PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 91(105) (2012), 49–58 DOI: 10.2298/PIM1205049D

GENERALIZED LAGRANGE–D’ALEMBERT PRINCIPLE

Ðorđe Ðukić

Abstract. The major issues in the analysis of the motion of a constrained dynamic system are to determine this motion and calculate constraint forces. In the analytical mechanics, only the first of the two problems is analysed. Here, the problem is solved simultaneously using: 1) Principle of liberation of constraints; 2) Principle of generalized virtual displacement; 3) Idea of ideal constraints; 4) Concept of generalized and “supplementary" generalized coordinates. The Lagrange–D’Alembert principle of virtual work is generalized introducing virtual displacement as vectorial sum of the classical virtual displacement and virtual displacement in the “supplementary" directions. From such principle of virtual work we derived Lagrange equations of the second kind and equations of dynamical equilibrium in the “supplementary" directions. Constrained forces are calculated from the equations of dynamic equilibrium. At the same time, this principle can be used for consideration of equilibrium of system of material particles. This principle simultaneously gives the connection between applied forces at equilibrium state and the constrained forces. Finally, the principle is applied to a few particular problems.

1. Introduction

There are two problems in analyses of motion of the dynamical systems under action of the constraints. The first problem is to determine the motion of the system, and the second to calculate the reaction forces of the constraints during the motion.

In the analytical mechanics, see for example [3], [1], [6] and [2], these two tasks are separated by the notions of ideal constraints and Lagrange–D’Alembert principle of virtual work (In 1743, Jean Le Rond d’Alembert published his important Traité de dynamique, a fundamental treatise on dynamics containing the famous “d’Alembert’s principle"). According to the notion of ideal constraints, the virtual work of the reactions forces is equal to zero, and the work vanishes in the Lagrange– D’Alembert principle of virtual work. Therefore, the reaction forces are eliminated from further analysies of motion, which is based on the Lagrange–D’Alembert principle. If there are some reaction forces whose virtual work is not equal to zero, then

2010 Mathematics Subject Classification: Primary 70H45; Secondary 70G10. 49

those forces are added to the given set of forces and the corresponding constraints are called non-ideal. Reaction forces of ideal constraints are absent in the Lagrange equations of the second kind. In fact, analytical mechanics considers only the motion of a system, while for finding reaction forces the equations of Newtonian mechanics or Lagrange equations of the first kind must be used [6], [5] and [4].

Nevertheless, the Lagrange–D’Alembert principle is frequently used for finding reaction forces of ideal constraints. According to that procedure, the mechanical system frees itself of a particular constraint and performs a virtual displacement in direction consistent with the removed constraint. Calculation of virtual work on that displacement yields the corresponding reaction force.

It is this author’s opinion that any principle of dynamics must simultaneously give answer to both mentioned questions of mechanical motion under constraints. In that sense, the Lagrange–D’Alembert principle requires some generalization.

In this paper, the basic problem for dynamical systems is analysed using the following ideas:

(1) Virtual displacements and supplementary virtual displacements, (2) Principle of liberation of constraints, (3) Ideal constraints, (4) Generalized coordinates and supplementary “generalized" coordinates.

The supplementary virtual displacements are introduced in directions which are consistent with the removed constraints. Because the directions are in normal directions to the constraints, the virtual displacements are called normal virtual displacements. Also, supplementary generalized coordinates are introduced, which are measured along this normal virtual displacements, and whose number is equal to the number of constraints. In the Lagrange–D’Alembert principle of virtual work, the classical virtual displacements are replaced by vectorial sum of the classical and normal virtual displacements. From such generalized Lagrange–D’Alembert principle of virtual work, the Lagrange equations of the second kind and the equations of dynamical equilibrium in the normal directions are derived. From the equations of dynamical equilibrium the constraints forces are calculated. Hence, using this principle, the equations of Newtonian mechanics are not necessary for finding the reaction forces. This principle can be used for consideration of equilibrium of material particles. In that case, this principle simultaneously gives the connection between the applied forces at equilibrium state and the constraint forces. Finally, the principle is applied to a few particular problems.

