PORTUGALIAE MATHEMATICA

Vol. 55 Fasc. 4 – 1998

RANDOM EVOLUTIONS PROCESSES INDUCED BY DISCRETE TIME MARKOV CHAINS

M. Keepler

Abstract: Research on the random evolution of a family of semigroups induced by a finite-state, continuous-time, stationary Markov chain was begun by Griego and Hersh in 1969. Subsequently limit theorems and applications for random evolutions have appeared in many places and the theory of random evolutions has been extended and generalized in many directions. In this paper, we extend the theory of random evolutions to discrete time Markov chains. Also, we use the idea of a reversed Markov chain to exhibit subtle connections between forward and backward random evolutions. Aside from their probabilistic significance, the results contribute to the general theory of discrete semigroups.

1 – Introduction

A random evolution describes a situation in which a Markov process controls the development of another process, the other process being described by operators on a Banach space. A connection between random evolutions and products of random matrices is made by Cohen in [3]. This connection is then used in predicting the long-run growth rate of a single-type, continuously changing population in a randomly varying environment using only a sample of the continuous-time random evolution taken at time t = 1. In [4 and 5], he describes in more detail how a population in a random environment can be modeled by a continuous-time random evolution observed at discrete points in time and why eigenvalue inequalities arise naturally. The discrete random evolution considered

Received: March 17, 1997.

AMS 1991 Subject Classifications: Primary 47D05, 47G05; Secondary 60F05, 60J25. Keywords and Phrases: Random evolution, Markov chain, semigroups of operators, stochastic initial value problem.

by Korolyuk and Swishchuk [17] can be considered as an imbedded random evolution, as can the ones considered by Cohen [3–5], in analogy with the notation of an imbedded Markov chain. Conditions necessary for a discrete time Markov chain to be imbeddable in a continuous time Markov chain with the same state space were formulated by Kingman in [16].

Griego and Hersh [7 and 8] were the first to find that certain abstract Cauchy problems are related to random evolutions. In [11] we gave an alternative formulation of random evolutions that furnished both the backward and forward equations for random evolutions. Forward random evolutions provide a probabilistic approach to the study of a different class of Cauchy problems to those of the backward random evolutions of Griego–Hersh. The theory of random evolutions was extended to the case where the inducing Markov chain is non-stationary in [12], there an explicit connection between random evolutions and the famous Phillips Perturbation series is developed. Earlier in this journal [14], the author studied random evolutions with underlying continuous-time, countable state space Markov chains.

In this paper we consider random evolutions with underlying discrete-time Markov chains. The proofs utilize the sample path methods of [8 and 15]. The sample path approach gives additional insight as to how the random evolution structure relates to the mechanisms of the Markov chain.

Surveys of the early literature on random evolutions are given in the papers of Cohen [5] and Hersh [9]. Applications and limit theorems for random evolutions are given in the book of Ethier–Kurtz [6]. In his book [10], Iordache studies the role played by random evolutions and other dynamical systems in chemical engineering. Abstract mathematical models of evolutionary stochastic systems in random media, namely, random evolutions are studied in detail by Korolyuk and Swishchuk in the monograph [17]. There the random evolutions studied are induced by semi-Markov processes, for the most part. The reader is referred to Ethier–Kurtz [6] and Korolyuk–Swishchuk [17] for the necessary facts about semigroups and to Adke and Manjunath [1] and Chung [2] for information about Markov chains.

2 – We use the following notation and assumptions Z = {0, 1, 2, ...} . {X(n); n ∈ Z} is a stationary Markov chain taking values in {1, 2, ..., N} and having transition matrix P , where P = ⟨p_{αβ} ⟩ , 1 ≤ α, β ≤ N with p_{αβ} ≥ 0 for 1 ≤ α, β ≤ N and N∑ β=1 p_{αβ} = 1 .

P_j [·] denotes the probability measure define on the sample paths X(·), given that X(0) = j; E_j [·] denotes integration with respect to P_j [·]. f̃ = ⟨f_j⟩_{1≤j≤N} ∈ B̃ = B^N where B is a fixed Banach space. We equip B̃ with any appropriate norm so that ‖f̃‖ → 0 as ‖f_i‖ → 0 for each i. Let {T_i, 1 ≤ i ≤ N} be bounded linear operators defined on B. We define the backward random evolution {R(n): n ∈ Z} by

R(n) = T_{X(0)} T_{X(1)} · · · T_{X(n)} , n ≥ 1 ,

with R(0) = I, the identity operator. For n ∈ Z define R̃(n) on B̃ = B^N , specified componentwise, by

(R̃(n) f̃)_j = E_j [R(n) f_{X(n)}] .

