PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 75(89) (2004), 217–232

CONFORMAL MAPPING OF RIEMANN SURFACES AND THE CLASSICAL THEORY OF UNIVALENT FUNCTIONS

M. Shiba

Dedicated to Professor Dr. Horst Tietz on his 80th Birthday

Abstract. Analytic mappings between Riemann surfaces are very natural objects in complex analysis. Corresponding to the classical univalent functions we have the class of injective holomorphic mappings — i.e., conformal embeddings — of a Riemann surface into another. We find indeed a number of analogies between them. On the other hand, because of the non-planarity of the domain surface, we face some new problems which we have never encountered in the classical theory. We discuss various problems concerning the conformal embeddings.

1. Introduction

The classical univalent function theory has been systematically producing a number of deep and interesting results (cf. e.g., [2], [6], [16] and [37]). It is still one of the fascinating and active fields in complex analysis. As is well known, it is naturally and closely connected with the theory of conformal mapping (cf. e.g., [6], [8] and [16]). Not only qualitative but also quantitative results have been obtained in these fields; in most cases they are largely based on the planarity of the domains of definition. That is, the univalent function theory as well as conformal mapping theory — both in the classical sense — belong to the complex analysis on the complex plane C or on the Riemann sphere Ĉ .

In the present expository article we are concerned with “theory of univalent functions on Riemann surfaces”. The readers will easily notice that this is obviously a contradictory expression. Indeed, there exist no univalent functions — injective (analytic) mappings into Ĉ — on a Riemann surface of positive genus, as an easy topological argument shows. Our research objects are actually “Riemann surfaces of positive finite genus” and “conformal embedding of one such surface into another”.

2000 Mathematics Subject Classification: Primary 30F99, 30C35; Secondary 30C55; 30F25, 30F45, 14H55; 76M40. 217

In other words, we study “the one-to-one holomorphic mappings of a Riemann surface into another”. We show on the one hand some results which easily remind us of the classical ones, and find on the other hand some which contrast with the classical. The study on conformal mapping between Riemann surfaces therefore are important for its own sake. Sometimes one can reach a good understanding of analyticity only when its properties — univalence and conformality in our present case — can be well explained in the framework of Riemann surfaces. One of the results below can be regarded as a straightforward generalization of the Riemann Mapping Theorem and the Koebe generalized Uniformization Theorem.

A noteworthy difference between the classical univalent function theory and ours is as follows: one cannot prescribe the target surface in our case, while the complex plane C or the Riemann sphere Ĉ is always the target in the classical case. This observation brings us a new interesting problem: determine all the possible compact Riemann surfaces into which a given (noncompact) Riemann surface can be conformally embedded. In fact this is one of the main topics discussed in this article.

The author tries to give the readers a comprehensive survey of this field. Not a theorem in this article has a proof at length, but it will be of ease to trace the detailed discussion in the bibliography at the end of the article. The bibliography, though not exhaustive in any sense, contains sufficiently many of the classical sources as well as recent papers and books. In the last section we mention several problems and survey some further topics related with our study, among which are hydrodynamics of an ideal liquid flow on a surface, analytic continuation beyond the ideal boundary, the role of the hyperbolic metric in our problem, a new construction of a fundamental domain for a Fuchsian group.

The author sincerely thanks Professor Miodrag Mateljević for his kind invitation to this volume. He thanks also colleagues and secretaries at the University of Belgrad, in particular Professor Dragan Blagojević, the Technical Editor, for their kind help and patience during the preparation of this paper.

2. Embedding Theorem

We begin with the following theorem, which is another version of the result stated and proved in [51] and [59].

Theorem 1. Let R_0 be a noncompact Riemann surface of finite genus g. Then there is a compact Riemann surface R of genus g, a conformal mapping ι : R_0 → R, and a nonconstant meromorphic function f on R such that

i) R ∖ ι(R_0) is a null set^1 (in the sense of Lebesgue), ii) f is holomorphic on R ∖ ι(R_0), and iii) Im f is constant on each component of R ∖ ι(R_0).

The composed mapping f_0 := f ∘ ι is a meromorphic function on R_0 which shows a typical boundary behavior. That is, Im f_0 takes in a certain wider sense a constant value on each ideal boundary component of R_0. It should be noted,

1It makes sense to say that a set on a Riemann surface is measurable and is a null set.

however, that this description is not rigorous at all, since the ideal boundary of R_0 has only an abstract meaning and the function f_0 has not been defined on it. On the other hand, the value of f on R ∖ ι(R_0) makes sense; in fact f is holomorphic on R ∖ ι(R_0) and Im f is equal to a constant on each component in a strict sense.

R

R_0 Ĉ ι f f_0

The function f_0 can be regarded as a generalization of a complex potential function (cf. [62]).^2 This kind of functions or their differentials, on which our proof ([51] and [59]) heavily depends, are defined on general noncompact Riemann surfaces and studied in great detail around 1960 by L. V. Ahlfors [1], Y. Kusunoki [20] and L. Sario [38] independently. Although different names — distinguished differentials, canonical semiexact differentials, or principal functions — are used, they share essential properties in common. They all have a finite Dirichlet integral near the ideal boundary of R_0 — outside a compact subset of R_0. In particular the number of poles is in all cases finite. Roughly speaking, a canonical semiexact differential is a meromorphic differential whose real part is distinguished, and a (Q)L_1-principal function is a singlevalued harmonic function (with singularities) whose differential is the real part of a canonical semiexact differential. See also [40, p. 41, Remark].

