PORTUGALIAE MATHEMATICA

Vol. 55 Fasc. 1 – 1998

FRÉCHET-VALUED ANALYTIC FUNCTIONS AND LINEAR TOPOLOGICAL INVARIANTS

Nguyen Van Dong and Nguyen Thai Son

Abstract: Let E, F be Fréchet spaces and D an open set in E. The main aim of this paper is to prove that every analytic function f : D → F (resp. f : D → H(F^′) where F is Montel) which is weakly analytically extended to Ω is analytically extended to Ω when dim E < ∞ and F ∈ (DN) (resp. F ∈ DN). Moreover it also shows that every function on D × G which is holomorphic in z ∈ D and weakly analytic in x ∈ D is analytic.

Introduction

Let E, F be locally convex spaces and D an open set in E. Assume that f : D → F is an analytic function. We say that f is weakly analytically extended to Ω, a domain in E containing D, if u ∘ f is analytically extended to Ω for all u ∈ F^′, the dual space of F . In [9] Ligocka and Siciak have been proved that if E is metrizable and Baire, F^′ is Baire and f is weakly analytically extended to Ω, then f can be analytically extended to Ω. A counterexample for the case where F^′ is not Baire was also given by them.

This is different with the holomorphic case, which was investigated in a collection of papers of Bogdanowicz [2], [3], [4], [5] and later of Nachbin [10], [11], Nguyen Thanh Van [12]. One of their main results is the equivalence of the weakly holomorphic and holomorphic extension in the case where E is metrizable.

The aim of the present note is to consider the result of Ligocka and Siciak for Fréchet-valued analytic functions and the recent one of Shiffman [14] about the analyticity of separately analytic functions in the case of infinite dimension.

The problem is formulated in terms of linear topological invariants which were introduced and investigated by Vogt in the 1980’s and the proof of the other concerns the Nachbin topology of the spaces of the holomorphic functions.

Received: August 26, 1996; Revised: April 29, 1997.

To formulate the results we recall the following.

Let E be a Fréchet space with an increasing fundamental system of semi-norms {‖ · ‖_k}^∞_{k=1}. We say that E has the property (DN) ∃ p ≥ 1 ∀ q ≥ 1 ∀ d > 0 ∃ k ≥ q, C > 0 (DN) ∃ p ≥ 1 ∂q ≥ 1 ∃ k ≥ q ∀ d > 0 ∃ C > 0 : ‖ · ‖ 1+d q ≤ C‖ · ‖_k ‖ · ‖^d_p .

The properties (DN) and (DN) and many other ones were introduced and investigated by Vogt ([15], [16], ...).

In this note we prove the following three Theorems Theorem 1. Let E, F be real Fréchet spaces and let f : D → F be analytic.

If f is weakly analytically extended to Ω, then f is analytically extended to Ω when one of the following holds

(i) dim E < ∞ and F ∈ (DN); (ii) F ∈ (DN).

Theorem 2. Let E be a real Fréchet space and F a complex Fréchet Montel space. Assume f : D → H(F^′) is an analytic function, where F^′ is the strong dual of F . If δ_uf is analytically extended to Ω, where (δ_uf)(x) = f(x)(u) for x ∈ D and u ∈ F^′ then f is analytically extended to Ω when one of the following holds (i) dim E < ∞ and F ∈ (DN); (ii) F ∈ (DN).

Theorem 3. Let E be a real Fréchet space and F a complex Fréchet space. Assume f : D × G → C is a function, where D × G is open in E × F , satisfying the following

f_x : z → f(x, z) is holomorphic on G for x ∈ D and f^μ : x → μ(f(x, z)) is analytic on D for μ ∈ [H(G)]^′ .

Then f is analytic.

The proofs of Theorems 1, 2 and 3 are given in §1, §2 and §3 respectively.

In §4 we show a necessary condition for a complex space X which satisfies that every weakly analytic function with values in H(X) is analytic.

Remark. In the case where D and G are open sets in R^m and C^n respectively with f_x is holomorphic for x ∈ D and f^z is analytic for z belongs to a nonpluripolar set in G, Theorem 3 was proved by Shiffman [14].

