PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 103(117) (2018), 53–59 DOI: https://doi.org/10.2298/PIM1817053D

ON NONLOCAL GRAVITY WITH CONSTANT SCALAR CURVATURE

Ivan Dimitrijević, Branko Dragovich, Zoran Rakić, and Jelena Stanković

Abstract. A class of nonlocal gravity models, where nonlocal term contains an analytic function of the d’Alembert operator □, is considered. For simplicity, these models are considered without matter sector. Related equations of motion for gravitational field g_{μν} (x) are presented and analyzed for a constant scalar curvature R. The corresponding solutions for the cosmological scale factor a(t) of the FLRW universe are found and discussed.

1. Introduction

General Relativity (GR), which is Einstein theory of gravity (ETG), is a dominant theory of gravitational phenomena in the last hundred years. It is successfully confirmed in the Solar system, and predicted black holes, gravitational lensing and gravitational waves, which have been observed. It also predicts dark matter and dark energy, which are very interesting proposals but not yet experimentally confirmed.

Despite its nice theoretical properties and great phenomenological achievements, Einstein GR is not a complete theory of gravity and it should be modified in its geometrical sector. Motivations for modification of ETG come from quantum gravity, string theory, astrophysics and cosmology. Modifications started already at the early days of GR and have been intensified after discovery of accelerated expansion of the universe in 1998 (for a review, see [2, 14]). There are no theoretical principle that could tell us which of huge number of possibilities is an appropriate modification of ETG. Therefore, modification consists in replacement of scalar curvature R in the Einstein–Hilbert action S =^1_{16πG} � R √ −g d^4x by a covariant

2010 Mathematics Subject Classification: Primary 83Dxx, 83Fxx, 53C21; Secondary 83C10, 83C15.

Key words and phrases: modified gravity, nonlocal gravity, cosmological solutions. Work partially supported by the Serbian Ministry of Education, Science and Technological Development, contract No. 174012. B. D. thanks a support of the ICTP-SEENET-MTP project PRJ-09 “Cosmology and Strings”. This paper is written on the basis of a talk given at the XIX Geometrical Seminar, 28.08–04.09.2016, Zlatibor, Serbia. 53

scalar construction in the framework of the pseudo-Riemannian geometry. A modified gravity theory to be valuable it has in a limit to contain Einstein GR and give an acceptable answer to problems of the ETG. One of actual and promising modifications is nonlocal modified gravity (e.g. see review [9] and [13, 11]).

Here we present cosmological solutions for a nonlocal gravity model (2.1) with constant scalar curvature (R = R_0) in equations of motion (2.2). R = R_0 is a restriction on possible solutions of equations (2.3) and (2.4) for the Friedmann– Lemaître–Robertson–Walker (FLRW) metric. It is not so restrictive as the condition that the Hubble parameter (H) is a constant, but it is a stronger condition than ansätze already used in nonlocal gravity models [9, 1, 12], e.g., □R = aR + b.

2. Nonlocal gravity

In this paper, we consider a class of nonlocal gravity models without matter, given by the modified Einstein–Hilbert action in the form

(2.1) S = 1 16πG � � R − 2Λ + H(R)F(□)G(R) �√ −g d^4x,

where H(R)F(□)G(R) is a nonlocal term with F(□) =

�_∞ n=0 f_n□^n as an analytic function of the d’Alembert operator □. H(R) and G(R) are some differentiable functions of the scalar curvature R and Λ is the cosmological constant. Inspiration to take nonlocal F(□) in the analytic form comes from string theory, particularly from p-adic string theory (e.g. see recent review [10])

By variation of action (2.1) with respect to the metric g^{μν} , we obtain the equations of motion (EOM) for g_{μν} (e.g., see [6] for details), i.e.,

G_{μν} + Λg_{μν} − 1 2 g_{μν} H(R)F(□)G(R) + R_{μν} Φ − K_{μν} Φ

(2.2) + 1 2 ∞� n=1 f_n n−1� ℓ=0 � g_{μν} g^{αβ} ∂_α□^ℓH(R)∂_β □^{n−1−ℓ}G(R)

− 2∂_μ□^ℓH(R)∂_ν □^{n−1−ℓ}G(R) + g_{μν} □^ℓH(R)□^{n−ℓ}G(R) � = 0,

where G_{μν} = R_{μν} −^1_2 Rg_{μν} is the Einstein tensor, and

K_{μν} = ∇_μ∇_ν − g_{μν} □, Φ = H^′(R)F(□)G(R) + G^′(R)F(□)H(R).

Here, the sign^′ denotes derivative with respect to R.

