PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 99(113) (2016), 295–300 DOI: 10.2298/PIM150203021Z

PRODUCT OF DIFFERENTIATION AND COMPOSITION OPERATORS

ON BLOCH TYPE SPACES

Jizhen Zhou and Xiangling Zhu

Abstract. We obtain some simple criteria for the boundedness and compactness of the product of differentiation and composition operator C_φD^m on Bloch type spaces.

1. Introduction

Denote by H(D) the space of all analytic functions on the unit disk D = {z : |z| < 1} in the complex plane. A function f ∈ H(D) is said to belong to Bloch type spaces B^α (or called α-Bloch spaces) if ‖f‖_Bα = sup_{z∈D} |f^′(z)|(1−|z|^2)^α < ∞, 0 < α < ∞.

A function f ∈ H(D) is said to belong to the little Bloch type space B^α_0 (or the little α-Bloch space) if lim_{|z|→1} |f^′(z)|(1 − |z|^2)^α = 0, 0 < α < ∞. The classical Bloch space B is just B^1. It is clear that B^α is a Banach space with the norm ‖f‖ = |f(0)| + ‖f‖_Bα . See [24] for the theory of Bloch type spaces.

Let φ be an analytic self-map of D. The composition operator C_φ is defined by C_φ(f) = f ∘ φ, f ∈ H(D). The differentiation operator D is defined by Df = f^′, f ∈ H(D). For a nonnegative integer m ∈ N, we define D^mf = f^{(m)}, f ∈ H(D). It is natural to define the product of differentiation and composition operators C_φD^m by C_φD^mf = f^{(m)} ∘ φ, f ∈ H(D). A basic problem concerning concrete operators on various Banach spaces is to relate their operator theoretic properties to the function theoretic properties of the participating symbols, which attracted a lots of attention recently (the reader can refer to [1]– [27]).

It is a well-known consequence of the Schwarz–Pick Lemma that the composition operator is bounded on the Bloch space. See [10, 11, 18–20, 23] for the study of the compactness of composition operator on the Bloch space.

Product-type operators attracted considerable interest recently. The product of differentiation and composition operators has been studied, for example, in [2,

2010 Mathematics Subject Classification: Primary 47B38; Secondary 30H30. Key words and phrases: Bloch type space, composition operator, differentiation operator. Partially supported by NSF of China (No. 11471143), NSF of Anhui Province, China (No. 1608085MA01) and NSF of Guangdong Province, China (No. S2013010011978).

Communicated by Stevan Pilipović. 295

4,7–9,13–17,19,21]. For some other product-type operators acting on Bloch-type spaces, see, for example [3, 5, 6, 12, 22, 26, 27] and the related references therein.

In [19], Wu and Wulan obtained two nice characterizations for the compactness of the product of differentiation and composition operators acting on the Bloch space as follows.

Theorem 1.1. Let φ be an analytic self-map of D and m ∈ N. Then the following statements are equivalent.

(i) C_φD^m : B → B is compact. (ii) lim_{n→∞} � �C_φD^m(z^n) � �_B = 0.

(iii) lim_{|a|→1} � �C_φDm�^{a−z}_{1−āz} � � �_B = 0.

The condition (ii) was extended to the Bloch type spaces by Liang and Zhou in [9]. Among other results, they proved the following one.

Theorem 1.2. Let 0 < α, β < ∞, m a nonnegative integer, φ a self-map of the unit disk D. Suppose that C_φD^m : B^α → B^β is bounded. Then C_φD^m : B^α → B^β is compact if and only if lim_{n→∞} n^{α−1} � C_φD^m(z^n) � B^β = 0.

We will extend condition (iii) in Theorem 1.1 to the Bloch type spaces. Let X and Y be two Banach spaces. Recall that an operator T : X → Y is said to be bounded if there exists a constant C > 0 such that ‖T (f)‖_Y � C‖f‖_X . Moreover, T : X → Y is said to be compact if it takes bounded sets in X to sets in Y which have compact closure.

In addition, we say that A ≲ B if there exists a constant C such that A � CB. The symbol A ≈ B means that A ≲ B ≲ A.

2. Main results

To prove our main results, we need the following two auxiliary lemmas.

Lemma 2.1. [24] For f ∈ H(D), m ∈ N and α > 0. Then f ∈ B^α if and only if sup_{z∈D}(1 − |z|^2)^{α+m−1}|f^{(m)}(z)| < ∞. Moreover,

‖f‖ ≈ m−1� j=0 � f^{(j)}(0) � + sup_{z∈D}(1 − |z|^2)^{α+m−1} � f^{(m)}(z) � . The following lemma can be proved in a standard way, see e.g. [1, Prop. 3.11].

