PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 75(89) (2004), 95–107

VARIOUS CONSTANTS ASSOCIATED WITH QUASIDISKS AND QUASISYMMETRIC HOMEOMORPHISMS

Shen Yu-Liang

Abstract. In this expository paper, we will discuss some constants associated with quasidisks and quasisymmetric homeomorphisms.

1. Quasidisks and quasisymmetric homeomorphisms

This is a survey article on various constants associated with quasidisks and quasisymmetric homeomorphisms. Before discussing these constants, we recall some basic definitions and notations.

Let D = {|z| < 1} denote the unit disk in the extended complex plane C, and D^∗ = C − D. Let Ω be a Jordan domain in the extended complex plane C, and Ω^∗ = C − Ω. Let f_1 and f_2 map Ω and Ω^∗ conformally onto D and D^∗, respectively. Extend f_1 and f_2 to the boundary ∂Ω = ∂Ω^∗ and define the homeomorphism h_Ω : ∂D → ∂D by h_Ω = f_2 ∘ f^{−1}_1 |∂D. Then h_Ω is called the sewing (welding) mapping of the domains Ω and Ω^∗.

A Jordan domain Ω is called a quasidisk if it is the image of the unit disk D under a quasiconformal self-mapping of the extended complex plane C. On the other hand, a homeomorphism h : ∂D → ∂D is called a quasisymmetric homeomorphism if h has a quasiconformal extension into the unit disk D (see [BA]). Then Ω is a quasidisk if and only if h_Ω is a quasisymmetric homeomorphism (see [Le]). Conversely, a quasisymmetric homeomorphism h also determines a pair of complementary quasidisks, which we denote by Ω_h and Ω^∗_h, respectively.

2000 AMS Subject Classification: 30C62, 30C70.

Key words and phrases. quasidisk, quasisymmetric homeomorphism, quasiconformal mapping, harmonic function, Fredholm eigenvalue, Schober functional, boundary quasiextremal distance constant, quasiextremal distance constant, quasiconformal reflection constant, extremal maximal dilatation, boundary dilatation, maximal dilatation..

Project supported by the National Natural Science Foundation of China and the Natural Science Foundation of Jiangsu Provincial Education Committee.

We say a Jordan domain Ω is an asymptotically conformal extension domain if the Riemann mapping from D to Ω has a quasiconformal extension to the whole plane whose complex dilatation μ satisfies |μ(z)| → 0 as |z| → 1+. Ω is a disk if it is the image of D under a Möbius transformation. As usual, we say Ω is smooth if its boundary curve ∂Ω has a continuously varying tangent. Clearly, a smooth domain is always an asymptotically conformal extension domain, but the converse is not true. A quasisymmetric homeomorphism h is said to be symmetric if it has a quasiconformal extension into the unit disk D whose complex dilatation μ satisfies |μ(z)| → 0 as |z| → 1−. Then it is easy to see that Ω is an asymptotically conformal extension domain iff h_Ω is a symmetric homeomorphism (see [GS]).

2. Constants attached to quasidisks

2.1. Fredholm eigenvalue and Schober functional. Let Ω be a Jordan domain in the extended complex plane C, and Γ its boundary. Then the least positive Fredholm eigenvalue λ_Γ is defined by the equality (see Schiffer [S2])

(2.1) 1 λ_Γ

= sup_{v∈H}

|D_Ω[v] − D_Ω∗ [v]| D_Ω[v] + D_Ω∗ [v] = max{s(Ω, Ω^∗), s(Ω^∗, Ω)} − 1 max{s(Ω, Ω^∗), s(Ω^∗, Ω)} + 1 . Here and in what follows,

(2.2) D_G[v] = ∫ ∫ G |∇v|^2 = 2 ∫∫ G (|v_z|^2 + |v_{z̄} |^2) dx dy

is the Dirichlet integral, and H is the set of all real-valued functions v, which are continuous in C , harmonic in Ω ∪ Ω^∗ and D_Ω[v] + D_Ω∗ [v] < +∞. Also

(2.3) s(Ω, Ω^∗) = sup_{v∈H}

D_Ω[v] D_Ω∗ [v] and (2.4) s(Ω^∗, Ω) = sup_{v∈H}

D_Ω∗ [v] D_Ω[v]

are known as the Schober’s domain functionals (see Schober [Sc1]). It is obvious that λ_Γ ⩾ 1, and it is also known that λ_Γ > 1 iff Ω is a quasidisk.

