PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 101(115) (2017), 197–204 https://doi.org/10.2298/PIM1715197D

A NEW PERSPECTIVE FOR MULTIVALUED WEAKLY PICARD OPERATORS

Gonca Durmaz and Ishak Altun

Abstract. This research contains some recent developments about multivalued weakly Picard operators on complete metric spaces. In addition, taking into account both multivalued θ-contraction and almost contraction on complete metric spaces, we present a new perspective for multivalued weakly Picard operators. Finally, we give a nontrivial example showing that the investigation of this paper is significant.

1. Introduction and Preliminaries

The concept of multivalued weakly Picard operator, which is introduced by Rus et al [16], is closely related to metric fixed point theory. Let (X, d) be a metric space and T : X → P(X) be a mapping, where P(X) is the family of all nonempty subsets of X. Then T is said to be a multivalued weakly Picard (for short MWP) operator if there exists a sequence {x_n} in X such that x_{n+1} ∈ T x_n for any initial point x_0, which is convergent and its limit is a fixed point of T . Berinde and Berinde [2] show that the type multivalued contractions on complete metric spaces considered by Nadler [12], Petruşel [13], Reich [14] and Rus [15] are MWP operators.

For the sake of completeness we recall some important concepts and results about multivalued mappings. In 1969, Nadler [12] initiated the idea for multivalued contraction mapping and extended the Banach contraction principle to multivalued mappings and proved the following fundamental result:

Theorem 1.1 (Nadler [12]). Let (X, d) be a complete metric space and T : X → CB(X) a multivalued mapping, where CB(X) is the family of all nonempty closed and bounded subsets of X. If T is a multivalued contraction, that is, there exists L ∈ [0, 1) such that H(T x, T y) � Ld(x, y) for all x, y ∈ X, where H is the Pompeiu–Hausdorff metric on CB(X) defined by H(A, B) = max � sup_{x∈A} d(x, B), sup_{y∈B} d(y, A) � , 2010 Mathematics Subject Classification: Primary 47H10; Secondary 54H25. Key words and phrases: fixed point; weakly Picard operator; multivalued almost contraction;

multivalued almost θ-contraction.

Communicated by Stevan Pilipović. 197

and d(x, B) = inf{d(x, y) : y ∈ B}, then there exists z ∈ X such that z ∈ T z.

Inspired by his result, there has been vigorous and dense research activity for fixed point results concerning multivalued contraction, and by now, there are a number of results that generalize this result in many different directions and many researchers have given fantastic contributions to these areas (see [3–5, 9–11]).

Recently, Berinde and Berinde [2] introduced the concepts of multivalued almost contraction (the original name was multivalued (δ, L)-weak contraction) and proved the following attracted result for MWP operators:

Theorem 1.2 (Berinde and Berinde [2]). Let (X, d) be a complete metric space and T : X → CB(X) a given mapping. If T is a multivalued almost contraction, that is, there exist two constants δ ∈ (0, 1) and L � 0 such that

(1.1) H(T x, T y) � δd(x, y) + Ld(y, T x)

for all x, y ∈ X, then T is an MWP operator.

On the other hand, introducing a new type of contractive mapping, Jleli and Samet [7] presented an attracted generalization of the Banach contraction principle. Throughout this study we shall call the contraction defined in [7] the θ-contraction. Now, we recall basic definitions, relevant notions and some related results concerning the θ-contraction.

Let Θ be the set of all functions θ : (0, ∞) → (1, ∞) satisfying the conditions: (θ_1) θ is nondecreasing;

(θ_2) For each sequence {t_n} ⊂ (0, ∞), lim_{n→∞} θ(t_n) = 1 and lim_{n→∞} t_n = 0^+ are equivalent;

(θ_3) There exist r ∈ (0, 1) and l ∈ (0, ∞] such that lim_{t→0}+^{θ(t)−1}_{tr} = l. Let (X, d) be a metric space and θ ∈ Θ. A mapping T : X → X is said to be a θ-contraction if there exists a constant k ∈ [0, 1) such that

(1.2) θ(d(T x, T y)) � [θ(d(x, y))]^k

for all x, y ∈ X with d(T x, T y) > 0.