Lemma 2.2. Let m be a positive integer and 0 < α, β < ∞. Let φ be a holomorphic self-map of D. Then C_φD^m is compact if and only if C_φD^m : B^α → B^β is bounded and for any bounded sequence {f_n} in B^α which converges to zero uniformly on compact subsets of D, then ‖C_φD^mf‖_Bβ → 0 as n → ∞.

Since the boundedness of C_φD^m : B^α → B^β implies that φ ∈ B^β, we always assume that φ ∈ B^β. We are now ready for the main results in this section.

Theorem 2.1. Let 0 < α, β < ∞, m ∈ N and φ be a self-map of D such that φ ∈ B^β. Then the following statements are equivalent.

(i) C_φD^m : B^α → B^β is bounded.

(ii) C_φD^m : B^α_0 → B^β is bounded. (iii) sup_{n∈N} n^{α−1}‖C_φD^m(z^n)‖_Bβ < ∞. (iv) sup_{a∈D} � �C_φDm�^{1−|a|2}

(1−āz)^α � B^β < ∞.

(v) sup_{z∈D}^{(1−|z|2)β}

(1−|φ(z)|^2)^{α+m} |φ

′(z)| < ∞.

Proof. (i)⇒(ii). This implication is obvious because of B^α_0 ⊂ B^α. (ii)⇒(iii). Assume that ‖C_φD^m‖_Bα_{0 →B}β <∞. Note that the sequence {n^{α−1}z^n} is bounded in the little α-Bloch space B^α_0 (see, e.g. [23]). There exists a constant C such that n^{α−1} � �C_φDm(zn) � �_{Bβ} � C � �C_φDm � �_{Bα0 →Bβ} � �nα−1zn � �_{Bα} < ∞, for any n ∈ N. This implies (iii).

(iii)⇒(iv). Assume that (iii) holds. The MacLaurin expansion of^{1−|a|2}_{(1−āz)α} is given by 1 − |a|^2 (1 − āz)^α = � 1 − |a|^2

�^∞� n=0 Γ(n + α) n!Γ(α) ā^nz^n.

By Stirling’s formula, we have^{Γ(n+α)}_{n!Γ(α)} ≈ n^{α−1}, as n → ∞. This gives � � �C_φD^m � 1 − |a|^2 (1 − āz)^α � � B^β

≲ (1 − |a|^2) ∞� n=m+1

n^{α−1}|a|^n‖C_φD^m(z^n)‖_Bβ

� (1 − |a|^2) � sup_{n∈N} n^{α−1}‖C^n_φ D^m(z^n)‖_Bβ

�^∞�

n=m+1

|a|^n

� 2 sup_{n∈N} n^{α−1}‖C^n_φ D^m(z^n)‖_Bβ < ∞,

from which the implication follows.

(iv)⇒(v). If (iv) holds, then

(2.1) sup_{z∈D} α(α + 1) · · · (α + m)|a|^{m+1}

1 − |a|^2 |1 − āφ(z)|^{α+m+1}

|φ^′(z)|(1 − |z|^2)^β < ∞,

for any a ∈ D. If φ(z) = 0, then (v) automatically holds since φ ∈ B^β. When |φ(z)| > 0, taking a = φ(z) in (2.1) we see that (v) holds.

(v)⇒(i). Assume that (v) holds. For any given f ∈ B^α, by Lemma 2.1 we have ‖C_φD^mf‖_Bβ = sup_{z∈D}(1 − |z|^2)^β |f^{(m+1)}(φ(z))φ^′(z)|

= sup_{z∈D} |f^{(m+1)}(φ(z))|(1 − |φ(z)|^2)^{α+m}

(1 − |z|^2)^β (1 − |φ(z)|^2)^{α+m}

|φ^′(z)|

≲ ‖f‖_Bα sup_{z∈D}

(1 − |z|^2)^β (1 − |φ(z)|^2)^{α+m}

|φ^′(z)|.

This implies that C_φD^m : B^α → B^β is bounded. □

Theorem 2.2. Let 0 < α, β < ∞, m ∈ N and φ be a self-map of D such that φ ∈ B^β. Then the following statements are equivalent.

(i) C_φD^m : B^α → B^β is compact. (ii) C_φD^m : B^α_0 → B^β is compact. (iii) lim_{n→∞} n^{α−1}‖C_φD^m(z^n)‖_Bβ = 0. (iv) lim_{|a|→1}− � �C_φD^m�^{1−|a|2}

(1−āz)^α � B^β = 0.

(v) lim_{|φ(z)|→1}−^{(1−|z|2)β}

(1−|φ(z)|^2)^{α+m} |φ

′(z)| = 0.