It is known that the least positive Fredholm eigenvalue λ_Γ plays an important role in determining the rate of convergence of the classical Neumann-Poincaré series (see [BS], [S1]), and many interesting properties of λ_Γ have been obtained in the literature (see [Ah1], [Ku], [S1-2], [Sc1-2], [Sp]). As pointed out by Schober [Sc1, p. 379], when Γ is three times continuously differentiable, both supremums in (2.3) and (2.4) can be attained, and in this situtation, s(Ω, Ω^∗) = s(Ω^∗, Ω), so Schober’s domain functionals s are actually curve functionals. However, in the general case, the situtation is somewhat different. In fact, the following results were shown by the author [Sh4].

Theorem 2.1 [Sh4]. For any quasidisk Ω, s(Ω, Ω^∗) = s(Ω^∗, Ω).

Proposition 2.1 [Sh4]. There exists a class of pairs of quasidisks Ω and Ω^∗ such that s(Ω, Ω^∗) = s(Ω^∗, Ω) can not be attained at any v ∈ H.

2.2. Quasiconformal reflection constant. It is known that a Jordan domain Ω in the extended complex plane C is a quasidisk iff there exists a quasiconformal reflection in ∂Ω, i.e. a mapping f which is a quasiconformal mapping of C and interchanges Ω and Ω^∗ and keeps every point of ∂Ω fixed (see [Le]). Thus, a quasidisk Ω determines the quasiconformal reflection constant R(Ω), defined as

(2.5) R(Ω) = inf{K[f] : for all quasiconformal reflections f in ∂Ω}.

Clearly, R(Ω) = R(Ω^∗). There always exists a so-called extremal quasiconformal reflection which attains the infimum in (2.5). By the quasi-invariance property of Dirichlet integral under quasiconformal mappings, we conclude that s(Ω, Ω^∗) = s(Ω^∗, Ω) ⩽ R(Ω) and consequently that (see [Ah1])

(2.6) 1 λ_Γ ⩽ R(Ω) − 1 R(Ω) + 1 . A necessary and sufficient condition for the equality in (2.6) will be given later (see Corollary 4.1).

2.3. Quasiextremal distance constant. Before defining the quasiextremal distance constant, we recall some basic relation between moduli and harmonic functions. For reference, we refer the reader to Gerhing [Ge] or Ahlfors [Ah2, Chapter 4]. Given any pair of disjoint nondegenerate continua A and B in C, let mod(A, B; C) denote the modulus of the family Γ(A, B; C) of curves that join A and B in C. Then there exists a unique real-valued function u_{A,B}, which is continuous in C, harmonic in C−(A∪B), with constant values 0 and 1 in A and B, respectively, such that mod(A, B; C) = D_C [u_{A,B} ]. Note that the the modulus mod(A, B; C) of the family Γ(A, B; C) is also closely related to the conformal module of the ring domain C−(A∪B). Recall that for a ring domain R, its conformal module is defined as M(R) = log(r_2/r_1), if R is mapped conformally onto {r_1 < |z| < r_2}. Then the conformal module of the ring domain C−(A∪B) is 2π/ mod(A, B; C). Furthermore, if ϕ maps C − (A ∪ B) conformally onto {1 < |z| < exp(2π/ mod(A, B; C))}, then u_{A,B} = χ_B + (log |ϕ|)/(2π/ mod(A, B; C))χ_{C−(A∪B)}, where χ is the characteristic function of a set. When A, B ⊂ ∂D, u_{A,B}|D = 1 2 (ϕ_{A,B} + ϕ_{A,B} ), where ϕ_{A,B} is a conformal mapping of D onto R_{A,B} = {w = u + iv : 0 < u < 1, 0 < v < mod(A, B; D)}. Let Ω be a domain in the extended complex plane C. Given a pair of disjoint nondegenerate continua A and B in Ω, let mod(A, B; Ω) denote the modulus of the family Γ(A, B; Ω) of curves that join A and B in Ω. The following so-called quasiextremal distance constant (or QED constant) was introduced in [Y1]:

(2.7) M(Ω) = sup { mod(A, B; C) mod(A, B; Ω)

: for all pairs A and B in Ω } .