Choosing some appropriate functions for θ, such as θ_1(t) = e^{√t} and θ_2(t) = e^{√tet} , we can obtain some different types of nonequivalent contractions from (1.2). Considering this new concept, Jleli and Samet proved that every θ-contraction on a complete metric space has a unique fixed point. In the literature some interesting papers concerning θ-contractions can be found (see [1, 8]).

Naturally, the concept of θ-contraction extended to multivalued mappings by Hançer et al [6] and they introduced the concept of multivalued θ-contraction: Let (X, d) be a metric space, T : X → CB(X) be a mapping and θ ∈ Θ. Then T is said to be a multivalued θ-contraction if there exists a constant k ∈ [0, 1) such that

(1.3) θ(H(T x, T y)) � [θ(d(x, y))]^k

for all x, y ∈ X with H(T x, T y) > 0.

Consequently, they established some fixed point results for multivalued θcontraction mappings on complete metric spaces as follows:

Theorem 1.3. [6] Let (X, d) be a complete metric space and T : X → K(X) be given a multivalued mapping, where K(X) is the family of all nonempty compact subsets of X. If T is a multivalued θ-contraction, then T has a fixed point.

Since the compactness of T x for all x ∈ X in Theorem 1.3 is a strong condition, it is intended to replace CB(X) instead of K(X). However, in the same paper they also gave an example [6, Example 2.4] showing that this is not impossible. Even so, this replacement is possible by adding the following weak condition on θ:

(θ_4) θ(inf A) = inf θ(A) for all A ⊂ (0, ∞) with inf A > 0.

Let Ω be the family of all functions θ satisfying (θ_1)-(θ_4). It is clear that Ω ⊂ Θ. If we define θ(t) = e^{√t} for t < 1 and θ(t) = 9 for t � 1, then θ ∈ Θ\Ω. Note that, if θ is right continuous and satisfies (θ_1), then (θ_4) hold. Conversely, if (θ_4) hold, then θ is right continuous.

Theorem 1.4. [6] Let (X, d) be a complete metric space and T : X → CB(X) be given a multivalued mapping. If T is a multivalued θ-contraction with θ ∈ Ω, then T has a fixed point.

If we examine the proofs of Theorem 1.3 and Theorem 1.4, we can see that the mentioned multivalued mappings are MWP operators.

The aim of this paper is to give a new and general class of multivalued weakly Picard operators on complete metric space. For this, we will introduce a new type contraction for multivalued mappings taking into account both multivalued almost contraction and multivalued θ-contraction. Later, we give some fixed point results for mappings of this type on complete metric spaces.

2. Results

Our main results are based on the following new concept.

Let (X, d) be a metric space, T : X → CB(X) be a given mapping and θ ∈ Θ. Then, we say that T is a multivalued almost θ-contraction if there exist two constants k ∈ (0, 1) and λ � 0 such that

(2.1) θ(H(T x, T y)) � [θ(d(x, y) + λd(y, T x))]^k ,

for all x, y ∈ X with H(T x, T y) > 0.

Note that, taking into account the symmetry property of the metric, the multivalued almost θ-contractive condition includes the following dual one

(2.2) θ(H(T x, T y)) � [θ(d(x, y) + λd(x, T y))]^k ,

for all x, y ∈ X with H(T x, T y) > 0. So, in order to check the multivalued almost θ-contractiveness of a multivalued mapping T , it is necessary to check both (2.1) and (2.2) or the following inequality:

θ(H(T x, T y)) � [θ(d(x, y) + λ min{d(y, T x), d(x, T y)})]^k,

for all x, y ∈ X with H(T x, T y) > 0.

Remark 2.1. Taking θ(t) = e^{√t} in inequality (2.1), then it turns to (1.1) with δ = k^2 and L = k^2λ. Thus, every multivalued almost contraction is also multivalued almost θ-contraction. On the other hand, taking λ = 0 in inequality (2.1), then it turns to (1.3). Thus, every multivalued θ-contraction is also multivalued almost θcontraction. Therefore, Theorems 1.1, 1.2 and 1.4 are special cases of the following of first result of ours.

In fact, our first result also presents a new class of multivalued weakly Picard operators on a complete metric space.

Theorem 2.1. Let (X, d) be a complete metric space and T : X → CB(X) be given a mapping. If T is an multivalued almost θ-contraction with θ ∈ Ω, then T is a MWP.