Now, the Lagrange–D’Alembert principle is used [7]–[30] in analysis of different problems in conservative, nonconservative, holonomic and nonholonomic mechanics and different areas of physics. But, in this papers there is no generalization of the principle in the sense of the present paper.

Here, a small Greek index takes values from 1 to n, the capital Greek index from 1 to s, small italic index from 1 to N and capital italic index from 1 to n + s. Every repeated capital italic index, small Greek index or capital Greek index means sum with respect to that index. Bold face letters are vectors.

2. Generalized Virtual Displacement

Let us consider motion of a dynamical system with N material particles M_i, whose masses are m_i, and which is under the action of a given set of forces F_i, and subject to s holonomic constraints

(2.1) f_Δ(t, x_i, y_i, z_i) = 0, Δ = 1, . . . , s.

Here t is time and x_i, y_i and z_i are the Cartesian coordinates of a particle M_i. If particles are liberated from the constraints, then their actions on particles M_i are replaced by the reaction forces R_i. The system has n = 3N − s degrees of freedom and q_α (α = 1, . . . , n) are the corresponding generalized coordinates.

Let the position of any particle M_i, of the system, which during the motion is defined by its position vector r_i in the three dimensional space be r_i = x_ii+y_ij+z_ik, where i, j, and k are the unit vectors of Cartesian coordinate system x, y, and z.

Virtual changes of the constraint equations (2.1) are

(2.2) δf_Δ = � i l_{iΔ} · δr_i = 0,

where

(2.3) l_{iΔ} = grad_i f_Δ =

∂f_Δ ∂x_i i + ∂f_Δ ∂y_i j + ∂f_Δ ∂z_i k, and δr_i = δx_ii + δy_ij + δz_ik is the virtual change of the position vector. It is a well known fact that vectors (2.3) are perpendicular to the constraints.

Let us liberate every particle M_i in the system of the constraints and permit to every particle displacements l_{iΔ}q_{n+Δ} in the perpendicular directions l_{iΔ}, where q_{n+Δ} are supplementary generalized coordinates. In our analysis the independent parameters q_{n+Δ} are considered as functions of time. For motion along constraints (2.1), the parameters q_{n+Δ} and their derivatives q̇_{n+Δ} and q̈_{n+Δ} are equal to zero, i.e., q_{n+Δ} = 0, q̇_{n+Δ} = 0, q̈_{n+Δ} = 0. Any quantity, which is calculated for the motion along the constraints, is denoted by lower index 0.

The position vector of the so liberated particle M_i of the constraints is

(2.4) ρ_i(t, q_U ) = r_i(t, q_α) + l_{iΔ}(t, q_α)q_{n+Δ},

whose virtual change is δρ_i = δr_i + δl_{iΔ}q_{n+Δ} + l_{iΔ}δq_{n+Δ}. For the motion of the particle along the constraints, we have

(2.5) (δρ_i)_0 = δr_i + l_{iΔ}δq_{n+Δ}.

Relations (2.5) define generalized virtual displacement of any particle M_i. Let us decompose the generalized virtual displacement into the following two parts

(2.6) (δρ_i)_0 = (δρ_i)_{0T} + (δρ_i)_{0N} ,

where

(2.7) (δρ_i)_{0T} = δr_i is the classical virtual displacement in the tangential directions to the constraints, while (2.8) (δρ_i)_{0N} = l_{iΔ}δq_{n+Δ}, is virtual displacement in perpendiculars to the constraints.

Calculating sum � i(δρ_i)_{0T} · (δρ_i)_{0N} , and using (2.2) we have � i (δρ_i)_{0T} · (δρ_i)_{0N} = δq_{n+Δ} � i l_{iΔ} · δr_i = 0.