The domain Ω is a QED domain if its QED constant M(Ω) is finite. QED domains were introduced by Gehring and Martio [GM] as a useful class of domains in the study of quasiconformal mappings.

It was proved in [GM] that a Jordan domain Ω is a QED domain if and only if Ω is a quasidisk. Now the two domain constants M(Ω) and R(Ω) are closely related to one another. For example, by the quasi-invariance property of modulus under quasiconformal mappings, it holds that (see [Y1])

(2.8) M(Ω) ⩽ R(Ω) + 1.

It was conjectured by Garnett and Yang [GY] that the equality in (2.8) holds for all quasidisks. But this was disproved by Yang [Y3] for ellipses. In [Y3] the following boundary quasiextremal distance constant (or BQED constant) M_b(Ω) was also introduced:

(2.9) M_b(Ω) = sup { mod(A, B; C) mod(A, B; Ω)

: for all pairs A and B in ∂Ω } . Clearly, M_b(Ω) ⩽ M(Ω). However, the question whether M_b(Ω) = M(Ω) still remains open.

There have been much work related to the Garnet–Yang conjecture. Yang [Y4] proved that M(Ω) < R(Ω) + 1 for all smooth domains other than disks and asked whether M(Ω) < R(Ω)+1 for all asypmtotically conformal extension domains other than disks. On the other hand, Wu and Yang [WY] proved that M_b(Ω) < R(Ω) + 1 for all asypmtotically conformal extension domains other than disks. Recently, the author [Sh5] proved the following result, which contains the above-mentioned results obtained by Wu and Yang and gives an affirmative answer to the question of Yang as well. Consequently, the Garnett–Yang conjecture is not true for all asypmtotically conformal extension domains other than disks.

Theorem 2.2 [Sh5]. Let Ω be an asymptotically conformal extension domain. Then there exists a pair of disjoint nondegenerate continua A and B in Ω such that M(Ω) =^{mod(A,B;C)}

mod(A,B;Ω) . Furthermore, M(Ω) < R(Ω) + 1 unless Ω is a disk.

3. Constants attached to quasisymmetric homeomorphisms

3.1 Extremal maximal dilatation and boundary dilatation. Given a quasisymmetric homeomorphism h of the unit circle onto itself, we denote by Q(h) the class of all quasiconformal mappings of the unit disk D with boundary values h. The homeomorphism h then determines the extremal maximal dilatation K^∗(h), defined as

(3.1) K^∗(h) = inf_{f ∈Q(h)} K[f].

Clearly, K^∗(h^{−1}) = K^∗(h). f ∈ Q(h) is called extremal if K[f] = K^∗(h) (see [St3]). It is well known that there always exists at least one extremal mapping in the class Q(h). Furthermore, the extremality of a quasiconformal mapping is completely characterized by the following theorem due to Hamilton–Krushkal–Reich–Strebel (see [Ga], [GL], [St3]).

Hamilton–Krushkal–Reich–Strebel Theorem. A quasiconformal mapping f is extremal iff its complex dilatation μ satisfies the Hamilton–Krushkal condition: sup_{ϕ∈A} Re ∫∫ D μ(z)ϕ(z) dx dy ∫∫ D |ϕ(z)| dx dy = ‖μ‖_∞, where A is the Banach space of all holomorphic and integrable functions ϕ in the unit disk.

A quasisymmetric homeomorphism h also determines the boundary dilatation H(h) (see [St3]), defined as (3.2)

H(h) = inf{K[f|D − E] : for all f ∈ Q(h) and all compact subsets E ⊂ D}.

Then, H(h) = H(h^{−1}), H(h) ⩽ K^∗(h). The set of all normalized (fixing three boundary points on ∂D) quasisymmetric homeomorphisms of the unit circle onto itself is known as the universal Teichmüller space T of Bers (see [Le], [Na]). Following Earle–Li [EL], a point h is called a Strebel point if H(h) < K^∗(h). Then, by a result of Lakić [La], the set of Strebel points is open and dense in the universal Teichmüller space T . It is also known that h is symmetric iff H(h) = 1 (see [GS]), and all the normalized symmetric homeomorphisms comprise a closed set T_0 of the universal Teichmüller space T .

