PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 103(117) (2018), 69–75 DOI: https://doi.org/10.2298/PIM1817069G

ON WARPED PRODUCT MANIFOLDS SATISFYING RICCI–HESSIAN CLASS TYPE EQUATIONS

Sinem Güler and Sezgin Altay Demirbağ

Abstract. We deal with a study of warped product manifold which is also a generalized quasi Einstein manifold. Then, we investigate the relationships between such warped products and certain manifolds that provide some Ricci– Hessian type equations, such as Ric^m_f = λg for some smooth function λ, where Ric^m_f denotes the m-Bakery–Emery Ricci tensor. Finally, we obtain some rigidity conditions for such manifolds.

1. Introduction

Let (M^n, g) be a Riemannian manifold of dimension n with n > 2 and let f : M → R be a smooth function. A natural extension of the Ricci tensor is the m-Bakry–Emery–Ricci tensor [3] defined by Ric^m_f = Ric + Hess f −^1_m df ⊗ df, for some positive integer m. According to [5], a smooth manifold (M^n, g) is said to be generalized quasi Einstein manifold if there exist three smooth functions f, α and λ satisfying the equation

(1.1) Ric + Hess f − αdf ⊗ df = λg

In such a manifold, f is called the potential function. This generalized class reduces to a gradient Ricci soliton [2] when α = 0 and λ ∈ R; m-quasi Einstein manifold [4] when α =^1_m , m ∈ N and λ ∈ R and also m-generalized quasi Einstein manifold whenever λ ∈ C^∞(M).

1.1. Backgrounds and Basic Formulas. In this section, we recall some basic definitions and formulas about warped products. Let (M^q, g) and (N^{n−q} , ḡ); (1 � dim M = q � n, dim N = n − q) be two Riemannian manifolds and let f be a positive, smooth function of M. The warped product M ×_f N of (M, g) and (N, ḡ) is the product manifold M × N with the metric g̃ = g ×_f ḡ, [1, 12]. Here, (M, g) is base, (N, ḡ) is fiber, f is the warping function and any geometric objects denoted by “bar” (resp. “tilde") symbol will be assumed to lie on the fiber N (resp. on the

2010 Mathematics Subject Classification: 53C15; 53C25, 53B15.

Key words and phrases: m-Bakery–Emery Ricci tensor, generalized quasi Einstein manifold, warped product manifold, conformal vector field.

This work is partially supported by the project BAP-38385 of Istanbul Technical University. 69

product M × N). Also, for such a warped product, any geometric objects without symbol will be assumed to lie on the base M. The local components of the metric g̃ can be expressed as

g̃_{ij} = � � � g_{ab}, if i = a, j = b fḡ_{αβ}, if i = α, j = β 0, otherwise

where a, b, c · · · ∈ {1, · · · , q}, α, β, γ · · · ∈ {q + 1, · · · , n} and i, j, k · · · ∈ {1, · · · , n}. The warped product manifold with constant warping function is simply called Riemannian product, (for more details, see [9, 12, 14]). Then, all components of the Ricci tensor of M ×_f N are given by:

Lemma 1.1. [12] On M^q ×_f N^{(n−q)}, for all X, Y ∈ χ(M) and V, W ∈ χ(N),

(1) R̃ic(X, Y ) = Ric(X, Y ) − n − q f Hess(f)(X, Y ), (2) R̃ic(X, V ) = 0

(3) R̃ic(V, W ) = R̄ic(V, W ) −

� Δf f + (n − q − 1)

‖∇f‖^2 f^2 � g̃(V, W )

Definition 1.1. A Riemannian manifold (M^n, g) (n > 2) is called a mixed super quasi Einstein manifold [13] (briefly (MSQE)_n) if its Ricci tensor is nonzero and satisfies the following condition

Ric(X, Y ) = ag(X, Y ) + bA(X)A(Y ) + cB(X)B(Y ) + d[A(X)B(Y ) + A(Y )B(X)] + eD(X, Y )

where a, b, c, d, e are real valued, nonzero scalar functions on (M^n, g), A, B are dual 1-forms of the vector fields U and V (which are called the generators), i.e., for all X ∈ χ(M), A(X) = g(X, U) and B(X) = g(X, V ), D is a symmetric (0, 2)-tensor field such that D(X, U) = 0 and tr(D) = 0. If e = c = 0, then the manifold is said to be a generalized quasi Einstein manifold (G(QE)_n) [6]; if e = d = c = 0, then the manifold reduces to a quasi Einstein manifold ((QE)_n) [7]. These manifolds have been studied extensively by several authors (see [8, 10]).