Proof. (i)⇒(ii). This implication is obvious because of B^α_0 ⊂ B^α. (ii) ⇒ (iii). Assume that (ii) holds. Note that the sequence {n^{α−1}z^n} is bounded in the little α-Bloch space B^α_0 and converges to 0 uniformly on a compact subset of D. Lemma 2.2 implies that (iii) holds.

(iii) ⇒ (iv). We now assume that condition (iii) holds. By the argument as in the proof of Theorem 2.1, we have � � � �C^φD^m � 1 − |a|^2 (1 − āz)^α � � �_{Bβ} ≲ (1 − |a|^2) ∞� n=m+1

n^{α−1}|a|^n‖C_φD^m(z^n)‖_Bβ .

If (iii) holds, then for any given ϵ > 0 there exists a positive integer N(N > m + 1) such that n^{α−1}‖C_φD^m(z^n)‖_Bβ < ϵ for all n > N. Combining this with (iii) we obtain

(2.2) � � � �C^φD^m � 1 − |a|^2 (1 − āz)^α � � �_{Bβ} ≲ (1 − |a|^2) N� n=m+1

n^{α−1}|a|^n‖C_φD^m(z^n)‖_Bβ + 2ϵ.

Since {n^{α−1}‖C^n_φ D^m(z^n)‖_Bβ } is a bounded sequence, letting |a| → 1 in (2.2) we obtain the following inequality. � � �C_φD^m � 1 − |a|^2 (1 − āz)^α � � B^β

≲ 2ϵ, as |a| → 1.

Since ϵ is arbitrary, we conclude that (iv) holds.

(iv) ⇒ (v). If (iv) holds, then for any given ϵ > 0, there is a δ ∈ (0, 1) such that

sup_{z∈D} α(α + 1) · · · (α + m)|a|^{m+1}

1 − |a|^2 |1 − āφ(z)|^{α+m+1}

|φ^′(z)|(1 − |z|^2)^β < ϵ

whenever δ < |a| < 1. In particular, if w ∈ D satisfies |φ(w)| > δ, then we get

sup_{z∈D} α(α + 1) · · · (α + m)|φ(w)|^{m+1}

1 − |φ(w)|^2 |1 − φ(w)φ(z)|^{α+m+1}

|φ^′(z)|(1 − |z|^2)^β < ϵ,

which implies that

sup_{z∈D} α(α + 1) · · · (α + m)δ^{m+1}

1 − |φ(w)|^2 |1 − φ(w)φ(z)|^{α+m+1}

|φ^′(z)|(1 − |z|^2)^β < ϵ.

Taking z = w in the above inequality, we get

α(α + 1) · · · (α + m)δ^{m+1}

(1 − |w|^2)^β (1 − |φ(w)|^2)^{α+m}

|φ^′(w)| < ϵ

when |φ(w)| > δ. This gives that (v) holds.

(v) ⇒ (i). Assume that (v) holds. For any given ϵ > 0 there exists a δ such that

(2.3)

(1 − |z|^2)^β (1 − |φ(z)|^2)^{α+m}

|φ^′(z)| < ϵ,

whenever δ < |φ(z)| < 1. This together with the fact that φ ∈ B^β imply (iii). Hence C_φD^m : B^α → B^β is bounded by Theorem 2.1.

Let (f_n)_{n∈N} be a bounded sequence in B^α that converges to 0 uniformly on compact subsets of D. Then

‖C_φD^mf_n‖_Bβ = sup_{z∈D}(1 − |z|^2)^β |f^{(m+1)}_n (φ(z))φ^′(z)| � I_1(n) + I_2(n),

where I_1(n) = sup_{|φ(z)|⩽δ}(1 − |z|^2)^β |f^{(m+1)}_n (φ(z))φ^′(z)|,

I_2(n) = sup

δ<|φ(z)|<1

(1 − |z|^2)^β |f^{(m+1)}_n (φ(z))φ^′(z)|.

It follows easily from Cauchy’s formula that f^{(m+1)}n converges to 0 uniformly on a compact subset of D. Since φ ∈ B^β, we have I_1 → 0 as n → ∞.

To estimate I_2(n), we note that sup_{z∈D} |f^{(m+1)}_n (φ(z))|(1−|φ(z)|^2)^{α+m} ≲ ‖f‖_Bα by Lemma 2.1. It follows from (2.3) that

I_2(n) ≲ ‖f_n‖_Bα sup_{δ<|φ(z)|<1}

(1 − |z|^2)^β (1 − |φ(z)|^2)^{α+m}

|φ^′(z)| ≲ ϵ‖f_n‖_Bα .