3.2 Maximal dilatation. The maximal dilatation K(h) of h is defined as

(3.3) K(h) = sup { mod(h(A), h(B); D) mod(A, B; D) : for all pairs A and B in ∂D } . Clearly, K(h^{−1}) = K(h). By the quasi-invariance property of modulus under quasiconformal mappings, it follows that K(h) ⩽ K^∗(h). It was an open question for a long time to determine whether or not K(h) = K^∗(h) always holds before Anderson and Hinkkanen disproved this by giving concrete examples of a family of affine mappings of some parallelograms (see [AH]). Later, a necessary condition for K(h) = K^∗(h) was obtained independently by Wu [Wu] and Yang [Y2]. We say h is induced by affine mappings if it is the restriction to ∂D of a map of the form ϕ_2 ∘f_K ∘ϕ^{−1}_1 , where f_K (x+iy) = x+iKy, while ϕ_1 and ϕ_2 are conformal mappings from a rectangle {x + iy : 0 < x < a, 0 < y < b} and its image {u + iv : 0 < u < a, 0 < v < Kb} under f_K onto D, respectively. Then the necessary condition for K(h) = K^∗(h) obtained by Wu [Wu] and Yang [Y2] can be stated as

Theorem 3.1 [Wu], [Y2]. Let h : ∂D → ∂D be a quasisymmetric homeomorphism. If K(h) = K^∗(h), then either h is induced by an affine mapping or H(h) = K^∗(h).

In their papers [Wu] and [Y2], Wu and Yang also asked whether the converse of Theorem 3.1 was true. Recently, the author [Sh2] proved that there exists a family of quasisymmetric homeomorphisms h such that K(h) < K^∗(h) = H(h), which gives a negative answer to the question. On the other hand, some classes of quasisymmetric homeomorphisms h for which K(h) = K^∗(h) = H(h) were discussed in [CZL] and [LWQ].

Example 1 [Sh2]. For convenience we use the upper half plane H = {z : Imz > 0} instead of the unit disk D. For any K > 1, we consider the quasisymmetric homeomorphism h of Strebel (see [St1], [St2]), namely, h = h_K : ∂H → ∂H is as h(x) = x for x ⩽ 0 and h(x) = Kx for x > 0. It is easily computed from [St1] that

H(h) = K^∗(h) = 1 + 1 2π^2 log^2 K + 1 π log K √ 1 + 1 4π^2 log^2 K.

In fact, let f(z) = K^{1− 1π arg z} z.

Then f is an extremal mapping in Q(h). It was calculated in [Sh2] that K(h) = sup{Λ(Kρ)/Λ(ρ) : ρ > 0}, where Λ(ρ) is the conformal module of the quadrilateral Q with domain H and vertices ∞, −1, 0 and ρ. It was also proved there that, when K is large,

K(h) < 1 + 1 π log K + 1 4π^2 log^2 K.

Another approach due to Reich [Re] and developed in [CC] gave a necessary and sufficient condition for K(h) = K^∗(h).

Theorem 3.2 [Re], [CC]. Let h : ∂D → ∂D be a quasisymmetric homeomorphism. Then K(h) = K^∗(h) if and only if Q(h) contains an extremal mapping whose complex dilatation μ satisfies (3.4) sup_{A,B⊂∂D} Re ∫∫ D μ(z)ϕ^{′2}_{A,B} (z) dx dy ∫∫ D |ϕ^{′2}_{A,B} (z)| dx dy = ‖μ‖_∞. 3.3 Two other constants. Now let D denote the set of all real-valued functions u harmonic in D with finite Dirichlet integral. We also denote by AD the set of all functions ϕ holomorphic in D with finite Dirichlet integral. For any u ∈ D, let P (u ∘ h) denote the Poission integral of u ∘ h. We define

