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ABSTRACT. By Borel’s description, integral cohomology of the complex Grass-
mann manifold Gy ,, is a polynomial algebra modulo a well-known ideal. A
strong Grobner basis for this ideal is obtained when k£ = 2 and k = 3.

1. Introduction

Integral cohomology of complex Grassmannian Gy, = U(n +k)/U(n) x U(k)
is isomorphic to the polynomial algebra on the Chern classes ¢y, ¢, ..., ¢, of the
canonical complex vector bundle ~y over Gy, modulo the ideal Iy , generated by
the dual classes €41, Cnt2, ..., Cntk. Unfortunately, this description does not pro-
vide an efficient algorithm for determining whether a certain cohomology class is
zero or not. But, if one has a Grébner basis for Iy, ,,, this task is less demanding. In
[5] and [6], the analogous problem for the mod 2 cohomology of real Grassmannians
was considered and Grobner bases for the corresponding ideals (in the cases k = 2
and k = 3) were presented. The theory of Grobner bases over rings has complica-
tions that do not appear in the theory over fields. Nevertheless, for principal ideal
domains, the generalization is good enough for our purposes.

In this paper, we show that calculations with Z coeflicients, similar to those
with Zg coefficients in [5] and [6], provide strong Grébner bases for the ideals I, ,, in
Zlci,ca, ... cx) for k= 2,3 and all n > k. These results are stated in Theorem FT]
and Theorem 5]l As a consequence of Theorem ] (Corollary [2)), we get the
result of Hoggar (obtained in [3] by a calculation in terms of K-theory) concerning
the structure of H*(Gg »;Z) as an abelian group. In Corollary [5.1] we establish the
analogous result for H*(Gs n; Z).
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2. Background on Grobner bases

In this paper, we denote by Ny the set of all nonnegative integers and the set
of all positive integers is denoted by N.

Let R be a principal ideal domain (PID) and R[z1, 22, ..., k] the polynomial
algebra over R on k variables. Different authors define monomials and terms in
R[z1,x2,...,2k] in various ways. Our terminology will be as follows. A monomial
on variables 1,z,..., 2} is a power product z{'z3*... 23" € Rz, x2,..., x4,
where ay,as9,...,a; € Ny. The set of all monomials in R[z1,za,...,zx] will be
denoted by M. A term in R[xi,xa,...,x] is a product am of a coefficient o € R
and a monomial m € M.

Let < be a fixed well ordering on M (a total ordering such that every nonempty
subset of M has a least element) with the property that m; < mgy implies myms <
meomg for all my,my, mg € M.

For a polynomial f = >\, aym; € R[z1,22,...,Tx], where m; are pairwise
different monomials and a; € R~ {0}, let M(f) := {m; | 1 <4 < r}. We define
the leading monomial of f, denoted by LM(f), as max M (f) with respect to <.
The leading coefficient of f, denoted by LC(f), is the coefficient of LM(f) and the
leading term of f is LT(f) := LC(f) - LM(f).

The notion of a strong Grobner basis (in [2], Becker and Weispfenning use the
phrase D-Grobner basis) for a given ideal I in R[xq1, 9, ..., 2] can be defined in
a number of equivalent ways. We have chosen the following one, which avoids the
notion of reduction (see |2} p.455] and [1] p. 251]).

DEFINITION 2.1. Let G C R[xy,29,...,x;] be a finite set of nonzero polyno-
mials and I = (G) the ideal in R[z1,z2,...,zx| generated by G. We say that G
is a strong Grébner basis for I (with respect to =) if for each f € Ig ~\ {0} there
exists g € G such that LT(g) | LT(f) (meaning, as usual, that LT(f) = ¢t - LT(g)
for some term t).

REMARK 2.1. If G is a strong Grobner basis for I and f ¢ I, then there
may still exist g € G such that LT(g) divides LT(f), but one can see that f = f;
modulo I for some polynomial f; with the property that LT(f) is not divisible by
any of LT(g), g € G. Namely, if some LT(g) divides LT(f), say LT(f) =t - LT(g),
then the polynomial f; := f —t-¢ is = f modulo Ig and LM(f1) < LM(f). If
f1 does not have the desired property, we continue this process. Since = is a well
ordering, the process must terminate.

Let G be an arbitrary finite subset of R[z1, 2, ..., 2] ~\ {0} and I the ideal
generated by G. We now want to formulate a sufficient condition for G to be a
strong Grobuer basis. If m € M is a fixed monomial and if for f € R[x1,xa,...,xk]
we have f = Y7, t;g;, where t; are some terms and g; some (not necessarily
pairwise different) elements of G such that maxici<s LM(t;9;) < m, we say that
>0 tigi is an m-representation of f with respect to G. An LM(f)-representation
of f w.r.t. G is called a standard representation of f w.r.t. G.

We shall need the following lemma from [2]. We denote by lecm(a,b) and
ged(a, b) respectively the least common multiple and the greatest common divi-
sor of a and b, where a and b are either monomials or elements of R.
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LEMMA 2.1. [2] p.456] Let G be a finite set of nonzero polynomials from
Rlx1,xa, ..., 2] satisfying the following two conditions:
(i) For all g1,g2 € G there exists h € G (which depends on g1 and g2) such
that LM(h) | lem(LM(g1), LM(g2)) and LC(h) | ged(LC(g1), LC(g2));
(ii) Ewvery nonzero f € Ig has a standard representation w.r.t. G.

Then G is a strong Grobner basis.

Note that if LC(g) = 1 for all g € G, then the condition (i) from Lemma 2]
is certainly satisfied. Namely, one can take h to be g;. Then, LM(h) = LM(¢1), so
LM(h) | lem(LM(g1), LM(g2)). The other condition is clearly satisfied.

In order to formulate an important theorem, we need the following definition.
Recall that we have a fixed ordering < on the monomials.

DEFINITION 2.2. The S-polynomial of polynomials f,g € R[z1,x2,...,zk| is
given by
l L l L
S(f,g):= . f - . .q,
V9= e g T Tow) D)
where [ = lem(LC(f),LC(g)) and L = lem(LM(f),LM(g)).

Let us note that since lem(LC(f),LC(g)) is not uniquely determined in a PID,
there is some indeterminacy in Definition 22, but any two least common multiples
of the same pair of elements are associates and so, this indeterminacy makes no
harm to the following theory. Nevertheless, we shall make the S-polynomial unique
when R = Z, by requiring that lem(LC(f),LC(g)) > 0. With this convention in
mind, we see that (for R = Z), S-polynomial is antisymmetric, S(g, f) = =S(f, g)-

We are now able to formulate the announced theorem.

THEOREM 2.1. [2| p.457] Let G be a finite subset of R[x1,a,...,xk], 0 ¢
G, and let Ig be the ideal in R[x1,xa,...,x] generated by G. If condition (i)
from Lemmal[Z1] holds and for all g1,92 € G, S(g1,92) either equals zero or has a
standard representation with respect to G, then every nonzero f € Ig has a standard
representation w.r.t. G.

REMARK 2.2. In the statement of this theorem in |2], Becker and Weispfenning
reformulated the condition (i) from Lemma [Z1]in terms of G-polynomial of g; and
g2, but we do not need this reformulation.