In our proof ([51] and [59]) we start with a nonconstant meromorphic function f_0 such that df_0 is a canonical semiexact differential and construct R and ι. To complete the proof new insight about the covering property of such functions is substantially required in addition to the deep results on df_0 as an Abelian differential, and indeed it is the generalized Riemann-Hurwitz relation g = 1 − m + V/2 + W/2 that plays an essential role in our proof (see [51]). In the above formula,

m := the number of poles of f_0, V := the total order of branch points in R_0, and

W := lim_{n→∞} ( − 1 2π ∫ ∂R_n d arg df_0 − h_n ) , where (R_n)_{n=1,2,...} is an arbitrarily fixed canonical exhaustion (for the definition, see [1]) of R_0, ∂R_n the (positively oriented) contour of R_n, and h_n the number of the boundary components of ∂R_n.^3 The key to the Riemann-Hurwitz relation is to show that W represents the total order of branch points on the ideal boundary.

2Sometimes referred to as a “complex velocity potential”. It is “Strömungsfunktion” observed

by F. Klein [17]. Cf. also [32] for hydrodynamical background.

3We can show that the number m is equal to the (maximal) number of sheets of the covering

f : R_0 → Ĉ

The location of poles of the function f_0 can be rather arbitrarily prescribed. Indeed, for any g+1 distinct points p_1, p_2, . . . , p_{g+1} on R_0, we can find a nonconstant meromorphic function f_0 such that

i) f_0 is holomorphic on R_0 ∖ {p_1, p_2, . . . , p_{g+1}}, ii) f_0 has at worst a simple pole at each of p_1, p_2, . . . , p_{g+1}, and iii) df_0 is a canonical semiexact differential.

The condition that the prescribed points p_1, p_2, . . . , p_{g+1} on R_0 be distinct is not essential. If some of them coincide, then the obtained function has a pole of higher order at that point. The really important quantity here is the total order of the function f_0. For the existence of such a nonconstant meromorphic f_0 on R_0, see [20] and [46], for example.

The surface R in the above theorem is not unique but there are in general infinitely many distinct surfaces with the required properties, even if we fix f_0 on R_0 in advance. Nonuniqueness of R can be easily shown by using an example given in [19]. See [59], where it is also shown that for a fixed R_0 and a fixed f_0 on R_0 the compact surfaces R onto which f_0 extends R_0 depend on W number of real parameters.

The uniqueness of the meromorphic function f_0 on R_0 with a required boundary behavior and that of the compact Riemann surface R are often confused but they are completely different notions — even if R_0 is a finitely connected Riemann surface. The same can be said in the case of a quadratic differential on R_0 which has a holomorphic extension onto a compact Riemann surface. Indeed, our theorem easily yields

Theorem 2. Let R_0 be a noncompact Riemann surface of finite genus g. Then there is a compact Riemann surface R of genus g, a conformal mapping ι : R_0 → R, and a meromorphic quadratic differential φ on R such that

i) R ∖ ι(R_0) is a null set, ii) φ has at most 2g + 2 poles on R, iii) φ is holomorphic on R ∖ ι(R_0), and iv) each component of R ∖ι(R_0) is realized as a (possibly branched) trajectory arc^4 of φ.

If there actually exists^5 a component of R∖ι(R_0) which is realized as a branched trajectory arc of φ, there are infinitely many distinct^6 pairs (R, φ) with the required properties. Note that the pull-back φ_0 := ι^∗(φ) is the same for these distinct φ.

Compare the theorem with [4] and Chapter 13 of [5]. If a quadratic differential has critical points on the ideal boundary — that is, if W > 0 — the surface R can be constructed in infinitely many distinct ways. They determine distinct points in the Teichmülles space.

4For the definition and properties of trajectory arcs, see [63]. 5This is to say that W > 0.

6The word “distinct” here means that any two of them are not mutually conformally

equivalent.

To explain the situation more clearly we restrict ourselves for a while to finitely connected Riemann surfaces. The reason for confusion is then a unnatural restriction on the boundary. One often starts with the assumption that the boundary is realized as analytic Jordan curves, but this is to say that the given surface is from the outset embedded in a larger surface.^7 This is absurd when we consider noncompact Riemann surfaces as independent objects. One can neither introduce nor fix a particular conformal structure on the boundary. Otherwise, the Riemann Mapping Theorem would lose its essence.^8 Consider, for example, the Joukowski transformation z → z + 1/z on the open unit disk.

If g = 0, then R is conformally equivalent to the Riemann sphere Ĉ . For simplicity we assume that R = Ĉ . We can choose φ = dz^2 with a suitable coordinate z on R. There are no branch points on each trajectory arc, so that each component of R ∖ ι(R_0) is a vertical segment which is traced exactly twice — go and back. We can indeed show that the image domain ι(R_0) in Theorem 1 is a so-called extremal parallel slit domain. For the definition of an extremal slit domain, see [16] and [40]. This shows that Theorem 1 is a natural generalization of the classical uniformization theorem due to Koebe (see [6], [8], [16], and [40]).

In case g > 0 our theorem gives a general and exact formulation of the results due to Nehari [35], Kusunoki [20], Mori [34] and Mizumoto [33]. They are concerned primarily with the range of functions and little with the covering properties. As a consequence the notion of “slits” is very ambiguous, although Mizumoto [33] implicitly pointed out the importance and difficulty of the problem.

Here are some typical questions: What is a “slit” in the first place? Is it the resulting boundary component obtained by the removal of a “closed segment” or a “closed arc” from a “surface”? If so, what kind of surface should be considered in advance? What kind of segment or arc should be removed? How simple (or complicated) can they be? How does the function f_0 behave near a slit — continuity, holomorphy, injectivity, and so on? How about the behavior of f_0 on a slit?

Our approach to this set of questions consists of

(1) starting with a noncompact Riemann surface R_0 of finite genus g and a generalized complex potential function f_0 on it.