Theorem 1. (i) {R̃(n); n ∈ Z} is a discrete semigroup of bounded, linear operators on B̃, and

(ii) ũ(n) = R̃(n) f̃ solves the initial value problem

(2.1) u_j(n + 1) = N∑ k=1 p_{jk} T_j u_k(n) , ũ(0) = f̃ ∈ B̃ .

Proof of (i): (See Griego–Hersh [8, page 410]).

It is easy to see that R̃(n) is a bounded linear operator. Thus, we need to check the semigroup property. It suffices to show that for each i, ( R̃(n + m) f̃ ) i = ( R̃(n) R̃(m) f̃ ) i .

Now, ( R̃(n + m) f̃ ) i = E_i [ R(n + m) f_{X(n+m)} ]

= E_i [ E_i [ R(n + m) f_{X(n+m)} | F_n ]] (where F_n is the σ-algebra generated by the random variables X(k), 0≤k ≤n) = E_i [ E_i [ R(n) R(m) ∘ θ_n f_{X(m)} ∘ θ_n | F_n ]] (θ_n is the shift operator defined by the requirement that X(k, θ_nw)=X(k+n, w) for every k ∈ Z) = E_i [ R(n) E_i [ R(m) ∘ θ_n f_{X(m)} ∘ θ_n | F_n ]]

= E_i [ R(n) E_{X(n)} [ R(m) f_{X(m)} ]] (by the Markov property of X) = E_i [ R(n) (R̃(m) f̃)_{X(n)} ] = (R̃(n) R̃(m) f̃)_i .

Proof of (ii):

u_j (n + 1) = E_j [ R(n + 1) f_{X(n+1)} ]

= N∑ k=1 E_j [ R(n + 1) f_{X(n+1)}; X(1) = k ]

= N∑ k=1 T_j p_{jk} E_k[R(n) f_{X(n)}]

(by the Markov property of X = N∑ k=1 p_{jk} T_j u_k(n) . Now, consider the forward random evolution

S(0) = I , S(n) = T_{X(n)} T_{X(n−1)} · · · T_{X(0)} , n ≥ 1 . Define S̃(n) on B̃ by

(S̃(n) f̃)_j = N∑ k=1 E_k [ S(n) f_k ; X(n) = j ] .

Theorem 2. (i) {S̃(n); n ∈ Z} is a discrete semigroup of bounded linear operators in B̃, and

(ii) w̃(n) = S̃(n) f̃ solves the initial value problem

(2.2) w_j(n + 1) = N∑ i=1 p_{ij} T_j w_i(n) , w̃(0) = f̃ .

Proof of (ii):

w_j(n + 1) = N∑ R=1 E_k [ S(n + 1)f_k ; X(n + 1) = j ]

= N∑ k=1 N∑ i=1 E_k [ T_{X(n+1)} T_{x(n)} · · · T_{X(0)} f_k ; X(n) = i, X(n + 1) = j ]

= N∑ i=1 p_{ij} T_j N∑ k=1 E_k [ T_{X(n)} · · · T_{X(0)} f_k ; X(n) = i ]

= N∑ i=1 p_{ij} T_j w_i(n) .

The proof of part (i) is like that of part (i) of Theorem 1 with changes suggested by the proof of Theorem 1 in [15].

Let A = diag(T_1, T_2, ..., T_N ) then by (2.1) and (2.2) we have, in matrix form,

ũ(n + 1) = A P ũ(n) and w̃(n + 1) = A P^T w̃(n) .

3 – In order to compare the backward and forward random evolutions further, we now assume that the transition matrix P of X has one as a simple eigenvalue. Thus, P has a unique left eigenvector p = ⟨p_α⟩, ∑_N α=1 p_α = 1. Such a Markov chain has an associated reversed chain X̂ with transition matrix P̂ = ⟨p̂_{αβ} ⟩, 1 ≤ α, β ≤ N, where p̂_{αβ} =^{pβ}_{pα} p_{βα}.

Now, define the backward forward random evolutions induced by X̂, R̂(n) and Ŝ(n) respectively. As in Theorems 1 and 2, the expectation operators, ^̃R(n) and ^̃S(n) are discrete semigroups of bounded linear operators on B̃, and

(i) ũ(n) = ^̃R(n)f̃ solves the initial value problem

(3.1) u_j(n + 1) = N∑ k=1 p̂_{jk} T_j u_k(n)

ũ(0) = f̃ .