It is obvious from Definition that LM(S(g1,92)) < lem(LM(g1), LM(g2))
since lem(LM(g1), LM(g2)) cancels out in the upper expression. This means that
if we have a standard representation of S(g1,92) w.r.t. G, then we have an m-
representation of S(g1, g2) w.r.t. G for a monomial m < lem(LM(g;1), LM(gz2)). By
a careful analysis of the proof of Theorem [Z1]in [2], one observes that the authors
use only this weaker assumption (that S(g1, g2) has an m-representation w.r.t. G for
some monomial m < lem(LM(g;),LM(g2))). Moreover, the corresponding theorem
when R is a field (see [2] p.219]) was given in this form.

By summarizing the preceding discussion, we obtain sufficient conditions for
a set G C R[z1,z2,...,2k] to be a strong Grobner basis. These are stated in the
following theorem which will be the crucial tool in proving our main results.
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THEOREM 2.2. Let G be a finite subset of R[x1,xa,...,zk], 0 ¢ G, and Ig the
ideal in R[x1,xa,...,x) generated by G. If for all g € G, LC(g) = 1 and for all
91,92 € G, S(g1,92) either equals zero or has an m-representation with respect to
G for some m < lem(LM(g1),LM(g2)), then G is a strong Grobner basis for Ig.

In the rest of the paper, we use the grlex ordering < on the monomials in
Rlx1,xa,. .. 2] with &1 > 29 > -+ > x). It is defined as follows. The monomials
are compared by the sum of the exponents and if these are equal for the two
monomials, they are compared lexicographically from the left. That is, we shall
write z{'x5? - - Pk < x?lx? . -xzk if either a1 +ao+---+ap < by +by+---+by or
else a; +as+---+ar =by+ba+ -+ b and as < bs, where s = min{i | a; # b;}.

3. Cohomology of Gy, ,,

Let Gy, be the complex Grassmann manifold of k-dimensional complex vector
subspaces in C"** and let ¢y, ca, . .., cx be the Chern classes of the canonical bundle
i over G . It is known that the cohomology algebra H* (G, n;Z) is isomorphic
to the quotient Zeq, o, . .., cx]/Ikn of the polynomial algebra Zci,ca, . .., cx] by
the ideal Iy , generated by polynomials €,41,Cn+2,...,Cntr. These are obtained
from the equation (1+¢1 +co+---+cx)(14+¢ +¢ +---) =1, that is

1
= D1 +ea+ -+ )
T ;( ) (e1 + ¢z k)

Z Z (=1)'a1,az, ... aglc cs? - - ci*
>0 a1+-+ap=t

= Z (_1)a1+~~~+ak [al, ag, ..., ak]cllllcgz . CZk

al,A..,akZO

(31) 14+c+c+--=

where [a1,a2,...,ax] (a; € Ng) denotes the multinomial coefficient,
(a1 +ag+---+ag)!
[a17a/27"'7ak] = ! | |
ay!-agl---- - ag!
_(al+a2+"'+ak)(a2+"'+ak) (ak71+ak)
o o s .

By identifying the homogenous parts of (cohomological) degree 2r in formula (B.1I),
we obtain the following proposition.

PROPOSITION 3.1. Forr € N,
¢ = Z (=)t F % g, a, . .. ag]cl ey - ok
a1+2az+-+kap=r

It is understood that a1, as,...,ar € Np.

Let us add here that H*(Ggn; Z) = Z[c1, c2, - - -y k) /I is a free (graduated)
abelian group. Namely, the manifold Gy, ,, has a cell subdivision with no cells in odd
dimensions (see [4, Problem 14-D]). Therefore, the (co)boundary operators in the
cochain complex C* (G, n; Z) are all trivial and H*(Gg n; Z) = C*(Gi,n; Z) is free.
Furthermore, the number of 2i-cells in this CTW-decomposition is py (i), where
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Pk (%) is the number of partitions of integer ¢ into at most n nonnegative integers
each of which is < k, and so the rank of the group H*(G n;Z) is Z;;ko Dien (7).

4. Grobner basis for I,

The binomial coefficient for a € Z, 5 € N is defined by (g) = w

Also, (‘g) := 1. If B is a negative integer, we define (g) to be equal to zero. Then

it is easy to see that the well known formula

o a—1 a—1
1 (3)=0"5 )+ (5)
is valid for all o, 8 € Z.
s . — p(@+0b b
For k = 2, Proposition Bl gives us: . = >, 5, (=1)*" ( )c‘ch.
a

Let n > 2 be a fixed integer. In order to find a Grébner basis for Iz, =
(Cnt1,Cnt2), we define polynomials g, (m > 0).

DEFINITION 4.1. For m € Ny, let

gui= 3 (e (T g
a+2b=n+1+m a

As before, it is understood that a,b > 0.
By comparing this definition with the above expression for ¢,, one observes
that go = (—1)"*1¢,41. Also,

_ arb (@b 4 atp_1f@+D—1\ ,
9Ty = Z (—1) +b< ; )clcg“: Z (—1)atb 1( )clcg

a
a+2b=n a+2b=n+2

L D T G P B L

a
a+2b=n-+2

The change of variable b +— b — 1 does not affect the requirement that b > 0 since
for b = 0 the binomial coefficient (a+2_1) = (ZE) is equal to 0.

From the defining formula for g,,, one can see that if m < n + 2, then b
must be such that m < b < "H% Namely, a + b — m cannot be negative since
a+b—m < —1 implies a + 2b < 2(a + b) < 2m — 2 < n + m contradicting the
requirement that a + 2b = n+ 1+ m. Now, a + b — m must be > a in order for
(a'H;_m) to be nonzero and we conclude that b > m. The second inequality comes
from the condition a+2b = n+1+m. In particular, g,12 = 0 and for 0 < m < n+1
we have

[
(M FLI =D\ i
(4.2) m= 3 -1 (" e,

Let G := {90,91,---,9n+1}. We shall prove that, with respect to the grlex
ordering, GG is a strong Grobner basis for I ,. It is obvious that the summand
in ([£2)) obtained for b = m provides the leading monomial LM(g,,) = LT (g,,) =
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T mesr . From this it will follow that an additive basis for H*(Ga,,; Z) is the set
of all monomials c¢§ch such that a + b < n.

In order to show that G is a strong Grébner basis for Ip,, we define the
ideal I = (G) = (90,91, --,9n+1) In Z[c1,c2]. As we have already noticed,
Cnt1 = (_1)n+1g0 € lg, Cp42 = —C1Cpy1 — C2Cp = (—1)”6190 + (_1)n+1gl € Ilg, so
IQ,n C Ic.

It remains to prove that I¢ C I, and that G is a strong Grébner basis. It
turns out that the following proposition plays the crucial role in proving these facts.

PROPOSITION 4.1. For each m € Ny, c2gm — C19m+1 = —Gm+2-

PROOF. We proceed directly to the calculation.
a+b—m

1 b b+1
C29m — C1gm+1 = Z (—1)rrirer ( a ey’
a+2b=n+1+m
a+b—m-—1
_ Z (_1)n+1+a+b C¢11+lcg

a
a+2b=n+m-+2

(
_ Z (_1)n+a+b<a+b—m—1
(

a+2b=n+m-+3

_ Z (_1)n+a+b

a+2b=n+m-+3

> (T

a+2b=n+m-+3

~—— ~—— ~—— ~—— ~—
s
%)
[\oRsa)

by equality (II]). We note that, for the similar reasons as above, the change of
variable b— b —1 (a — a — 1) does not affect the requirement that b > 0 (a > 0).
The proposition follows. O

COROLLARY 4.1. Ig C Iz p.