Since ϵ is arbitrary, we obtain lim_{n→∞} ‖C_φD^mf_n‖_Bβ = 0. This shows that C_φD^m from B^α to B^β is compact by Lemma 2.2. □

Remark 2.1. When we take some special value for m, α and β in Theorems 2.1 and 2.2, we can get many results, which have appeared in [4,9,11,19–21]. We omit the details.

References

1. C. Cowen, B. Maccluer, Composition Operators on Spaces of Analytic Functions, CRC Press, Boca Raton, FL, 1995.

2. R. Hibschweiler, N. Portnoy, Composition followed by differentiation between Bergman and Hardy spaces, Rocky Mountain J. Math. 35 (2005), 843–855.

3. S. Krantz, S. Stević, On the iterated logarithmic Bloch space on the unit ball, Nonlinear Anal.

TMA 71 (2009), 1772–1795.

4. S. Li, S. Stević, Composition followed by differentiation between Bloch type spaces, J. Comput.

Anal. Appl. 9 (2007), 195–205.

5. , Weighted composition operators from H^∞ to the Bloch space on the polydisc, Abstr.

Appl. Anal. Vol. 2007, Article ID 48478, (2007), 12 pages.

6. , Weighted composition operators from Zygmund spaces into Bloch spaces, Appl. Math.

Comput. 206 (2008), 825–831.

7. , Composition followed by differentiation between H^∞ and α-Bloch spaces, Houston J. Math. 35 (2009), 327–340.

8. , Products of composition and differentiation operators from Zygmund spaces to Bloch spaces and Bers spaces, Appl. Math. Comput. 217 (2010), 3144–3154.

9. Y. Liang, Z. Zhou, Essential norm of the product of differentiation and composition operators between Bloch-type space, Arch der Math. 100 (2013), 347–360.

10. Z. Lou, Composition operators on Bloch type spaces, Analysis. 23 (2003), 81–95. 11. K. Madigan, A. Matheson, Compact composition operators on the Bloch space, Trans. Amer.

Math. Soc. 347 (1995), 2679–2687.

12. S. Stević, On a new operator from the logarithmic Bloch space to the Bloch-type space on the unit ball, Appl. Math. Comput. 206 (2008), 313–320.

13. , Products of composition and differentiation operators on the weighted Bergman space, Bull. Belg. Math. Soc. Simon Stevin 16 (2009), 623–635.

14. , Norm and essential norm of composition followed by differentiation from α-Bloch spaces to H^∞_μ , Appl. Math. Comput. 207 (2009), 225–229.

15. , Weighted differentiation composition operators from mixed-normspaces to weightedtype spaces, Appl. Math. Comput. 211 (2009), 222–233.

16. , Weighted differentiation composition operators from mixed-norm spaces to the nth weighted-type space on the unit disk, Abstr. Appl. Anal. Vol. 2010, Article ID 246287, (2010), 15 pages.

17. , Weighted differentiation composition operators from H^∞ and Bloch spaces to nth weigthed-type spaces on the unit disk, Appl. Math. Comput. 216 (2010), 3634–3641.

18. M. Tjani, Compact composition operators on some Möbius invariant Banach space, PhD dissertation, Michigan State University, 1996.

19. Y. Wu, H. Wulan, Products of differentiation and composition operators on the Bloch space, Collet. Math. 63 (2012), 93–107.

20. H. Wulan, D. Zheng, K. Zhu, Compact composition operators on BMOA and the Bloch space, Proc. Amer. Maht. Soc. 137 (2009), 3861–3868.

21. W. Yang, Products of composition and differentiation operators from Q_K (p, q) spaces to Bloch-type spaces, Abstr. Appl. Anal. Volume 2009, Article ID 741920, 14 pages.

22. , Generalized weighted composition operators from the F (p, q, s) space to the Blochtype space, Appl. Math. Comput. 218 (2012), 4967–4972.

23. R. Zhao, Essential norms of composition operators between Bloch type spaces, Proc. Amer.

Math. Soc. 138 (2010), 2537–2546.

24. K. Zhu, Bloch type spaces of analytic functions, Rocky Mountain J. Math. 23 (1993), 1143– 1177.

25. , Operator Theory in Function Spaces, Marcel Dekker, New York, 1990. 26. X. Zhu, Generalized weighted composition operators from Bloch-type spaces to weighted Bergman spaces, Indian J. Math. 49 (2007), 139–149.

27. , Generalized weighted composition operators from Bloch spaces into Bers-type spaces, Filomat 26 (2013), 1163–1169.

School of Sciences (Received 19 08 2014) Anhui University of Science and Technology (Revised 27 12 2014) Huainan, Anhui 232001 China

hope189@163.com

Department of Mathematics JiaYing University 514015, Meizhou, GuangDong China

jyuzxl@163.com