Proof. Define a set X^∗ = {x ∈ X : d(x, T x) > 0}. Let x_0 ∈ X^∗ be an arbitrary point and choose x_1 ∈ T x_0. If x_1 /∈ X^∗, then x_1 is a fixed point of T . Suppose x_1 ∈ X^∗, then 0 < d(x_1, T x_1) � H(T x_0, T x_1) and so from (θ_1), we obtain θ(d(x_1, T x_1)) � θ(H(T x_0, T x_1)). From (2.1), we can write

θ(d(x_1, T x_1)) � θ(H(T x_0, T x_1))

(2.3) � [θ(d(x_1 , x_0) + λd(x_1, T x_0))]^k � [θ(d(x_1 , x_0))]^k .

From (θ_4), we know that θ(d(x_1, T x_1)) = inf_{y∈T x1} θ(d(x_1, y)), and so, from (2.3), we have (2.4) inf_{y∈T x1} θ(d(x_1, y)) � [θ(d(x_0, x_1))]^k < [θ(d(x_0, x_1))]^s,

where s ∈ (k, 1). Then, from (2.4) there exists x_2 ∈ T x_1 such that θ(d(x_1, x_2)) � [θ(d(x_0, x_1))]^s.

If x_2 /∈ X^∗, then x_2 is a fixed point of T . Otherwise, by the same way, we can find x_3 ∈ T x_2 such that θ(d(x_2, x_3)) � [θ(d(x_1, x_2))]^s. Therefore, continuing recursively, we can obtain a sequence {x_n} in X^∗ such that x_{n+1} ∈ T x_n and (2.5) θ(d(x_n, x_{n+1})) � [θ(d(x_{n−1}, x_n))]^s, for all n ∈ N (Otherwise T has a fixed point). Denote c_n = d(x_n, x_{n+1}), for n ∈ N. Then c_n > 0 for all n ∈ N and, using (2.5), we have θ(c_n) � [θ(c_{n−1})]^s � [θ(c_{n−2})]^{s2} � · · · � [θ(c_1)]^{sn−1} .

Thus, we obtain (2.6) 1 < θ(c_n) � [θ(c_1)]^{sn−1} for all n ∈ N. Letting n → ∞ in (2.6), we obtain lim_{n→∞} θ(c_n) = 1. From (θ_2), lim_{n→∞} c_n = 0^+ and so, from (θ_3), there exist r ∈ (0, 1) and l ∈ (0, ∞] such that

lim_{n→∞} θ(c_n) − 1 (c_n)^r

= l.

Suppose that l < ∞. In this case, let B =^l_2 > 0. From the definition of the limit, there exists n_0 ∈ N such that, for all n � n_0, � � � θ(c_n) − 1 (c_n)^r − l � � � � B.

This implies that, for all n � n_0,

θ(c_n) − 1 (c_n)^r

� l − B = B.

Then, for all n � n_0, we have n(c_n)^r � An[θ(c_n) − 1], where A = 1/B.

Suppose now that l = ∞. Let B > 0 be an arbitrary positive number. From the definition of the limit, there exists n_0 ∈ N such that, for all n � n_0,

θ(c_n) − 1 (c_n)^r

� B.

This implies that, for all n � n_0, we have n(c_n)^r � An[θ(c_n) − 1], where A = 1/B.

Thus, in all cases, there exist A > 0 and n_0 ∈ N such that n(c_n)^r �An[θ(c_n)−1], for all n � n_0. Using (2.6), we obtain n(c_n)^r � An � [θ(c_1)]^{sn−1} − 1 � , for all n � n_0.

Letting n → ∞ in the above inequality, we obtain lim_{n→∞} n(c_n)^r = 0. Thus, there exits n_1 ∈ N such that n(c_n)^r � 1 for all n � n_1. So, we have for all n � n_1

(2.7) c_n � 1 n^{1/r} . In order to show that {x_n} is a Cauchy sequence, consider m, n ∈ N such that m > n � n_1. Using the triangular inequality for the metric and from (2.7), we have

d(x_n, x_m) � d(x_n, x_{n+1}) + d(x_{n+1}, x_{n+2}) + · · · + d(x_{m−1}, x_m)

= c_n + c_{n+1} + · · · + c_{m−1} = m−1� i=n c_i � ∞� i=n c_i � ∞� i=n 1 i^{1/r} . By the convergence of the series

�_∞ i=1 1 i^{1/r} , letting to limit n → ∞, we get

d(x_n, x_m) → 0. This yields that {x_n} is a Cauchy sequence in (X, d). Since (X, d) is a complete metric space, the sequence {x_n} converges to some point z ∈ X, that is, lim_{n→∞} x_n = z.