In the sense to this relation, two parts δr_i and l_{iΔ}δq_{n+Δ} of the generalized virtual displacement (δρ_i)_0 are mutually orthogonal, and decomposition (2.6) of the generalized virtual displacement is justifiable.

3. Constraints forces Here, the classical definition of the ideal constraints (see for example [3, p. 218]) is accepted. This means that the virtual work of all reaction forces of the constraints on the tangential virtual displacements must be zero, i.e., (3.1) � i (R_i)_0 · (δρ_i)_{0T} = 0.

The position vectors of the material particles M_i are functions of time and the generalized coordinates r_i = r_i(t, q_α), and virtual displacements (2.7) in tangential planes to the constraints are

(3.2) (δρ_i)_{0T} = δr_i =

∂r_i ∂q_α δq_α.

Substituting the virtual displacements into orthogonality condition (2.2), and because the virtual changes δq_α are mutually independent and different from zero, the following condition is valid

(3.3) � i ∂r_i ∂q_α

· l_{iΔ} = 0.

Combining (3.1) and (3.2), and using the fact that virtual changes δq_α are mutually independent and different from zero, we obtain the following conditions

(3.4) � i (R_i)_0

∂r_i ∂q_α

= 0,

which must be satisfied by the reaction forces of the ideal constraints. Comparison of (3.3) and (3.4) suggests the following form for the reaction forces (3.5) (R_i)_0 = (R^{−1})_Δl_{iΔ}, where (R^{−1})_Δ are mutually independent quantities. The condition (3.4) is identically satisfied for arbitrary values of the quantities (R^{−1})_Δ.

Let us introduce a second-order system b_{ΔΓ} by relations (3.6) � i l_{iΔ} · l_{iΓ} = b_{ΔΓ}, where b_{ΔΓ} = b_{ΓΔ}, which means that the system is symmetric. The corresponding inverse system (b^{−1})_{ΔΩ} is defined by (3.7) (b^{−1})_{ΔΩ}b_{ΔΓ} = δ_{ΩΓ} where δ_{ΩΓ} are the Kronecker symbols, that means δ_{ΩΓ} = 0 for Ω ≠ Γ and δ_{ΩΓ} = 1 for Ω = Γ. Using the second-order system b_{ΔΓ} the inverse vectors R_Δ and (R^{−1})_Γ are connected with the relation (3.8) R_Δ = (R^{−1})_Γb_{ΓΔ}. 4. Generalized Forces The virtual work of all applied forces F_i on the generalized virtual displacements (2.6) is (4.1) δA^F = � i (F_i)_0 · (δρ_i)_0.

Using (2.6), (2.8) and (3.2), the virtual work becomes (4.2) δA^F = Q_αδq_α + N_Δδq_{n+Δ}, where Q_α = � i � F_i ·^{∂ri}_{∂qα} � 0, are the classical generalized forces, and (4.3) N_Δ = � i (F_i)_0 · l_{iΔ}

are generalized forces in the perpendicular directions. If all applied forces F_i have the potential energy Π(t, q_U ), then the generalized forces are (4.4) Q_α = − ∂Π ∂q_α

, N_Δ = − ∂Π ∂q_Δ . 5. Kinetic Energy of the System Position in the space of every particle M_i of the system, which is liberated from the corresponding constraints is defined by the vectors ρ_i (2.4). The kinetic energy of the system free of constraints is (5.1) E_k = 1 2 � i m_iρ̇_i · ρ̇_i.

The velocity of the particle free from constraints (2.1) is obtained as the first derivative of the vector ρ_i in to time (5.2) ρ̇_i = ṙ_i + l̇_{iΔ}q_{n+Δ} + l_{iΔ}q̇_{n+Δ}.