(ii) w̃(n) = ^̃S(n)f̃ solves the initial value problem

(3.2) w_j (n + 1) = N∑ i=1 p̂_{ij} T_j w_i(n)

w̃(0) = f̃ .

With some manipulation of the matrices defined above we obtain the following comparison theorem.

Theorem 3. Let ∏ = diag(p_1, p_2, ..., p_N ).

Then equations (2.1) and (2.2) may be written in matrix form as

ũ(n + 1) = A P ũ(n)

and w̃(n + 1) = A P^T w̃(n) , respectively .

Similarly, (3.1) and (3.2) in matrix form are

ũ(n + 1) = A [∏_{−1} P^T ∏] ũ(n) and w̃(n + 1) = A [∏ P^T ∏_{−1}] w̃(n) , respectively .

Since ∏ is a diagonal matrix, we have shown (see an analogous result for reversible countable state space Markov chains in [14])) that the forward evolution for the reversed chain is essentially the same as the backward evolution for the original chain and the backward evolution for the reversed chain is essentially the same as the forward evolution for the original chain.

4 – The “jump” operator case can be handled in a similar manner. We suppose B, B̃, A, and X are given as in Section 2 and let {C_{αβ} }, 1 ≤ α, β ≤ N, be bounded linear operators defined on the Banach space B. We define the jump backward random evolution {R(n); n ∈ Z} by

R(n) = T_{X(0)} C_{X(0)X(1)} T_{X(1)} · · · C_{X(n−1)X(n)} T_{X(n)} , n ≥ 1 , with R(0) = I. The expectation semigroup {R̃(n); n ∈ Z} is defined on B̃ by {R̃(n)f̃)_j = Ej[R(n)f_{X(n)}]. With this notation the following theorem is proved using the methods of Section 2.

Theorem 4. (i) {R̃(n) ; n ∈ Z} is a discrete semigroup of bounded linear operators on B̃, and

(ii) ũ(n) = R̃(n)f̃ solves the initial value problem

(4.1) u_j (n + 1) = N∑ k=1 T_j p_{jk} C_{jk} u_k(n) , ũ(0) = f̃ ∈ B̃ . Now, define a jump forward random evolution {S(n) ; n ∈ Z} by reversing the order of the operators in R(n) above. Analogous to the case of Section 2, we define

(S̃(n) f̃)_j = N∑ k=1 E_k [ S(n) f_k ; X(n) = j ] . Using the method of Section 2, we get that S̃(n) is a discrete semigroup of bounded linear operators in B̃ and

Theorem 5. W̃ (n) = S̃(n)f̃ solves the initial value problem

(4.2) w_j (n + 1) = N∑ i=1 T_j p_{ij} C_{ij} w_i(n) , w̃(0) = f̃ ∈ B̃ .

5 – The system of equations (2.1) taken with the system of equations (2.2) form a formally adjoint system. The relation between (2.1) and (2.2) shows up more clearly in the case of non-stationary transition probability matrix. Also, in the theory of continuous-time random evolutions, the non-stationary case is both interesting and applicable (see [12] and [17]). Thus, in this section we shall extend the theory of backward and forward random evolutions to the nonstationary case.

Suppose X(n) is a nonstationary Markov chain on {1, 2, ..., N} with transition matrix P (m) = ⟨p_{αβ}(m)⟩ 1 ≤ α, β ≤ N , such that p_{αβ} (m) = P [X(m + 1) = β | X(m) = i] for m ∈ Z^+. Let P_{α,m} be the probability measure defined on sample paths for X under the condition X(m) = α. E_{α,m} denotes integration with respect to P_{α,m}.

A backward random evolution {R(n, m) ; 0 ≤ n ≤ m} is defined by R(n, m) = T_{X(n)} T_{X(n+1)} · · · T_{X(m)} where R(n, n) = I. For 0 ≤ n ≤ m define the operator R̃(n, m) on B̃ by ( R̃(n, m) f̃ ) j = E_{j,n} [ R(n, m) f_{X(m)} ] . A forward random evolution {S(n, m) ; 0 ≤ n ≤ m} is defined by S(n, m) = T_{X(m)} T_{X(m−1)} · · · T_{X(n)}, where S(m, m) = I. For 0 ≤ n ≤ m define the operator S̃(n, m) on B̃ by ( S̃(n, m) f̃ ) j = N∑ k=1 E_{k,n} [ S(n, m)f_k ; X(m) = k ] . The following two theorems are nonstationary analogues of Theorems 1 and 2.

