PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 75(89) (2004), 109–117

THE HOLOMORPHIC CONTRACTIBILITY OF TWO GENERALIZED TEICHMÜLLER SPACES

Clifford J. Earle

Abstract. We show by simple explicit constructions that the Teichmüller spaces T_0(Δ) and T_0(Δ ∖ {0}) are holomorphically contractible. We also call attention to a useful criterion for a map between domains in complex Banach spaces to be holomorphic.

Introduction

We call a Riemann surface hyperbolic if its universal covering surface is conformally equivalent to the open unit disk Δ in the complex plane C . We denote the Teichmüller space of the hyperbolic Riemann surface R by T (R), and we denote by T_0(R) the closed complex submanifold of T (R) consisting of the Teichmüller equivalence classes of asymptotically conformal quasiconformal mappings with domain R. (A fuller description of T_0(R) will be given in §1.2.)

A complex manifold X is said to be holomorphically contractible to the point x_0 in X if there is a continuous map F : [0, 1] × X → X such that for all x in X we have F (0, x) = x and F (1, x) = x_0, and for all t in [0, 1] the map x → F (t, x) from X to itself is holomorphic and fixes the point x_0. Such a map F is said to contract X holomorphically to x_0. For example, the map (t, x) → (1−t)x contracts a complex Banach space X or its open unit ball holomorphically to 0. On the other hand, there are contractible bounded domains of holomorphy in C^2 that are not holomorphically contractible (see Zaĭdenberg and Lin [13]).

Since the Teichmüller spaces T (R) and T_0(R) are contractible bounded domains, it is natural to ask whether they are holomorphically contractible. In fact, this question for the Teichmüller space T (0, n) of the sphere with n ⩾ 5 punctures was one motivation for the examples in [13]. The question for arbitrary T (R) was brought to our attention by Samuel Krushkal some time ago.

We have made no progress on that question, but we shall prove the following rather simple theorem. Although our methods shed no light on the general problem, the theorem has some interest, since both T_0(Δ) and T_0(Δ^′) can be interpreted as groups of symmetric homeomorphisms of the unit circle (see [10]).

2000 Mathematics Subject Classification: Primary 30F60; Secondary 46G20. 109

Theorem. Let Δ be the open unit disk, and let Δ^′ = Δ∖{0}. The Teichmüller spaces T_0(Δ) and T_0(Δ^′) are holomorphically contractible to their basepoints.

We shall describe the Teichmüller spaces T (R) and T_0(R) in §1. Since they are domains in complex Banach spaces, we discuss holomorphic mappings between such domains in §2. Our discussion includes a somewhat unfamiliar characterization of holomorphic mappings, due to Dunford, which we state in §2 and prove in §4. Our theorem will be proved in §3.

1. T (R) and T_0(R) as domains in complex Banach spaces

1.1. The spaces T (R). Let R be a hyperbolic Riemann surface. Choose a holomorphic universal covering ϖ : H^+ → R of R by the upper half plane H^+, and let Γ be the Fuchsian group of covering transformations for ϖ. By definition, the set of Beltrami differentials for Γ is the closed subspace L^∞(H^+, Γ) of L^∞(H^+) consisting of the μ in L^∞(H^+) such that (μ ∘ γ)γ^′/γ^′ = μ for all γ in Γ.

The functions in the open unit ball M(Γ) of L^∞(H^+, Γ) are called the Beltrami coefficients for Γ. We extend any such Beltrami coefficient μ to an L^∞ function on C by setting it equal to zero in the complement of H^+. Let f_μ be the unique quasiconformal map of C onto itself that fixes the points 0, and 1 and has the complex dilatation μ. As f_μ is holomorphic and injective in the lower half plane H^−, we can form its Schwarzian derivative

φ_μ(z) = S(f_μ)(z) = f^{′′′}_μ (z) f^′_μ(z) − 3 2 ( f^{′′}_μ (z) f^′_μ(z)

)_2 , z ∈ H^−. It is well known (see for example [9]) that φ_μ belongs to the Banach space B(Γ) of holomorphic functions φ on H^− that have finite norm ‖φ‖_{B(Γ)} = sup{|z − z̄|^2|φ(z)| : z ∈ H^−} and satisfy the Γ-invariance condition (1.1) (φ ∘ γ)(γ^′)^2 = φ for all γ in Γ.