1 – Proof of Theorem 1

To prove the Theorem 1, we first prove the following result. Let F be a real Fréchet space with strong dual F^′ and F^′_{bor} the bornological space associated to F^′. We have

1.1 Lemma. Let F be a real Fréchet space with F ∈ (DN). Then [F^′_{bor}]^′ ∈ (DN).

Proof: It is known [16] that F ∈ (DN) if and only if ∃ p ∀ q ∃ k, C > 0: ‖ ‖_q ≤ Cr‖ ‖_k + 1 r ‖ ‖_p ∀ r > 0 if and only if ∃ p ∀ q ∃ k, C > 0: U^0_q ⊆ Cr U^0_k + 1 r U^0_p ∀ r > 0 .

Thus ‖u‖^{′′}_q = sup_{x′∈U 0} q |u(x^′)| ≤ sup x^′∈Cr U^0_k +^1_r U^0_p |u(x^′)| ≤ ≤ Cr sup_{x′∈U 0} k |u(x^′)| + 1 r sup x^′∈U^0_p |u(x^′)| = Cr‖u‖^{′′}_k + 1 r ‖u‖^{′′}_p

for all r > 0 and u ∈ [F^′_{bor}]^′.

This means [F^′_{bor}]^′ ∈ (DN).

Proof of Theorem: (i) One can assume that E = R^n and Ω is connected. It suffices to show that f is analytically extended at every x^0 ∈ ∂D ∩ Ω.

Choose a neighbourhood W = I_1 × I_2 × ... × I_n of x^0 in Ω, where I_i = [a_i, b_i] , a_i < b_i, i = 1, ..., n .

For each 0 < ε < 1, consider the linear map S_ε : F^′ → A(εW ) , given by S_ε(u)(x) = u f(x) for u ∈ F^′, x ∈ εW , where A(εW ) is the space of analytic functions on εW . By the uniqueness, S_ε has the closed graph.

On the other hand, since

A(εW ) : = lim ind ~_{W ↓εW} H^∞(~W ) = H(εW ) , where H^∞(~W ) denotes the Banach space of bounded holomorphic functions on a neighbourhood ~W of εW in C^n , it follows that S_ε : F^′_{bor} → A(εW ) is continuous.

From the relations:

[H(εW )]^′ ∼= [ H(εI_1) ^⊗_π ... ^⊗_π H(εI_n) ]_′ ∼= H(C \εI_1) ^⊗_π ... ^⊗_π H(C \εI_n) ∼= H(Δ) ^⊗_π ... ^⊗_π H(Δ) ∼= H(Δ^n) ∈ ( ~Ω) [16]

where Δ = { λ ∈ C : |λ| < 1 } and, by Lemma 1.1, [F^′_{bor}]^′ ∈ (DN)

by Vogt [16], we can find a neighbourhood ~W_ε of εW in C^n such that S_ε : F^′_{bor} → H^∞(~W_ε) is continuous.

Define a holomorphic extension

^f_ε : ~W_ε → [F^′_{bor}]^′ by ^f_ε(z)(u) = S_ε(u)(z) for z ∈ ~W_ε, u ∈ F^′_{bor} .

By the uniqueness the family { ^f_ε} defines a holomorphic extension ^f of f to a neighbourhood ~W of W in C^n .

Since ^f(W ∩ D) ⊂ F and F is a closed subspace of [F^′_{bor}]^′ we have ~f(~W ) ⊂ F . This means f can be analytically extended at x^0.

(ii) a) First assume that E is a Banach space. By (i) f is extended to a Gateaux analytic function g : Ω → F . It remains to check that g is analytic.

Given x^0 ∈ Ω. Consider the Taylor expansion of g at x^0, g(x) = ∑ n≥0 P_n g(x) . By Ligocka and Siciak [9],

g_q : = ω_q g : Ω → F_q is analytic for all q ≥ 1 ,

where F_q is the Banach space associated to the semi-norm ‖ · ‖_q and ω_q : F → F_q is the canonical map.

This yields the continuity of all P_n g. For each q ≥ 1, put

s_q = lim sup_n^n √ ‖P_n g‖_q and r_q = 1 s_q , where ‖P_n g‖_q = sup { ‖P_n g(x)‖_q : ‖x‖ ≤ 1 } . We have r_q > 0 for q ≥ 1 .

