PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 102(116) (2017), 121–132 DOI: https://doi.org/10.2298/PIM1716121E

FRACTIONAL BLACK–SCHOLES MODEL WITH REGULARIZED PRABHAKAR DERIVATIVE

Shiva Eshaghi, Alireza Ansari, Reza Khoshsiar Ghaziani, and Mohammadreza Ahmadi Darani

Abstract. We introduce a fractional type Black–Scholes model in European options including the regularized Prabhakar derivative. We apply the reconstruction of variational iteration method to get the approximate analytical solutions for some models of generalized fractional Black–Scholes equations in terms of the generalized Mittag-Leffler functions.

1. Introduction

The Black–Scholes model is the most well known mathematical model for pricing financial derivatives. It was introduced by Black and Scholes in the year 1973 as a partial differential equation and became so popular and almost universally accepted by the option traders for the estimating and valuing European or American options over time. This equation is widely used in global financial markets by traders and investors and is used to calculate values of both call and put options. It is also applied to determine a fair price for a call or put option based on factors such as underlying stock volatility, days to expiration and others. The Black–Scholes model for the value of an option is described by the following equation ∂v ∂t + σ^2x^2 2 ∂^2v ∂x^2

+ (r − τ)x ∂v ∂x − rv = 0, (x, t) ∈ R^+ × (0, T ),

where v(x, t) is the put option at asset price x and at time t, T is the maturity, r is the risk free interest rate, τ is the dividend yield and σ represents the volatility function of underlying asset. Also, we denote v_c(x, t) and v_p(x, t) as the value of European call and put options, respectively. Moreover, the payoff functions are v_c(x, t) = max{x − K, 0}, v_p(x, t) = max{K − x, 0}, where K denotes the expiration price for the option.

2010 Mathematics Subject Classification: 62P05; 26A33.

Key words and phrases: generalized fractional Black–Scholes equation, regularized Prabhakar derivative, generalized Mittag-Leffler function, reconstruction of variational iteration method, Laplace transform.

Communicated by Stevan Pilipopvić. 121

From another general point of view, with the developments of theory of fractional calculus (integral and differential operations of non integer order) in various fields of science and engineering [5–7, 11, 16, 19, 21, 30–32], the problem of the fractional Black–Scholes equation has been treated by some researchers [2, 3, 8–10, 17, 22, 28, 29, 37, 39, 42]. In these studies, numerical and analytical tools were employed to obtain solutions of the corresponding equations stated by fractional Riemann–Liouville and Caputo derivatives.

In this paper, we intend to study the fractional Black–Scholes equation with a generalized fractional derivative (regularized Prabhakar derivative) [12, 15, 18].

For this purpose, we use the reconstruction of variational iteration method [1] and develop the analytical solution of generalized fractional Black–Scholes equation for European option pricing problems. This equation is described by the following equation

∂^γ_{ρ,μ,ω,0+}v ∂t^γ_{ρ,μ,ω,0+} + σ^2x^2 2 ∂^2v ∂x^2

+ (r − τ)x ∂v ∂x − rv = 0, (x, t) ∈ R^+ × (0, T ),

where the operator^{∂γρ,μ,ω,0+}_{∂t}γ_{ρ,μ,ω,0+} indicates the regularized Prabhakar fractional derivative (generalization of the Caputo derivative) and ρ, μ, ω, γ ∈ C, 0 < μ � 1.

2. Preliminaries In this section, we introduce some basic definitions and properties of generalized fractional calculus and generalized Mittag-Leffler function which will be used in this work.