(2) constructing a compact Riemann surface R of genus g and a conformal embedding ι : R_0 → R, (3) extending the function ι^∗(f_0) = f_0 ∘ι^{−1} on ι(R_0) onto R as a meromorphic function f on R, (4) showing that f is holomorphic on R ∖ ι(R_0) and is univalent on a neighborhood of every — but a finite number of exceptional ones — connected component of R ∖ ι(R_0), and finally

7In other words, the interior of a compact bordered Riemann surface is not generic enough

in this context. The conformal structure of the border is fixed in advance.

8As is well known, even the continuity of a mapping function on the boundary is not

guaranteed.

(5) verifying that df vanishes somewhere on each exceptional connected component of R∖ι(R_0), while Im f is constant on every connected component of R ∖ ι(R_0).

In our argument the study of f_0 : R_0 → Ĉ as a covering surface (not as a complex-valued function) plays an essential role. See [51] for further details. We note that a connected component of R ∖ ι(R_0) is a realization of a Kerékjártó- Stoïlow ideal boundary component of R_0.

3. Compact continuations of a Riemann surface of finite genus

According to the classical usage a Riemann surface R is a continuation^9 of R_0, if R_0 is a (proper) subregion of R. If R is compact, it is called a compact continuation. See, e.g., [40]. In the present article we always assume that the genus g of R_0 is positive and finite^{10}, so that compact continuations play an important role. We are particularly interested in compact continuations of the same genus, compact Riemann surfaces which are continuations of R_0 and are of genus g. In fact, one of the central problems is to determine, for a fixed noncompact Riemann surface R_0, the set of its compact continuations of the same genus.

For a more detailed study of compact continuations of the same genus, we have to consider the homology groups. The definition and the argument below can be applied to general g (> 0), but to simplify the notation and the statements we confine ourselves to the simplest case g = 1. If this is the case, we can explicitly describe the set of compact continuations of the same genus, which is another advantage of our restriction.

Now, let R_0 be a noncompact Riemann surface of genus one. For the abuse of language, we sometimes call it a noncompact torus. Let {a_0, b_0} be a canonical homology basis of R_0 modulo dividing cycles.^{11} The pair (R_0, {a_0, b_0}) is referred to as a homologically marked noncompact torus. For simplicity we often omit “homologically”. Our terminology is just an extension of the following classical usage: a compact Riemann surface of genus one is called a torus and a torus with a canonical homology basis {a, b} is called a (homologically) marked torus.

We say that a triple (R, {a, b}, ι) — a marked torus (R, {a, b}) together with a conformal embedding ι : R_0 → R — is a compact realization of a marked noncompact torus (R_0, {a_0, b_0}), if ι(a_0) (resp. ι(b_0)) is homologous to a (resp. b).

(R_0, {a_0, b_0}) (R^′, {a^′, b^′})

(R^{′′}, {a^{′′}, b^{′′}}) h ι^′

ι^{′′} Two compact realizations (R^′, {a^′, b^′}, ι^′) and (R^{′′}, {a^{′′}, b^{′′}}, ι^{′′}) of a marked noncompact torus (R_0, {a_0, b_0}) are said to be equivalent, if there is a (surjective)

9The terms “prolongation” and “extension” are also used.

10For the case of infinite genus, see e.g., [41], where the situation is quite different. 11For the precise definition of “dividing cycles” see [1].

conformal mapping h : R^′ → R^{′′} such that h(a^′) (resp. h(b^′)) is homologous to a^{′′} (resp. b^{′′}) and h ∘ ι^′ = ι^{′′}. Each equivalence class [R, {a, b}, ι] is called a compact continuation of (R_0, {a_0, b_0}). We will use a simplified notation [R] instead of [R, {a, b}, ι] if there is no serious confusion. We denote by C(R_0, {a_0, b_0}) the set of compact continuations of (R_0, {a_0, b_0}). Note that C(R_0, {a_0, b_0}) is considered in the Torelli space.

To describe the set C(R_0, {a_0, b_0}) quantitatively, we make use of the moduli of tori. To each compact continuation [R, {a, b}, ι] of (R_0, {a_0, b_0}) we can associate a complex number τ with positive imaginary part. In fact, using a compact realization (R, {a, b}, ι) which represents [R, {a, b}, ι] and the holomorphic differential ω on R with ∫ a ω = 1, we set^{12} τ := ∫ b ω. As is easily verified, τ does not depend on the choice of a representative (R, {a, b}, ι). Hence we have the correspondence

C(R_0, {a_0, b_0}) ∋ [R] → τ = τ([R]) ∈ H ,

where H denotes the upper half plane {τ ∈ C | Im τ > 0}. We call τ([R]) the modulus of [R] = [R, {a, b}, ι]. We finally set

M(R_0, {a_0, b_0}) = {τ = τ([R]) | [R] ∈ C(R_0, {a_0, b_0})}.

The following result is called the moduli disk theorem:

Theorem 3. Suppose that a marked noncompact torus (R_0, {a_0, b_0}) is given. Then, the following hold:

(1) M(R_0, {a_0, b_0}) is a nonempty closed disk in H , and it reduces to a single point if and only if R_0 ∈ O_{AD}.^{13}

(2) To each boundary point τ of M(R_0, {a_0, b_0}) there exists a unique [R, {a, b}, ι] ∈ C(R_0, {a_0, b_0}) with τ = τ[R, {a, b}, ι]. Furthermore, R ∖ ι(R_0) is a null set consisting of horizontal trajectory arcs of −ie^{−iθ}ω^2, where θ := arg(τ − τ_E ) ∈ (−π, π] with τ_E the center of the disk M(R_0, {a_0, b_0}).

(3) To any interior point τ of M(R_0, {a_0, b_0}) there are infinitely many distinct^{14} [R] ∈ C(R, {a_0, b_0}) with τ = τ([R]).

