PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 95 (109) (2014), 249–254 DOI: 10.2298/PIM1409249B

COMPLETELY PSEUDO-VALUATION RINGS AND THEIR EXTENSIONS

Vijay Kumar Bhat

Communicated by Žarko Mijajlović

Abstract. Recall that a commutative ring R is said to be a pseudo-valuation ring if every prime ideal of R is strongly prime. We define a completely pseudovaluation ring. Let R be a ring (not necessarily commutative). We say that R is a completely pseudo-valuation ring if every prime ideal of R is completely prime. With this we prove that if R is a commutative Noetherian ring, which is also an algebra over Q (the field of rational numbers) and δ a derivation of R, then R is a completely pseudo-valuation ring implies that R[x; δ] is a completely pseudo-valuation ring. We prove a similar result when prime is replaced by minimal prime.

1. Introduction

A ring R means an associative ring with identity 1 ≠ 0, and any R-module unitary. Q denotes the field of rational numbers, Z denotes the ring of integers and N denotes the set of positive integers unless otherwise stated. Let R be a ring. The set of prime ideals of R is denoted by Spec(R), the set of associated prime ideals of R (viewed as a right R-module) is denoted by Ass(R_R), the set of minimal prime ideals of R is denoted by MinSpec(R) and the set of completely prime ideals of R is denoted by C. Spec(R). For any two ideals I, J of R, I ⊂ J means that I is strictly contained in J.

Let R be a ring, σ an automorphisms of R and δ a σ-derivation of R; i.e., δ : R → R is an additive mapping satisfying δ(ab) = δ(a)σ(b) + aδ(b).

For example let σ be an automorphism of a ring R and δ : R → R any map. Let ϕ : R → M_2(R) be a map defined by

ϕ(r) = � σ(r) 0 δ(r) r � , for all r ∈ R.

Then ϕ is a ring homomorphism if and only if δ is a σ-derivation of R.

2010 Mathematics Subject Classification: Primary 16S36; Secondary 16N40, 16P40. The author would like to express his sincere thanks to the referee for remarks and suggestions to shape the article to its present form. 249

We recall that the Ore extension R[x; σ, δ] = {f = � x^ia_i, a_i ∈ R}, 0 � i � n with usual addition and multiplication subject to the relation ax = xσ(a) + δ(a) for all a ∈ R. We denote R[x; σ, δ] by O(R). If I is an ideal of R such that I is σ-stable (i.e. σ(I) = I) and is also δ-invariant (i.e., δ(I) ⊆ I), then clearly I[x; σ, δ] is an ideal of O(R), and we denote it as usual by O(I).

In the case σ is the identity map, we denote the ring of differential operators R[x; δ] by D(R). If J is an ideal of R such that J is δ-invariant (i.e., δ(J) ⊆ J), then clearly J[x; δ] is an ideal of D(R), and we denote it as usual by D(J).

In the case δ is the zero map, we denote R[x; σ] by S(R). If K is an ideal of R such that K is σ-stable (i.e., σ(K) = K), then clearly K[x; σ] is an ideal of S(R), and we denote it as usually by S(K).

We recall that the skew Laurent polynomial ring

R[x, x^{−1}; σ] = {f =

�_m

i=−nx

ia_i, a_i ∈ R}; m, n ∈ N

where multiplication is subject to the relation ax = xσ(a) for all a ∈ R. We denote R[x, x^{−1}; σ] by L(R). If U is an ideal of R such that U is σ-stable (i.e., σ(U) = U), then clearly U[x, x^{−1}; σ] is an ideal of L(R), and we denote it as usually by L(U).

We now have the following famous result concerning Ore extensions.

Theorem 1.1 (Hilbert Basis Theorem). Let R be a right/left Noetherian ring. Let σ be an automorphisms of R and δ a σ-derivation of R. Then the Ore extension O(R) = R[x; σ, δ] is right/left Noetherian. Also R[x, x^{−1}; σ] is right/left Noetherian.

Proof. See Theorems (1.12) and (1.17) of Goodearl and Warfield [11]. □

2. Preliminaries

In this section we mention some known results that lead to the investigation of completely prime ideals of Ore extensions.

Lemma 2.1 (Lemma (10.6.4) of McConnell and Robson [13]). Let R be a ring and σ its automorphism. Then

(1) If P is a prime ideal of S(R) such that x /∈ P , then P ∩ R is a prime ideal of R and σ(P ∩ R) = P ∩ R.

(2) If U is a prime ideal of R such that σ(U) = U, then S(U) is a prime ideal of S(R) and S(U) ∩ R = U.