Remark 1.1. These two definitions of generalized quasi Einstein manifolds given by [5] and [6] are not equivalent, but our main goal in this work is to establish a link between these two concepts.

2. Main Results

In this section, we express the Ricci tensor of warped product according to its base and fiber when the warped product is also a generalized quasi Einstein manifold in the sense of Chaki.

Theorem 2.1. Let M^q ×_f N^{n−q}, (q = dim M, n − q = dim N > 1) be a G(QE)_n warped product manifold whose generators are ξ_1 and ξ_2. Then for all X, Y ∈ χ(M) and U, V ∈ χ(N), the following statements hold:

(i) If ξ_1, ξ_2 ∈ χ(M), then

Ric(X, Y ) = ag(X, Y ) + n − q f Hess f(X, Y ) + bg(X, ξ_1)g(Y, ξ_1)

(2.1)

+ c[g(X, ξ_1)g(Y, ξ_2) + g(X, ξ_2)g(Y, ξ_1)]

R̄ic(U, V ) = f^2 � a + Δf f + n − q − 1

f^2

‖ grad f‖^2 � ḡ(U, V )

(2.2)

(ii) If ξ_1, ξ_2 ∈ χ(N), then

Ric(X, Y ) = ag(X, Y ) + n − q f Hess f(X, Y )

R̄ic(U, V ) = f^2 � a + Δf f + n − q − 1

f^2

‖ grad f‖^2 � ḡ(U, V )

+ bf^4ḡ(U, ξ_1)ḡ(V, ξ_1) + cf^4[ḡ(U, ξ_1)ḡ(V, ξ_2) + ḡ(U, ξ_2)ḡ(V, ξ_1)] (iii) If ξ_1 ∈ χ(M) and ξ_2 ∈ χ(N), then

Ric(X, Y ) = ag(X, Y ) + n − q f Hess f(X, Y ) + bg(X, ξ_1)g(Y, ξ_1)

R̄ic(U, V ) = f^2 � a + Δf f + n − q − 1

f^2

‖ grad f‖^2 � ḡ(U, V )

(iv) If ξ_1 ∈ χ(N) and ξ_2 ∈ χ(M), then

Ric(X, Y ) = ag(X, Y ) + n − q f Hess f(X, Y )

R̄ic(U, V ) = f^2 � a + Δf f + n−q−1

f^2

‖ grad f‖^2 � ḡ(U, V ) + bf^4ḡ(U, ξ_1)ḡ(V, ξ_1)

Proof. Since M ×_f N is a G(QE)_n, we have

(2.3) �Ric = ag̃ + b Ã ⊗A + c[Ã ⊗ B̃ + B̃ ⊗ Ã]

(i) Let ξ_1, ξ_2 ∈ χ(M). Then for all X ∈ χ(M), we get Ã(X) = g̃(X, ξ_1) = g(X, ξ_1) and B̃(X) = g̃(X, ξ_2) = g(X, ξ_2). Thus, equation (2.3) yields R̃ic(X, Y ) = ag(X, Y ) + bg(X, ξ_1)g(Y, ξ_1) (2.4) + c[g(X, ξ_1)g(Y, ξ_2) + g(X, ξ_2)g(Y, ξ_1)] Using (2.4) in Lemma 1.1(1), the Ricci tensor of the base manifold is of the form (2.1). Similarly, for all U ∈ χ(N), we get Ã(U) = g̃(U, ξ_1) = 0 and B̃(U) = g̃(U, ξ_2) = 0 and so again (2.3) yields (2.5) R̃ic(U, V ) = af^2ḡ(U, V ) Using (2.5) in Lemma 1.1(3), the Ricci tensor of the fiber is of the form (2.2).

Analogously, (ii)–(iv) can be proved in a similar way with the case (i). □

Theorem 2.2. Let M^q ×_f N^{n−q} (q = dim M, n − q = dim N > 1) be a G(QE)_n warped product manifold with generators ξ_1, ξ_2 and let h = −(n − q) ln f. Then:

(i) If ξ_1, ξ_2 ∈ χ(M) such that ξ_2 = ∇h, then M is (MSQE)_q with generators ξ_1, ∇h and associated tensor Hess(h), provided that g(∇_X ξ_1, ∇f) = 0, for any X ∈ χ(M) and Δf =^1_f ‖∇f‖^2. Also, N is Einstein.