PROOF. We already know that go = (—1)" "¢, 41 € Iz, and g1 = (—1)"co6,, =
(=1)"*(c1Cns1 + Cny2) € Ia,. Proposition @] applies and by induction on m we
have gm € Iz, (0 < m < n+1). The Corollary follows. O

Therefore G is a basis for I5 , and we wish to prove that it is a strong Grébner
basis. We need the following lemma.

LEMMA 4.1. ForO<m<m+s<n+1, we have
s—1 )
S(va gm-‘rS) = - Z Czlczilizgm-ﬂ-i-i'
i=0

PrROOF. We have that
lem (LM (gm), LM(gm+s)) = lcm(c?ﬂ_mcg”, C?H_m_sc;”“) = C?H_mcg”'s

and so S(gm, gm+s) = C5gm — Cgm+s-
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We proceed by induction on s. For s = 1, we need to prove that S(gm, gm+1) =

—gm+2. We calculate: S(gm, gm+1) = C29m — C19m+1 = —gm+2, by Proposition [Z11
For the inductive step, we have

—1 —1
S(gm, QWL+S) = C30m — C19m+s = Co0m — C2Ci Im+s—1 T CQCi Gms—1 — Cim+s

= C2S(gm; ngrsfl) + Ci_ls(ngrsflv ngrs)

s—2

_ 1 S—2—1 s—1

= —C2 E C1Co Im+2+i — €1 Im+4s+1
1=0

s—2 s—1
_ i s—1—1 s—1 _ i s—1—1
== E €162 Im+2+i — €1 Imts+l = E €162 Gm+2+i5
i=0 i=0
again by Proposition [l and the induction hypothesis. O

THEOREM 4.1. Let n > 2. Then G = {g0,91,.--,9n+1} defined above is a
strong Grobner basis for the ideal Iz, in Zlci,ca] with respect to the grlex order-
ng <.

PrROOF. We have already shown that G is a basis for I ,,. We want to apply
Theorem [Z2] It is immediate from [@2]) that LC(g) = 1 for all g € G. Let g,, and
gm+s (0 < m <m+s < n+1) be two arbitrary elements of G. Since S-polynomial
is antisymmetric, it suffices to show that S(gm, gm+s) has required representation.

If m = n, then m + s must be n + 1 and, using Proposition 1], one obtains
S(gmvngrs) = S(gnagnJrl) = C29n — C19n+1 = —Gn+2 = 0.

If m < n—1, according to LemmalLT], S(gm, gm+s) = — Zfz_g ey  gmra i
Note that for i € {0,1,...,s =1}, m+2+i<m+s+1<n+2 and so, either
gmi2+i €EG (ifm+2+i<n+1)or gmiari =0 (if m+2+i=n+2). Define
t =t(m,s) =TT First of all, observe that

t =< c{”’l_mc;’”’s = lem(LM(gm ), LM(Grm+s))-

Now, for all ¢ € {0,1,...,s — 1},

i s—1—1 _ i .s—1—1 _ i .s—1—i ntl-m—2—i _m+2+1
LM(ci¢3 gmt2+i) = €165 LM(gm2+i) = 163 “Q €2

= c?ilfmcg”rsﬂ =1.
Theorem 22 applies and we conclude that G is a strong Grébner basis for I ,. O

COROLLARY 4.2. Let n > 2. If ¢; is the i-th Chern class of the canonical
complex vector bundle 2 over Ga n, then the set {cich | a+b < n} is an additive
basis for the free abelian group H*(Gg pn;Z).

PROOF. A monomial c¢c} corresponds to the partition of the (nonnegative)
integer a + 2b:
L+14- 14242442,
a b
Furthermore, it is obvious that this produces a one-to-one correspondence between
the set {c¢ch | a + b < n} and the set of all partitions of the nonnegative integers
< 2n into at most n integers each of which is < 2. This means that the cardinality
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of the set {c{c} | a +b < n} is equal to rank(H*(G2,;Z)) = ZZO p2.n (7). Hence,
it suffices to show that the set {c¢ch | a + b < n} generates H*(Gz,,;7Z).

Let 0 € H*(Gan;Z) = Z[c1,c2]/I2,n be a nonzero class and f € Z[ey, o] its
representative. Since G is a strong Grobner basis for I, and f ¢ I, by Re-
mark 2T we have that f = f; modulo Iy, for some f; € Z|cy, co] such that LT(f;)
is not divisible by any of LT(g) = LM(g), g € G. Observe that {LM(g) | g € G} is
the set of all monomials c¢c} such that a + b = n + 1. This means that the sum of
the exponents in LM(f1) and so, in every monomial from M(f1), is < n. Since f;
also represents o, this concludes the proof. ([

Let us remark that our strong Grobner basis G has some additional nice prop-
erties. It is minimal in the sense of Definition 4.5.6. from [1] p. 251] since no LT(g;)
divides LT(g,) for ¢ # j. Moreover, it is reduced in the sense of the definition of
this notion for Grébner bases over fields, meaning that all leading coefficients in
G are equal to 1 and no term of g; is divisible by LT(g;) for ¢ # j. This follows
from formula ([@2]) by observation that all monomials in M (g;) except the leading
one have the sum of the exponents < n + 1. Finally, one can verify that, since
Zlc1, c2)/ Iz is free, G produces unique normal forms (remainders).

Let us now calculate a few elements of the strong Grobner basis G. By formula
E2D), gni1 = 3™ and g, = c1c. Using this and Proposition Bl we obtain
C20n—1 = C1Gn — Jni1 = CoCh — CSH = 02(0%0371 — %) and so we deduce that
In—1 = 0%0371 — cy. Continuing in the same manner, one gets:

_ 3. n—2 n—1,
gn—2 = C1Cy - 20102 )
4 n—3 2 n—2 n—1,
gn-3 =C1Cy ~ —3cicy “Hcy
5 n—4 3 n—3 n—2,
gn—a = CiCy ~ —4dcicy 7+ 3cicy 7

- —4 - -2
Gn_5 = Sch™® —Beich T 4 6c3ch TP — T2 etc.

5. Grobner basis for I5,

We now focus on the case k = 3 and our goal is to find a strong Grébner basis
for the ideal I3, in Z[c1, c2,c3] (for all n > 3) and obtain some new information
concerning the cohomology algebra H*(Gs n;Z).

In the case k = 3, Proposition [B.1] gives us

_ adbrefa@+b+ceN b+ b .
be 3 (ks ren

Let < be the grlex ordering on the monomials in Z[c1, ca, c3] (with ¢; > ¢3 > ¢3)
and let n > 3 be a fixed integer. In order to find a strong Grébner basis for the ideal
I35, = (Cnt1,Cnt2, Cuts), we define the polynomials gy, ; € Zc1, ¢z, c3], m,1 € Ny.

DEFINITION 5.1. For m,l € Ny, let

a+b+c—m—I\/b+c—1I b
Gt = DR G ) )eiches.
a+2b+3c=n+1+m+2[ a )
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As before, it is understood that a, b, ¢ € Ny.

Let us remark first that goo = (— 1)”+1c +1. Although in the expression for
¢, the product of binomial coefficients reduces to a trinomial coefficient, this is
not the case for polynomials g,,; for m > 0. Therefore, we are not able to use
trinomial coefficients and their properties in the upcoming calculations with these
polynomials.