Since F ∈ (DN), we have ∃ p ∀ q ≥ p ∃ k(q) ∀ d > 0 ∃ C_d > 0: ‖ · ‖_q ≤ C 1 1+d d ‖ · ‖ 1 1+d k ‖ · ‖ 1 1+d p . Then

s_q ≤ lim_n ( C 1 1+d d )_{1/n}( lim sup_n ‖P_n f‖^{1/n}_k

) 1_{1+d} (

lim sup_n ‖P_n f‖^{1/n}_p ) d_{1+d}

= s 1 1+d k s d 1+d p . As d → ∞ we get s_q ≤ s_p for q ≥ p

and hence r_q ≥ r_p for q ≥ p . This yields that g is analytic at x^0.

b) General case. By (i) f is extended to a Gateaux analytic function g:Ω→F . Let x^0 ∈ Ω. For B ∈ B(E), the family of all balanced convex compact sets in E, write E_C = E ⊕ iE , F_C = F ⊕ iF and E(B)_C = E(B) ⊕ iE(B) , where E(B) denotes the Banach space spanned by B.

By a) for each B ∈ B(E) with x^0 ∈ E(B) there exists a convex neighbourhood W_B of 0 ∈ E(B)_C and a holomorphic function g_B : x^0 + W_B → F_C such that g_B | | (x^0+W_B )∩Ω = g | | (x^0+W_B )∩Ω . Put W = ⋃{ x^0 + W_B : B ∈ B(E) } . By the uniqueness the family {g_B } defines a function ^g : W → F_C such that ^g | | |_{W ∩Ω} = g | | |_{W ∩Ω} . It remains to check that W is a neighbourhood of x^0 in E_C . Otherwise, there exists a sequence {z_n}, z_n = x_n + iy_n /∈ W for n ≥ 1, converging to x^0. Let B = conv{x_n, y_n}. Choose B_1 ∈ B(E), B ⊂ B_1 such that canonical map E(B)_C → E_C (B_1) is compact. Such a set B_1 exists by [8].

Then z_n → x^0 in E(B_1) and hence

z_n ∈ x^0 + W_{B1} ⊂ W for n sufficiently large .

This is impossible.

2 – Proof of Theorem 2

For the proof of Theorem 2, we recall the following.

Let {‖ ‖_k}^∞_{k=1} be a fundamental system of continuous semi-norms of a Fréchet space E. For each subset B of E consider the general semi-norm

‖ ‖^∗_B : E^∗ → [0, +∞] given by ‖u‖^∗_B = { sup |u(x)|: x ∈ B } . Write ‖ ‖^∗_k for B = U_k = {x ∈ E : ‖x‖_k ≤ 1}.

We say that E has the property ( ~Ω) if and only if ( ~Ω) ∀ p≥1 ∃ q ≥1 ∃ d>0 ∀ k ≥1, ∃ C >0: ‖y‖^{∗1+d}_q ≤ C‖y‖^∗_k ‖y‖^{∗d}_p for y ∈E^∗. The properties ( ~Ω) and other properties were introduced and investigated by Vogt (see [15], [16], ...).

For the proof of Theorem 2 we need the following two Lemmas

2.1 Lemma. Let B be a Banach space and E a Fréchet space with E ∈ ( ~Ω). Assume that f : B → E^∗ is a holomorphic function of bounded type. Then there exists a neighbourhood V of 0 in E such that:

(1) sup { ‖f(x)‖^∗_V : ‖x‖ < r } < ∞ for all r > 0 .

Proof: Let {‖ · ‖_γ }^∞_{γ=1} be a fundamental system of semi-norms of E and let U be the unit ball of B. Since f(U) is bounded in E^∗, there exists α ≥ 1 such that M(α, 1) = sup { ‖f(x)‖^∗_α : x ∈ U } < ∞ . By the hypothesis E ∈ ( ~Ω) we can find β ≥ α and d > 0 such that (2) ∀ γ ≥ β ∃ C > 0: ‖ · ‖^{∗1+d}_β ≤ C‖ · ‖^∗_γ ‖ · ‖^{∗d}_α . We check that (1) is satisfied for V = {y ∈ E : ‖y‖_β < 1}. Indeed, fix r > 1. Choose γ such that

M(γ, ρ) = sup { ‖f(x)‖^∗_γ : ‖x‖ < ρ } < ∞ , where ρ = (er)^{1+d} + 1.

Writing the Taylor expansion of f at 0 ∈ B, f(x) = ∑ n≥0 P_n f(x) , x ∈ B , we have ‖f(x)‖^∗_β ≤ ∑ n≥0 ‖P_n f(x)‖^∗_β = ∑ n≥0 r^n ‖ ‖ ‖ ‖P^n f ( x r )‖ ‖ ‖ ∗ β ≤ C^{11+d} ∑ n≥0 r^n ‖ ‖ ‖P^n f ( x r )‖ ‖ ‖ ∗^1_{1+d} γ ‖ ‖ ‖P^n f ( x r )‖ ‖ ‖ ∗^d_{1+d} α ≤ C^{11+d} M(γ, ρ)^{11+d} M(α, 1)^{d1+d} ∑ n≥0 ( r ρ^{11+d} )_n n^n n! < ∞ .