We define the Teichmüller space T (R) to be the image of M(Γ) under the Bers map μ → φ_μ from M(Γ) to B(Γ). It is well known (see for example [9] or [12]) that T (R) is a bounded domain (connected open set) in B(Γ). Since f_μ(z) = z for all z in C when μ = 0, T (R) contains the point 0 in B(Γ).

Remark. The space T (R) can be defined intrinsically as a quotient space of the set of all quasiconformal maps whose domain is R. Its concrete realization as a domain in B(Γ) was discovered by Bers (see [1] for the finite dimensional case and [2] for the general case).

1.2. The spaces T_0(R). We continue to use the notation of §1.1. We say that μ in L^∞(H^+, Γ) vanishes at infinity on R if for every ϵ > 0 there is a compact set E in R such that |μ| < ϵ almost everywhere in ϖ^{−1}(R ∖ E). We denote by M_0(Γ) the set of μ in M(Γ) that vanish at infinity on R. We also define B_0(Γ) to be the closed subspace of B(Γ) consisting of the φ in B(Γ) such that the Beltrami differential μ_φ(z) = φ(z̄)|z − z̄|^2, z ∈ H^+, vanishes at infinity on R.

By definition, T_0(R) is the image of M_0(Γ) under the Bers map μ → φ_μ. By Theorems 2 and 4 in [8], T_0(R) is contractible and equals the intersection of T (R) and B_0(Γ). (In particular, T_0(R) is a bounded domain in B_0(Γ).)

Remark. Let f be a quasiconformal map whose domain is R. We say f is asymptotically conformal if for every ϵ > 0 there is a compact set E in R such that the restriction of f to R ∖ E is (1 + ϵ)–quasiconformal. It is clear that f is asymptotically conformal if and only if the lift of its Beltrami coefficient to H^+ belongs to M_0(Γ). That fact makes possible an intrinsic definition of T_0(R) as a quotient space of the set of asymptotically conformal quasiconformal maps whose domain is R. See [7], [8], or [9] for more details.

2. Holomorphic mappings in complex Banach spaces

Let X be a domain in the complex Banach space V , and let f be a map of X into the complex Banach space W . As usual, we say that f is holomorphic if it is Fréchet differentiable and its Fréchet derivative f^′(x) is a C –linear map for each x in X. These conditions are implied by the apparently weaker conditions that f is locally bounded and its directional derivative df(x, v) = lim_{t→0} f(x + tv) − f(x) t (t ∈ C ) exists for every x in X and v in V . They imply the apparently stronger condition that f has a Taylor series expansion at each point of X. (See for example Proposition 2 in §1 of Douady [5].)

In practice, the criterion above need be applied only to maps from X to C , since f : X → W is holomorphic if ℓ ∘ f is holomorphic for sufficiently many linear functionals ℓ on W . A very convenient statement along these lines is given in Dunford [6]. We need a definition from [6].

Definition. Let W^∗ be the (complex) dual space of the complex Banach space W . The subset A of W^∗ is determining if there is a positive number C such that

(2.1) ‖w‖ ⩽ C sup { |ℓ(w)| ‖ℓ‖ : ℓ ∈ A and ‖ℓ‖ > 0 } for all w in W .

Proposition 1 (Dunford). Let V and W be complex Banach spaces, let X be a domain in V , and let f be a map of X into W . Let A_f be the set of ℓ in W^∗ such that ℓ ∘ f is holomorphic in X. Then,

(a) if A_f contains a closed determining subspace of W^∗, then f is holomorphic, (b) if f is locally bounded in X, then A_f is a closed subspace of W^∗.