The differential ω induces a natural metric on (R, {a, b}). We may and do assume that a is a geodesic curve on (R, {a, b}) with respect to this metric. If τ ∈ ∂M(R_0, {a_0, b_0}) and (R, {a, b}, ι) is the marked torus with τ = τ[R_0, {a_0, b_0}, ι], then the marked noncompact torus (ι(R_0), {a, b}) is a parallel slit torus; the boundary components of R_0 realized on R are linear segments which are geodesic parallel to each other. This property, together with the extremality of the associated Abelian differential of the first kind, allows us to say that the compact continuation [R] of (R_0, {a_0, b_0}) for θ = −π/2 (resp. θ = π/2) is “an extremal geodesic horizontal (resp. vertical) slit torus”. The embedding of R_0 for any τ ∈ ∂M(R_0, {a_0, b_0}) thus yields a natural generalization of the classical results due to Koebe.

12This ω is often referred to as a normal Abelian differential of the first kind. 13The statement “R 0 ∈ O_{AD}” means that R_0 carries no nonconstant analytic functions with a finite Dirichlet integral. See [1] or [39], for example.

14These continuations will be studied in the next section.

Here are some historical remarks. The above theorem refines a theorem due to M. Heins [9], who proved the boundedness of the principal moduli of tori. Our theorem gives another proof of H. Grötzsch [7].

For a proof of the preceding theorem see [52]. One of the key steps toward the theorem is the construction of an Abelian differential of the first kind with a special kind of periods and boundary behavior. This is achieved in [46] and [47]. Another key is the generalized Riemann-Hurwitz formula stated in the last section (cf. [51]). Indeed, suppose that g = 1 and take a holomorphic differential φ. Then n = 0, which yields V = W = 0, so that there are critical points of φ^2 neither in R nor on the boundary.

The above theorem gives a good explanation for the total energy and the boundary behavior of an ideal fluid flow on a noncompact torus. See [52], [58], [15]. A clear and intuitive account on the close relationship between complex analysis and hydrodynamics can be found in [17], [18], and [62].

For higher genera we can similarly discuss with some necessary modification. For example, the homology basis {a_0, b_0} of R_0 (resp. {a, b} of R) should be replaced by {a^{(1)}_0 , a^{(2)}_0 , . . . , a^{(g)}_0 ; b^{(1)}_0 , b^{(2)}_0 , . . . , b^{(g)}_0 } (resp. {a^{(1)}, a^{(2)}, . . . , a^{(g)}; b^{(1)}, b^{(2)}, . . . , b^{(g)}}), and we consider conformal mapping f such that f(a^{(k)}_0 ) (resp. f(b^{(k)}_0 )) is homologous to a^{(k)} (resp. b^{(k)}), k = 1, 2, . . . , g. The description of the set corresponding to M(R_0, {a_0, b_0}) is not completely known. As for partial results, see, for example, [53], [54], and also [29].

4. Classical theory of univalent functions and the theory of conformal embeddings

The readers will be easily aware of the affinity between the results in the last section and those in the classical theory of univalent functions. In fact, it suffices to recall the theorems of Koebe, de Possel, and Grötzsch. Cf. e.g., [8], [16] and [40]. To state the classical results, let G be a plane domain and let ζ (≠ ∞) be a fixed point in G. Let F (G, ζ) be the family of univalent meromorphic functions f on G whose Laurent expansion about ζ is f(z) = 1 z − ζ + κ_f (z − ζ) + · · · and set K(G, ζ) = {κ ∈ C | κ = κ_f for some f ∈ F (G, ζ)}.

The theorem below gathers the classical results and is a prototype of Theorem 3. Theorem 4. (1) K(G, ζ) is a nonempty closed disk in C . It reduces to a single point if and only if G belongs to O_{AD}.

(2) To each boundary point of K(G, ζ) there corresponds a unique function in F (G, ζ). Furthermore, if κ(θ) = κ_E + ρ_E e^{iθ}, −π < θ ⩽ π, parametrizes ∂K(G, ζ) and if f_{κ(θ)} is the element of K(G, ζ) corresponding to κ(θ), then Ĉ ∖ f_{κ(θ)}(G) is a plane null set which consists of parallel segments making an angle θ/2 with the real axis.

The following result due to Grunsky is also remarkable:

Theorem 5. The area of Ĉ ∖ f(G) assumes its maximum in F (G, ζ) for the function f_E := 1 2 (f_{κ(0)} + f_{κ(π)}) ∈ F (G, ζ) only. The function f_E is expanded near ζ as f_E (z) = 1 z − ζ + κ_E (z − ζ) + o(|z − ζ|) and the maximum area is equal to πρ_E .

An analogous theorem for the conformal embeddings of a noncompact torus into tori holds. To state it we recall the unique Abelian differential ω of the first kind on [R, {a, b}, ι] ∈ C(R_0, {a_0, b_0}) with ∫ a ω = 1 (see section 3). Let α([R]) = α([R, {a, b}, ι]) be the area of R ∖ ι(R_0) measured by ω:

α([R]) := ∫ ∫ R∖ι(R_0) ω ∧ ω̄^∗. We are now ready to generalize the Grunsky theorem to the case of genus one.

Theorem 6. The area α([R]) assumes its maximum in C(R_0, {a_0, b_0}) for a unique conformal embedding. The embedding is associated with the arithmetic mean of the holomorphic differentials on R_0 which respectively determine the extremal geodesic horizontal and the extremal geodesic vertical slit tori. The maximum area is equal to ρ_E /2.

The Grunsky theorem shows that the area of the complement of the image in Ĉ is maximized at the euclidean center of the disk K(G, ζ). Similarly, our theorem shows — just as its prototype due to Grunsky — shows that the area of the complement of the image in the target torus^{15} is maximized at the euclidean center of the moduli disk. The euclidean centers of the disks K(G, ζ) and M(R_0, {a_0, b_0}) thus play an important role.