(3.5) K_1(h) = sup_{A,B⊂∂D} D_D [P (u_{A,B} ∘ h)] D_D [u_{A,B}] . Since

mod(h^{−1}(A), h^{−1}(B); D) = D_D[u_h−1_{(A),h}−1_{(B)}] ⩽ D_D[P (u_{A,B} ∘ h)] for all pairs A, B ⊂ ∂D, it follows that K(h) = K(h^{−1}) ⩽ K_1(h)^∗. We also define

(3.6) K_2(h) = sup_{u∈D} D_D[P (u ∘ h)] D_D[u] . Note that the invariant K_2(h) (more precisely, max(K_2(h), K_2(h^{−1}))) was already introduced by Beurling and Ahlfors in their famous paper [BA] and has been much investigated recently (see [KP], [NS], [P1–P5], [Sh1–Sh5]). Particularly, the following result was pointed out by the author [Sh4].

∗It is not known whether or not K_1(h) = K_1(h^{−1}) for any quasisymmetric homeomorphism h.

Theorem 3.3 [Sh4]. For any quasisymmetric homeomorphism h, it holds that K_2(h) = K_2(h^{−1}).

It is obvious that K_1(h) ⩽ K_2(h). On the other hand, by the quasi-invariance property of the Dirichlet integral under quasiconformal mappings, it holds that K_2(h) ⩽ K^∗(h). Consequently, for any quasisymmetric homeomorphism h, it holds that

(3.7) K(h) ⩽ K_1(h) ⩽ K_2(h) ⩽ K^∗(h).

To determine when K_2(h) = K^∗(h), the author [Sh1] proved

Theorem 3.4 [Sh1]. Let h : ∂D → ∂D be a quasisymmetric homeomorphism. Then K_2(h) = K^∗(h) if and only if Q(h) contains an extremal quasiconformal mapping whose Beltrami differential μ satisfies

(3.8) sup_{ϕ∈AD} Re ∫∫ D μ(z)ϕ^{′2}(z) dx dy ∫∫ D |ϕ^{′2}(z)| dx dy = ‖μ‖_∞.

Remark. Here it is a convenient place to point out a result of Shiga and Tanigawa. After the paper [Sh2] was published, the paper [ST] by Shiga and Tanigawa was called to the author’s attention. In their paper, among other things, Shiga and Tanigawa proved that there exists a quasisymmetric homeomorphism h such that H(h) = K^∗(h), and that the relation (3.8) and consequently the relation (3.4) doesn’t hold for any extremal quasiconformal mapping in Q(h), which implies that K(h) < K^∗(h) by Theorem 3.2. Therefore, this has already given an example h for which H(h) = K^∗(h) but K(h) < K^∗(h). However, this example was abstractly constructed and somewhat complicated (but has some further properties). Note that for this construction, K_2(h) < K^∗(h) by Theorem 3.4, while for Strebel’s quasisymmetric homeomorphism h in Example 1, it holds that K_2(h) = K^∗(h) (see [Sh2]).

To determine when K_1(h) = K^∗(h), the author [Sh5] proved

Theorem 3.5 [Sh5]. Let h : ∂D → ∂D be a quasisymmetric homeomorphism. Then

(1) K_1(h) = K^∗(h) if and only if Q(h) contains an extremal mapping whose complex dilatation μ satisfies the relation (3.4);

(2) If, in addition, K_1(h) is attained by a pair of disjoint nondegenerate continua in ∂D, then K_1(h) = K^∗(h) if and only if h is induced by an affine mapping.

4. Further results

Let Ω be a quasidisk in the extended complex plane C. Recall that h_Ω = f_2 ∘ f^{−1}_1 |∂D is the sewing mapping of the domains Ω and Ω^∗. In this section, we will give some further relations among the constants attached to the quasidisk Ω and the constants to the quasisymmetric homeomorphism h_Ω.

First we note the following proposition, the second part of which was proved in [P4] and [Sh3], while the third part of which was proved in [Sh5].

Proposition 4.1. Let Ω be a quasidisk in the extended complex plane C. Then we have

(1) R(Ω) = K^∗(h_Ω);

(2) s(Ω^∗, Ω) = K_2(h_Ω), s(Ω, Ω^∗) = K_2(h^{−1}_Ω ); (3) K(h_Ω) + 1 ⩽ M_b(Ω) ⩽ K_1(h^{−1}_Ω ) + 1.