Corollary 1. If ℓ ∘ f is holomorphic for all ℓ in W^∗, then f is holomorphic. If f is locally bounded and ℓ ∘ f is holomorphic for all ℓ in a determining subset of W^∗, then f is holomorphic.

Corollary 1 is an obvious consequence of Proposition 1. Part (a) of the proposition is Theorem 76 in [6]. One of its striking features is that its hypothesis does not mention local boundedness. Dunford’s statement of Theorem 76 in [6] requires X to be a domain in C , but his proof works equally well for domains in complex Banach spaces. We paraphrase that proof in §4.

Remark. More general and even less stringent sufficient conditions for a map f to be holomorphic can be found in Chapter 3 of Dineen [4].

In addition, Exercise 3.60 in that chapter implies that if f maps the domain X into the dual space Y^∗ of a complex Banach space Y , and if x → f(x)y is holomorphic for all y in Y , then f is holomorphic. Part (a) of Proposition 1 follows from that special case, for if A is a closed determining subspace of W^∗, then Lemma 3 in §4 allows us to interpret f : X → W as a map from X to A^∗.

3. Proof of the theorem

3.1. A lemma. Our holomorphic contractions of T_0(Δ) and T_0(Δ^′) rely on the following observation. We use the notation of §1.

Lemma 1. Let g be a Möbius transformation that maps H^− into itself, and let g^∗(φ) = (φ ∘ g)(g^′)^2 for all holomorphic functions φ on H^−. If g ∘ γ ∘ g^{−1} belongs to Γ for all γ in Γ, then g^∗ is a bounded C –linear map of B(Γ) into itself, and it maps T (R) into itself.

Proof. This is a standard fact when g(H^−) = H^−, and the usual proof applies almost verbatim when g(H^−) is a proper subset of H^−. We sketch it for the reader’s convenience.

Let φ in B(Γ) and γ in Γ be given. By hypothesis, there is ^γ in Γ such that g ∘ γ = ^γ ∘ g. Set ^φ = (φ ∘ ^γ)(^γ^′)^2. Then (g^∗(φ) ∘ γ)(γ^′)^2 = g^∗( ^φ) by direct calculation, so g^∗(φ) satisfies the invariance condition (1.1) whenever φ does. If in addition φ belongs to B(Γ), then |g^∗(φ)(z)||z − z̄|^2 = |φ(g(z))|(|g^′(z)||z − z̄|)^2 ⩽ |φ(g(z))||g(z) − g(z)|^2 ⩽ ‖φ‖_{B(Γ)} for all z in H^−, so g^∗ is a C –linear map of B(Γ) into itself, and its operator norm is at most one. (Observe that we have applied the infinitesimal Schwarz–Pick lemma to the map g : H^− → H^−.)

Now suppose φ ∈ T (R). That means φ = S(f_μ) for some μ in M(Γ). Since g(H^−) ⊂ H^−, f_μ ∘ g is holomorphic and injective in H^−. Let ν be the Beltrami coefficient of f_μ ∘ g. The chain rule gives the formula ν = (μ ∘ g)g^′/g^′, from which it follows readily that ν belongs to M(Γ). (Recall that we are identifying L^∞(H^+) with the space of functions in L^∞(C ) that vanish identically on the complement of H^+.) Using standard properties of the Schwarzian derivative, we obtain

g^∗(φ) = g^∗(S(f_μ)) = S(f_μ ∘ g) = S(f_ν ) ∈ T (R). □

Remark. If Γ contains a hyperbolic transformation γ and g is a Möbius transformation such that g ∘ γ ∘ g^{−1} ∈ Γ and g(H^−) ⊂ H^−, then g(H^−) = H^−. When we apply Lemma 1, Γ will contain no hyperbolic transformations, and g(H^−) will generally be a proper subset of H^−.