(ii) If ξ_1, ξ_2 ∈ χ(N), then (M, g, h, a) is a (n − q)-quasi Einstein manifold in the sense of Case and N is a G(QE)_{n−q} in the sense of Chaki with generators ξ̄ = fξ_1 and μ̄ = fξ_2.

(iii) If ξ_1 ∈ χ(M) and ξ_2 ∈ χ(N) such that ξ_1 = ∇h, then (M, g, h, a) is a G(QE)_q in the sense of Catino and N is Einstein.

(iv) If ξ_1 ∈ χ(N) and ξ_2 ∈ χ(M), then (M, g, h, a) is an (n − q)-quasi Einstein manifold in the sense of Case and N is a (QE)_{n−q} in the sense of Chaki with generator ξ̄ = fξ_1.

Proof. (i) Suppose that ξ_1, ξ_2 ∈ χ(M). Now, let us define (2.6) h = −(n − q) ln f and ξ_2 = ∇h Then we calculate

Hess(h)(X, Y ) = − n − q f Hess(f)(X, Y ) + n − q f^2 df(X) df(Y )

(2.7)

In view of (2.6) and (2.7), (2.1) yields

Ric(X, Y ) = ag(X, Y ) − Hess(h)(X, Y ) + 1 n − q dh(X) dh(Y )

+ bA(X)A(Y ) + [A(X) dh(Y ) + A(Y ) dh(X)] Moreover, since ξ_1 and ξ_2 are orthonormal, g(ξ_1, ξ_2) = g(ξ, ∇h) = 0 so ξ_1(h) = 0 and ξ_1(f) = 0. Thus, if g(∇_X ξ_1, ∇f) = 0 holds for any X ∈ χ(M), we get Hess(f)(X, ξ) = 0. That is, choosing D =: Hess(h), we get D(X, ξ_1) = 0, for all X ∈ χ(M). Also, we have Δh =^{n−q}_f [−Δf +^1_f ‖∇f‖^2]. Thus, if we assume that the relation Δf =^1_f ‖∇f‖^2 holds, then the (0, 2)-tensor field D also satisfies tr(D) = 0. Therefore, the base manifold becomes (MSQE)_q. On the other hand, from (2.2) the fiber manifold becomes Einstein.

Analogously, (ii)–(iv) can be proved in a similar way with the case (i). □

Example 2.1. Let us consider the function f : R^3 → R^+ defined by f(t) = e^t and M = {(t, x, y, z) ∈ R^4 : t ∈ (−1 − √ 7, 1 − √ 3) ∪ (−1 + √ 7, 1 + √ 3)} be an open subset of R^4 endowed with the metric ds^2 = g_{ij} dx^idx^j = (dt)^2 + t^4(dx)^2 + t^4(dy)^2 + e^{2t}(dz)^2 In [11], the authors proved that M is a G(QE)_4 with a nonconstant scalar curvature. This line element on M also provides the warped product structure R^3 ×_et R, where R^3 and R denote the base and respectively fiber.

Now, recall that a smooth vector field ϕ on a Riemannian manifold (M^n, g) is called conformal if it satisfies (2.8) L_ϕg = 2Ωg where L_ϕ denotes the Lie derivative in the direction of ϕ and Ω is some smooth function on M, which is called a conformal factor. Particularly, if the vector field ϕ satisfies the condition ∇_X ϕ = ΩX, for all X ∈ χ(M) and a smooth function Ω, then it is called closed conformal vector field. Moreover, if Ω = 0, it is called parallel. It can be easily proved that the Ricci tensor of a Riemannian manifold admitting a nontrivial closed and conformal vector field ϕ is of the form

(2.9) Ric(ϕ, X) = −(n − 1)g(∇Ω, X).

for any X ∈ χ(M) where Ω denotes the conformal factor of ϕ. The following algebraic characterization of a Riemannian manifold admitting closed and conformal vector fields will be used in the proof of our main theorem.