On the other hand, we can regard the (euclidean) disk M(R_0, {a_0, b_0}) as a disk with respect to the spherical metric on Ĉ . Since it lies entirely in H , we can regard it also as a disk with respect to the hyperbolic metric on H . Hence, it makes sense to ask what kind of role the center of the hyperbolic or spherical disk M(R_0, {a_0.b_0}) plays.

To solve this problem we study the areal property of conformal embeddings in further detail. For each [R] = [R, {a, b}, ι] ∈ C(R_0, {a_0, b_0}) let A([R]) be the area of R measured by ω: A([R]) = A([R, {a, b}, ι]) := ∫ ∫ R ω ∧ ω̄^∗. Obviously A([R]) = Im τ([R]) holds. We also set S([R]) = S([R, {a, b}, ι]) := α([R]) A([R]) and Δ([R]) = Δ([R, {a, b}, ι]) := α([R]) π(1 + |τ([R])|^2) . 15Recall that this is now variable!

We consider the normalized conformal complete metrics ds_C := |dτ|, ds_Ĉ := 2|dτ| 1 + |τ|^2 and ds_H := |dτ| Im τ on C , Ĉ and H , respectively, where τ stands for the complex coordinate. By the normalization we mean that they are of constant curvature 0, +1, and −1 respectively.^{16}

We recall here that τ_E and ρ_E are respectively the euclidean center and radius of M(R_0, {a_0, b_0}). Denote now by τ_H and ρ_H (resp. τ_S and ρ_S ) the hyperbolic (resp. spherical) center and radius of M(R_0, {a_0, b_0}). We call the radii ρ_E , ρ_H and ρ_S the euclidean, hyperbolic and spherical spans of (R_0, {a_0, b_0}), respectively. It can be easily shown that the hyperbolic span does not depend on the choice of {a_0, b_0}. Hence it is more intrinsic than the other spans; we can say that σ_H is the hyperbolic span of R (without referring to any particular canonical homology basis {a_0, b_0} modulo dividing cycles). In any case, however, they vanish simultaneously.

We denote by d_H ( · , · ), d_C ( · , · ) and d_Ĉ ( · , · ) the distance function induced by ds_H , ds_C and ds_Ĉ respectively. Furthermore we simplify the notation and set^{17} r_H (τ) := d_H (τ_H , τ), r_E (τ) := d_C (τ_E , τ) and r_S (τ) := d_Ĉ (τ_S , τ).

Then we can describe the set M(R_0, {a_0, b_0}) in three ways as follows: M(R_0, {a_0, b_0}) = {τ ∈ H | r_H (τ) ⩽ ρ_H } = {τ ∈ C | r_E (τ) ⩽ ρ_E } = {τ ∈ Ĉ | r_S (τ) ⩽ ρ_S }. The interior of the closed disk M(R, {a_0, b_0}) is itself a hyperbolic space, so that it carries its own normalized hyperbolic metric ds_M := ds_{M(R,{a0 ,b0})} (of curvature −1). As is well known it is explicitly given by ds_M = 2ρ_E ρ^2_E − r^2_E |dτ|, r_E = r_E (τ) = |τ − τ_E |. For each point τ ∈ M(R_0, {a_0, b_0}) we consider C_τ (R_0, {a_0, b_0}) := {[R, {a, b}, ι] ∈ C(R_0, {a_0, b_0}) | τ[R, {a, b}, ι] = τ}, the set of compact continuations of modulus τ.

The following result is a refinement^{18} of the preceding theorem. Theorem 7. Suppose that τ ∈ M(R_0, {a_0, b_0}) is given. Then, for any [R] ∈ C_τ (R_0, {a_0, b_0}), the following three inequalities hold:

(1) α([R]) ⩽ ds_C ds_M | | τ ; (2) S([R]) ⩽ ds_H ds_M | | τ ; (3) Δ([R]) ⩽ ds_Ĉ ds_M | | τ . 16The hyperbolic and spherical metrics are uniquely determined by this normalization of curvature, while the euclidean is not. By convention ds_C := |dτ | is the normalized metric in the case of zero curvature.

17If there is no ambiguity we will drop even τ . 18One can similarly give a refinement of Theorem 5. See [55].

Equality holds either for none of (1), (2) and (3), or for all of them. The latter case occurs for one and only one [R] ∈ C_τ (R_0, {a_0, b_0}).

We now set α_τ := sup α([R]), S_τ := sup S([R]) and Δ_τ := sup Δ([R]) respectively, where the supremum is taken over all [R] ∈ C_τ (R_0, {a_0, b_0})}. Then we have

α_τ = ρ^2_E − r^2_E 2ρ_E , S_τ = cosh^2(ρ_H /2) − cosh^2(r_H /2) sinh(ρ_H /2) cosh(ρ_H /2) = tanh^2(ρ_H /2) − tanh^2(r_H /2) tanh(ρ_H /2) · ( 1 − tanh^2(r_H /2) ) , Δ_τ = tan^2(ρ_S /2) − tan^2(r_S /2) tan(ρ_S /2) · ( 1 + tan^2(r_S /2) ) = tan^2(ρ_S /2) − tan^2(r_S /2) tan(ρ_S /2) · ( 1 + tan^2(r_S /2) ) . In particular, α_τ (resp. S_τ or Δ_τ ) is constant on each euclidean (resp. hyperbolic or spherical) concentric circle.

By letting the Riemann surface R_0 move continuously and by showing the continuity of span as a function of R_0, we can prove the following theorem ([60], [44] and [23]; cf. also [16]).

Theorem 8. (1) The moduli disk M(R_0, {a_0, b_0}) is exhausted by compact continuations [R, {a, b}, ι] such that R ∖ ι(R_0) has a vanishing area.