Here, ṙ_i is the velocity of the particle which is not free from constraints. Using (5.2), kinetic energy (5.1) becomes (5.3) E_k = (E_k)_0 + Ẽ_k + NLT, where (E_k)_0 =^1_2 � i m_iṙ_i · ṙ_i is kinetic energy of the system which is not free from constraints, and Ẽ_k = � i m_iṙ_i · (l̇_{iΔ}q_{n+Δ} + l_{iΔ}q̇_{n+Δ}) is the part of the kinetic energy linear to q_{n+Δ} and q̇_{n+Δ}. The term NLT is nonlinear in q_{n+Δ} and q̇_{n+Δ}.

The term NLT is not important for analysis and therefore it is omitted in the further considerations.

6. Generalized D’Alembert Principle For the motion of a particle M_i of the system under action of a given force F_i and a reaction force R_i, the second Newton law of motion under action of the constraints means that (F_i+R_i−m_iρ̈_i)_0 = 0. Multiplying the previous equations by virtual displacements (δρ_i)_0 (2.6) and summing up such equations for all particles, i.e., over the index i, we have � i(F_i + R_i − m_iρ̈_i)_0 · (δρ_i)_0 = 0, or

(6.1) δA^I + δA^F + δA^R = 0, where (6.2) δA^I = − � i (m_iρ̈_i · δρ_i)_0

is the virtual work of the inertial forces, δA^R = � i(R_i · δρ_i)_0 is the virtual work of reaction forces and δA^F is virtual work of active forces given by (4.1). Equation (6.1) is a generalized form of the Lagrange–D’Alembert principle of virtual work. The meaning of the generalized Lagrange–D’Alembert principle of virtual work (6.1) is that during the motion of a mechanical system the sum of the virtual works of inertial, active and reaction forces is equal to zero.

Using (2.6) and (2.7) the virtual work of reaction forces is

(6.3) δA^R = � i (R_i)_0δr_i + δq_{n+Δ} � i (R_i)_0I_{iΔ}.

The first term in (6.3) is equal to zero according to (3.1) and the previous relation becomes (6.4) δA^R = R_Δδq_{n+Δ}, where the generalized reaction forces are R_Δ = � i(R_i)_0I_{iΔ}.

7. Lagrange equations According to (2.4) ρ_i is a function of time t and of all generalized coordinates q_U , U = 1, . . . , n + s. Using the well known relations for such functions ∂ρ̇_i ∂q̇_U = ∂ρ_i ∂q_U , d dt ∂ρ_i ∂q_U = ∂ρ̇_i ∂q_U , virtual work of inertial forces (6.2) becomes

(7.1) δA^I = Z_U δq_U , where Z_U = � ∂E_k ∂q_U − d dt ∂E_k ∂q̇_U � . Now, using (4.2), (6.4), and (7.1), the generalized form of the Lagrange–D’Alembert principle of virtual work in generalized coordinates (6.1) becomes (7.2) (Z_α + Q_α)δq_α + (Z_{n+Δ} + N_Δ + R_Δ)δq_{n+Δ} = 0.

Because the generalized coordinates and the supplementary generalized coordinates are mutually independent, and their virtual changes are also independent and different from zero, i.e., δq_α ≠ 0 and δq_{n+Δ} ≠ 0, virtual work δA (7.2) is equal to zero for arbitrary virtual changes δq_α and δq_{n+Δ} only if

(7.3) � d dt ∂E_k ∂q̇_α − ∂E_k ∂q_α � 0 = Q_α, and (7.4) � d dt ∂E_k ∂q̇_{n+Δ} − ∂E_k ∂q_{n+Δ} � 0 = N_Δ + R_Δ.

System of equations (7.3) are well known Lagrange equations of motion for the dynamical system, which are called the Lagrange equations of the second kind. Equations (7.4) form another system of equations from which, using (3.5), (3.8), we calculate the reaction forces on every particle of a system as

(7.5) (R_i)_0 = � d dt ∂E_k ∂q̇_{n+Δ} − ∂E_k ∂q_{n+Δ} � 0 − N_Δ � (b^{−1})_{ΔΩ}l_{iΩ}.