In addition to that, we note that the coefficient (a+b+z_m_l) (b+§_l) may be
nonzero when a+b+c—m—1<0 (or b+c¢—1<0). For example, if n = 4 we
have

+b+c—-5\/b+c
_ -1 1+a+b+c(a’ )( ) a b c
e a+2b§;c:10( ) a b e

=-()E)33+ ()= () (G)ad =4 odd et

However, we can prove the following lemma.

LEMMA 5.1. Let a,b,c,m,l be nonnegative integers. Then the following impli-
cation holds:

a+b+c—m—1I\/b+c—1
)T, ) e
= a+b+tec<m+l or (b+cz=2m+!l and c>=1).

PROOF. Assume that (a+b+z_m_l) (b+§_l) #0and a+b+c > m+1. Then we
have that (‘”Hf;m*l) # 0 and since both a + b+ ¢ —m — [ and a are nonnegative
we conclude that a +b+c—m —1>a,ie,b+c>m+1.

If ¢ < I, then b+ ¢ —1 < b and since (b+g_l) # 0 it must be b+ c—1 < 0. From
this we have 0 < a+b+c—m—1 < a—m < a, but this implies that (a+b+c_m_l) =0
contradicting the assumption (a+b+f;m71) (bJrc l) # 0. This contradiction proves
that ¢ > [. O

Finally, we define the set G C Z[c1, o, c3], our candidate for the strong Grobner
basis.

DEFINITION 5.2. G :={gm,; |m+1<n+1,m,l € Ng}.
We now prove an important property of G.

PRrROPOSITION 5.1. For m,l € Ny such that m +1 < n+ 1, we have that the
leading monomial LM(gy, 1) = LT (gm,) = ¢ " ercl, and all other monomials
in M(gm,1) have the sum of the exponents < n+ 1.

PROOF. Obviously, the (nonnegative) integers a := n+1—m — 1, b := m,
¢ = [ satisfy the conditions a + 2b + 3¢ = n 4+ 1 4+ m + 2] and the Coefﬁ(:lent

(— )”+1+a+b+c(“+b+c m= l) (b+§ l) = (9 (b) = 1. So, the monomial ¢} =™ e el

does appear in g,,,; with coefficient 1.

Now, it suffices to prove the inequality a+b+c < n+ 1 for all other monomials

c§che§ appearing in gy, ; with nonzero coefficient. If c¢che§ is such a monomial,

then a +2b+3c =n+1+m+ 20 (ie, a = n+1+m+ 2] — 2b — 3¢) and
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a+b+c—m—I
(%

and ¢ > [.

In the first case a +b+c < m+1<n+1 and we are done.

Otherwise, b+c > m+1 and ¢ > [ give us that b+2c > m+2I, where the equality
holds only if c =1 and b=m. But thena=n+1+m+2[—2b—3c=n+1—m—1
and since cfchc§ # T len el we actually have b 4 2¢ > m 4 21. This implies
that a+b+c=n+14+m+20—b—2c<n+1. 0

)(b+§_l) # 0. According to Lemma[5dl a+b+c < m+lorb+c > m+l

Let I¢ be the ideal in Zcy, c2, c3] generated by G. Eventually, we shall prove
that I¢ = I3, = (Cnt1,Cn+2,Cnts), but for the moment we prove that I con-
tains I3 ,,.

PROPOSITION 5.2. I3, C Ig.

PROOF. As we have already noticed, ¢,+1 = (=1)""1gg o € I5. Since

b b
—c1g00 + 910 = —C1 Z (_1)n+1+a+b+c<a +0+ 0) ( —;)— C)cgcgcg
a+2b+3c=n-+1 a
i Z (_1)n+1+a+b+c(a+b+c_1)(17‘;)‘0)0%0305
a+2b+3c=n-+2 a

. n+2+a+b+c a+ b +c b +c a+1 b c
Z (-1) €1 €3
- 1

a+2b+3c=n-+1 a b

+b+c—1\/b+c
-1 n+1+a+b+c(a’ )( ) a b c
i a+2b§:n+2( ) a b Cl 0203

_ ntldatbre(@HbFc—1yrb+ey oy o
- a+2b§:n+2(_1) ( a—1 b Cl 0203

+b+c—1\/b+c
-1 n+1+a+b+c(a’ )( ) a b c
i a+2b§:n+2( ) a b Cl 0203

b b
= > (—1)"+1+a+b+c(a+a+c)( ch)c‘fcgcg = (=1)"'%n 0,
a+2b+3c=n+2

we conclude that ¢,12 = (—=1)"c190,0 + (—1)"g1,0 € Ic.
In order to show that ¢, 13 € Ig we calculate:

Z (_1)n+1+a+b+c(a+ b+c
a

(b+6) at2

b ¢
€1 CoC3

N—

2
€190,0 — 2¢191,0 + g2,0 =
a+2b+3c=n+1

b —1\ /b
-2 Z (—1)"+1+a+b+c<a Tote ) ( i C)c(f“cgcg

a+2b+3c=n+2 a b
niltatbie(@Tb+c—=2\/b+ey 44

£ 30 e (TR (0 etekes
ntldatbre(@+b+c—=2\/b4+cy\ , 4 .

L apnen( e (e

a+2b+3c=n-+3
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a+b+c—2\/b+c b
S e (P 0
a+2b+3c=n+3 a—1 b

+ Z (—1)”+1+a+b+c(a+b:c_2)(bzc)c?cgc§.
a+2b+-3c=n+3

First, we note that the change of variable a — a — 2 in the first sum does not affect

the requirement that a runs through Ny since for ¢ = 0 and @ = 1 the binomial

coefficient (anJ_rg*Q) is equal to zero. Similarly for the second sum. From formula

&) we deduce directly that (g) = (agz) + 2(2‘:?) + (g:g) for all o, 8 € Z, so we

have

a+b+c\/b+ec
C%QO,O — 2@19170 +go0 = Z (_1)n+1+a+b+c( . ) ( ; )c(fcgc?,
a+2b+3c=n+3

= (_1)n+15n+3
and the proposition is proved. O

In the subsequent calculations, the polynomials ¢,,; with m +1 = n + 2 will
take part. We note that these polynomials are not necessarily elements of G, but,
as Proposition 5.3l below states, they can be written as linear combinations of some
elements of G.

In order to achieve this kind of presentation for g,,; (m +1 = n+2), we prove
the crucial fact which is stated in the following lemma. (We recall that the integer
n > 3 is fixed.)

LEMMA 5.2. Let m,l,a,b,c be nonnegative integers such that m +1 = n + 2
and a+2b+3c=n+14+m—+2l. Then the following formula is true.

3]

Z(_l)j(m'—j)(a+b+c;n—2+j)(b+c;l—j) ~0,

7=0 J
or, singling out the summand for j =0,
(a+b+c—n—2)(b+c—l)
b

a

o3

5 1(_1)j_1(m;j)(a+b+c;n—2—|—j)(b+c;l_]’).

J
PRrROOF. We prove the lemma by induction on m. Let

5]

S(m,1,a,b,c) = Z(—l)j(

m—j\y/a+b+c—nmn—-2+j5\/b+c—1—j
S (") (e

b

a

The induction base will consist of three parts: m =0, m =1 and m = 2.
Take m = 0 and nonnegative integers [/, a, b, ¢ such that [ =n + 2 and a 4+ 2b+
3c=n+ 1+ 2l. The statement of the lemma in this case simplifies to:

a+b+c—n—2)(b+c—n—2) _o.