(2) The range of α on C_τ (R_0, {a_0, b_0}) is exactly the finite closed interval [0, α_τ ], and the range of S on C_τ (R_0, {a_0, b_0}) is exactly the finite closed interval [0, S_τ ].

5. Some related topics

In this section we mention some applications, related problems, and further development.

A. Some new theorems in the theory of univalent functions. The results in the preceding sections suggest theorems for univalent functions on a plane domain. Some of them are indeed new; for example, the estimate of the area of the omitted set by a normalized conformal mapping refines classical results. The role and meaning of the spherical center is not yet known completely, however.

To show another application, let G be a plane domain as before and f_0 (resp. f_1) be the normalized extremal horizontal (resp. vertical) mapping function of G. It is well known (see, e.g., [8], [16]) that any convex combination of these functions yields a univalent function. That is, tf_0 +(1−t)f_1 with 0 ⩽ t ⩽ 1 is again univalent. F. Maitani asked the following question in [21]: When is a complex combination c_0f_0 + c_1f_1, c_0, c_1 ∈ C , a univalent function? He gave an answer to this problem for a finitely connected G. We can use Theorem 4, for example, to deal with general G (cf. [56]). Namely we have

Theorem 9. Let G be a plane domain and ζ ∈ G be a fixed point. Let f_0, f_1 be the normalized extremal horizontal (resp. vertical) mapping of G with the pole at ζ. Then, c_0f_0 + c_1f_1, c_0, c_1 ∈ C , is a univalent function if and only if Re(c_0/c_1) ⩾ 0.

B. Rankine ovoid — another kind of continuation. The compact continuations with which we have been concerned realize the original noncompact Riemann surface (R_0, {a_0, b_0}) as a dense subset of a compact Riemann surface (R, {a, b}). Thereby the ideal boundary are realized as a set of stream lines of an ideal liquid flow on R_0; in other words, the ideal boundary is supposed to be impenetrable for the flow. The complex potential function f_0 ∘ ι^{−1} (Strömungsfunktion) on ι(R_0) can be holomorphically extended onto R ∖ ι(R_0).

There is another kind of compact continuations, where R∖ι(R_0) has an interior point, and the extension of the complex potential function f_0 ∘ ι^{−1} on ι(R_0) onto R is meromorphic (but not holomorphic^{19}) on R ∖ ι(R_0). The hydrodynamical phenomenon on the plane which describe this situation is known as a Rankine ovoid (cf. [32]). Concerning the Rankine ovoids on a torus, see [14] and [15].

The Rankine ovoid for a torus can be also interpreted as a conformal sewing of a slit torus and a slit Riemann sphere (crosswise along the slits). Our problem is to study the change of modulus of the torus under the conformal sewing. This is a rather algebraic problem and was studied in [10], [11] and [12].

C. Riemann surfaces of higher genera. It is natural to ask what happens for Riemann surfaces of genus greater than one. Let R_0 be a noncompact Riemann surface of genus g > 1. If we fix a canonical homology basis χ_0 of R_0 modulo dividing cycles, the definition of a compact continuation of (R_0, χ_0) is easily obtained. Instead of the moduli set M(R_0, χ_0) we can consider the set of period matrices of [R, χ, ι] ∈ C(R_0, χ_0). Although some partial results have been obtained (see, for example, [53], [54], [44]; [26], [27], and [29], there still remain a number of unsolved problems.

It is also of interest to consider analytic mappings of a Riemann surface of genus (> 1) to a torus. For example, we can apply such observation to prove a classical theorem of Hurwitz concerning the degeneration of a conformal automorphism of a compact Riemann surface of genus > 1 and its generalizations. See [50].

D. Analytic continuation beyond the ideal boundary. A conformal embedding of a Riemann surface into another yields a realization of the ideal boundary. This is one of the significant features of the classical Riemann Mapping Theorem and its generalizations. Analytic continuation of a meromorphic function, together with the extension of conformal structure beyond the ideal boundary, deserves to be studied in further detail. Indeed, this kind of problem is regarded as a natural generalization of the classical theorem of Abel to noncompact surfaces. One of the results in this direction is shown in [57], where the previous work ([42] and [45]) concerning the size of the realized ideal boundary plays an important role.

Algebraic theorems such as the Riemann-Roch theorem and Abel’s theorem for noncompact Riemann surfaces are studied in detail around 1960. The key to the generalizations is the uniqueness of an Abelian differential — e. g., a canonical semiexact differential or a distinguished differential — with prescribed periods and singularities. The analytic extension property of the meromorphic functions and

19Indeed, no holomorphic extension is possible by the maximum modulus principle.

differentials on a noncompact surface, which we give in section 2, well explains why the uniqueness is guaranteed on noncompact surfaces.

E. Hyperbolically maximal domains and fundamental domains for a discontinuous group. Our theorems suggest an interesting property of the quotient of conformal metrics. For example, from Theorem 7 we know that the ratio of the hyperbolic metric on H to that on a (hyperbolic) disk D in H is constant on each concentric circle of D (see [55]).^{20} This simple property itself was later studied in [30] as a general theorem, which does not imply the results in [55], however.