Theorem 2.1 (Theorem (2.22) of Goodearl and Warfield [11]). Let R be a commutative Noetherian Q-algebra. Let δ be a derivation of R. Then (1) If P is a prime ideal of D(R), then P ∩ R is a prime ideal of R and δ(P ∩ R) ⊆ P ∩ R.

(2) If U is a prime ideal of R such that δ(U) ⊆ U, then D(U) is a prime ideal of D(R) and D(U) ∩ R = U.

Goodearl and Warfield proved in (2ZA) of [11] that if R is a commutative Noetherian ring, and if σ is an automorphism of R, then an ideal I of R is of the form P ∩ R for some prime ideal P of R[x, x^{−1}; σ] if and only if there is a prime ideal S of R and a positive integer m with σ^m(S) = S, such that I = � σ^i(S), i = 1, 2, . . . , m. They proved in Theorem (2.22) of [11] that if δ is a derivation of a commutative Noetherian ring R which is also an algebra over Q and P is a prime ideal of R[x; δ], then P ∩ R is a prime ideal of R and if S is a prime ideal of R with δ(S) ⊆ S, then S[x; δ] is a prime ideal of R[x; δ]. Gabriel proved in [10] that if R is a right Noetherian ring which is also an algebra over Q and P is a prime ideal of R[x; δ], then P ∩ R is a prime ideal of R.

Let R be a right Noetherian ring. Then we know that MinSpec(R) is finite by Theorem (2.4) of Goodearl and Warfield [11] and for any automorphism σ of R, P ∈ MinSpec(R) implies that σ^j (P ) ∈ MinSpec(R) for all positive integers j. Therefore, there exists some m ∈ N such that σ^m(P ) = P for all P ∈ MinSpec(R). We denote

�_m i=1 σ^i(P ) by P^0.

The author of this paper has proved in Theorem (2.4) of [6] that if R is a Noetherian ring and σ an automorphism of R, then P ∈ MinSpec(S(R)) if and only if there exists U ∈ MinSpec(R) Such that S(P ∩ R) = P and P ∩ R = U^0.

It has also been proved in Theorem (3.7) of Bhat [6], that if R is a Noetherian Q-algebra and δ a derivation of R, then P ∈ MinSpec(D(R)) if and only if P = D(P ∩ R) and P ∩ R ∈ MinSpec(R).

For more details and some basic results for the rings R[x; σ, δ], R[x; σ], and R[x; δ], the reader is referred to chapters (1) and (2) of Goodearl and Warfield [11].

2.1. Completely prime ideals. Recall that an ideal P of a ring R is completely prime if R/P is a domain, i.e., ab ∈ P implies a ∈ P or b ∈ P for a, b ∈ R (McCoy [14]).

In the commutative case completely prime and prime have the same meaning. We also note that every completely prime ideal of a ring R is a prime ideal, but the converse need not be true. The following example shows that a prime ideal need not be a completely prime ideal.

Example 2.1. Let R =

�_{Z Z} Z Z � = M_2(Z). If p is a prime number, then the ideal P = M_2(pZ) is a prime ideal of R, but is not completely prime, since for a = (^{1 0}_{0 0} ) and b = (^{0 0}_{0 1} ), we have ab ∈ P , even though a /∈ P and b /∈ P .

Regarding the relation between the completely prime ideals of a ring R and those of O(R) the following result has been proved by Bhat [8].

Theorem 2.2 (Theorem 2.4 of Bhat [8]). Let R be a ring, σ its automorphism and δ a σ-derivation of R. Then

(1) For any completely prime ideal P of R with δ(P ) ⊆ P and σ(P ) = P , O(P ) is a completely prime ideal of O(R).

(2) For any completely prime ideal U of O(R), U ∩ R is a completely prime ideal of R.

2.2. An analogue of pseudo-valuation rings in noncommutative set up. We recall that as in Hedstrom [12], an integral domain R with quotient field F , is called a pseudo-valuation domain (PVD) if each prime ideal P of R is strongly prime (ab ∈ P , a ∈ F , b ∈ F implies that either a ∈ P or b ∈ P ).

For example let F = Q( √ 2). Set V =F + xF [x] = F [x]. Then V is a pseudovaluation domain. We also note that S = Q + Qx + x^2V is not a pseudo-valuation domain (Badawi [5]). In Badawi, Anderson and Dobbs [3], the study of pseudovaluation domains was generalized to arbitrary rings in the following way.

A prime ideal P of R is said to be strongly prime if aP and bR are comparable (under inclusion) for all a, b ∈ R, or equivalently if R/P has no nonzero nil ideals. A commutative ring R is said to be a pseudo-valuation ring (PVR) if each prime ideal P of R is strongly prime. We note that a commutative PVR is quasilocal by Lemma 1(b) of Badawi, Anderson and Dobbs [3].