2.2 Lemma. Let E and F be Fréchet space with E ∈ ( ~Ω) and F ∈ (DN). Assume that F is a Montel space. Then every holomorphic function from F^∗ into E^∗ can be factored through a Banach space.

108 NGUYEN VAN DONG and NGUYEN THAI SON

Proof: Given f : F^∗ → E^∗ a holomorphic function. By Vogt [15], F is isomorphic to a subspace of the space B ^⊗_π s for some Banach space B, where s is the space of rapidly decreasing sequences.

Since the restriction map R from [B ^⊗_π s]^∗ ∼= B^∗ ^⊗_π s^∗ into F^∗ is open, it suffices to prove the theorem for g = fR.

On the other hand, since every Banach space is isomorphic to a quotient space of the space ℓ^1(I) for some index set I, without loss of generality we may assume that B^∗ ∼= ℓ^1(I).

For each k ≥ 1 put

A_k = { u = (η_{ij} )_{i∈I, j≥1} ⊂ C : |||u|||_k = ∑ i∈I, j≥1 |η_{ij} | j^{−k} < ∞ } . It follows that:

ℓ^1(I) ^⊗_π s^∗ ∼= lim ind_k A_k and (3) ∃ p ≥ 1 ∀ q ≥ p, d > 0 ∃ k ≥ q, D > 0: |||δ_{ij} |||^{1+d}_q ≥ D|||δ_{ij} |||_k |||δ_{ij} |||^d_p , for all i ∈ I and all j ≥ 1, where {δ_{ij} } is the canonical basis (which is not necessarily countable) of ℓ^1(I) ^⊗_π s^∗.

By Lemma 2.1 for each k ≥ 1 there exists γ = γ(k) such that

(4) M(k, γ, r) < ∞ for all r > 0 .

Put α = γ(p) and take β ≥ α, d > 0 such that (2) holds. We check that g is a holomorphic function from ℓ^1(I) ^⊗_π s^∗ into E^∗_β. Fix q ≥ p. For q and d take k ≥ q and D > 0 such that (3) holds.

Then for every u ∈ A_q, |||u|||_q < r, we have

‖g(u)‖^∗_β ≤ ∑ n≥0 ∑ i1,...,in∈I j1,...,jn≥1 |η_{i1j1} | · · · |η_{injn} | |||δ_{i1j1} |||_q · · · |||δ_{injn} |||_q · ‖ ‖ ‖P_n g(δ_{i1 j1} , ..., δ_{in jn} ) ‖ ‖ ‖^∗_β |||δ_{i1j1} |||_q · · · |||δ_{injn} |||_q

≤ ∑ n≥0 ∑ i1,...,in∈I j1,...,jn≥1 |η_{i1j1} | · · · |η_{injn} | |||δ_{i1 j1} |||_q · · · |||δ_{injn} |||_q · C^{11+d} D^{n1+d} ×

× ‖ ‖ ‖P_n g(δ_{i1 j1} , ..., δ_{in jn} ) ‖ ‖ ‖^∗ 1 1+d γ ‖ ‖ ‖P_n g(δ_{i1 j1} , ..., δ_{in jn} ) ‖ ‖ ‖^∗ d 1+d α |||δ_{i1 j1} ||| 1 1+d k · · · |||δ_{in jn} ||| 1 1+d k |||δ_{i1j1} ||| d 1+d p · · · |||δ_{injn} ||| d 1+d p ≤ C^{11+d} M(k, γ, ρ)^{11+d} M(p, α, ρ)^{d1+d} ∑ n≥0 n^n r^n D^{n1+d} ρ^n n! < ∞ for ρ sufficiently large.

Now we are able to prove the Theorem.

As in Theorem 1 it suffices to prove (i).

Given f : D → H(F^′) an analytic function such that δ_uf is analytically extended to Ω for every u ∈ F^′, where D is an open set in R^n and F is a complex Fréchet–Montel space with F ∈ (DN).

Fix x^0 ∈ ∂D ∩ Ω and choose a cube neighbourhood W of x^0 in Ω. Consider the function ^f : F^′ → H(W ) induced by f.

a) First we show that ^f is holomorphic.