In the case of a homogeneous and isotropic metric of the universe, i.e., the FLRW metric, equation (2.2) is equivalent to the following system of equations (trace and 00 component):

4Λ − R − 2H(R)F(□)G(R) + RΦ + 3□Φ

(2.3) + ∞� n=1 f_n n−1� ℓ=0 � ∂_μ□^ℓH(R)∂^μ□^{n−1−ℓ}G(R) + 2□^ℓH(R)□^{n−ℓ}G(R) � = 0,

G_{00} + Λg_{00} − 1 2 g_{00}H(R)F(□)G(R) + R_{00}Φ − K_{00}Φ

(2.4) + 1 2 ∞� n=1 f_n n−1� ℓ=0 � g_{00}g^{αβ}∂_α□^ℓH(R)∂_β □^{n−1−ℓ}G(R)

− 2∂_0□^ℓH(R)∂_0□^{n−1−ℓ}G(R) + g_{00}□^ℓH(R)□^{n−ℓ}G(R) � = 0.

The search for a general solution of the scale factor a(t) of equations (2.3) and (2.4) is a hard task. We find here particular cosmological solutions for the case of constant scalar curvature R_0.

3. Constant scalar curvature Since we use the FLRW metric ds^2 = −dt^2 +a^2(t)

�_{dr2}

1−kr^2 +r

2dθ^2 +r^2 sin^2 θdϕ^2 � , where k = ±1, 0 is curvature constant and the speed of light c = 1, then scalar curvature is R = 6

�_ä a + �_ȧ a �_2

+^k_{a2} � and □ = −^{∂2}_{∂t2} − 3H^∂_{∂t} , where H =^ȧ is the Hubble parameter.

We want to find the solution of equations of motion (2.3) and (2.4) for cosmological scale factor a(t) when R = R_0 = constant. It is useful to start from the differential equation 6 �ä a + � ȧ a �_2 + k a^2 � = R_0.

The change of variable b(t) = a^2(t) yields a second order linear differential equation with constant coefficients (3.1) 3b̈ − R_0b + 6k = 0.

Depending on the sign of R_0, we have the following general solutions for b(t) :

(3.2)

R_0 > 0, b(t) = 6k R_0

+ σ cosh � R_0/3 t + τ sinh � R_0/3 t,

R_0 = 0, b(t) = −kt^2 + σt + τ,

R_0 < 0, b(t) = 6k R_0

+ σ cos � −R_0/3 t + τ sin � −R_0/3 t,

where σ and τ are some constants.

Assumption that scalar curvature is constant simplifies the equations of motion (2.3) and (2.4) considerably and they take the form

(3.3)

−2U + R_0U^′ = R_0 − 4Λ, 1 2 U + R_{00}U^′ = Λ − G_{00},

where U = f_0G(R)H(R)|_{R=R0} and U^′ = f_0^∂_{∂R} (G(R)H(R))|_{R=R0} .

System of equations (3.3) has two solutions: U = 2Λ − R_0, U^′ = −1,

(3.4) U = 1 2 (R_0U^′ + 4Λ − R_0), R_0 + 4R_{00} = 0.

(3.5)

The above solution (3.4) for U and U^′ presents constraint on the form of nonlocal term in (2.1), while solution (3.5) is also a constraint on parameters σ, τ, k and R_0 in the expressions for b(t) in (3.2).

3.1. Solution (3.4). Solution (3.4) implies constraint on functions G(R) and H(R) in action (2.1) in the form f_0G(R)H(R)|_{R=R0} = 2Λ − R_0. One of possibilities is f_0 = 1 and G(R) = H(R) = � 2Λ − R + Y (R), where Y (R_0) = Y^′(R)|_{R=R0} = 0 and all higher derivatives of Y (R) at the point R = R_0 are arbitrary. Then the Einstein term in action (2.1) disappears and it can be rewritten as

(3.6) S = 1 16πG � � Y (R) + � 2Λ − R + Y (R) F (□) � 2Λ − R + Y (R) �√ −g d^4x,

where now F (□) =

�_∞ n=1 f_n□^n. With respect to solution (3.4), parameters in expressions (3.2) are arbitrary.

3.2. Solution (3.5): condition R_0 + 4R_{00} = 0. Consider now constraints which equation R_0 + 4R_{00} = 0 implies on the parameters σ, τ, k and R_0 in (3.2). Since

R_{00} = −3 ä a = 3 4 (ḃ)^2 − 2bb̈ b^2 , one has the following connections between the parameters:

(3.7)

R_0 > 0, 36k^2 = R^2_0(σ^2 − τ^2),

R_0 = 0, σ^2 + 4kτ = 0,

R_0 < 0, 36k^2 = R^2_0(σ^2 + τ^2).