2.1. The generalized Mittag-Leffler function. In 1971, Prabhakar introduced the generalized Mittag-Leffler function (Mittag-Leffler function with three parameters) on his study on singular integral equations as follows [36]

(2.1) E^γ_{ρ,μ}(z) = ∞� k=0 (γ)_k Γ(ρk + μ) z^k k! , γ, ρ, μ ∈ C, Re(ρ) > 0,

where (γ)_k is the Pochhammer symbol [13]

(γ)_0 = 1, (γ)_k = γ(γ + 1) . . . (γ + k − 1), k = 1, 2, . . . . For γ = 1, we get the two-parameter Mittag-Leffler function E_{ρ,μ}(z) defined by

E_{ρ,μ}(z) := E^1_{ρ,μ}(z) = ∞� k=0 z^k Γ(ρk + μ)

, ρ, μ ∈ C, Re(ρ) > 0,

and for γ = μ = 1, this function coincides with the classical Mittag-Leffler function E_ρ(z) [33, 34]

E_ρ(z) := E^1_{ρ,1}(z) = ∞� k=0 z^k Γ(ρk + 1)

, ρ ∈ C, Re(ρ) > 0.

Many researchers have studied the generalized Mittag-Leffler function especially the theory of fractional calculus and detected some applications in physics, engineering and applied sciences. For example, new definitions of generalized fractional derivatives for the fractional differential and integral equations were introduced and solutions of the Cauchy-type initial and boundary value problems were presented in terms of the generalized Mittag-Leffler functions [4, 18–20, 24–27, 38, 40, 41]. Eshaghi and Ansari used this function for presenting the solutions of autoconvolution equations and established a Lyapunov inequality for fractional differential equations [14, 15]. D’Ovidio and Polito presented the stochastic solution to a generalized fractional partial differential equation involving a regularized operator related to the Prabhakar operator [12]. Polito and Tomovski also obtained some Opial and Hardy-type inequalities for the integrals and derivatives containing Mittag-Leffler function [35].

Lemma 2.1. The Laplace transforms of generalized Mittag-Leffler function (2.1) has the following form [36]

(2.2) L � x^{μ−1}E^γ_{ρ,μ}(ωx^ρ) � (s) = s^{−μ}(1 − ωs^{−ρ})^{−γ} , |ωs^{−ρ}| < 1,

where γ, ρ, μ, ω, s ∈ C, Re(μ) > 0, Re(s) > 0.

Theorem 2.1. Let γ, ρ, μ, ν, σ, ω ∈ C (Re(ρ), Re(μ), Re(ν) > 0), then [26] �_t 0 (t − η)^{μ−1}E^γ_{ρ,μ}(ω(t − η)^ρ)η^{ν−1}E^σ_{ρ,ν} (ωη^ρ) dη = t^{μ+ν−1}E^{γ+σ}_{ρ,μ+ν} (ωt^ρ),

and in the special case σ = 0, we have

(2.3)

�_t 0 (t − η)^{μ−1}E^γ_{ρ,μ}(ω(t − η)^ρ)η^{ν−1}dη = Γ(ν)t^{μ+ν−1}E^γ_{ρ,μ+ν} (ωt^ρ).

2.2. Prabhakar integral and derivative. After studying of some properties of the generalized Mittag-Leffler function, Prabhakar introduced an integral operator with generalized Mittag-Leffler function in kernel as follows.

Definition 2.1 (Prabhakar integral). Let f ∈ L^1[0, b], 0 < x < b � ∞. The Prabhakar integral operator with generalized Mittag-Leffler function in its kernel is defined as follows [18]

(2.4) E^γ_{ρ,μ,ω,0+}f(x) =

�_x 0 (x − u)^{μ−1}E^γ_{ρ,μ} � ω(x − u)^ρ � f(u) du, x > 0,

where ρ, μ, ω, γ ∈ C, Re(ρ), Re(μ) > 0.

Remark 2.1. We note that for γ = 0, Prabhakar integral operator (2.4) coincides with the Riemann–Liouville fractional integral of order μ

E^0_{ρ,μ,ω,0+}f = I^μ_{0+}f.