It suffices to show that ^f_k : F^′_k → H(W ) is holomorphic for k ≥ 1. Let {U_m} be a neighbourhood basis of W in C^n . For each m ≥ 1, put

A_m = { u ∈ F^′_k : ‖δ_u f‖_{Um} ≤ m } . It follows that A_m are closed in F^′_k and F^′_k = ⋃ m=1 A_m. From Baire’s Theorem there exists m_0 such that V = int A_{m0} ≠ ∅.

Consider the function g : (W × F^′_k) ∪ (U_{m0} × V ) → C defined by g(x, u) = ^f_k(u)(x) . Then g is separately holomorphic. Since W is non-pluripolar and V is nonempty open, by [13] for every finite dimensional subspace L ⊂ F^′_k, there exists a unique holomorphic function g_L, on U_{m0} × L extending g|_{(W ×L)∪(Um0 ×V ∩L)}. Then the family {g_L}, by the Zorn Theorem [18], defines a holomorphic function ^g : U_{m0} × F^′_k → C . This yields the holomorphicity of ^f_k : F^′_k → H(W ).

b) Since [H(W )]^′ ∈ ( ~Ω) [17], by Lemma 2.2, we find a continuous semi-norm ρ on F^′ and a holomorphic function ^f_ρ : F^′_ρ → H(W ) such that f = ^f_ρ ω_ρ. Lemma 2.1 yields a neighbourhood U of W in C^n such that ^f_ρ : F^′_ρ → H(U) is holomorphic. Hence f : D → H(F^′) is holomorphically extended to U, a neighbourhood of x^0 in C^n .

3 – Proof of Theorem 3

Without loss of generality we may assume that G is balanced.

(i) First consider the case where H(G) ∼= [H(G), τ_ω], where τ_ω denotes the Nachbin topology.

Consider the function ^f : D → H(G) associated to f.

Since H(G) ∼= lim proj_K⊂_{⊂G} H(K) [1], it follows that R_K ^f is analytic for all K ⊂⊂ G, where R_K : H(G) → H(K) denotes the restriction map.

Now for each (x, z) ∈ D × G we find neighbourhoods ~V and W of x and z in E_C and G respectively and a holomorphic function ^g : ~V → H^∞(W ) such that ^g | |~_{V ∩D} = R_W ^f | |~_{V ∩D} . This shows that the function g : ~V × X → C which is associated to ^g is holomorphic. Since g | | (~_{V ×W )∩(D×G)} = f | | (~_{V ×W )∩(D×G)} we infer that f is analytic at (x, z).

(ii) The case where F is separable. Then there exists a continuous linear map from a Fréchet–Montel Köthe space λ(A) onto F [6].

Since H(R^{−1}(G)) ∼= [H(R^{−1}(G), τ_ω)] [1], by (i) the function f(id × R) : D × R^{−1}(G) → C and hence f is analytic.

(iii) General case. By F(F ) we denote the family of all closed separable subspaces of F .

Given (x, z) ∈ D × G. By (ii) for each P ∈ F(F ) with z ∈ P there exists a neighbourhood W_P of (x, z) in E_C × G and a holomorphic function g_P : W_P → C such that g_P | | |_{WP ∩(D×G)} = f | | |_{WP ∩(D×G)} . The uniqueness implies that the family {g_P } defines a function g : W := ⋃ P W_P → C such that g_P | | |_{W ∩(D×G)} = f | | |_{W ∩(D×G)} . It remains to check that W is a neighbourhood of (x, z) in E_C × G. Otherwise there exists {(x_n, z_n)} ⊂ E_C × F converging to (x, z) such that

(x_n + x, z_n + z) /∈ W for all n ≥ 1 .

Put P = span{z_n} ∈ F(F ). Then

(x_n + x, z_n + z) ∈ W_P ⊂ W for n sufficiently large .

This is impossible.

4 – Remark

Let X be a Stein connected manifold. In [7] L.M. Hai has proved that H(X) ∈ (DN) if and only if every H(X)-valued weakly holomorphic function on and any L-regular compact set K in C^n is holomorphic on K. However for the analytic case we only proved the following

Proposition. Let X be a connected complex space such that every weakly analytic function on an open set in R^n with values in H(X) is analytic. Then every bounded holomorphic function on X is constant.

Proof: Otherwise, let φ ∈ H(X) such that φ ≠ const and

sup_X |φ| = 1 .

Consider the function f : (−1, 1) × X → C given by f(t, z) = 1 1 + t^2 1 − φ(z) .