For this reason the equations (7.5) can be called equations of dynamic equilibrium in normal directions.

8. Examples Example 1. Let us consider the motion of a material point with mass m on a smooth surface whose equation is F_1 = F (x, y, z), where x, y and z are the Cartesian coordinates of the point and the axis z is in up direction. This motion has two degrees of freedom. The normal vector (2.3) is

(8.1) l_{11} = F_xi + F_yj + F_zk,

where the low index means partial derivative with respect to that coordinate. Using (3.6) we have

(8.2) b_{11} = F^2_x + F^2_y + F^2_z , (b^{−1})_{11} = 1 F^2_x + F^2_y + F^2_z . The kinetic energy (5.3) of the particle is

(8.3) E_k = m 2 (ẋ^2 + ẏ^2 + ż^2) + (ẋḞ_x + ẏḞ_y + żḞ_z)mq_3,

where q_3 is the displacement in normal direction (8.1). There is only one active force F = −mgk, where g is gravity acceleration. Hence, the generalized force in normal direction (4.3) is N_3 = −mgF_z. Now, applying (7.4) to (8.3) for the coordinate q_3 we have R_3 = mgF_z − m(ẋḞ_x + ẏḞ_y + żḞ_z), and using (7.5) and (8.2) we have the reaction force R = R_3 F^2_x + F^2_y + F^2_z

(F_xi + F_yj + F_zk).

If the surface is a sphere with radius r, then F = x^2 + y^2 + z^2 − r^2, and the reaction force is R = m[gz − (ẋ^2 + ẏ^2 + ż^2)] r^2 r, where r is the position vector of the point.

Example 2. Let us consider a mathematical pendulum of the length a and mass m. The corresponding constraint is f_1 = x^2 +y^2−a^2 = 0, where x is horizontal axis and y vertical oriented down. From this relation we have the gradient vector (2.3) I_{11} = 2xi+2yj.

The problem has one degree of freedom, the angle α between the pendulum and the vertical direction. In that case

(8.4) I_{11} = 2a sin αi + 2a cos αj,

and velocity of the particle ṙ = (a cos αi − a sin αj)α̇. Here, there is only gravity applied force F = mgj, where g is the gravity acceleration. The corresponding potential energy is Π = mga(1 − cos α). Therefore, the generalized forces (4.4) and (4.3) are Q_α = −mga sin α, N_α = 2mga cos α. The kinetic energy (5.1) has the form E_k =^m_2 (aα̇)^2 + 2m(aα̇)^2q_2, where q_2 is the additional generalized coordinate. Second-order symmetric system (3.6), using (8.4) becomes and its inverse (3.7) (b^{−1})_{11} = 1/4a^2. Finally, from (7.3) and (7.5) we have the equation of motion α̈ +^g_a sin α = 0, and the reaction force to the particle

R = −m(aα̇^2 + g cos α)(sin αi + cos αj).

Example 3. Let us consider the motion in a vertical plane of two equal rods OA and AB equal masses m and lengths l connected by a cylindrical joint at the point A, while the rod OA is connected to unmovable cylindrical joint at the end of rod at the point O. This system has two degrees of freedom and the angles φ and ψ between the rod and vertical direction are the generalized coordinates. Let x be the horizontal and y the vertical axes. The centers of gravity for the rods are the points C_1 and C. The gravity forces are

(8.5) F_{c1} = mgj, F_c = mgj,

where g is the gravity acceleration. If we want to determine forces at cylindrical joints then we must remove them. Let x_1 and y_1 be the motion of the rods and with respect to joint O, and x_2 and y_2 motion of A of the rod AB with respect to the joint point of the rod OA. The corresponding equations of constraints are

(8.6)

F_{1x1} = x_1 = 0, F_{1y1} = y_1 = 0, F_{2x2} = x_2 = 0, F_{2y2} = y_2 = 0.