Noting that (see Theorems 2.1 and 3.3) 1 λ_Γ = s(Ω, Ω^∗) − 1 s(Ω, Ω^∗) + 1 = s(Ω^∗, Ω) − 1 s(Ω^∗, Ω) + 1 = K_2(h_Ω) − 1 K_2(h_Ω) + 1 = K_2(h^{−1}_Ω ) − 1 K_2(h^{−1}_Ω ) + 1 , we find out that the equality in (2.6) holds, that is,^1_{λΓ} =^{R(Ω)−1}_{R(Ω)+1} , iff K_2(h_Ω) = K^∗(h_Ω), so we can conclude from Theorem 3.4 the following result. Note that by the Schiffer–Kühnau result [Ku], [S2], λ^{−1}_Γ is just the Grunsky functional (see [Kr2]), so it is also implied by Krushkal’s work [Kr2].

Corollary 4.1.^1_{λΓ} =^{R(Ω)−1}_{R(Ω)+1} iff Q(h_Ω) contains an extremal quasiconformal mapping whose Beltrami differential μ satisfies (3.8).

The following theorem gives a characterization of the domains Ω for which M_b(Ω) = R(Ω) + 1.

Theorem 4.1 [Sh5]. Let Ω be a quasidisk in the extended complex plane. Then (1) M_b(Ω) = R(Ω) + 1 if and only if Q(h_Ω) contains an extremal mapping whose complex dilatation μ satisfies the relation (3.4).

(2) If, in addition, M_b(Ω) is attained by a pair of disjoint nondegenerate continua in ∂Ω, then M_b(Ω) = R(Ω) + 1 if and only if h_Ω is induced by an affine mapping.

An immediate consequence of Theorems 3.2, 3.5 and 4.1 is the following

Corollary 4.2. Let Ω be a quasidisk in the extended complex plane. Then the following conditions are all equivalent:

(1) M_b(Ω) = R(Ω) + 1; (2) K(h_Ω) = K^∗(h_Ω); (3) K_1(h_Ω) = K^∗(h_Ω); (4) Q(h_Ω) contains an extremal mapping whose complex dilatation μ satisfies the relation (3.4).

Now we want to give some relation between M_b(Ω) and K(h_Ω). When h_Ω is induced by an affine mapping, it holds that M_b(Ω) = K(h_Ω) + 1. The following theorem says that this is the only case when M_b(Ω) = K(h_Ω) + 1 if K(h_Ω) is in addition attained by a pair of disjoint nondegenerate continua.

Theorem 4.2 [Sh5]. Let Ω be a quasidisk in the extended complex plane. If A and B is a pair of disjoint nondegenerate continua in ∂D such that

K(h_Ω) = mod(h_Ω(A), h_Ω(B); D) mod(A, B; D) , then M_b(Ω) = K(h_Ω) + 1 if and only if h_Ω is induced by an affine mapping.

As an application of previous results, we have a rather satisfactory discription of the various constants when Ω is an asymptotically conformal extension domain. Note that in this case, h_Ω can not be induced by affine mappings unless Ω is a disk.

Theorem 4.3 [Sh5]. Let Ω be an asymptotically conformal extension domain. Then all the supremums in (2.9), (3.3), (3.5) and (3.6) can be attained. Furthermore, K(h_Ω) < M_b(Ω) − 1 ⩽ K_1(h_Ω) < K^∗(h_Ω) = R(Ω) unless Ω is a disk.

Remark. As stated in section 2, Wu and Yang [WY, Theorem 2.3] proved that M_b(Ω) < R(Ω) + 1 for all asymptotically conformal extension domains other than disks. On the other hand, Wu [Wu, Theorem 4] and Yang [Y2, Corollary 2.6] proved independently that K(h_Ω) < K^∗(h_Ω) for all asymptotically conformal extension domains other than disks. Theorem 4.3 implies the stronger result that K(h_Ω) < M_b(Ω) − 1 < K^∗(h_Ω) for such domains.

We also have some further results concerning the Garnett–Yang conjecture. Theorem 4.4 [Sh5]. Let Ω be a quasidisk in the extended complex plane. If M(Ω) is attained by a pair of disjoint nondegenerate continua A and B in Ω, then M(Ω) = R(Ω) + 1 if and only if h_Ω is induced by an affine mapping.