Lemma 2.1. Let (M^n, g, f, λ) be an m-generalized quasi Einstein manifold admitting a closed conformal vector field ϕ with conformal factor Ω. Then the following statements hold:

(1) ∇ϕ(f) =^1_m ϕ(f)∇f + (n − 1)∇Ω + λϕ + Ω∇f. (2) Hess(ϕ(f)) =^1_m [d(ϕ(f)) ⊗ df + ϕ(f) Hess f] + (n − 1) Hess Ω + (dλ ⊗ ϕ^♭) + λΩg + Ω Hess f + dΩ ⊗ df.

(3)^1_m d(ϕ(f)) ⊗ df + (dλ ⊗ ϕ^♭) + dΩ ⊗ df is symmetric.

Proof. In view of (2.9), the fundamental equation m-generalized quasi Einstein manifold yields

(2.10) Hess f(ϕ, X) = 1 m df(ϕ)df(X) + (n − 1)dΩ(X) + λg(ϕ, X)

By using Hess(f)(ϕ, X) = X(ϕ(f)) − (∇_X ϕ)f and (2.9) in (2.10), we get

(2.11) X(ϕ(f)) = 1 m df(ϕ)df(X) + (n − 1)dΩ(X) + λg(ϕ, X) + Ωdf(X)

If we express the last equation without the inner product of X, we obtain the first assertion. Taking the second covariant derivative of (2.11) in the direction of arbitrary vector field Z, we get

∇_Z X(ϕ(f)) = 1 m [Z(ϕ(f))df(X) + ϕ(f)ZX(f)] + (n − 1)∇_Z (X(Ω))

(2.12)

+ dλ(Z)ϕ^♭(X) + λ(∇_Z ϕ^♭)(X) + dΩ(Z)df(X) + Ω∇_Z (X(f))

Again using the definition of Hessian and equation (2.9) in (2.12), we obtain

Hess(ϕ(f))(Z, X) = 1 m [d(ϕ(f))(Z)df(X) + ϕ(f) Hess(f)(Z, X)]

+ (n − 1) Hess(Ω)(Z, X) + dλ ⊗ ϕ^♭(Z, X) + λΩg(Z, X) + dΩ ⊗ df(Z, X) + Ω Hess(f)(Z, X)), ∀ X, Z ∈ χ(M)

which proves the second assertion. Since the Hessian and the metric tensor are symmetric, we can easily verify the third assertion. □

Now, by virtue of Lemma 2.1, we shall establish the following results.

Theorem 2.3. Let (M^n, g, f, λ) be an m-generalized quasi Einstein manifold admitting a nonzero closed conformal vector field ϕ with conformal factor Ω. Then, its Ricci tensor is of the form

(2.13) Ric = λg +

� 1 − n ‖ϕ‖ dΩ(U) − λ � U^♭ ⊗ U^♭

where U^♭ is a 1-form corresponding to the unit vector field U in the direction of ϕ. If, in particular, ϕ is parallel, then the Ricci tensor reduces to the form Ric = λ(g − U^♭ ⊗ U^♭).

Proof. From Lemma 2.1(1)(2), we get for any X, Y ∈ χ(M) � 1 m λdf(X) − dλ(X) � g(ϕ, Y ) + n + m − 1 m [dΩ(Y )df(X) − dΩ(X)df(Y )]

(2.14) = � 1 m λdf(Y ) − dλ(Y ) � g(ϕ, X)

Putting X = ϕ in (2.14), we get � 1 m λdf(ϕ) − dλ(ϕ) � g(ϕ, Y ) + n + m − 1 m [dΩ(Y )df(ϕ) − dΩ(ϕ)df(Y )]

(2.15) = � 1 m λdf(Y ) − dλ(Y ) � ‖ϕ‖^2

Let U be a unit vector field in the direction of ϕ. Then by (2.15), we obtain

∇f � 1 + n + m − 1 λ‖ϕ‖

U(Ω) � = U(f)U + m λ [∇λ − U(λ)U] + n + m − 1 λ‖ϕ‖

∇ΩU(f)

(2.16)

and so by virtue of (2.16), (2.10) yields

(2.17) Hess f = 1 m df ⊗ df + λU^♭ ⊗ U^♭ + n − 1 ‖ϕ‖ dΩ ⊗ U^♭

Next, substituting (2.17) in the fundamental equation of m-generalized quasi Einstein manifold, we obtain the Ricci tensor as in (2.13). If we take Ω = 0, the rest of the proof is completed. □