Now, from (θ_1) and (2.1), for all x, y ∈ X with H(T x, T y) > 0, we get

H(T x, T y) < d(x, y) + λd(y, T x)

and so, for all x, y ∈ X, we get H(T x, T y) � d(x, y) + λd(y, T x). Therefore,

d(x_{n+1}, T z) � H(T x_n, T z) � d(x_n, z) + λd(z, T x_n) � d(x_n, z) + λd(z, x_{n−1}).

Letting to limit n → ∞ in the above inequality, we obtain d(z, T z) = 0. Thus, we get z ∈ T z. Therefore, it can be seen that, we can construct a sequence {x_n} in X such that x_{n+1} ∈ T x_n for any initial point x_0, which is convergent and its limit is a fixed point of T . That is, T is a weakly Picard operator. Therefore T is a MWP. □

Now, we give a nontrivial example showing that T is a MWP because of it is multivalued almost θ-contraction on a complete metric space. Nevertheless, taking into account Theorem 1.2 (or Theorem 1.4), we can not guarantee that T is a MWP since it is not both multivalued almost contraction and multivalued θ-contraction.

Example 2.1. Let X = [0, 1] ∪ {2, 3, · · · } and

d(x, y) = � � � 0, if x = y |x − y|, if x, y ∈ [0, 1] x + y, if one of x, y /∈ [0, 1] Then (X, d) is a complete metric space. Define a mapping T : X → CB(X) by

T x = � {x}, x ∈ [0, 1] {1, x − 1}, x ∈ {2, 3, . . . } . First, suppose that T is a multivalued almost contraction. Then there exists two constants δ ∈ (0, 1) and L � 0 satisfying H(T x, T y) � δd(x, y) + Ld(y, T x) for all x, y ∈ X. Now, for y = 1 and x > 2, since d(y, T x) = 0, we get x = H(T x, T y) � δd(x, y) + Ld(y, T x) = δ(x + 1) and so^x_{x+1} � δ for all x ∈ X, which is impossible.

Second, T is not also multivalued θ-contraction, since H(T 0, T 1) = 1 = d(0, 1), then for all θ ∈ Ω and any k ∈ (0, 1), we have θ(H(T x, T y)) = θ(1) > [θ(1)]^k = [θ(d(x, y))]^k .

Finally, we claim that T is multivalued almost θ-contraction with θ(t) = e^{√tet} , k =^{1√}_2 and λ = 1. To see this, we have to show that

(2.8)

H(T x, T y)e^{H(T x,T y)−d(x,y)−min{d(y,T x),d(x,T y)}} d(x, y) + min{d(y, T x), d(x, T y)} � 1 2 , for all x, y ∈ X with H(T x, T y) > 0. Note that, H(T x, T y) > 0 if and only if (x, y) /∈ Δ ∪ {(1, 2), (2, 1)}, where Δ = {(x, x) : x ∈ X}. Now, for shortness we will assign the left side of (2.8) as A(x, y). Without loss of generality, we may assume x > y in the following three cases:

Case 1. For x, y ∈ [0, 1], since

H(T x, T y) = d(x, y) = min{d(y, T x), d(x, T y)} = x − y, we have A(x, y) = x − y 2(x − y) e^{−(x−y)} < x − y 2(x − y) = 1 2 . Case 2. For y ∈ [0, 1] and x ∈ {2, 3, . . . }, since H(T x, T y) = x + y − 1, d(x, y) = x + y, min{d(y, T x), d(x, T y)} = 1 − y, we have A(x, y) = x + y − 1 x + 1 e^{y−2} < e^{−1} < 1 2 .

Case 3. For x, y ∈ {2, 3, . . . }, since H(T x, T y) = x + y − 2, d(x, y) = x + y, min{d(y, T x), d(x, T y)} = 1 + y, we have A(x, y) = x + y − 2 x + 2y + 1 e^{−3−y} < e^{−1} < 1 2 . This shows that T is multivalued almost θ-contraction. Thus, all conditions of Theorem 2.1 are satisfied and so T is a MWP.