S(0,1,a,b,¢) = ( )

a
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Since a+2b+3c=n+1+2] = 3n+ 5, we have that 3c < a4 2b+ 3¢ = 3n+5,
socgn—i—% <n+2ie,b+c—n—2<b.

Ifb+c—n—22>0, then (b+c_b"_2) = 0 and we are done.

If b+c—n—2 < 0, then a+b+c—n—2 < a. Also, 3(a+b+c) > a+2b+3¢c = 3n+5
implying a + b+ ¢ > n + % But since a + b + ¢ is an integer, we actually have
that a+b4+c>2n+2. So,0<a+b+c—n—2 < a, and we conclude that
(a+b+z—n—2 —0.

For m =1, takel :=n+1and a,b,c > 0 such that a+2b+3c=n+1+1+2]=
3n + 4. In this case we need to prove

a+b+(;—n—2)(b+c—bn—1) _o

As in the case m = 0, we obtain that a+b+c > n+2and c < n+1. If c < n+1, the
proof is analogous to that of the first case. If ¢ = n+1, then, since a+2b+3c = 3n+4,
a must be 1 and b must be 0 and we obtain S(1,[,a,b,c) = ((1)) (8) =0.

If m = 2, then ! = n and let a, b, c be nonnegative integers such that a+2b+3c =

n+ 142+ 2] = 3n+ 3. Here, the statement of the lemma reduces to

S(1,1,a,b,c) = (

(a—i—lH—;:—n—2)(b—|—z—n)_(ct%—l)—i—z—n—1)(b—i—c—bn—1):O7

since the left-hand side of this equality is S(2,l,a,b,¢). In this case, from the
condition a + 2b+ 3¢ = 3n+ 3 we can deduce that a+b+c>n+1and c<n+1.
If ¢ = n 4+ 1, then necessarily a = b = 0, and we have

st~ (1)(3)- () () =11

Ifat+b+c=n+1,since0<c<b+ec<at+btcandc+ (b+c)+(a+b+c)=
3(n 4+ 1), we conclude that ¢ must be n 4+ 1 and this case reduces to the previous
one.

Suppose now that a4+b+c>n+2 and ¢ < n. If ¢ < n, then by the method of
the case m = 0 one proves that both summands must be zero. If ¢ = n, then there
are two possibilities for the pair (a,b) such that the condition a +2b+ 3¢ = 3n+3
is satisfied. First, if a = 3 and b = 0, we have

st~ ()(3) - () =0-0-0

Finally, if a = b = 1, we obtain

statano=(3)() - () =0-0-0

and the basis for the induction is completed.

For the induction step take m > 3, nonnegative integers [, a,b,c such that
m+1l=n+2and a+ 2b+ 3c=n+ 1+ m+ 2l and suppose that the statement
of the lemma is true for all nonnegative integers < m. We need to prove that
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S(m,l,a,b,c) is zero. Since (mj_j) = (m_jl_j) + (m]_,ll_j), we have:
]

N

S(m7l7avbac)_j0(_1)j<m_j1_j)(a+b+C;n_2+j)(b+C;l—j)
(%] ‘ L o - L
Sy

Denoting these two sums by S7 and Ss, respectively, we have S(m, [, a, b, c) = S1+S5s.

Since (b“;l*j) = (Hcféﬂ;l) + (b“;:j*l), we obtain:

m

ol

S = m—'1—j)(a+b+c—n—2+j)(b+c_l_j_1)

a b

(]

(=1

i=0 J

o

7]_ (m—1—jyrat+b+c—n—-24j\/b+tc—-1l—-7-1
+j=( 1)3( )( )( )

J a b—1

(=)

We now denote these two sums by S3 and Sy respectively and obtain S; = S5+ Sy
implying S(m,1,a,b,¢) = Sy + S5 + S;.
First, we consider the sum Sy. If m is odd, then [2] = [=1] and if m is even,
say m = 2r (r > 2), then the first binomial coefficient in the last summand of the
m

sum Sy (for j = [F] =17) is (’71) = 0, so in either case

(5] . . )
rm—1—j\/a+b+c—n—-24+j\/b+c—-1—-j5—-1
=2 (") )( )
51 Z( ) j a b—1
7=0
=Sm-1,l+1,a,b—1,¢+1)=0,
by the induction hypothesis if b > 0 and if b = 0 it is obvious that Sy = 0.
Now, we have S(m,l,a,b,c¢) = So + S3 and we consider the sum S3. Since
m—1—j3\ _ (m—2—j m—2—j
( ; )_( ; )+( i1 ) this sum can be written as:
|

8= (=1

"

m—jZ—j)(a—l—b—l—c;n—Z—l—j)(b—i—c—Zb—j—1)

— .

SENI]

= o

m—2—j)(a+b+c—n—2+j)(b+c—l—j—1).

+ (_1)j< a b

=0 71

As before, we denote these two sums by S5 and Sg respectively and we have the
equality S(m,l,a,b,c) = Sy + S5 + S6.

Consider the sum S5 and its summand for j = [§]. The first binomial coef-
ficient in this summand is (mf[zf/[g]l / 2]) If m = 3, this binomial coefficient equals
()—0 If m > 4, we have that m — 2 — [F] > [—]—2 0. Also, 5 — 1 < [F]

implying m —2 — [2] < [2]. We conclude that (" /;]L/Q]) = 0, i.e., the summand
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obtained for j = [%] is zero and so

[51-1

D S Gt T A T LA A

= J a b
[(=52] . . )
rm—2—j3\/a+b+c—mn—-24+j\/b+tc—-1—-5-1
=X ()OO0
i=0 J
By looking at the sum Sy one easily sees that the first summand (for j = 0)
equals zero (since (m__ll) = 0). This means that
(%] . . :
_ C(m—l=jyrat+tbte—n—24j\ b+c—1—
=S ("))
m]_y
:[2] (_1)j+1(m—1-—j—1)(a+b+c—n—2+j+1)(b+c—l—j—1)
= J a b
[252] ‘ b b I
_ Z(_l)j<m—2—j)(a+ +c—n—1+j)( +c— —j—l).
= Ji a b

a+b+c;n72+j) _ (a+b+cfn71+j) _

Now the sums S5 and Sy are similar and since ( N

—(“+b+Z:?_2+j), we have that

[=52]

S5+ Sz = — ;0 (—1)1‘(7”‘].2‘3')(a+b+2:q—2+j)(b+c—zb—j—1)

=-Sm-2,l+2,a—1,b,c+1)=0.

Again, we note that the upper sum is zero if @ = 0 and if a > 0 we apply the
induction hypothesis and obtain the latter equality.

We have reduced the sum S(m,l,a, b, ¢) to Sg. Finally, by considering the sum
Se we see that the summand for j = 0 is zero and so

B C(m—2-gy(atbtec—n—2+j\btc—l-j—-1
so=2 (U )T 0T )
j=1
_ C(m—3—jy(atbtc—n—1+j\btc—1—7j—2
()T 0T )
7=0
If m — 2 is odd, then [252] = [23] If m — 2 is even, then [Z252] = [23] 4+ 1,
but, as in the case of the sum Sy, for m — 2 = 2r (r > 1 since m > 3) the first
binomial coefficient in the summand obtained for j = [Z52] = r equals (’71) =0

We conclude that Sg is equal to the sum
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_[%1(_1)j(m—§—j)(a+b+c—n—1+j)(b+c—l—j_2)

= 7 a b

=—-S(m-3,143,a,b,c+1) =0,

by the induction hypothesis. Hence, S(m,l,a,b,¢) = 0 and the proof of the
Lemma [5.2]is completed. O

PRroOPOSITION 5.3. Let m,l € Ny such that m +1=n+2. Then

m

2

. m —j
gmi =y (=1) 1( i >9m—2j,z+j-

Jj=1

PROOF. In a simplified notation, the product (“+b+cgn_2+j) (b+0;l_j) will

be denoted by Aj(a,b,c). Now, the previous lemma asserts that Ao(a,b,c) =

Zﬁl(—l)jfl(mj_j))\j(a,b, c)if a,b,c > 0 are such that a+2b+3c = n+1+m+2L.