3.2.1. Case R_0 > 0. In this case, it is convenient to take R_0 = 4Λ, Λ > 0. Hence, scale factor a(t) (3.2) is

a(t) = � 3k 2Λ + σ cosh 2 � Λ/3 t + τ sinh 2 � Λ/3 t , k = ±1.

According to (3.7), in this case

σ^2 − τ^2 =

9k^2 4Λ^2 = 9 4Λ^2 and we can introduce φ such that

cosh 2φ = σ √ σ^2 − τ^2 = 2σΛ 3 , sinh 2φ = τ √ σ^2 − τ^2 = 2τΛ 3 . Now we can write a(t) as

(3.8) a(t) = � 3 2Λ � k + cosh 2 � Λ/3 t + φ � , k = ±1.

After further transformations of (3.8) we obtain

a(t) = � 3/Λ cosh � Λ/3 t + φ � , k = +1,

a(t) = � 3/Λ � �sinh � � Λ/3 t + φ � , k = −1 which are the same solutions as in the Einstein gravity with cosmological constant Λ.

Now, let σ^2 − τ^2 = 0; then the scale factor takes the form

a(t) = √ σ e^±

√_{Λ/3 t}

, k = 0, σ > 0.

3.2.2. Case R_0 = 0. Taking into account condition σ^2 + 4kτ = 0, there are two solutions for the cosmological scale factor a(t) for all values of time t:

(1) k = 0: a(t) = √ τ, τ > 0.

(2) k = −1: a(t) = t, σ = τ = 0, (c = 1).

Solution (1) corresponds to the Minkowski space. Solution (2) is related to the Milne model of the universe.

3.2.3. Case R_0 < 0. Taking R_0 = 4Λ, Λ < 0, the corresponding scale factor a(t) in (3.2) is

(3.9) a(t) = � 3k 2Λ + σ cos 2 � −Λ/3 t + τ sin 2 � −Λ/3 t , Λ < 0.

According to (3.7), in this case

σ^2 + τ^2 =

9k^2 4Λ^2 = 9 4Λ^2 and we can introduce φ such that

cos 2φ = σ √ σ^2 + τ^2 = − 2σΛ 3 , sin 2φ = τ √ σ^2 + τ^2 = − 2τΛ 3 . We can now rewrite (3.9) as

(3.10) a(t) = � − 3 2Λ � − k + cos 2 � −Λ/3 t − φ � , Λ < 0 , k = −1.

By standard trigonometric transformation, solution (3.10) can be rewritten in the usual form a(t) = � −3/Λ cos � −Λ/3 t − φ � , Λ < 0, (k = −1).

3.3. Solution (3.6): condition on G(R) and H(R). Here we consider some functions G(R) and H(R) which satisfy the relation U = 1 2 (R_0U^′ + 4Λ − R_0) ,

(3.11)

where U = f_0G(R)H(R)|_{R=R0} , U^′ = f_0 ∂ ∂R (G(R)H(R))|_{R=R0} .

Let us start with H(R) = R^p and G(R) = R^q, where p and q are some integers. Then U = f_0R^{p+q}_0 , U^′ = f_0(p + q)R^{p+q−1}_0 and equality (3.11) becomes f_0R^{p+q}_0 (2 − p − q) = 4Λ − R_0.

3.3.1. Case. 1: p = q = 1. In this case, action (2.1) becomes S = 1 16πG � � R − 2Λ + RF(□)R �√ −g d^4x

and R_0 is related to the cosmological constant Λ by equality R_0 = 4Λ. Some cosmological solutions of nonlocal model (3.3.1) are considered in [1, 12, 7].

3.3.2. Case. 2: p + q = 0. Now action (2.1) takes the form S = 1 16πG � � R − 2Λ + R^{−p}F(□)R^p �√ −g d^4x

with condition f_0 = 2Λ −^{R0}_2 . Studies of this model can be found in [4, 3]. The special case when p = 1 is introduced and investigated in [5].

3.3.3. Case. 3: H(R) = G(R) = √ R − 2Λ. In this case we have

U = f_0(R_0 − 2Λ), U^′ = f_0,

and equality (3.11) becomes

f_0(R_0 − 4Λ) = 4Λ − R_0.

If R_0 = 4Λ, then f_0 is an arbitrary parameter. When f_0 = −1 then the corresponding action coincides with (3.6). However, if f_0 = 0, then we can write the action as (3.12) S = 1 16πG � (R − 2Λ + √ R − 2Λ F (□) √ R − 2Λ ) √ −g d^4x,

where F (□) =

�_∞ n=1 f_n□^n. Note that (3.12) can be rewritten in the form

(3.13) S = 1 16πG � √ R − 2Λ F(□) √ R − 2Λ √ −g d^4x,

where F(□) = 1 + F (□) = 1 +

�_∞

n=1 f_n □^n.