Definition 2.2 (Prabhakar derivative). Let f ∈ L^1[0, b], 0 < x < b � ∞. The Prabhakar derivative is defined by [18]

(2.5) D^γ_{ρ,μ,ω,0+}f(x) = d^m dx^m

E^{−γ}_{ρ,m−μ,ω,0+}f(x), where ρ, μ, ω, γ ∈ C, Re(ρ), Re(μ) > 0. Further, its regularized Caputo counterpart for function f ∈ AC^m[0, b], 0 < x < b < ∞, is given by

C D^γ_{ρ,μ,ω,0+}f(x) = E^{−γ}_{ρ,m−μ,ω,0+} d^m dx^m f(x)

(2.6)

= D^γ_{ρ,μ,ω,0+}f(x) − m−1� k=0 x^{k−μ}E^{−γ}_{ρ,k−μ+1}(ωx^ρ)f^{(k)}(0+).

Remark 2.2. It is evident that the Prabhakar derivative (2.5) and regularized Prabhakar derivative (2.6) generalize the Riemann–Liouville and the Caputo fractional derivatives of order μ, respectively.

Lemma 2.2. For m − 1 < μ � m, the Laplace transform of regularized Prabhakar derivative (2.6) has the form

(2.7) L{^C D^γ_{ρ,μ,ω,0+}f(x); s} = s^μ(1−ωs^{−ρ})^γ F (s)− m−1� k=0 s^{μ−k−1}(1−ωs^{−ρ})^γ f^{(k)}(0),

where F (s) is the Laplace transform of f(x).

Proof. By applying the Laplace transform operator on the regularized Prabhakar derivative (2.6), we have

L{^C D^γ_{ρ,μ,ω,0+}f(x); s} = L � E^{−γ}_{ρ,m−μ,ω,0+} d^m dx^m f(x); s �

= L � x^{m−μ−1}E^{−γ}_{ρ,m−μ}(ωx^ρ) � L � dm

dx^m f(x); s �

= s^{μ−m}(1 − ωs^{−ρ})^γ � s^mF (s) − m−1� k=0 s^{m−k−1}f^{(k)}(0) �

= s^μ(1 − ωs^{−ρ})^γ F (s) − m−1� k=0 s^{μ−k−1}(1 − ωs^{−ρ})^γ f^{(k)}(0). □

3. Reconstruction of variational iteration method with Laplace transform

Recently, Hesameddini and Latifizadeh [23] proposed the reconstruction of variational iteration algorithms by using the Laplace transform for solving the differential equations of integer order. In this section, we generalize this method for solving the fractional Black–Scholes equation including the regularized Prabhakar derivative. This method provides the analytical solution of the fractional Black–Scholes equation for a European option pricing problem with initial condition. Therefore, in order to present the procedure of the reconstruction of variational iteration method, we consider the general form of Black–Scholes equation as follows (3.1)

∂^γ_{ρ,μ,ω,0+}f(x, t)

∂t^γ_{ρ,μ,ω,0+} = g � t, x, f, ∂f ∂x ∂^2f ∂x^2 � , ρ, μ, ω, γ ∈ C, Re(ρ) > 0, 0 < μ < 1, with the initial conditions f(x, 0) = 0, in which the operator^{∂γρ,μ,ω,0+}_{∂t}γ_{ρ,μ,ω,0+} indicates the regularized Prabhakar fractional derivative. We apply the Laplace transform to both sides of the above equation with respect to the independent variable t and then use relation (2.7) to get

s^μ(1 − ωs^{−ρ})^γ L{f(x, t)} = L � g � t, x, f, ∂f ∂x ∂^2f ∂x^2 � . We then set L � g � t, x, f,^{∂f}_{∂x}^{∂2f}_{∂x2} � = G(s, x) to obtain

(3.2) L{f(x, t)} = s^{−μ}(1 − ωs^{−ρ})^{−γ} G(s, x).