Using the assumption m + 1 =n + 2 and Lemma [5.2, we have

a+b+c—m-—I\/b+c—1I b
gmi= > (e ) )eiches
a+2b+3c=n+1+m+2l a b

_ (_1)n+1+a+b+c/\0( b c

a, b, c)cieqgcs
a+2b+3c=n-+1+m-+2[
(5] .

3 S Y C= DLt (A PVICANOIEE 7S
a+2b+3c=n+1+m+2l i=1 J
(%] .
=S (M) Y et ol

j=1

J a+2b+3c=n+1+m-+21

: 14+atb b
It remains to prove that > o a0 i o (—=1)" TN (a,b, ) cfesed

is equal to gm—251+;. But,

a+b+c—n—2+j5\/b+tc—1—7j
Mebie) = .0
_ (a+b+c—(m—2j)—(l—|—j))(b+c—(l+j))
a b
and the proposition follows by Definition [B.11. ([

In the following three propositions (&.4] and [5.6) we give some convenient
presentations for S-polynomials of elements of G. For the first one we need a few
lemmas.

LEMMA 5.3. For any integers o, 3,7, we have

(GG -GG =36 -G05 )
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(GG-D-GDE=(06D -G ()0
~GoDG) =05+ 5D6G)
by formula 11 O
LEMMA 5.4. Let m,l € Ng,reNand m+Il<m+r+1<n+1. Then

PrOOF. We calculate

r—1
o
S(Gm,1s Gmtrl) = E ciey T (Gmtii1 — Imt2+ill)-
=0

PROOF. First, we observe that, according to Proposition I, LM(gm,) =
crtmm=lemel and LM (gmary) = 3Tl el so we have

lem(LM(gim, 1), LM(gmr1)) = C?Jrlimilcg”rrcév
and since LC(gm,i1) = LC(gm+r1) = 1 (Proposition [B.1]), we obtain that

S(gm,hgm-i-r,l) = ngm,l - C;gm-i-r,l-
We prove the lemma by induction on r. For r = 1, we need to verify the
equality S(gm,i, gm+1,1) = Gm,i+1 — gm42,1. We have

S(Gml, Gm+1,1) = C29m,i — C1Gm+1,1

_ Z (_1)n+1+a+b+c(a+b+c_m_l)(b+c—l)ctlzcg+1cg
a+2b+3c=n+1+m+2l a b
B Z (—1)”+1+a+b+c(a+b+6_m_1_l)(b+c_l)c‘f+1cgc§
a+2b+3c=n+1+m+1+21 a b
b —m-—1—1\/b —1—-1
— > (—1)"+a+b+c(a+ e am )( +g_ ) )c‘fcgc§

a+2b+3c=n+m-+20+3

LD e (g
By the previous lemma

(a+b+c—m—l—1)(b+c:l—1) 3 (a+b+c—_m—l—2)(b+c—l)
_ (a+b+ca—m—l—2)(b+bc—1l)_(a+b+c—r?1—%—1)(b+c—lb—l)
and we obtain:a ’ ’ ’

S(Gmis Gm+1,0)

b+c—m—1-2\/b+c—1

= (_1)n+a+b+c a+ Y
a+2b+3c=zn;i-m+2l+3 ( a )( b ) 17273

B Z (_1)n+a+b+c(a+b+c;m_l_1)(b+6;l_1)c‘fcgc§

a+2b+3c=n+m-+420+3
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—(gm+2l — Om, z+1) = 9m,l+1 — m+2,1-

For the induction step we take r > 2 and calculate:
S(gm,is Gmr1) = C5Gm,1 — C1Gmtr
-1 -1
= Chgm,l — €] C2fmir—1,0+ €1 C20mtr—1,0 — C1Gm+r,

= CQS(gm I ngrrfl,l) + C;_ls(ngrrfl,l; ngrr,l)

2— —1
=2 Z Acs 2 (Gmrittr = gmaatit) + 4 (Gmar—1041 = Gmtri1)

r—1—
= E 01102 gm+i,l+1_gm+2+i,l)a

by the inductlon hypothesw. O
LEMMA 5.5. Let m,l € Ny, s € N andm+l <m+l+s<n+1. Then

S —1-y .
(gm 15 9m, l+s = 0103 Im+1,14+1+45-

PROOF. Again using Prop051t10n|5:E|, we obtain

S(gm,lv gm,lJrs) = ngm,l - Cigm,l+s~
We proceed by induction on s. For s = 1, the statement of the lemma reduces
to S(gm,l,gm,l+1) = —Gm+1,l+1- We have
S(gm,lvgm,lJrl) = C39m,l — C19m,l+1

_ 3> (_1)n+1+a+b+c(a+b+c—

b
("7 et

)
_ 3 (_1)n+1+a+b+c(a+b+c_ _l_l)( "’C_l )c%*lcgcg
)

a+2b+3c=n+1+m+21]

a+2b+3c=n+m+20+3

— 3 (_1)n+a+b+c(a+b+c_ m—1-1 (b"'C—l )C%Cgcg
a+2b+3c=n+m+2l+4
b —m—1—-2\/b —1-1
_ Z (_1)n+a+b+c(a+ +2_T )( +Cb )C%Cgcg

a+2b+3c=n+m+20+4

As in some previous proofs, the change of variable a — a — 1 in the second sum
does not affect the requirement that a runs through Ny since (a+b+(;:7f*l72) =0
for a = 0. In the first sum, the change of variable ¢ — ¢ — 1 was made and we
need to prove that for ¢ = 0, the coefficient (“+b_ZL_l_1) (b_é_l) = 0, provided that
a+2b=n+m+20+4.

If b > [+1, then 0 < b—1—1 < b and the second factor equals zero. If b < [, then
at+b—m—Il—-1<a—m—1<a,so (‘”b*’;*l*l) #0onlyifa+b—m—1-1<0,ie.,
a+b < m+Il+1. But then a+2b = a+b+b < m+I1+1+1 = m+2l+1 < n+m—+2(+4

contradicting the fact that a+2b = n4+m-+20+4. Hence, (“+b_2”_l_1) (b_é_l) =0.
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a+b+c—m—l—1) . (a+b+c—m—l—2) _ (a+b+c—m—l—2

a a—1 a

Finally, since ( ), we get

S(gm,lv gm,l-i-l)

_ Z (_1)n+a+b+c(a+b+c—m—l—2)(b—|—c;l—1)0(11Cgcg
a+2b+3c=n+m-+20l+4 a

= —gm+1,l+1

and the induction base is completed.
Passing to the induction step, for s > 2 we have

S S
S(gm,lv gm,lJrs) = C39m,l — C19m,l+s
s s—1 s—1 s
= C39m,0 —C] C39m,l+s—1 T C1 C3dm,l+s—1 — C19m,l+s