3.2. The space T_0(Δ). When R = Δ, the covering map ϖ : H^+ → R is a Möbius transformation, and the group Γ is trivial. In particular, B(Γ) is simply the Banach space B(H^−) of holomorphic functions φ on H^− with finite norm ‖φ‖_{B(H}−_) = sup{|z − z̄|^2|φ(z)| : z ∈ H^−}, B_0(Γ) is the set B_0(H^−) of φ in B(H^−) such that the function |z − z̄|^2|φ(z)| vanishes at infinity on H^−, T (Δ) is a bounded domain in B(H^−), and T_0(Δ) is the intersection of T (Δ) and B_0(H^−).

Our contraction of T_0(Δ) is easier to describe if we replace the spaces B(H^−) and B_0(H^−) by their counterparts on Δ, so we map Δ onto H^− by the Möbius transformation A(z) = i(z −1)(z +1)^{−1}, z in Δ. The formula A^∗(φ) = (φ∘A)(A^′)^2, φ in B(H^−), defines an isometric isomorphism A^∗ of B(H^−) onto the space B(Δ) of holomorphic functions ψ on Δ with finite norm

‖ψ‖_{B(Δ)} = sup{(1 − |z|^2)^2|ψ(z)| : z ∈ Δ}.

Let B_0(Δ) be the set of ψ in B(Δ) such that lim_{|z|→1}(1 − |z|^2)^2|ψ(z)| = 0. Then A^∗(B_0(H^−)) = B_0(Δ). We shall identify T (Δ) and T_0(Δ) with their images under A^∗, so T (Δ) becomes a bounded domain in B(Δ), and T_0(Δ) = T (Δ) ∩ B_0(Δ).

Lemma 2. Given τ in the closed unit disk Δ and ψ in B_0(Δ), let g_τ be the map z → τz of Δ into itself, and let g^∗_τ (ψ) be the holomorphic function (ψ ∘ g_τ )(g^′_τ )^2 on Δ. The formula G(τ, ψ) = g^∗_τ (ψ) defines a continuous map G from Δ × B_0(Δ) to B_0(Δ), and G maps Δ × T_0(Δ) into T_0(Δ). The restriction of G to Δ × B_0(Δ) is holomorphic.

Proof. For any given (τ, ψ) in Δ × B_0(Δ) and z in Δ, the explicit formula

(3.1) G(τ, ψ)(z) = g^∗_τ (ψ)(z) = τ^2ψ(τz)

implies that (1 − |z|^2)^2|G(τ, ψ)(z)| = (1 − |z|^2)^2|ψ(τz)τ^2| ⩽ (1 − |τz|^2)^2|ψ(τz)τ^2| ⩽ |τ|^2‖ψ‖. Therefore (1 − |z|^2)^2||G(τ, ψ)(z)| → 0 as |z| → 1, ‖G(τ, ψ)‖_{B(Δ)} ⩽ |τ|^2‖ψ‖_{B(Δ)}, and G is a locally bounded map of Δ × B_0(Δ) into B_0(Δ).

Clearly, G(0, ψ) = 0 ∈ T (Δ) for all ψ in B_0(Δ). If 0 < |τ| ⩽ 1, we apply Lemma 1 with g = A ∘ g_τ ∘ A^{−1} : H^− → H^− to conclude that G(τ, ψ) ∈ T (Δ) for all ψ in T (Δ). Therefore, G maps Δ × B(Δ) into T (Δ) ∩ B_0(Δ) = T_0(Δ).

Now we examine the continuity of G in Δ × B_0(Δ). Since

‖G(τ, ψ_1) − G(τ, ψ_2)‖_{B(Δ)} = ‖G(τ, ψ_1 − ψ_2)‖_{B(Δ)}

⩽ |τ|^2‖ψ_1 − ψ_2‖_{B(Δ)} ⩽ ‖ψ_1 − ψ_2‖_{B(Δ)}

for all τ in Δ and ψ_1 and ψ_2 in B_0(Δ), it suffices to show that G(τ, ψ) is a continuous function of τ for every fixed ψ in B_0(Δ). Let ψ be given, and let the sequence (τ_n) in Δ converge to τ. We must show that the functions f_n(z) = (1−|z|^2)^2G(τ_n, ψ)(z) converge to f(z) = (1 − |z|^2)^2G(τ, ψ) uniformly in Δ. For that purpose, we extend the functions f_n and f to continuous functions on Δ by setting them equal to zero when |z| = 1. As is well known (see Theorem 5 in Chapter 7 of [11] or the discussion of continuous convergence in §§174–180 of [3]), it suffices to show that