Now, by applying the inverse Laplace transform on both sides of equation (3.2) and using relation (2.2) and the convolution theorem, we obtain

f(x, t) = L{s^{−μ}(1 − ωs^{−ρ})^{−γ} G(s, x)} = t^{μ−1}E^γ_{ρ,μ}(ωt^ρ) ∗ g � t, x, f, ∂f ∂x ∂^2f ∂x^2 �

= �_t 0 (t − η)^{μ−1}E^γ_{ρ,μ}(ω(t − η)^ρ)g � η, x, f, ∂f ∂x ∂^2f ∂x^2 � dη. From the reconstruction of the variational iteration method introduced in [23] and using the initial conditions, an iteration formula for (3.1) can be constructed as

f_{n+1}(x, t) = f_0(x, t) +

�_t 0 (t − η)^{μ−1}E^γ_{ρ,μ}(ω(t − η)^ρ)g � η, x, f_n,

∂f_n ∂x ∂^2f_n ∂x^2 � dη, where f_0(x, t) is an initial solution. Therefore, by using the above iteration formula, we can immediately evaluate several approximations exactly. The exact solution accordingly is given as follows

f(x, t) = lim_{n→∞} f_n(x, t).

4. Numerical Examples

We now discuss the implementation of the proposed method by presenting some examples. To this end, by applying the reconstruction of the variational iteration method, we solve some examples of the generalized fractional Black–Scholes differential equations including the regularized Prabhakar derivative and show the solutions of these examples presented as a summation of the generalized Mittag- Leffler functions. In the particular case, the solution of the generalized fractional Black–Scholes equation including the regularized Prabhakar derivative gives the solution of the fractional Black–Scholes differential equation in the sense of the Caputo derivative. We first present two examples on which for anytime period, the value of dividend yield τ is considered to be zero.

Remark 4.1. For a generalization of the fractional Black–Scholes model with the Caputo derivative to the fractional Black–Scholes model with the regularized Prabhakar derivative, the initial condition in the following examples is similar to that of the initial condition given in [1].

Example 4.1. The solution of the fractional Black–Scholes option pricing equation [22]

(4.1)

∂^γ_{ρ,μ,ω,0+}v ∂t^γ_{ρ,μ,ω,0+} = ∂^2v ∂x^2

+(k −1) ∂v ∂x −kv, ρ, μ, ω, γ ∈ C, Re(ρ) > 0, 0 < μ � 1,

with the initial condition v(x, 0) = max{e^x − 1, 0}, is given by

v(x, t) = max{e^x − 1, 0} ∞� i=0 (−kt^μE^γ_{ρ,μ+1}(ωt^ρ))^i

+ max{e^x, 0} ∞� i=1 (−1)^{i−1}(kt^μE^γ_{ρ,μ+1}(ωt^ρ))^i.

Proof. By using the presented method, we get the following recursive formula

v_{n+1}(x, t) = v_0(x, t) +

�_t 0 (t − η)^{μ−1}E^γ_{ρ,μ} � ω(t − η)^ρ � g(x, η, v_n) dη,

where

v_0(x, t) = max{e^x − 1, 0}, g(x, η, v_n) =

∂^2v_n ∂x^2

+ (k − 1)x

∂v_n ∂x − kv_n.

Now, by using relation (2.3) for ν = 1, we obtain the following successive approximations

v_0(x, t) = max{e^x − 1, 0} v_1(x, t) = max{e^x − 1, 0} � 1 − kt^μE^γ_{ρ,μ+1}(ωt^ρ) � + max{e^x, 0} � kt^μE^γ_{ρ,μ+1}(ωt^ρ) � , v_2(x, t) = max{e^x − 1, 0} � 1 − kt^μE^γ_{ρ,μ+1}(ωt^ρ) + k^2t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2 � + max{e^x, 0} � kt^μE^γ_{ρ,μ+1}(ωt^ρ) − k^2t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2 � , . . v_n(x, t) = max{e^x − 1, 0} n� i=0 � − kt^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i

+ max{e^x, 0} n� i=1 (−1)^{i−1} � kt^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i . Therefore, the solution is given by

v(x, t) = lim_{n→∞} v_n(x, t) = max{e^x − 1, 0} ∞� i=0 � − kt^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i

+ max{e^x, 0} ∞� i=1 (−1)^{i−1} � kt^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i . □ Equation (4.1) is solved numerically for values γ = 0.2, ρ = 0.9, μ = 0.95, ω = 0.3 and k = 1. The results of v(x, t) are presented in Figure 1.

Figure 1.

