In this case, we show that 3 · 2^{ω(N)−1} < √ N. This inequality holds if ω(N) ≤ 12 because 3 · 2^{ω(N)−1} ≤ 6 · 2^{10} < 7 · 10^3 < √ N . Assume now that ω(N) ≥ 13 and let p_1 < p_2 < · · · < p_ℓ be all the prime factors of N. Here, ℓ = ω(N). Then, √ N ≥ ∏_ℓ i=1 √ p_ℓ. Since √ p_ℓ ≥ √ 41 > 6, √ p_{ℓ−1} ≥ √ 37 > 4 and √ p_i > 2 holds for i = 3, . . . , ℓ−2, we get that √ N > 2^{ℓ−2−3+1} · 4 · 6 = 3 · 2^{ℓ−1} = 3 · 2^{ω(N)−1} ,

which is the desired inequality. Thus, if inequality (7) holds for some N > 5 · 10^7, then the inequality (8) ( ϕ(N) − √ N ) log α − log N < 12 5 · N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log N

also holds. By Lemma 4.1 in [9], we know that ϕ(N) > N/ log N holds for all N ≥ 2 · 10^9. Thus, if N ≥ 2 · 10^9, then inequality (8) leads to (9) ( N log N − √ N ) log α − log N < 12 5 · N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log N .

We used Mathematica and checked that the largest solution of this inequality is < 1.6 · 10^9, which is impossible. Thus, N < 2 · 10^9. By Lemma 4.2 in [9], we know that in this range ϕ(N) > N/6. Thus, inequality (8) leads to the inequality

(10) ( N 6 − √ N ) log α − log N < 12 5 · N^{15} ( N^{15} + 2 )( N^{15} + 1 ) log N .

With Mathematica, we checked that the largest solution N of inequality (10) is < 7 · 10^6. This indeed shows that the claim is true with N_0 = 5 · 10^7.

We now show that, in fact, N ≤N_0. Indeed, assume that N >N_0. By Claim 1, it follows that either (i) or (ii) holds. If (i) holds, then the exponent at which 2 appears in the right hand side of equation (1) is

(11) ≥ ⌊ M 2 ⌋ + ⌊ M 4 ⌋ + . . . ≥ M − log ( M + 1 ) log 2

> N^{65} − log ( N^65 + 1 ) log 2 , while if (ii) holds, then the exponent at which 2 appears in the right hand side of equation (1) is

(12) ≥ ( t − s + 1 ) (⌊ N − 1 2 ⌋ + ⌊ N − 1 4 ⌋ + . . . ) > N^{15} ( N − 1 − log N log 2 ) .

In is easy to check that in our range the right hand side of (12) is smaller than the right hand side of (11). Thus, in either case, the order at which 2 appears in the right hand side of equation (1) is

(13) > N^{15} ( N − 1 − log N log 2 ) . It is known (see [5]) that if ℓ is a positive integer and 2^ℓ||F_n then n is an odd multiple of 3 if ℓ = 1, and n = 2^{ℓ−2} · 3 · m, where m is coprime to 6 if ℓ ≥ 3 (the instance ℓ = 2 can never occur). This shows that the exponent at which 2 appears in F_n is

≤ 2 + log(n/3) log 2 = log (_{4n} 3 ) log 2 . Since

F_{n1} F_{n2} . . . F_{nk} |^N∏ n=1 F_n ,

it follows that the order at which 2 appears in the left hand side of equation (1) does not exceed

(14) 1 log 2 N∑ n=1 log ( 4n 3 ) ≤ N log (_{4N} 3 ) log 2 . Comparing (13) with (14), we get the inequality

(15) N^{15} ( N − 1 − log N log 2 ) < N log (_{4N} 3 ) log 2 , whose largest solution N is < 7 · 10^6. This contradicts the fact that N ≥ N_0.

In conclusion, any solution of equation (1) has N ≤ N_0. We now show that M < 10^{14}. We clearly have that N∏ n=1 F_n ≥ F_{n1} . . . F_{nk} ≥ M! ≥ ( M e )_M , where the last inequality follows from Stirling’s formula. Since the inequality F_n < α^n holds for all positive integers n, we get that ( M e )_M

< α^{∑Nn=1 n} = α^{N(N+1)/2} , which, after taking logarithms and using the fact that N ≤ N_0 = 5 · 10^7, leads to

M log(M/e) <

N_0(N_0 + 1) log α 2 . This inequality implies that M < M_0 = 10^{14}.