An integral domain is a PVR if and only if it is a PVD by Proposition (3.1) of Anderson [1], Proposition (4.2) of Anderson [2] and Proposition (3) of Badawi [4].

Motivated by above, we define a completely pseudo-valuation ring R in the following way.

Definition 2.1. Let R be a ring (not necessarily commutative). Then R is said to be a completely pseudo-valuation ring if every prime ideal of R is completely prime.

The following is an example of a completely pseudo-valuation ring.

Example 2.2. Let R =

�_{Z Z} 0 Z � . Then R is a completely pseudo-valuation ring.

Now much is not known about the relation between the prime ideals of R and those of O(R) (even in the case when R is Noetherian), but in certain cases the minimal prime ideals of O(R) have been characterized, therefore, this motivates us to define a near completely pseudo-valuation ring R in the following way.

Definition 2.2. Let R be a ring (not necessarily commutative). Then R is said to be a near completely pseudo-valuation ring if every minimal prime ideal of R is completely prime.

For example a reduced ring is a near completely pseudo-valuation ring. The ring R as in example (2.2) being a completely pseudo-valuation ring is also a near completely pseudo-valuation ring.

We would like to mention that the word valuation is not completely appropriate in the above definitions, but the notion introduced here stems from the commutative case, so we have decided to keep this word. It would be interesting to see whether the notion of valuation retains some of its attributes in the non-commutative case as we have here.

3. Minimal prime ideals of polynomial rings

The set of power series {f =

�_∞

i=0 x^ia_i, a_i ∈ R} endowed with usual addition and a multiplication subject to the relation ax = xσ(a) for all a ∈ R is the skew power series ring, denoted by R[x; σ].

Proposition 3.1. Let R be a Noetherian Q-algebra. Let σ and δ be as usually such that σ(δ(a)) = δ(σ(a)) for all a ∈ R. Then e^{tδ} is an automorphism of R[t; σ], where e^{tδ} = 1 + tδ +^{t2δ2}_{2!} + · · · .

Proof. The proof is on the same lines as in a sketch provided by Blair and Small in [9]. □

Lemma 3.1. Let R be a Noetherian Q-algebra. Let σ be an automorphism of R and δ a σ-derivation of R such that σ(δ(a)) = δ(σ(a)) for all a ∈ R. Then P ∈ MinSpec(R) with σ(P ) = P implies that δ(P ) ⊆ P .

Proof. On the basis of Lemma (2.6) of [7]. □

We now have the following.

Theorem 3.1. Let R be a Noetherian Q-algebra. Consider O(R) as usual such that σ(δ(a)) = δ(σ(a)) for all a ∈ R. Then P_1 ∈ MinSpec(R) with σ(P_1) = P_1 implies that O(P_1) ∈ MinSpec(O(R). Conversely P ∈ MinSpec(O(R)) with P ∩ R ∈ MinSpec(R), σ(P ∩ R) = P ∩ R and δ(P ∩ R) ⊆ P ∩ R implies that P ∩ R ∈ MinSpec(R).

Proof. Let P_1 ∈ MinSpec(R). Then δ(P_1) ⊆ P_1 by Lemma (3.1). Now it can be seen that that D(P_1) ∈ Spec(O(R)). Suppose O(P_1) /∈ MinSpec(O(R)) and P_2 ⊂ O(P_1) be a minimal prime ideal of O(R). Then P_2=O(P_2 ∩ R) ⊂ O(P_1) ⊆ MinSpec(O(R)). Therefore P_2 ∩ R ⊂ P_1 which is a contradiction, as P_2 ∩ R ∈ Spec(R). Hence O(P_1) ∈ MinSpec(O(R)).

Conversely suppose that P ∈ MinSpec(O(R)). Now P ∩ R ∈ Spec(R), σ(P ∩ R) = P ∩ R and δ(P ∩ R) ⊆ P ∩ R implies that O(P ∩ R) ∈ Spec(O(R)). Now O(P ∩ R) ⊆ P and P being minimal implies that O(P ∩ R) = P . We now show that P ∩ R ∈ MinSpec(R). Suppose P_1 ⊂ P ∩ R is a minimal prime ideal of R. Then O(P_1) ⊂ O(P ∩ R) and as in the first paragraph O(P_1) ∈ Spec(O(R)) which is a contradiction. Hence P ∩ R ∈ MinSpec(R). □

4. Completely pseudo-valuation rings

In this section we state and prove the results concerning completely pseudovaluation rings and their extensions.

Theorem 4.1. Let R be a commutative Noetherian ring, which is also an algebra over Q. Let δ be a derivation of R. Then R is a completely pseudo-valuation ring implies that D(R) is a completely pseudo-valuation ring.