(3.2) lim_{n→∞} f_n(z_n) = f ( lim_{n→∞} z_n )

for every convergent sequence (z_n) in Δ. Since ψ ∈ B_0(Δ), (3.2) follows readily from (3.1), so G is continuous in Δ × B_0(Δ).

It remains to show that G is holomorphic in Δ × B_0(Δ). Since G is locally bounded and the linear functionals ψ → (1 − |z|^2)^2ψ(z), z in Δ, are a determining subset of B_0(Δ)^∗, Corollary 1 says that we need only consider the functions

h(τ, ψ) = (1 − |z|^2)^2g^∗_τ (ψ)(z)

for arbitrary fixed z in Δ. Each of these functions h is locally bounded in Δ×B_0(Δ), so we need only show that the directional derivative dh((τ, ψ), (σ, ϕ)) = lim_{t→0} h(τ + tσ, ψ + tϕ) − h(τ, ψ) t exists for arbitrary (τ, ψ) in Δ × B_0(Δ), (σ, ϕ) in C × B_0 (Δ), and z in Δ. A routine calculation using (3.1) shows that the required limit exists. □

Corollary 2. The map F (t, ψ) = G((1 − t), ψ) from [0, 1] × T_0(Δ) to T_0(Δ) contracts T_0(Δ) holomorphically to 0.

Remark. We thank Fred Gardiner for pointing out to us that G is holomorphic in Δ × T_0(Δ). Although this fact plays no essential role in showing that T_0(Δ) is holomorphically contractible, we could not resist including its proof. The same argument shows that (3.1) defines a holomorphic map of Δ × T (Δ) into T_0(Δ), but that observation does not imply that T (Δ) is holomorphically contractible. Arbitrary points of T (Δ) cannot be approximated by points in the proper closed subspace T_0(Δ).

3.3. The space T_0(Δ^′). When R = Δ^′, we choose ϖ(z) = exp(2πiz) for the covering map ϖ : H^+ → R. In this case, Γ is generated by the map z → z + 1, and B(Γ) is the set of functions φ in B(H^−) such that φ(z + 1) = φ(z) for all z in H^−.

Let f : H^− → Δ^′ be the map f(z) = ϖ(−z)(= exp(−2πiz)), z in H^−. Let B(Δ^′) be the Banach space of holomorphic functions φ on Δ^′ with finite norm ‖φ‖_{B(Δ}′_) = sup{(2|w| log |w|)^2|φ(w)| : w ∈ Δ^′}. Every function in B(Δ^′) is meromorphic in Δ with at worst a simple pole at 0, so lim_{w→0}(2|w| log |w|)^2|φ(w)| = 0 for all φ in B(Δ^′).

The map f^∗(φ) = (φ ∘ f)(f^′)^2, φ in B(Δ^′), is an isometric isomorphism of B(Δ^′) onto B(Γ), and (f^∗)^{−1}(B_0(Γ)) is the space B_0(Δ^′) of φ in B(Δ^′) such that lim_{|w|→1}(2|w| log |w|)^2|φ(w)| = 0. We shall identify T (Δ^′) and T_0(Δ^′) with their images in B(Δ^′) under (f^∗)^{−1}, so that T (Δ^′) becomes a bounded domain in B(Δ^′), and T_0(Δ^′) = T (Δ) ∩ B_0(Δ^′).

The Möbius transformations A_ζ (z) = z + ζ, ζ in H^− ∪ R, map H^− into itself and commute with Γ. By Lemma 1, the maps (f^∗)^{−1} ∘ A^∗_ζ ∘ f^∗ carry B(Δ^′) and T (Δ^′) into themselves. By direct calculation, these maps are precisely the maps φ → g^∗_τ (φ) = (φ∘g_τ )(g^′_τ )^2, where τ = exp(−2πiζ) and g_τ (w) = τw, as in Lemma 2. We can therefore proceed much as we did in §3.2.