Remark 4.2. In the special case γ = 0, by using the definition of the Mittag- Leffler function in one parameter, the above solution becomes

v(x, t) = lim_{n→∞} v_n(x, t) = max{e^x − 1, 0}E_μ(−kt^μ) + max{e^x, 0}(1 − E_μ(kt^μ)). which confirms the solution given in [1]. Furthermore, in the subcase μ = 1, the exact solution of classical Black–Scholes equation (4.1) gives rise to v(x, t) = max{e^x − 1, 0}e^{−kt} + max{e^x, 0}(1 − e^{−kt}).

Example 4.2. Let ρ, μ, ω, γ ∈ C, Re(ρ) > 0, 0 < μ � 1. Then the following fractional Black–Scholes option pricing equation

(4.2)

∂^γ_{ρ,μ,ω,0+}v ∂t^γ_{ρ,μ,ω,0+}

+ 0.08(2 + sin x)^2x^2

∂^2v ∂x^2

+ 0.06x ∂v ∂x − 0.06v = 0,

with the initial condition v(x, 0) = max{x − 25e^{−0.06}, 0}, has the solution

v(x, t) = max{x − 25e^{−0.06}, 0} ∞� i=0 � − 0.06t^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i

− x ∞� i=1 � − 0.06t^μE^γ_{ρ,μ+1}(ωt^ρ)

�_i . Proof. Similar to the previous example, by applying the proposed method, we get the following recursive formula

v_{n+1}(x, t) = v_0(x, t) −

�_t 0 (t − η)^{μ−1}E^γ_{ρ,μ} � ω(t − η)^ρ � g(x, η, v_n) dη, where v_0(x, t) = max{x − 25e^{−0.06}, 0}, g(x, η, v_n) = 0.08(2 + sin x)^2x^2

∂^2v ∂x^2

+ 0.06x ∂v ∂x − 0.06v.

By straight computations, we obtain the following successive approximations v_0(x, t) = max{x − 25e^{−0.06}, 0} v_1(x, t) = max{x − 25e^{−0.06}, 0}(1 − 0.06t^μE^γ_{ρ,μ+1}(ωt^ρ)) + 0.06xt^μE^γ_{ρ,μ+1}(ωt^ρ), v_2(x, t) = max{x − 25e^{−0.06}, 0}(1 − 0.06t^μE^γ_{ρ,μ+1}(ωt^ρ) + (0.06)^2t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2) + x(0.06t^μE^γ_{ρ,μ+1}(ωt^ρ) − (0.06)^2t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2), . . v_n(x, t) = max{x − 25e^{−0.06}, 0} n� i=0 (−0.06t^μE^γ_{ρ,μ+1}(ωt^ρ))^i

− x n� i=1 (−0.06t^μE^γ_{ρ,μ+1}(ωt^ρ))^i.

Therefore, the solution of (4.2) is given by

v(x, t) = lim_{n→∞} v_n(x, t) = max{x − 25e^{−0.06}, 0} ∞� i=0 (−0.06t^μE^γ_{ρ,μ+1}(ωt^ρ))^i

− x ∞� i=1 (−0.06t^μE^γ_{ρ,μ+1}(ωt^ρ))^i. □

Equation (4.2) is solved numerically for values γ = 0.2, ρ = 0.9, μ = 0.95 and ω = 0.3. The result of v(x, t) is presented in Figure 2.

Figure 2.

Remark 4.3. When γ = 0, the solution of (4.2) takes the form v(x, t) = lim_{n→∞} v_n(x, t) = max{x − 25e^{−0.06}, 0}E_μ(−0.06t^μ) + x(1 − E_μ(−0.06t^μ)).

For the special case μ = 1, the exact solution of (4.2) becomes v(x, t) = max{x − 25e^{−0.06}, 0}e^{−0.06t} + x(1 − e^{−0.06t}).