It follows that f is analytic.

We check that the function ^f : (−1, 1) → H(X) which is associated to f is weakly analytic.

Indeed, given μ ∈ [H(X)]^′ and t_0 ∈ (−1, 1). Choose a compact set K in X such that supp μ ⊂ K. By the compactness of K we can find a neighbourhood U × V of {t_0} × K in C^n × X and a holomorphic function g : U × V → C for which g | | |_{(U×V )∩((−1,1)×X)} = f | | |_{(U×V )∩((−1,1)×X)} . Since ^g : U → H(V ) is holomorphic and μ can be considered as an element of [H(V )]^′ it follows that μ ^f is extended holomorphically to μ ^g on U.

By the hypothesis ^f is analytic. However this is impossible since the radius of the convergence r(z) of the series 1 − t^2 1 − φ(z) + t^4 (1 − φ(z))^2 − t^6 (1 − φ(z))^3 + ... is √ |1 − φ(z)| → 0 as z → ∂X.

ACKNOWLEDGEMENT – The authors thank Prof. Nguyen Van Khue for helpful suggestions on the manuscript of this paper. At the same time, we would like to express our thanks to the referee for his helpful remarks.

112 NGUYEN VAN DONG and NGUYEN THAI SON

REFERENCES

[1] Ansemil, J.M. and Ponte, S. – The compact open and the Nachbin ported topologies on spaces of holomorphic functions, Arch. Math., 51 (1988), 65–70.

[2] Bogdanowicz, W.M. – On analytic extensions of holomorphic functions with values in the space of continuous functions, Notices Amer. Math. Soc., 15 (1968), 627.

[3] Bogdanowicz, W.M. – Existence of analytic extensions of holomorphic functions with values in the space of Lebesgue summable functions, Noticies Amer. Math. Soc., 15 (1968), 792.

[4] Bogdanowicz, W.M. – Analytic continuation of locally convex space-valued holomorphic functions on domains in real or complex locally convex spaces. For the announcement of the main result see “Proceedings of the Symposium in Functional Analysis”, September 29 – October 5, 1968, Oberwolfach, West Germany (Math. Ann.).

[5] Bogdanowicz, W.M. – Analytic continuation of holomorphic functions with values in a locally convex spaces, Proc. Amer. Math. Soc., 22 (1969), 660–666.

[6] Gejler, W. – On extending and lifting continuous linear mappings in topological vector spaces, Studia Math., 62 (1978), 295–302.

[7] Mau Hai, L. – Weak extension of Fréchet-valued holomorphic functions on compact sets and linear topological invariants (to appear in Acta Math. Vietnamica).

[8] Junek, H. – Locally convex spaces and Operator Ideals, Teubner – Texte zur Math., 56 (1983).

[9] Ligocka, E. and Siciak, J. – Weak analytic continuation, Bull. Acad. Polon.

Sci., 6 (1972), 461–466.

[10] Nachbin, L. – On vector-valued versus scalar-valued holomorphic continuation, Koninkl. Nederl. Akademie Van Wetenschappen Amsterdam, Mathematics, Series A, 76(4) (1973), 352–353.

[11] Nachbin, L. – Weakly holomorphy, Part I and Part II (preprint). [12] Nguyen, T.V. – Fonctions séparément analytiques et prolongement analytic faible en dimension infinie, Ann. Polon. Math., 33 (1976), 71–83.

[13] Nguyen, T.V. and Zeriahi, A. – Familles de polynomes presque partout bornées, Bull. Sci. Math. 2^{ème} série, 179 (1983), 81–91.

[14] Shiffman, B. – Separate analyticity and Hartogs Theorems, Indiana Math. Jour., 38 (1981), 943–957.

[15] Vogt, D. – On two classes of Fréchet Spaces, Arch. Math., 45 (1987), 255–266. [16] Vogt, D. – Frechetraume zwischen deren jede stetige linear, Abbildung beschrankt ist J. rein angew Math., 345 (1983), 182–200.

[17] Zaharjuta, V.P. – Isomorphic of spaces of analytic functions, Sov. Math. Dokl, 22 (1980), 631–634.

[18] Zorn, M. – Characterization of analytic functions in Banach spaces, Ann. of Math., 46(2) (1945), 185–593.

Nguyen Van Dong and Nguyen Thai Son, Department of Mathematics, College of Education, Vietnam National Univ. of Ho Chi Minh City, 280 An Duong Vuong, District 5 – VIETNAM