Theorem 6. (i) {R̃(n, m) ; 0 ≤ n ≤ m} is a two-parametric family of bounded linear operators satisfying the convolution equation (semigroup property) R̃(n, m) = R̃(n, l) R̃(l, m) , 0 ≤ n ≤ l ≤ m . (ii) ũ(n, m) = R̃(n, m)f̃ solves the initial value problem

(5.1) u_j (n, m) = N∑ k=1 p_{jk}(n) T_j u_k(n + 1, m), ũ(n, n) = f̃ .

Theorem 7. (i) {S̃(n, m) ; 0 ≤ n ≤ m} is a two-parametric family of bounded linear operators satisfying the convolution equation S̃(n, m) = S̃(l, m) S̃(n, l) , 0 ≤ n ≤ l ≤ m . (ii) w̃(n, m) = S̃(n, m) f̃ solves the initial value problem

(5.2) w_j (n, m) = N∑ i=1 p_{ij} (m − 1) T_j w_i(n, m − 1) , w̃(m, m) = f̃ .

(5.1) exhibits the backward random evolution semigroup, R̃(n, m), inherent connection with the first jump of the Markov chain and (5.2) clearly shows the inherent connection of the forward random evolution with the last jump of X.

ACKNOWLEDGEMENT – This paper was completed while the author was a Pew Visiting Professor of Mathematics at Cornell University. The author thanks his many friends at Cornell for their encouragement. Also, he gratefully acknowledge assistance and preprints received from R.J. Griego, R. Hersh, and J. Cohen.

REFERENCES

[1] Adke, S.R. and Manjunath, S.M. – An Introduction to Finite Markov Processes, Halsted Press, New York, 1984.

[2] Chung, K.L. – Markov Chains with Stationary Transition Probabilities, 2^{nd} edition, Springer-Verlag, New York, 1967.

[3] Cohen, J.E. – Random evolutions in discrete and continuous time, Sto. Proc.

Applications, 9 (1979), 245–251.

[4] Cohen, J.E. – Random evolutions and the spectral radius of a non-negative matrix, Math. Proc. Cambridge Phil. Soc., 86 (1979), 345–350.

[5] Cohen, J.E. – Eigenvalue inequalities for random evolutions: Origins and open problems, Inequalities in Statistics and Probability (IMS), 5 (1984), 41–53.

[6] Ethier, S. and Kurtz, T.G. – Markov Processes: Characterization and Convergence, John Wiley, New York, 1986.

[7] Griego, R.J. and Hersh, R. – Random evolutions, Markov chains, and systems of partial differential equations, PNAS (U.S.A.), 62 (1969), 305–308.

[8] Griego, R.J. and Hersh, R. – Theory of random evolutions with applications to partial differential equations, Trans. Amer. Math. Soc., 156 (1971), 405–418.

[9] Hersh, R. – Random evolutions: a survey of results and problems, Rocky Mt.

Math. J., 4 (1974), 443–477.

[10] Iordache, O. – Polystochastic Models in Chemical Engineering, VNU Science Press, Utrecht, 1987.

[11] Keepler, M. – Backward and forward random evolutions, Indiana Univ. Math.

J., 24 (1974), 937–947.

[12] Keepler, M. – Perturbation theory for backward and forward random evolutions, J. Math. Kyoto Univ., 16 (1976), 395–412.

[13] Keepler, M. – Random evolutions are Markov processes, Bull. Inst. Math. Stat., 5 (1976), 76t–91.

[14] Keepler, M. – On random evolutions induced by countable state space Markov chains, Portugal. Math., 37 (1978), 203–207.

[15] Keepler, M. – On the sample path approach to random evolutions, Bull. Malay.

Math. Soc., 5 (1982), 79–86.

400 M. KEEPLER

[16] Kingman, J.F.C. – The imbedding problem for finite Markov chains, Z. Wahrs.

Verw. Geb., 1 (1962), 14–24.

[17] Korolyuk, V. and Swishchuk, A. – Evolution of Systems in Random Media, CRC Press, Boca Raton, 1995.

Manuel Keepler, Department of Mathematics and Computer Science, North Carolina Central University, Durham, NC 27707 – U.S.A.