Example 4.3. Let ρ, μ, ω, γ ∈ C, Re(ρ) > 0, 0 < μ � 1. Then the solution to the fractional Black–Scholes option pricing equation

(4.3)

∂^γ_{ρ,μ,ω,0+}v ∂t^γ_{ρ,μ,ω,0+} + σ^2x^2 2 ∂^2v ∂x^2

+ (r − τ)x ∂v ∂x − rv = 0,

with the initial condition v(x, 0) = max{αx − β, 0}, α, β ∈ R^+, is given by

v(x, t) = max{αx − β, 0} ∞� i=0 (rt^μE^γ_{ρ,μ+1}(ωt^ρ))^i − αx ∞� i=1 (r^i − τ^i)(t^μE^γ_{ρ,μ+1}(ωt^ρ))^i.

Proof. By applying the proposed method, a recursive formula is obtained as follows

v_{n+1}(x, t) = v_0(x, t) +

�_t 0 (t − η)^{μ−1}E^γ_{ρ,μ}(ω(t − η)^ρ)g(x, η, v_n) dη, where v_0(x, t) = max{αx − β, 0}, g(x, η, v_n) = − σ^2x^2 2 ∂^2v ∂x^2

− (r − τ)x ∂v ∂x + rv.

The approximations are obtained as v_0(x, t) = max{αx − β, 0} v_1(x, t) = max{αx − β, 0}(1 + rt^μE^γ_{ρ,μ+1}(ωt^ρ)) − αx(r − τ)t^μE^γ_{ρ,μ+1}(ωt^ρ), v_2(x, t) = max{αx − β, 0}(1 + rt^μE^γ_{ρ,μ+1}(ωt^ρ) + r^2t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2) − αx((r − τ)t^μE^γ_{ρ,μ+1}(ωt^ρ) + (r^2 − τ^2)t^{2μ}(E^γ_{ρ,μ+1}(ωt^ρ))^2), . . v_n(x, t) = max{αx − β, 0} n� i=0 (rt^μE^γ_{ρ,μ+1}(ωt^ρ))^i − αx n� i=1 (r^i − τ^i)(t^μE^γ_{ρ,μ+1}(ωt^ρ))^i.

Therefore, the solution of (4.3) is given by

v(x, t) = lim_{n→∞} v_n(x, t) = max{αx − β, 0} ∞� i=0 (rt^μE^γ_{ρ,μ+1}(ωt^ρ))^i

− αx ∞� i=1 (r^i − τ^i)(t^μE^γ_{ρ,μ+1}(ωt^ρ))^i. □

Equation (4.1) is solved numerically for values γ = 0.2, ρ = 0.9, μ = 0.95, ω = 0.3, α = 1, β = 10, ρ = 0.25, τ = 0.2. The result of v(x, t) is presented in Figure 3.

Figure 3. The solution of (4.3)

Remark 4.4. When γ = 0, then the solution of (4.3) takes the form v(x, t) = lim_{n→∞} v_n(x, t) = max{αx − β, 0}E_μ(rt^μ) − αx(E_μ(rt^μ) − E_μ(τt^μ)).

For μ = 1, the exact solution of (4.3) becomes v(x, t) = max{αx − β, 0}e^{rt} − αx(e^{rt} − e^{τ t}).

Remark 4.5. We observe that the convergence speed of the solution of the fractional Black–Scholes equation equations with the regularized Prabhakar derivative depends on the three-parameter generalized Mittag-Leffler functions. For example, for the case −βt^μE^γ_{ρ,μ+1}(ωt^ρ) we see that d dt (e^{−αt}) |_{t=0} = −αe^{−αt} |_{t=0}= −α, d dt (−βt^μE^γ_{ρ,μ+1}(ωt^ρ)) |_{t=0} = −βt^{μ−1}E^γ_{ρ,μ}(ωt^ρ) |_{t=0}= ±∞,

which decreases much faster than e^{−αt} near the origin for ρ, μ, ω, γ ∈ R, 0 < μ � 1 and α, β ∈ R.

References

1. M. H. Akrami, G. H. Erjaee, Examples of analytical solutions by means of Mittag-Leffler function of fractional Black–Scholes option pricing equation, Fract. Calc. Appl. Anal., 18(1) (2015), 38–47.