Also from (2.8), the unit vector field U in the direction of the closed conformal vector field ϕ satisfies ∇_X U =^Ω_{‖ϕ‖} [X − U^♭(X)U], for any X ∈ χ(M). This means that U is a unit concircular vector field. According to K. Yano [15], a Riemannian manifold admits a concircular vector field if and only if there exists a coordinate system with respect to which the fundamental quadratic differential form may be written in the form ds^2 = (dx^1)^2 + e^qg^∗_{αβ} dx^αdx^β , where g^∗_{αβ} = g^∗_{αβ} (x^γ ) are the functions of x^γ only (α, β, γ, δ = 2, 3, . . . , n) and q = q(x^1) ≠ constant is a function of x^1 only. Hence we can state the following:

Theorem 2.4. Let (M^n, g, f, λ) be an m-generalized quasi Einstein manifold admitting a nonzero closed conformal vector field ϕ. Then (M^n, g) is a locally warped product manifold I ×_eq/2 M^∗, where I is a real interval, (M^∗, g^∗) is an (n − 1)-dimensional Riemannian manifold and q is a smooth function on I.

Example 2.2. Here, we construct an example for the particular case of Theorem 2.3 and 2.4: Let M = I ×_f M^∗ be the warped product with the warping function f = f(t). Then there exists a closed conformal vector field ϕ = f∂_t on M with conformal factor Ω = f^′. By using the fundamental equation (1.1), it can be shown that M is an m-generalized quasi Einstein manifold with the potential function h = h(t), provided that the fiber manifold M^∗ is Einstein and the warping function f and the potential funtion h are related to each other with the equation (1 − n)^{f ′′}_f + h^{′′} −^1_m (h^′)^2 = λ, where ”^′” denotes the ordinary differentiation with respect to t. This shows the existence of the closed conformal vector field on an m-generalized quasi Einstein manifold. Moreover, if the conformal factor Ω = f^′ vanishes (i.e., ϕ is a parallel vector field and so M is a simply direct product), then equation (2.13) also holds on M, where U = ∂_t.

References

1. R. L. Bishop, B. O’Neill, Manifolds of negative curvature, Trans. Math. Soc. 145 (1969), 1–49. 2. H. D. Cao, Recent Progress on Ricci soliton, Adv. Lect. Math. (ALM) 11 (2009), 1–38. 3. J. S. Case, Singularity theorems and the Lorentzian splitting theorem for the Bakry-Emery- Ricci tensor, J. Geo. Phys. 60(3) (2010), 477–490.

4. J. S. Case, Y. Shu, G. Wei, Rigidity of quasi Einstein metrics, Differ. Geom. Appl. 29 (2011), 93–100.

5. G. Catino, Generalized quasi Einstein manifolds with harmonic Weyl tensor, Math. Z. 271 (2012), 751–756.

6. M. C. Chaki, On Generalized quasi-Einstein manifold, Publ. Math. Debrecen 58 (2001), 638– 691.

7. M. C. Chaki, R. K. Maity, On-quasi Einstein manifolds, Publ. Math. Debrecen 57 (2000), 297–306.

8. A. De, A. Yıldız, U. C. De, On Generalized quasi Einstein manifolds, Filomat 28(4) (2014), 811–820.

9. A. Gebarowski, On Einstein warped products, Tensor (N.S.) 52 (1993), 204–207. 10. U. C. De, G. C. Ghosh, On Quasi Einstein and Special Quasi Einstein Manifolds, Proc. Int.

Conf. Mathematics and its Applications, Kuwait University (2004), 178–191. 11. S. Güler, S. Altay Demirbağ, Riemannian Manifolds Satisfying Certain Conditions on Pseudo-Projective Curvature Tensor, Filomat 30(3) (2016), 721–731.

12. B. O’Neill, Semi-Riemannian Geometry with Applications to Relativity, New York, Academic Press, 1983.

13. R. Nivas, A. Bajpai, Certain Properties of Mixed Super Quasi Einstein Manifolds, Gen. Math.

Notes 5 (2011), 15–26.

14. S. Sular, C. Özgür, On quasi-Einstein warped products, An. Stiint. Univ. Al. I. Cuza Iasi.

Mat. (N.S.) 58 (2012), 353–362.

15. K. Yano, T. Adati, On certain spaces admitting concircular transformation, Proc. Jap. Acad.

25 (1949), 188–195.

Department of Mathematics Istanbul Technical University 34469 Maslak, Istanbul, Turkey

singuler@itu.edu.tr
saltay@itu.edu.tr