= CBS(gm,l; gm,l-i-s—l) + Ci_ls(gm,l+s—l7 gm,l+s)

s—1
. i s—2—j —1 . i s—1—j
=3 A gmrriai — ¢ Gmrries = = Y ey gmrnivisg
P j=0
and we are done. O

Note that lemmas [5.4] and [5.5 hold also when r = 0 (s = 0) since by definition
S(f, f) =0 and the sums on the right-hand side of the equalities are empty.
Now we generalize both Lemma [5.4] and Lemma

PROPOSITION 5.4. Let m,l,r,s € Ng such that m+Il<m+Il+r+s<n+1.
Then

S(Gm,1, 9m+r I+s)

s+1 r 1— j s j
= E it Gmtirst1 — Gmaatiits) — Y clches Im+1,1+145-

ProoF. Using Proposition .1l we easily obtain that
lem(LM(gim,1)s LM(gimri4s)) = ¢4 H et
and so

S(gm,h gm+r,l+s) = Cgcggm,l - C7£+ng+r,l+s-

Moving on, we have

— r+s
S(QWL,I; gm+r,l+8) = C5C39m,1 — C5CT1Gm,lI+s T C5CIGm,its — €1 Gmtrits

Cgs(gm,lv gm,l-i—s) + Cis(gm,l-i-sv gm-i—r,l-i—s)
r—1
j s—1— 1—
= - Z Cj10503 9m+1 Jd+1+45 T+ Z CS—H T (gm+i,l+s+1 - gm+2+i,l+s)7
j= =0

by lemmas [(5.4] and O
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LEMMA 5.6. Let m,l €Ny, seN, m>=sand m+1<n+1. Then
s—1 ) .
S(Gm,l, Gm—s,i+s) = — C’écgflﬂgmqf;‘,zwﬂ-
§=0
PRrROOF. It is easy to see that by definition

S(gm,l; gm—s,l+s) = ngm,l - ngm—s,l-i-s-
The proof is by induction on s. For the induction base, we want to show that
S(gmi, gm—-1,141) = —gm—1,1+2. We have

S(Gmls §m—1,141) = C39m,i — C20m—1,141

_ Z (_1)n+1+a+b+c(a+b+c_ (b+c ) b et

C1CaC3

a+2b+3c=n+1+m+21 )
B Z (_1)n+1+a+b+c(a+b+c— —l)(b—i—C—l )c‘fcgﬂcg
a+2b+3c=ntm-+21+2
B Z (_1)n+a+b+c(a+b+c— —l—1)(b+c—l )c‘fcgcg
a+2b+3c=ntm-+21+4
a+b+c—m—l—1)(b+c—l—2) o b

- E (_1)n+a+b+c( cieacs.
a b—1
a+2b+3c=n+m—+21+4

For the same reasons as in the proof of Lemma [5.5] we may assume that a, b and

c still run through Ny. Finally, since (b+cgl_1) — (b+§:i_2) = (b+cgl_2), we obtain

S(gmis gm—1,141)
_ Z (_1)n+a_|rb_|rc(a+IH—c;m—l—1)(b—|—c;l—2)c(1lcgc3

a+2b+3c=n+m-+21+4
= —9gm—1,1+2-

Now let s > 2 and if the lemma holds for all positive integers < s, then

s s
S(gm,lv gm—s,l-{-s) = C39m,l — CoGm—s,l+s
__ 8 s—1 s—1 s
= C39m,0 — Cy C39m—s+1,l+s—1 t Co C3G0m—s+1,l+s—1 — CoGm—s,i+s
s—1
- C3S(gm,l7 gmferl,lJrsfl) + Co S(mes+1,l+5717 gmfs,lJrs)
s—1

j s—2—j s—1 j s—1—
= —C3 E 6%03 Im—-1—3,14+24+5—Co  Gm-—s,l+s+1 = — E 0703 gm 1—4,014+2+475
‘ =

and the lemma follows. O

We finally use Lemma to obtain two additional propositions concerning
S-polynomials of the elements of G.

PROPOSITION 5.5. Letm,l, e Ng, r,s e N, [ > s, 7 > s andm+r+Il—s < n+1.
Then
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S(gm,lv gm+7’,l78)

r—s—1 s—1
: —1—4 — j s—1—j
= > A4S T Gmridtt — Gmrorid) = €1 AT gmrm1—jimsrats-
i=0 7=0
PrOOF. By Proposition (.11
_ n+l-m—-l m+r |
lem(LM(gm 1), LM(gmtri-s)) = cf Cy  Cs
implying
S(gm,lv gm-l—r,l—s) = ngm,l - Cq_scggm—i-r,l—s
= Chgm,l — € "C3Gmtr—s1 T €1 “CiGmir—si — €1 “C3Gmtri—s
= C;S(gm,lv ngrrfs,l) + Cq_SS(Qerr,lfsv ngrrfs,l)
s—1
_ i r—1—i s j s—1—j
- Cich Z(gm+i,l+1 - gm+2+i,l) - Z i 80;03 Imtr—1—7,l—s+2+7>
i=0 =0

by lemmas [(5.4] and O

PRrROPOSITION 5.6. Let m,l,€ Ng, s e N, [ > s, r<sandm+1<n+1.
Then

S(gm,lv gm+7’,l78)

s—r—1 r—1
_ i r s—r—1—i j s—1—3
= E C1CoC3 ImA41,l—s+r+1+i — E ey Im4r—1—j,l—s+2+j-
i=0 =0

PROOF. In this case (r < s) Proposition 5] tells us that
1—m—l+s— !
lcm(LM(gm,l)aLM(ngrT,l*S)) = C7llJr mie Tcgn-wc?,a
and we conclude
S(gm,la gm-i-r,l—s) = Ci_rcggm,l - C§9m+r,l—s
=c] "CyGml — C5C3 " Gmi—s+r T C5C3 Gm l—str — C3Gm+ri—s

= Cgs(gm,lferrv gm,l) + Cgirs(ngrr,lfs; gm,lferr)

s—r—1 r—1
) 1 1
= - Z Cﬁcgcg " zgm+1,l—s+r+1+i - Z 6%03 jgm+r—1—j,l—s+2+j;
i=0 j=0
by lemmas and O

Observe that in the previous three propositions the S-polynomials of the ele-
ments of G are presented as some functions of polynomials gy, ;, where m+[ < n+42.
Those for which m+1 < n+1 are the elements of G and those for which m+1 = n+2
are either zero (for m = 0 and m = 1) or some linear combination of elements of G
according to Proposition B3
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In order to prove that G is a basis for the ideal I3 ,, i.e., I¢ = I3, we list the
following equalities:

(5-1) gm+2,0 = gm,i+1 — C29m,l T C1Gm+1,1,
(5.2) m+1,1+1 = C1Gm,1+1 — C39m,1;
(5~3) Im—1,142 = C29m—1,1+1 — C39Gm,1,

which are obtained in the proofs of lemmas [£.4], and respectively as the
induction bases.

PROPOSITION 5.7. Ig = I3 4,.

PROOF. According to Proposition 52 I3, C Iz, so it remains to prove that
g€ ls, forall g € G,ie., gm, € I3, for all m,l € Ny such that m+1 < n+1. The
proof is by induction on m + I. We already have that goo = (=1)""1¢,11 € I3,.
Also, in the proof of Proposition we established that

91,0 = c1900 + (—1)" ' Cpia = (=1)" M erCpgr + (—1)" g2 € Isn

and that g2 0 = —cigo,0 + 2c191,0 + (—1)""'¢,43 € I3,. By formula G, g20 =
go,1 — €290,0 + €191,0 and so

90,1 = g2,0 + €290,0 — €191,0 € I3 .