2. P. Amster, C. G. Averbuj, M. C. Mariani, Solutions to a stationary nonlinear Black–Scholes type equation, J. Math. Anal. Appl., 276 (2002), 231–238.

3. J. Ankudinova, M. Ehrhardt, On the numerical solution of nonlinear Black–Scholes Equations, Comput. Math. Appl., 56 (2008), 799–812.

4. H. Askari, A. Ansari, Fractional calculus of variations with a generalized fractional derivative, Fract. Diff. Calc., 6(1) (2016), 57–72.

5. Yu. I. Babenko, Heat and Mass Transfer, Chemia, Leningrad, 1986.

6. R. L. Bagley, On the fractional order initial value problem and its engineering applications, in:

K. Nishimoto (ed.), Fractional Calculus and Its Applications, Tokyo, College of Engineering, Nihon University, 1990, 12–20.

7. H. Beyer, S. Kempfle, Definition of physically consistent damping laws with fractional derivatives, Z. Angew. Math. Mech. 75(8) (1995), 623–635.

8. M. Bohner, Y. Zheng, On analytical solution of the Black–Scholes equation, Appl. Math. Lett.

22 (2009), 309–313.

9. Z. Cen, A. Le, A robust and accurate finite difference method for a generalized Black–Scholes equation, J. Comput. Appl. Math. 235 (2011), 3728–3733.

10. R. Company, E. Navarro, J. R. Pintos, E. Ponsoda, Numerical solution of linear and nonlinear Black–Scholes option pricing equations, Comput. Math. Appl. 56 (2008), 813–821.

11. L. Debnath, Fractional integral and fractional differential equations in fluid mechanics, Fract.

Calc. Appl. Anal., 6(2) (2003), 119–155.

12. M. D’Ovidio, F. Polito, Fractional diffusion-telegraph equations and their associated stochastic solutions, arXiv:1307.1696v3 [math.PR], (2013), 22 pages.

13. A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Higher Transcendental Functions, McGraw-Hill, New York-Toronto-London, 1953.

14. S. Eshaghi, A. Ansari, Autoconvolution equations and generalized Mittag-Leffler functions, Int. J. Ind. Math. 7(4) (2015), 335–341.

15. , Lyapunov inequality for fractional differential equations with Prabhakar derivative, Math. Inequal. Appl. 19(1) (2016), 349–358.

16. , Finite fractional Sturm-Liouville transforms for generalized fractional derivatives, Iran. J. Sci. Technol., Trans. A, Sci., Inpress (2017).

17. F. Fabiao, M. R. Grossinho, O. A. Simoes, Positive solutions of a Dirichlet problem for a stationary nonlinear Black–Scholes equation, Nonlinear Anal., Theory Methods Appl., Ser. A, Theory Methods 71(10) (2009), 4624–4631.

18. R. Garra, R. Gorenflo, F. Polito, Z. Tomovski, Hilfer–Prabhakar derivatives and some applications, Appl. Math. Comput. 242 (2014), 576–589.

19. R. Gorenflo, F. Mainardi, Fractional calculus: integral and differential equations of fractional order, in: A. Carpinteri, F. Mainardi (eds.), Fractals and Fractional Calculus in Continuum Mechanics, CISM Courses and Lectures 378, Springer-Verlag, Wien, 1997, 223–276.

20. R. Gorenflo, A. A. Kilbas, S. V. Rogosin, On the generalized Mittag-Leffler type function, Integral Transforms Spec. Funct. 7 (1998), 215–224.

21. R. Gorenflo, R. Rutman, On ultraslow and intermediate processes, in: P. Rusev, I. Dimovski, V. Kiryakova (eds.), Transform Methods and Special Functions, Science Culture Technology Publishing (SCTP), Singapore, 1995, 61–81.

22. V. Gulkac, The homotopy perturbation method for the Black–Scholes equation, J. Stat. Comput. Simulation 80 (2010), 1349–1354.

23. E. Hesameddini, H. Latifizadeh, Reconstruction of variational iteration algorithms using the Laplace transform, Int. J. Nonlinear Sci. Numer. Simul. 10 (2009), 1377–1382.