Along this line and also as a generalization of the Riemann Mapping Theorem, we consider an extremal problem for simply connected domains on a Riemann surface. Suppose that a Riemann surface R is conformally equivalent neither to Ĉ nor to C , and p is a point of R. Let D be the class of simply connected domains D on R which contains p. Our extremal problem is to minimize ds_D at p, where ds_D denotes the hyperbolic metric on D with constant curvature −1.^{21} A hyperbolically maximal domain is, by definition, the unique solution to this kind of extremal problem (for some p). It has a number of interesting properties; for example, a hyperbolically maximal domain has a characteristic geometric structure described in terms of the closed horizontal trajectories of a certain quadratic differential on R. This will be discussed in a forthcoming joint paper with Masumoto.^{22} We furthermore observe a similar problem under the properly discontinuous action of a conformal automorphism group Γ of R. We assume now that γ(D)∩D = ∅ holds for any D ∈ D and for any nontrivial γ ∈ Γ. This assumption necessarily requires that p is not fixed by any nontrivial element γ ∈ Γ. A hyperbolically maximal domain is defined as above. It turns out that a hyperbolically maximal domain for Γ is a locally finite fundamental domain for Γ. In a special case where R is the open unit disk and Γ is a Fuchsian group, we obtain a new type of a fundamental domain, which is neither of Dirichlet nor of Ford. See [31] for further details.

References

[1] L. V. Ahlfors and L. Sario, Riemann Surfaces, Princeton Univ. Press, 1960. [2] P. Duren, Univalent Functions, Springer-Verlag, 1983. [3] H. M. Farkas and I. Kra, Riemann Surfaces, Springer-Verlag, 1980.

[4] R. Fehlmann and F. Gardiner, Extremal problems for quadratic differentials, Michigan Math.

J. 42 (1995), 573–591.

[5] F. Gardiner and N. Lakić, Quasiconformal Teichmüller Theory, Amer. Math. Soc., 2000. [6] G. M. Goluzin, Geometric theory of functions of a complex variable (with a supplement by V. I. Smirnov), Amer. Math. Soc., 1969; (Original in Russian, Nauka, 1966.)

20The same holds also for a hyperbolic disk in the euclidean plane or in the sphere, and a

spherical disk in the euclidean plane or in the sphere.

21More precisely, we introduce a quasi-order relation in D by the point evaluation of the

differential quotient ds_D′ /ds_D′′ at p. We say that D^{′′} is larger than D^′ if (ds_D′ /ds_D′′ )_p ⩾ 1 holds.

22To appear in Kodai Math. J.

230 SHIBA

[7] H. Grötzsch, Die Werte des Doppelverhältnisses der konformen Abbildung schlichter Bereiche, Sitzungsber. Preuss. Akad. Wiss. Leipzig 84 (1032), 15–36.

[8] H. Grunsky, Lectures on Theory of Functions in Multiply Connected Domains, Vandenhoeck and Ruprecht, 1978.

[9] M. Heins, A problem concerning the continuation of Riemann surfaces, in “Contributions to the theory of Riemann surfaces”. ed. by L. V. Ahlfors et al., Princeton Univ. Press, 1953. pp. 55–62.

[10] R. Horiuchi and M. Shiba, Deformation of a torus by attaching the Riemann sphere, Crelle J. Math. 456 (1994), 135–149.

[11] R. Horiuchi and M. Shiba, Rankine ovoids on a torus, Zeitschr. Angew. Math. Mech. Spec.

issue 2 (1995), 557–559.

[12] R. Horiuchi, Deformation of a torus by attaching the Riemann sphere II, in preparation. [13] M. S. Ioffe, Some problems in the calculus of variations “in the large” for conformal and quasiconformal imbeddings of Riemann surfaces, Sib. Math. J. 19 (1978), 587–603.

[14] M. Ito and M. Shiba, Area theorems for conformal mapping and Rankine ovoids, in “Computational Methods and Function Theory 1997 ”, ed. by N. Papamichael, et al., Series in Approximations and Decompositions 11, World Scientific, 1999, pp. 275-283.

[15] M. Ito and M. Shiba, Nonlinearity of energy of Rankine flows, Nonlinear Anal. 47 (2001), 5467–5477.

[16] J. A. Jenkins, Univalent Functions and Conformal Mapping, Springer-Verlag, 1958. [17] F. Klein, Über Riemann’s Theorie der algebraischen Funktionen und ihre Integrale, Teubner, 1882.

[18] F. Klein, Riemannsche Flächen, Vorlesungen, gehalten in Göttingen 1891/92, Teubner, 1985. [19] H. Köditz und S. Timmann, Randschlichte meromorphe Funktionen auf endlichen Riemannschen Flächen, Math. Ann. 217 (1975), 157–159.

[20] Y. Kusunoki, Theory of Abelian integrals and its applications to conformal mappings, Mem.

Coll. Sci. Univ. Kyoto Ser. A. Math. 32 (1959), 235–258. Supplements and corrections, Ibid. 33 (1961), 429–433.

[21] F. Maitani, Conformal welding of annuli, Osaka J. Math. 35 (1998), 579–591. [22] M. Masumoto, Estimates of the Euclidean span for an open Riemann surface of genus one, Hiroshima Math. J. 22 (1992), 573–582.

[23] M. Masumoto, On the moduli set of continuations of open Riemann surfaces, J. Anal. Math.

63 (1994), 287–301.

[24] M. Masumoto, Conformal mappings of a once-holed torus, J. Anal. Math. 66 (1995), 117– 136.

[25] M. Masumoto, Holomorphic and conformal mappings of open Riemann surfaces of genus one, Nonlinear Anal. 30 (1997), 5419–5424.

[26] M. Masumoto, Extremal lengths of homology classes on Riemann surfaces, Crelle J. Math.

508 (1999), 17–45.

[27] M. Masumoto, Hyperbolic lengths and conformal embeddings of Riemann surfaces, Israel J.

Math. 116 (2000), 77–92.

[28] M. Masumoto, Extremal lengths of homology classes on compact Riemann surfaces, Nonlinear Anal. 47 (2001), 5491–5500.

[29] M. Masumoto, Algebraic relations among extremal lengths of homology classes on compact Riemann surfaces, Math. Nachr. 239/240 (2002), 157–169. Corrections, 248/249 (2003), 211.