By taking θ(t) = e^{√t2 +t} in Theorem 2.1, we obtain the following corollary:

Corollary 2.1. Let (X, d) be a complete metric space and T : X → CB(X) be a mapping. Suppose that, there exists two constants l ∈ (0, 1) and λ � 0 such that H(T x, T y)[H(T x, T y) + 1] [d(x, y) + λd(y, T x)][d(x, y) + λd(y, T x) + 1]

� l,

for all x, y ∈ X with H(T x, T y) > 0. Then, T has a fixed point.

The following result is interested in the mapping T : X → K(X). Here, we can remove the condition (θ_4) on the function θ.

Theorem 2.2. Let (X, d) be a complete metric space and T : X → K(X) be given a mapping. If T is a multivalued almost θ-contraction, then T is a MWP.

Proof. As in proof of Theorem 2.1, we get (2.9) θ(d(x_1, T x_1)) � θ(H(T x_0, T x_1)) � [θ(d(x_1, x_0))]^k. Since T x_1 is compact, there exists x_2 ∈ T x_1 such that d(x_1, x_2) = d(x_1, T x_1). From (2.9), θ(d(x_1, x_2)) � θ(H(T x_0, T x_1)) � [θ(d(x_1, x_0))]^k.

By induction, we obtain a sequence {x_n} in X^∗ with the property that x_{n+1} ∈ T x_n and θ(d(x_n, x_{n+1})) � [θ(d(x_n, x_{n−1}))]^k for all n ∈ N. The rest of the proof can be completed as in the proof of Theorem 2.1. □

References

1. I. Altun, H. A. Hançer, G. Mınak, On a general class of weakly Picard operators, Miskolc Math. Notes 16(1) (2015), 25–32.

2. M. Berinde, V. Berinde, On a general class of multivalued weakly Picard mappings, J. Math.

Anal. Appl. 326 (2007), 772–782.

3. Lj. B. Ćirić, Multi-valued nonlinear contraction mappings, Nonlinear Anal. 71 (2009), 2716–2723.

4. W.-S. Du, Some new results and generalizations in metric fixed point theory, Nonlinear Anal.

73(5) (2010), 1439–1446.

5. Y. Feng, S. Liu, Fixed point theorems for multi-valued contractive mappings and multi-valued Caristi type mappings, J. Math. Anal. Appl. 317 (2006), 103–112.

6. H. A. Hançer, G. Mınak, I. Altun, On a broad category of multivalued weakly Picard operators, Fixed Point Theory, 18(1) (2017), 229–236.

7. M. Jleli, B. Samet, A new generalization of the Banach contraction principle, J. Ineq. Appl.

2014 (2014), Article ID 38, 8p.

8. M. Jleli, E. Karapinar, B. Samet, Further generalizations of the Banach contraction principle, J. Ineq. Appl. 2014 (2014), Article ID 439, 9p.

9. T. Kamran, Q. Kiran, Fixed point theorems for multi-valued mappings obtained by altering distances, Math. Comput. Modelling 54 (2011), 2772–2777.

10. D. Klim, D. Wardowski, Fixed point theorems for set-valued contractions in complete metric spaces, J. Math. Anal. Appl. 334 (2007), 132–139.

11. N. Mizoguchi, W. Takahashi, Fixed point theorems for multivalued mappings on complete metric spaces, J. Math. Anal. Appl. 141 (1989), 177–188.

12. S. B. Nadler, Multivalued contraction mappings, Pac. J. Math. 30 (1969), 475–488. 13. A. Petruşel, On Frigon-Granas-type multifunctions, Nonlinear Anal. Forum 7 (2002), 113– 121.

14. S. Reich, Fixed points of contractive functions, Boll. Unione Mat. Ital. 5 (1972), 26–42. 15. I. A. Rus, Basic problems of the metric fixed point theory revisited (II), Stud. Univ. Babeş- Bolyai, Math. 36 (1991), 81–99.

16. I. A. Rus, A. Petruşel, A. Sîntămărian, Data dependence of the fixed points set of some multivalued weakly Picard operators, Nonlinear Anal. 52(8) (2003), 1947–1959.

Department of Mathematics (Received 12 09 2015) Faculty of Science Çankırı Karatekin University Çankırı Turkey

gncmatematik@hotmail.com

King Saud University College of Science Riyadh Saudi Arabia Department of Mathematics Faculty of Science and Arts Kirikkale University Kirikkale Turkey

ishakaltun@yahoo.com