The kinetic energy of the system is

E_k = 1 2 J_{c1}φ̇^2 + m 2 v^2_{c1} + 1 2 J_cψ̇^2 + m 2 v^2_c , where J_{c1} and J_c are the corresponding moments of inertia and v_{c1} and v_c are velocities of the points C_1 and C. The part of the kinetic energy linear with respect x_1, y_1 x_2, y_2, ẋ_1, ẏ_1 ẋ_2, ẏ_2 is

(8.7) Ẽ_k = m 2 l(ẋ_1φ̇ cos φ − ẏ_1φ̇ sin φ)

+ ml � (ẋ_1 + ẋ_2) � φ̇ cos φ + ψ̇ 2 cos ψ � − (ẏ_1 + ẏ_2) � φ̇ sin φ + ψ̇ 2 sin ψ � . The virtual work of active forces (8.5) is

δA^F = 2mgδy_1 + mgδy_2 − mg 3 2 l sin φδφ − mgl sin ψδψ,

and the generalized forces in perpendicular directions are (8.8) N_{x1} = 0, N_{y1} = 2mg, N_{x2} = 0, N_{y2} = mg. Applying (7.4) to (8.7) and using (8.8) we have

(8.9)

R_{x1} = d dt � ml 2 φ̇ cos φ + ml � φ̇ cos φ + ψ̇ 2 cos ψ � , R_{y1} = −2mg − d dt � ml 2 φ̇ sin φ + ml � φ̇ sin φ + ψ̇ 2 sin ψ � , R_{x2} = d dt � ml � φ̇ cos φ + ψ̇ 2 cos ψ � , R_{y2} = −mg − d dt � ml � φ̇ sin φ + ψ̇ 2 sin ψ � . The vectors in perpendicular directions to the constraints (8.6) are l_{1x1} = i, l_{1y1} = j, l_{2x2} = i, l_{2y2} = j. Hence the system b_{ΔΓ} and its inverse system (b^{−1})_{ΔΓ} are 4×4 unit matrixes, and using (3.8) we have (R^{−1})_{x1} = R_{x1} , (R^{−1})_{y1} = R_{y1} , (R^{−1})_{x2} = R_{x2} , (R^{−1})_{y2} = R_{y2} . Therefore, the vectors of reaction forces at joints at the points O and A are R_O = R_{x1} i + R_{y1} j, R_A = R_{x2} i + R_{y2} j, where R_{x1} , R_{y1} , R_{x2} and R_{y2} are given by (8.9).

References

1. L. A. Pars, Introduction to Dynamics, Cambridge University Press, Cambridge, 1953. 2. E. T. Whittaker, A Treatise on the Analytical Dynamics of Particles and Rigid Bodies, Cambridge University Press, Cambridge, 1970.

3. G. Hamel, Theoretische Mechanik, Springer-Verlag, Berlin–Gottingen–Heidelberg, 1949. 4. E. I. Vorobev, S. A. Popov, G. I. Scheveleva, Mechanics of Intelligent Robots, Kinematics and Dynamics, Moscow, Higher School, 1988 (in Russian).

5. M. Vukobratović, Applied Dynamics of Manipulation Robots, Modelling, Analysis and Examples, Springer-Verlag, 1989, reprinted by World Publishing Corporation, Beijing, 1991.

6. A. I. Lurje, Analytical Mechanics, Phys.-Math. Lit., Moscow, 1961 (in Russian). 7. P. M. Mariano, Mechanics of quasi-periodic alloys, J. Nonlinear Sci. 16 (2006), 45–77. 8. A. C. Baptista, C. Sigaud, P. C. Guaranho de Moraes, Controlling nonholonomic Chaplygin systems, Braz. J. Phys. 40 (2010).