It now remains to cover the range M ≤ M_0. Assume first that M ≥ M_1 = 1069. In this case, 1069 divides the right hand side of equation (1). The entry point of 1069 (i.e., the smallest positive integer k such that 1069|F_k) is 89. However, F_{89} is also divisible with the 16 digit prime 1665088321800481 which exceeds M_0. Thus, M < M_1. Assume now that M ≥ M_2 = 73. In this case, 73 divides the right hand side of equation (1). The entry point of 73 is 37. However, F_{37} is also divisible with the prime 2221 which exceeds M_1. Thus, M < M_2. Assume now that M ≥ M_3 = 37. In this case, 37 divides the right hand side of equation (1). The entry point of 37 is 19. However, F_{19} is also divisible with the prime 113 which exceeds M_2. Thus, M < M_3, therefore the largest prime factor of the number appearing in either side of equation (1) is ≤ 31. By the Primitive Divisor Theorem (see [1, 3, 9]), it follows that F_N has a prime factor ≥ N −1 if N ≥ 12. Thus, N ≤ 32. A quick computation revealed that the only Fibonacci numbers F_n whose largest prime factor is ≤ 31 are the ones corresponding to n ∈ A = {3, 4, . . . , 10, 12, 14, 18, 24}. However, if n_i ∈ {9, 14, 18, 24} for some i = 1, . . . , k, then M ≥ 19. In particular, 5^3 divides the right hand side of equation (1). On the other hand, if 5|F_n for some n ∈ A, then n ∈ {5, 10} and 5||F_n in both cases. This shows that n_i ∈ {3, 4, 5, 6, 8, 10, 12} and the product of all the Fibonacci numbers whose indices are in this last set is 11!, which completes the proof of Theorem 1.

4 – Comments

Recall that if r and s are coprime integers with rs ≠ 0, Δ = r^2 + 4s ≠ 0 and such that the roots γ, δ of the quadratic equation

x^2 − rx − s = 0

have the property that γ/δ is not a root of 1, then the sequences (u_n)_{n≥0} and (v_n)_{n≥0} of general terms

u_n = γ^n − δ^n γ − δ and v_n = γ^n + δ^n

are called Lucas sequences of the first and second kind, respectively.

Arguments similar to the ones used in this paper combined with standard arguments from the theory of linear forms in logarithms of algebraic numbers (see [8]) lead to the following generalization of Theorem 1.

Theorem 3. Let (w_n)_{n≥0} be a Lucas sequence of the first or second kind. Then there exists an effectively computable constant c depending only on the sequence (w_n)_{n≥0} such that all the solutions of the diophantine equation

w_{n1} . . . w_{nk} = m_1! . . . m_t! ,

in positive integer unknowns 1 < n_1 < · · · < n_k and 2 ≤ m_1 ≤ · · · ≤ m_t have max{n_k, m_t} < c.

A similar result as the one above holds with the Lucas sequence (w_n)_{n≥0} replaced by a classical Lehmer sequence, for the definition of which we refer the reader to the papers [1, 9].

ACKNOWLEDGEMENTS – This work was done during a visit of Florian Luca at the Mathematics Department of the Auburn University at Montgomery. He thanks the people of this department for their warm hospitality. This author was also partly supported by a Guggenheim Fellowship.

REFERENCES

[1] Bilu, Yu.; Hanrot, G. and Voutier, P.M. – Existence of primitive divisors of Lucas and Lehmer numbers, J. Reine Angew. Math., 539 (2001), 75–122.

[2] Bugeaud, Y.; Mignotte, M. and Siksek, S. – Classical and modular approaches to exponential diophantine equations. I. Fibonacci and Lucas powers, Ann. of Math. (2), 163(3) (2006), 969–1018.

[3] Carmichael, R.D. – On the numerical factors of arithmetic forms α^n ± β^n’, Ann.

Math., 15(2) (1913), 30–70.

[4] Grossman, G. and Luca, F. – Sums of factorials in binary recurrence sequences, J. Number Theory, 93 (2002), 246–284.

[5] Jacobson, E. – Distribution of the Fibonacci numbers mod 2^k, Fibonacci Quart., 30 (1992), 211–215.

260 FLORIAN LUCA and PANTELIMON ST^˘ANIC^˘A

[6] Luca, F. – Products of factorials in binary recurrence sequences, Rocky Mtn. J.

Math., 29 (1999), 1387–1411.

[7] Luca, F. and Shorey, T.N. – Diophantine equations with products of consecutive terms in Lucas sequences, J. Number Theory, 114(2) (2005), 298–311.

[8] Shorey, T.N. and Tijdeman, R. – Exponential Diophantine Equations, Cambridge University Press, 1986.

[9] Ward, M. – The intrinsic divisors of Lehmer numbers, Ann. Math., 62(2) (1955), 230–236.

Florian Luca, IMATE, UNAM, Ap. Postal 61-3 (Xangari), CP. 58 089 Morelia, Michoacán — MEXICO E-mail: fluca@matmor.unam.mx and Pantelimon Stănică, Auburn University Montgomery, Department of Mathematics, Montgomery, AL 36124-4023 — USA E-mail: pstanica@mail.aum.edu

Current affiliation:

Naval Postgraduate School, Department of Applied Mathematics, Monterey, CA 93943 — USA E-mail: pstanica@nps.edu