Therefore, g, € I3 if m+1 < 1.
Now, take g, € G such that m +{ > 2 and assume that g~7 € I3, if

mAl<m—+l Ifl = 0, then m > 2 and by formula (51]) we have
Im,0 = Gm—2,1 — C29m—2,0 + C1gm—1,0 € 3.
If I =1, formula (B.2) gives us
Im,1 = C1Gm—1,1 — C3Gm—1,0 € I3 .

Finally, if [ > 2, we use formula (B.3]) and obtain

Im,l = C20m,i—1 — C3Gm+1,1—2 € I3,

by the induction hypothesis. (I

We are left to prove that G is a strong Grobner basis for I3 ,. We are going to
do that by showing that G satisfies sufficient conditions for being a strong Groébner
basis stated in Theorem

THEOREM 5.1. Let n > 3. The set G (see definitions 5.1 and B2) is a strong
Grébner basis for the ideal I3, in Z[ci, c2, cs] with respect to the grlex ordering <.

PRrROOF. In order to apply Theorem 2.2, we first accord to Proposition [B.1] for
the fact that LC(g) = 1 for all g € G. Then, we take two arbitrary elements of G,
say gm, and 9T (gm.1 # g;J). Since S-polynomials are antisymmetric, without
loss of generality we may assume that either (a) m < m or else (b) m = m and
I <1. We distinguish three cases.
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1° If condition (b) holds or if m < m and [ < i writing m = m + r, =1+ s,
r,s € Ng, we have m+1l <m+1l+1r+ s <n-+1, so the conditions of Proposition
B4 are satisfied implying

S(thgml) S(gml;gm+r,l+s)

|
—

S

— +i 1— i s—1—j
ch ’ T gm+i,l+s+1 - gm+2+i,l+s) - 6{6563 Im+1,1+1+45-
J

Il
=]

Ifm+1l+r+s < n+1, then all polynomials g,,; appearing in this expression
are elements of G. If m + 14+ r 4+ s = n + 1, then gpmyri1,14+s and eventually
gm+1,1+4s (if 7 =0) are not in G. But, according to Proposition [£.3] these two can
be written as linear combinations of the elements of G and henceforth we consider
these polynomials as the appropriate linear combinations.

By Proposition .1 the leading monomials of the elements of G all have the sum
of the exponents equal to n+ 1. Therefore, the leading monomials of the summands
in the first sum all have the sum of the exponents s+i+r—1—i+n+1l=n+r+s
and in the second j+r+s—1—j+n+1=n+r+s too. We define t = ¢t(m,1,m,I)
to be the maximum (with respect to <) of all these leading monomials. Hence, the
above expression is a t-representation of S(gm, i, g;J) w.r.t. G, t has the sum of the

exponents equal to n 4+ r + s and so

t =< cn-‘,—l m—I m+7" l+s 1cm(LM(gm,1),LM(g~~))-

2° If m < m, [>1and m—m > l—l writing m = m + r, lfl—s r,s € N,
we have l > s, r > sand m+r+1—s < n+1,ie., the conditions of Prop051t10n
are satisfied and by that proposition

S(gm I ‘gm l) S(gm,l; gm+r,l—s)
r—s—1

1- —s J s—1—j
Z cllcg gm+i,l+1 - gm+2+i,l) - Z C71a 80%03 Im+r—1—jl—s+247-

As in the previous case, for m + 7+ 1 — s =n + 1 the polynomials gn,4r—s+1,; and
Gmtr—1—ji—-s+2+j (j = 0,s — 1) are treated as linear combinations of elements of
G (obtained in Proposition [5.3)).

Again, we define t to be the maximum of all leading monomials in this expres-
sion and so we have a t-representation of S(gm,, gﬁ@f) w.r.t. G. Since the sum of
the exponents in the leading monomials is equal to i +7 —1—i+n+1=n+r,
ie,r—s+j+s—1—j4+n+1=n+r, we have

754(:n+1 m—1 m”l lcm(LM(Qm,l)vLM(g%,T))'

3% Finally, it m <m, [ > land m—m < l—l~, again we put m = m + r,
l=101—s(r,s € N). In this case, [ > s, r < s and m +1 < n+ 1, hence we may
apply Proposition and obtain

S(gm s m, l) S(gm,l; ngrr,lfs)
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s—r—1 r—1

_ i r s—r—1—i j s—1—3

= E C1C2C3 ImA41,l—s+r+1+i — E E1eH Imtr—1—jl—s+2+j-
=0 7=0

Considering this case as the previous two, we observe that the sum of the exponents
in the leading monomials is i+7r+s—r—1—i+n+1 =n+s, ie., j+s—1—j+n+1 =
n + s. Defining ¢ as before, we have

£l — lem(LM(g0). LM(g5: 7).
Therefore, by Theorem we conclude that G is a strong Grobner basis. [

Since LM(gpm.1) = LT(gm,) = 3T "7 iy (m,1 € No, m+1 < n+1), we see
that the set of all leading monomials in G is the set of all monomials with the sum
of the exponents equal to n + 1. Therefore, a monomial c¢chc§ € Zey, ca, c3] is not
divisible by any of these leading monomials if and only if a + b + ¢ < n. Now, the
proof of the following corollary is completely analogous to that of Corollary [£.2l

COROLLARY 5.1. Let n > 3. If ¢; is the i-th Chern class of the canonical
complex vector bundle v3 over Gs.p,, then the set {cichc§ | a+b+c < n} is a basis
for the free abelian group H*(Gs,n;Z).

As in the case k = 2, one can verify that the strong Grébner basis G from
Theorem [5.]is minimal, reduced and produces unique normal forms.
Let us now calculate a few elements of the strong Grébner basis G. By Proposi-

tion[0.1], excluding the leading monomial LM (g, 1) = c?"’l_m_lcg”cé, the monomial

c§ches appears in gm,1 With nonzero coefficient only if a + b+ c < n + 1, so then
we have c < b+c < a+ b+ c <n and we conclude that a + 2b + 3¢ < 3n. Since
a—+ 2b+ 3c must be equal to n+ 1+ m+ 2l, we see that if n+1+m+20 > 3n (ie.,
m+20 > 2n—1) then gy = LT(gm,) = LM(gm,1) = ;™ e, In particular,
we have the equalities:

_ .n+1, _ n. _ n
Jont+1 =C3 3 go,n = C1C3}; g1,n = C2C3.
Starting from these three, we can calculate the polynomials g, n—1, gm,n—2, Gm,n—3
etc. in the following way. From formula (5.2), we have ¢3go.n—1 = €190,n — g1,n =
cich — cach, so
2 n—1 n—1
go,n—1 = C1C3 — C2C3 .

. . n+l .
Using formula (5.3]), one obtains csgin—1 = ¢290,n — o.n+1 = C1C2¢y — ¢35, im-
plying:

n—1 n
g1,n—1 = C1C2C3 ~ — C3.

Applying formula (51I), we have
92,n—1 = go,n — C290,n—1 + C191,n—1
=c1cf —cleacy ey cleacy Tt —eich = c3ch

Obviously, continuing in the same manner, one can compute ¢,,; € G when [ is
close to n.
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