[30] M. Masumoto and M. Shiba, Intrinsic disks on a Riemann surface, Bull. London Math. Soc.

27 (1995), 371–379.

[31] M. Masumoto and M. Shiba, Hyperbolically maximal domains and fundamental domains for a discontinuous group of conformal automorphisms of a Riemann surface, Quart. J. Math. 53 (2002), 337–346.

[32] L. M. Milne-Thomson, Theoretical Hydrodynamics, 5th ed. revised, Macmillan, 1968.

[33] H. Mizumoto, Theory of Abelian differentials and relative extremal length with applications to extremal slit mappings, Jap. J. Math. 37 (1968), 1–59.

[34] M. Mori, Canonical conformal mappings of open Riemann surfaces, J. Math. Kyoto Univ. 3 (1963), 169–192.

[35] Z. Nehari, Conformal mapping of open Riemann surfaces, Trans. Amer. Math. Soc. 68 (1950), 258–277.

[36] Z. Nehari, Conformal Mapping, Dover, 1975. (Original: MacGraw-Hill, 1952.) [37] Chr. Pommerenke, Univalent Functions (with a chapter on quadratic differentials by G.

Jensen), Vandenhoeck and Ruprecht, 1975.

[38] B. Rodin and L. Sario, Principal Functions, (with an Appendix by M. Nakai) Van Nostrand, 1968.

[39] L. Sario and M. Nakai, Classification theory of Riemann surfaces, Springer-Verlag, 1970. [40] L. Sario and K. Oikawa, Capacity Functions, Springer-Verlag, 1969. [41] M. Sakai, Continuations of Riemann surfaces, Canad. J. Math. 44 (1992), 357–367. [42] G. Schmieder and M. Shiba, Realisierungen des idealen Randes einer Riemannschen Fläche unter konformen Abschließungen, Archiv Math. 68 (1997), 36–44.

[43] G. Schmieder and M. Shiba, Realizations of the ideal boundary of a planar Riemann surface in the sphere, Nonlinear Anal. 30 (1997), 5267–5274.

[44] G. Schmieder and M. Shiba, One-parameter variations of the ideal boundary and compact continuations of a Riemann surface, Analysis 18(1998), 125-130.

[45] G. Schmieder and M. Shiba, On the size of the ideal boundary of a finite Riemann surface, Ann. Univ. Mariae Curie-Skłodowska Sect. A 55 (2001), 175–180.

[46] M. Shiba, On the Riemann-Roch theorems on open Riemann surfaces, J. Math. Kyoto Univ.

11 (1971), 495–525.

[47] M. Shiba, Some general properties of behavior spaces of harmonic semiexact differentials on an open Riemann surface, Hiroshima Math. J. 8 (1978), 151–164.

[48] M. Shiba, Abel’s theorem for analytic mappings of an open Riemann surface into compact Riemann surfaces of genus one, J. Math. Kyoto Univ. 18 (1978), 305–325.

[49] M. Shiba, Analytic mappings of a Riemann surface of finite type into a torus, J. Math. Kyoto Univ. 20 (1980), 591–623.

[50] M. Shiba, A transcendental method for the study of automorphisms of a closed Riemann surface, J. Analyse Math. 40(1981), 183–202.

[51] M. Shiba, The Riemann-Hurwitz relation, parallel slit covering map, and continuation of an open Riemann surface of finite genus, Hiroshima Math. J. 14 (1984), 371–399.

[52] M. Shiba, The moduli of compact continuations of an open Riemann surface of genus one, Trans. Amer. Math. Soc. 301 (1987), 299–301.

[53] M. Shiba, The period matrices of compact continuations of an open Riemann surface of finite genus, in: Holomorphic Functions and Moduli, Vol. I, edited by D. Drasin et al., Springer-Verlag, 1988, pp. 237–246.

[54] M. Shiba, Conformal embeddings of an open Riemann surface into closed surfaces of the same genus, in: Analytic Function Theory of One Complex Variable, ed. by Yang et al., Pitman Res. Notes Math. 212 (1989), pp. 287–298.

[55] M. Shiba, The euclidean, hyperbolic, and spherical spans of an open Riemann surface of low genus and the related area theorems, Kodai Math. J. 16 (1993), 118–137.

[56] M. Shiba, Complex linear combinations of extremal slit mappings, Abstract for a talk in “Special Session on Modern Function Theory I”, AMS Meeting# 931, held at Louisville, Kentucky, 1998, Amer. Math. Soc. Abstract Nr. 931-30-211.

[57] M. Shiba, Analytic continuation beyond the ideal boundary, in “Analytic extension formulas and their applications” ed. by S. Saitoh et al., Kluwer, 2001, pp. 233–250.

[58] M. Shiba and K. Shibata, Singular hydrodynamic continuations of finite Riemann surfaces, J. Math. Kyoto Univ. 25 (1985), 745–755.

[59] M. Shiba and K. Shibata, Hydrodynamic continuations of an open Riemann surface of finite genus, Complex Variables 8 (1987), 205–211.

232 SHIBA

[60] M. Shiba and K. Shibata, Conformal mappings of geodesically slit tori and an application to the evaluation of the hyperbolic span, Hiroshima Math. J. 24 (1994), 63–76.

[61] C. L. Siegel, Topics in Complex Function Theory I, II and III, Wiley-Interscience, esp. Vol.

I, 1969, and Vol. II, 1971, (Original in German: Lectures at Univ. Göttingen, mimeographed notes, 1964.)

[62] G. Springer, Introduction to Riemann Surfaces, 2nd ed. Chelsea, 1981. [63] K. Strebel, Quadratic Differentials, Springer-Verlag, 1984.

Hiroshima University, Japan (Received 12 01 2004)

shiba@amath.hiroshima-u.ac.jp