24. R. Hilfer, H. Seybold, Computation of the generalized Mittag-Leffler function and its inverse in the complex plane, Integral Transforms Spec. Funct. 17 (2006), 637–652.

25. A. A. Kilbas, M. Saigo, On Mittag-Leffler type function, fractional calculus operators and solutions of integral equations, Integral Transforms Spec. Funct. 4 (1996), 355–370.

26. A. A. Kilbas, M. Saigo, R. K. Saxena, Generalized Mittag-Leffler function and generalized fractional calculus operators, Integral Transforms Spec. Funct. 15 (2004), 31–49.

27. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential Equations, North-Holland Mathematical Studies 204, Elsevier Science, Amsterdam, 2006.

28. S. Kumar, D. Kumar, J. Singh, Numerical computation of fractional Blacke–Scholes equation arising in financial market, EJBAS 1 (2014), 177–183.

29. S. Kumar, A. Yildirim, Y. Khan, H. Jafari, K. Sayevand, L. Wei, Analytical solution of fractional Black–Scholes European option pricing equation by using Laplace transform, Fract. Calc. Appl. Anal. 2(8) (2012), 1–9.

30. F. Mainardi, Fractional relaxation and fractional diffusion equations, mathematical aspects, in: W. F. Ames (ed.), Proceedings of the 12th IMACS World Congress, Georgia Tech Atlanta, 1 (1994), 329–332.

31. , Fractional calculus: some basic problems in continuum and statistical mechanics, in:

A. Carpinteri, F. Mainardi (Eds.), Fractals and Fractional Calculus in Continuum Mechanics, Springer Verlag, Wien and New York, 1997, 291–348.

32. R. Metzler, W. Schick, H. G. Kilian, T. F. Nonnenmacher, Relaxation in filled polymers: a fractional calculus approach, J. Chem. Phys. 103(16) (1995), 7180–7186.

33. G. M. Mittag-Leffler, Sur la nouvelle fonction E_α(x), C. R. Acad. Sci., Paris, 137 (1904), 554–558.

34. , Sur la representation analytiqie d’une fonction monogene (cinquieme note), Acta Math. 29 (1905), 101–181.

35. F. Polito, Z. Tomovski, Some properties of Prabhakar-type fractional calculus operators, Fractional Differ. Calc. 6(1) (2016), 73–94.

36. T. R. Prabhakar, A singular integral equation with a generalized Mittag-Leffler function in the kernel, Yokohama J. Math. 19 (1971), 7–15.

37. K. Sayevand, A study on existence and global asymptotical Mittag-Leffler stability of fractional Black–Scholes European option pricing equation, J. Hyperstruct. 3(2) (2014), 126–138.

38. H. J. Seybold, R. Hilfer, Numerical results for the generalized Mittag-Leffler function, Fract.

Calc. Appl. Anal. 8 (2005), 127–139.

39. L. Song, W. Wang, Solution of the fractional Black–Scholes option pricing model by finite difference method, Abstr. Appl. Anal. 2013 (2013), Article ID 194286, 10 pages.

40. H. M. Srivastava, Z. Tomovski, Fractional calculus with an integral operator containing a generalized Mittag-Leffler function in the kernel, Appl. Math. Comput. 211 (2009), 198–210.

41. Z. Tomovski, R. Hilfer, H. M. Srivastava, Fractional and operational calculus with generalized fractional derivative operators and Mittag-Leffler type functions, Fract. Calc. Appl. Anal. 21 (2010), 797–814.

42. W. Wyss, The fracyional Black–Scholes equation, Fract. Calc. Appl. Anal. 3(1) (2000), 51–61.

Department of Applied Mathematics (Received 30 01 2016) Faculty of Mathematical Sciences (Revised 13 12 2016) Shahrekord University Shahrekord Iran

eshaghi@stu.sku.ac.ir
ansari.alireza@sci.sku.ac.ir
khoshsiar@sci.sku.ac.ir
ahmadi.darani@sci.sku.ac.ir