Set G(0, φ)(w) = 0 and G(τ, φ)(w) = g^∗_τ (φ)(w) = τ^2φ(τw) for φ in B_0(Δ^′), w in Δ^′, and 0 < |τ| ⩽ 1. It is easy to verify that G maps Δ × B_0(Δ^′) into B_0(Δ^′) and Δ×T_0(Δ^′) into T_0(Δ^′). In addition, if w ∈ Δ^′ and 0 < τ ⩽ 1, we can apply the maximum principle to wφ(w) (which has a removable singularity at 0) and obtain the inequality |τwφ(τw)| ⩽ max{|ζφ(ζ)| : |ζ| = |w|} ⩽ ‖φ‖_{B(Δ}′_) 4|w|(log |w|)^2 . It follows readily that ‖G(τ, φ)‖_{B(Δ}′_) ⩽ |τ|‖φ‖_{B(Δ}′_) for all τ in Δ.

To see that G is continuous, interpret the functions (2|w| log |w|)^2φ(w), φ in B_0(Δ^′), as continuous functions on Δ, and argue as in §3.2.

The map φ → G(τ, φ) of B_0(Δ^′) into itself is a bounded C –linear transformation, hence holomorphic, for each τ in Δ. Therefore the map F (t, φ) = G(1 − t, φ) from [0, 1] × T_0(Δ^′) to T_0(Δ^′) contracts T_0(Δ^′) holomorphically to 0.

4. Proof of Proposition 1

Let W be a complex Banach space, and let A be a closed determining subspace of W^∗. We start by reformulating the inequality (2.1).

Lemma 3. For each w in W , define λ_w in A^∗ by setting λ_w(ℓ) = ℓ(w) for all ℓ in A. If C is any positive number that satisfies condition (2.1), then

(4.1) ‖λ_w‖ ⩽ ‖w‖ ⩽ C‖λ_w‖ for all w in W .

Proof of the lemma. The inequality ‖λ_w‖ ⩽ ‖w‖ is obvious from the definition of λ_w. The inequality ‖w‖ ⩽ C‖λ_w‖ simply restates condition (2.1), since the right hand side of (2.1) is C times the norm of λ_w on A. □

Proof of the proposition. Let f : X → W be given, and let ℓ ∘ f be holomorphic in X for all ℓ in the closed determining subspace A of W^∗. To prove assertion (a) of the proposition, we must show that f is holomorphic in X. We follow Dunford’s proof of Theorem 76 in [6].

First we shall prove that f is locally bounded in X. Let the sequence (x_n) in X converge to some x_0 in X. We must show that the sequence of numbers ‖f(x_n)‖ is bounded. Since ℓ(f(x_n)) → ℓ(f(x_0)) as n → ∞ for each ℓ in A, the sequence of numbers λ_{f (xn)}(ℓ) = ℓ(f(x_n)) is bounded for each ℓ in A. By the uniform boundedness principle, there is a number M such that ‖λ_{f (xn)}‖ ⩽ M for all n. Since A is a determining set, there is a number C that satisfies (2.1). By Lemma 3, ‖f(x_n)‖ ⩽ C‖λ_{f (xn)}‖ ⩽ CM for every n, so f is locally bounded.