Proof. Let R be a completely pseudo-valuation ring which is also an algebra over Q. Now D(R) is Noetherian by Theorem (1.1). Let J ∈ Spec(D(R)). Then by Theorem (2.1) J ∩R ∈ Spec(R). Now R is a completely pseudo-valuation Q-algebra, therefore J ∩R ∈ C. Spec(R). Also δ(J ∩R) ⊆ J ∩R and D(J ∩R) = J by Theorem (2.1). Now Theorem (2.2) implies that D(J ∩ R) ∈ C. Spec(D(R)). Therefore J ∈ C. Spec(D(R)). Hence D(R) is a completely pseudo-valuation ring. □

Let R be a Noetherian ring, which is also an algebra over Q. Consider O(R) as usual. It is not known whether a contraction of a prime ideal of O(R) is a prime ideal of R. Therefore, for the time being we shall not attack the following problem.

Question 4.1. Let R be a Noetherian ring, which is also an algebra over Q. Let R be a completely pseudo-valuation ring. Is O(R) a completely pseudo-valuation ring?

Recall that the nature of minimal prime ideals of a Noetherian Q-algebra R is known (with respect to automorphisms and derivations of R). Moreover the relation between the minimal prime ideals of R and those of polynomial rings is also known now. For example [6, 9, 10, 11]. We, therefore, have the following result concerning near completely pseudo-valuation rings.

Theorem 4.2. Let R be a Noetherian ring, which is also an algebra over Q. Let σ be an automorphism of R such that σ(P ) = P for all P ∈ MinSpec(R). Consider O(R) such that σ(δ(a)) = δ(σ(a)) for all a ∈ R, σ(P_1 ∩ R) = P_1 ∩ R and δ(P_1 ∩ R) ⊆ P_1 ∩ R for all P_1 ∈ MinSpec(O(R)). Then R is a near completely pseudo-valuation ring implies that O(R) is a near completely pseudo-valuation ring.

Proof. The proof is on the same lines as in Theorem (4.1). □

References

1. D. F. Anderson, Comparability of ideals and valuation rings, Houston J. Math. 5 (1979), 451– 463. MR0567906 (81c:13002) 2. , When the dual of an ideal is a ring, Houston J. Math. 9 (1983), 325–332. MR0719090 (85f:13001) 3. A. Badawi, D. F. Anderson, D. E. Dobbs, Pseudo-valuation rings, Lect. Notes Pure Appl.

Math. 185 (1997), 57–67, Marcel Dekker, New York. MR1422466 (97j:13006) 4. A. Badawi, On domains which have prime ideals that are linearly ordered, Comm. Algebra 23 (1995), 4365–4373. MR1352538 (96h:13061) 5. , On pseudo-almost valuation rings, Comm. Algebra 35 (2007), 1167–1181. MR2313658 (2008c:13002) 6. V. K. Bhat, Associated prime ideals of skew polynomial rings, Beitr. Algebra Geom. 49(1) (2008), 277–283. MR2410584 (2009e:16046) 7. , Transparent rings and their extensions, New York J. Math. 15 (2009), 291–299.

MR2530150 (2010j:16060) 8. , A note on completely prime ideals of Ore extensions, Internat. J. Algebra Comput.

20(3) (2010), 457–463. MR2658421 (2011e:16049) 9. W. D. Blair, L. W. Small, Embedding differential and skew-polynomial rings into artinain rings, Proc. Am. Math. Soc. 109(4) 1990, 881–886. MR1025276 (90k:16003) 10. P. Gabriel, Representations des algebres de Lie resoulubles, (D Apres J. Dixmier. In Seminaire Bourbaki, 1968–69, 1–22, Lect. Notes Math. 179, Springer-Verlag, Berlin, 1971. Zbl 0225.17004 11. K. R. Goodearl, R. B. Warfield Jr., An Introduction to Non-commutative Noetherian Rings, Cambridge Univ. Press, 1989. MR1020298 (91c:16001) 12. J. R. Hedstrom, E. G. Houston, Pseudo-valuation domains II, Pacific J. Math. 4 (1978), 199- Ű207. MR0485812 (58:5615b) 13. J. C. McConnell, J. C. Robson, Noncommutative Noetherian Rings, Wiley, 1987; revised edition: Am. Math. Soc., 2001. MR1811901 (2001i:16039) 14. N. H. McCoy, Completely prime and completely semi-prime ideals; in: A. Kertťesz (ed.), Rings, Modules and Radicals, J. Bolyai Math. Soc., Budapest, 1973, 147–152. MR0364358 (51:613)

School of Mathematics, SMVD University (Received 12 05 2011) Katra-182320, India (Revised 28 01 2013 and 18 04 2013)

vijaykumarbhat2000@yahoo.com