9. Yu. N. Fedorov, B. Jovanović, Integrable nonholonomic geodesic flows on compact Lie groups;

in: A. V. Bolsinov, A. T. Fomenko, A. A. Oshemkov (eds), Topological Methods in the Theory of Integrable Systems, Cambrige Scientific Publ., 2006, pp. 115–152; arXiv: math-ph/0408037

10. W. G. Rees, Physics by Example: 200 Problems and Solutions, Cambridge Univ. Press, 1994. 11. L. Colombo, Control Optima de Sistemas Mechanicas Actuados: Una Aproximacion Geometrica, La Plata, Universidad Nacional de la Plata, Departamento de Matematica, 2009.

12. R. Bernhard, Robot Calibration, Kluwer, 1993.

13. A. Aftab, A. Naseer, K. Qudrat, Conservation laws for partially conservative variable mass systems via d’Alembert’s principle, Chin. Phys. Lett. 25 (2008), 3181–3184.

14. H. Yoshimura, J. E. Marsden, Dirac structures in Lagrangian mechanics Part II: Variational structures, J. Geom. Phys. 57 (2006), 209–250.

15. B. F. Feeny, D’Alembert’s principle and the equations of motion for nonholonomic systems, Amer. Soc. Mech. Eng., Design Engineering Division (Publication) DE., 2006.

16. D. Hong, G. Ren, A modeling of sliding joint on one-dimensional flexible medium, Multibody Syst. Dyn. 26 (2011), 91–106.

17. I. Negrean, C. Schonstein, D. C. Negrean, A. S. Negrean, A. V. Duca, Formulations in robotics based on variational principles, 2010 IEEE Int. Conf. Automation Quality and Testing Robotics (AQTR), 281–286; doi: 10.1109/AQTR.2010.5520871.

18. G. Romano, R. Barretta, M. Diaco, On continuum dynamics, J. Math. Phys. 50, 102903 (2009), 26 pp; doi: 10.1063/1.3215979.

19. B. D. Vujanović, B. S. Bačlić, A. M. Strauss, Physical consequences of action conservation laws and their applications, Phys. Rev. E (3) 78(5) (2008), art. no. 056604, 11 pp.

20. Yu. M. Andreev, O. K. Morachkovskii, Numerical simulation of nonholonomic rigid-body systems, Int. Appl. Mech. 42 (2006), 1052–1060.

21. S. Ray, J. Shamanna, On virtual displacement and virtual work in Lagrangian dynamics, Eur.

J. Phys. 27 (2006), 311–329.

22. Y. Wang, Y.-X. Guo, d’Alembert–Lagrange principle on Riemann–Cartan space, Acta Phys.

Sin. 54 (2005), 5517–5520.

23. D. Mušicki, Extended Lagrangian formalism and main general principles of mechanics, Eur.

J. Mech., A 24 (2005), 227–242.

24. D. Mušicki, Extended Lagrangian formalism and the corresponding energy relations, Eur. J.

Mech., A 23 (2004), 975–991.

25. J. Kövecses, C. Piedbœuf, A novel approach for the dynamic analysis and simulation of constrained mechanical systems, Proc. ASME Design Engineering Technical Conference 5A (2003), 143–152.

26. F. E. Udwadia, R. E. Kalaba, On the foundations of analytical dynamics, Int. J. Non-Linear Mech. 37 (2002), 1079–1090.

27. C. Ferrario, A. Passerini, Rolling rigid bodies and forces of constraint: An application to affine nonholonomic systems, Meccanica 35 (2000), 433–442.

28. M. A. Townsend, Kane’s equations, Lagrange’s equations, and virtual work, J. Guid. Control Dyn. 15 (1992), 277–280.

29. Gy. Beda, Generalized D’Alembert–Lagrange equation, Period. Polytechn., Mech. Eng. 34 (1990), 33–35.

30. J. G. Papastavridis, On the sufficiency of the principle of virtual work for mechanical equilibrium: a critical reexamination, J. Appl. Mech. 56 (1989), 704–707.

Faculty of Technical Sciences (Received 28 09 2011) University of Novi Sad (Revised 25 01 2012) 21000 Novi Sad, Serbia

djukic@uns.ac.rs