Now we shall prove that the directional derivative df(x, v) exists for all x in X and v in V . Given x and v, we choose positive numbers r and K so that x + tv is in

X and ‖f(x + tv)‖ ⩽ K for all t in C with |t| ⩽ 2r. By Cauchy’s integral formula,

(4.2) |ℓ(f(x + tv) − f(x + sv))| = | | | | 1 2πi ∫ |ζ|=2r [ 1 ζ − t − 1 ζ − s ] ℓ(f(x + ζv)) dζ | | | | ⩽ 2K r ‖ℓ‖ |t − s| for all s and t in the closed disk D = {z ∈ C : |z| ⩽ r} and ℓ in A. Since A is a determining set, (4.2) implies that the map t → f(x + tv) is Lipschitz continuous in D. We can therefore define a holomorphic map g from the interior of D to W by the formula g(t) = 1 2πi ∫ |ζ|=r f(x + ζv) ζ − t dζ, |t| < r. Since ℓ(g(t)) = ℓ(f(x + tv)) for all ℓ in the determining set A when |t| < r, we must have g(t) = f(x + tv) for such t. Therefore df(x, v) exists and equals g^′(0), and f (being locally bounded) is holomorphic in X. That proves (a).

Since A_f is always a (not necessarily closed) subspace of W^∗, the point of assertion (b) is that A_f is a closed set if f is locally bounded. For the proof, let ℓ belong to W^∗, let (ℓ_n) be a sequence in W^∗ that converges to ℓ, and let f : X → W be a locally bounded function such that g_n = ℓ_n ∘ f is holomorphic in X for all n. We must show that g = ℓ ∘ f is holomorphic.

That is easy. Since f is locally bounded, so is g. Since in addition ‖ℓ_n − ℓ‖ → 0 as n → ∞, g_n → g locally uniformly in X. It follows readily that dg(x, v) exists for any given x in X and v in V . In fact, dg(x, v) is the derivative at t = 0 of the function t → g(x + tv), which is holomorphic in a neighborhood of zero since it is the uniform limit of the holomorphic functions t → g_n(x + tv) in the disk {t ∈ C : |t| < ϵ} if ϵ > 0 is sufficiently small. □

References

[1] L. Bers, Correction to “Spaces of Riemann surfaces as bounded domains”, Bull. Amer. Math.

Soc. 67 (1961), 465–466.

[2] L. Bers, A non-standard integral equation with applications to quasiconformal mappings, Acta Math. 116 (1966), 113–134.

[3] C. Carathéodory, Theory of Functions of a Complex Variable, Volume One, translated by F. Steinhardt, Chelsea, New York, 1958.

[4] S. Dineen, Complex Analysis on Infinite Dimensional Spaces, Springer-Verlag, London, 1999. [5] A. Douady, Le problème des modules pour les sous-espaces analytiques compacts d’un espace analytique donné, Ann. Inst. Fourier (Grenoble) 16 (1966), 1–95.

[6] N. Dunford, Uniformity in linear spaces, Trans. Amer. Math. Soc. 44 (1938), 305–356. [7] C. J. Earle, F. P. Gardiner, and N. Lakić, Asymptotic Teichmüller space, Part I: the complex structure, In the Tradition of Ahlfors and Bers, Contemp. Math. 256, Amer. Math. Soc., Providence, RI, 2000, pp. 17–38.

[8] C. J. Earle, V. Marković, and D. Šarić, Barycentric extension and the Bers embedding for asymptotic Teichmüller space, Complex Manifolds and Hyperbolic Geometry, Contemp. Math. 311, Amer. Math. Soc., Providence, RI, 2002, pp. 87–105.

[9] F. P. Gardiner and N. Lakić, Quasiconformal Teichmüller Theory, Math. Surveys Monogr.

76, Amer. Math. Soc., Providence, RI, 2000.

[10] F. P. Gardiner and D. P. Sullivan, Symmetric structures on a closed curve, Amer. J. Math.

114 (1992), 683–736.

[11] J. L. Kelley, General Topology, Van Nostrand, Princeton, NJ, 1955.

[12] S. Nag, The Complex Analytic Theory of Teichmüller Spaces, John Wiley and Sons, New York, 1988.

[13] M. G. Zaĭdenberg and V. Ya. Lin, On bounded domains of holomorphy that are not holomorphically contractible, Soviet Math. Dokl. 20 (1979), 1262–1266.

Department of Mathematics (Received 25 09 2003) Cornell University Ithaca, NY 14853 USA

cliff@math.cornell.edu