4. Concluding remarks

When scalar curvature R is a constant, we obtained cosmological solutions for scale factor a(t) of nonlocal gravity model (2.1). These solutions are interesting as backgrounds for cosmological perturbations, e.g. see [8]. Presented a(t) solutions in Subsection 3.2 are the same as in the local Einstein gravity.

The relations U = f_0G(R)H(R)|_{R=R0} and U^′ = f_0^∂_{∂R} (G(R)H(R))|_{R=R0} related to action (2.1) have to satisfy two conditions. When U = 2Λ − R_0 and U^′ = −1 then model (2.1) does not contain Einstein gravity and there is no restriction on parameters σ, τ and k in solutions (3.2). Relation U =^1_2 (R_0U^′ +4Λ−R_0) is another possibility, which is consistent with obtained standard solutions in Subsection 3.2.

A consideration similar to the above one was given in [4], but the present analysis is more general and complete. For further investigation, we find very promising nonlocal gravity model presented by action (3.13).

References

1. T. Biswas, A. Mazumdar, W. Siegel, Bouncing universes in string-inspired gravity, J. Cosmology Astropart. Phys. 0603, 009 (2006). arXiv:hep-th/0508194.

2. T. Clifton, P. G. Ferreira, A. Padilla, C. Skordis, Modified gravity and cosmology, Phys. Rep.

513 (2012) 1–189. arXiv:1106.2476v2 [astro-ph.CO].

3. I. Dimitrijevic, Cosmological solutions in modified gravity with monomial nonlocality, Appl.

Math. Comput. 285 (2016) 195–203. arXiv:1604.06824 [gr-qc].

4. I. Dimitrijevic, B. Dragovich, J. Grujic, Z. Rakic, Constant curvature cosmological solutions in nonlocal gravity, AIP Conference Proceedings 1634, (2014) 18–23.

5. , A new model of nonlocal modified gravity, Publ. Inst. Math., Nouv. Sér. 94 (108), (2013) 187–196.

6. , Some cosmological solutions of a nonlocal modified gravity, Filomat 29 (3), (2015) 619–628. arXiv:1508.05583 [hep-th].

7. , New cosmological solutions in nonlocal modified gravity, Rom. J. Phys. 58 (5-6), (2013) 550–559. arXiv:1302.2794 [gr-qc].

8. I. Dimitrijevic, B. Dragovich, J. Grujic, A. S. Koshelev, Z. Rakic, Cosmology of modified gravity with a non-local f(R), (2015). arXiv:1509.04254 [hep-th].

9. I. Dimitrijevic, B. Dragovich, J. Stankovic, A. S. Koshelev, Z. Rakic, On nonlocal modified gravity and its cosmological solutions, Springer Proc. Math. Stat. 191 (2016) 35–51. arXiv:1701.02090 [hep-th].

10. B. Dragovich, A. Yu. Khrennikov, S. V. Kozyrev, I. V. Volovich, E. I. Zelenov, p-adic mathematical physics: the first 30 years, p-Adic Numbers Ultrametric Anal. Appl. 9 (2017) 87–121. arXiv:1705.04758 [math-ph].

11. E. Elizalde, E. O. Pozdeeva, S. Yu. Vernov, Ying-li Zhang, Cosmological solutions of a nonlocal model with a perfect fluid, J. Cosmology Astropart. Phys. 07 (2013) 034. arXiv:1302.4330 [hep-th].

12. A. S. Koshelev, S. Yu. Vernov, On bouncing solutions in non-local gravity, arXiv: 1202.1289v1 [hep-th].

13. A. S. Koshelev, L. Modesto, L. Rachwal, A. A. Starobinsky, Occurrence of exact R^2 inflation in non-local UV-complete gravity, J. High Energy Phys. 11 2016, 1–41. arXiv:1604.03127 [hep-th].

14. S. Nojiri, S. D. Odintsov, V. K. Oikonomou, Modified gravity theories on a nutshell: inflation, bounce and late-time evolution, Phys. Rep. 692 (2017) 1–104. arXiv:1705.11098 [gr-qc].

University of Belgrade, Faculty of Mathematics Belgrade, Serbia

ivand@matf.bg.ac.rs

University of Belgrade, Institute of Physics Belgrade, Serbia Mathematical Institute Serbian Academy of Sciences and Arts Belgrade, Serbia

dragovich@ipb.ac.rs

University of Belgrade, Faculty of Mathematics Belgrade, Serbia

zrakic@matf.bg.ac.rs

University of Belgrade, Teacher Education Faculty Belgrade, Serbia

jelenagg@gmail.com