Theorem 4.5 [Sh5]. Let Ω be a quasidisk in the extended complex plane. Then either there exists a pair of disjoint nondegenerate continua A an B in Ω such that M(Ω) =^{mod(A,B;C)}

mod(A,B;Ω) or M(Ω) ⩽ 2H(hΩ).

Remark. An interesting question is to determine whether the bound 2H(h_Ω) in Theorem 4.5 can be replaced by 1 + H(h_Ω). If the answer to the question were affirmative, then there would be a large class of domains Ω for which M(Ω) < R(Ω) + 1, namely, the domains Ω whose associated sewing mappings h_Ω are Strebel points and are not induced by affine mappings.

We end this section with some questions relating to the quasiextremal distance constant and the quasiconformal reflection constant. For a pair of complementary quasidisks, we do not know whether the relations hold: M_b(Ω) = M(Ω), M_b(Ω) = M_b(Ω^∗), M(Ω) = M(Ω^∗). Note that the last relation was also conjectured by Garnett–Yang [GY]. Even for asymptotically conformal extension domains, these questions still remain open. Theorems 2.2 and 4.3 may shed some new light on these questions for asymptotically conformal extension domains. We also have no characterizations of the domains Ω for which the relation M(Ω) = R(Ω) + 1 holds.

5. Metrics on the Universal Teichmüller space

Using some constants attached to quasisymmetric homeomorphisms, one can define some invariant metrics on the universal Teichmüller space. Given two points [h_1] and [h_2] in the universal Teichmüller space T , we define

d^∗([h_1], [h_2]) = 1 2 log K^∗(h_2 ∘ h^{−1}_1 ),

(5.1)

d([h_1], [h_2]) = 1 2 log K(h_2 ∘ h^{−1}_1 ),

(5.2)

d_2([h_1], [h_2]) = 1 2 log K_2(h_2 ∘ h^{−1}_1 ).

(5.3)

Note that d^∗ is the well-known Teichmüller metric (see [Ga], [GL]), d is the metric defined by Lehto [Le], while d_2 is precisely the metric defined previously by the author [Sh3]. It should be pointed out that the metric d has been much discussed recently by Partyka, Sakan and Zajac (see [PS1], [PS2], [SZ], [Z]). Although we do not know whether these metrics are metrically equivalent, they are actually uniformly topologically equivalent. In fact, they are metrically equivalent in the infinitesimal sense.

Let h_t be a family of quasisymmetric homeomorphisms which are the boundary values of the quasiconformal mappings f_t with complex dilatation μ_t = tμ + o(t) for small t > 0. It is known (see [Ga], [GL]) that

(5.4) d^∗([0], [h_t]) = t‖μ‖^∗ + o(t) = t sup_{ϕ∈A} Re ∫∫ D μ(z)ϕ(z) dx dy ∫∫ D |ϕ(z)| dx dy + o(t). It was calulated by the author [Sh3] that

(5.5) d_2([0], [h_t]) = t‖μ‖_2 + o(t) = t sup_{ϕ∈AD} Re ∫∫ D μ(z)ϕ^{′2}(z) dx dy ∫ D |ϕ^{′2}(z)| dx dy + o(t). A direct computation will also show that

(5.6) d([0], [h_t]) = t‖μ‖ + o(t) = t sup_{A,B⊂∂D} Re ∫∫ D μ(z)ϕ^{′2}_{A,B} (z) dx dy ∫∫ D |ϕ^{′2}_{A,B} (z)| dx dy + o(t). ‖μ‖^∗ is known as the Teichmüller norm of μ. ‖μ‖_2 can be regarded as another norm of μ, which was proved to be equivalent to ‖μ‖^∗ (see [Sh3]). Now ‖μ‖ is precisely the cross-ratio norm of μ in the sense of Earle–Gardiner–Lakić [EGL]. They also proved that ‖μ‖ is equivalent to ‖μ‖^∗. In fact, for any pair of disjoint arcs A and B in ∂D joining z_1, z_2 and z_3, z_4, respectively, by the well-known Christoffel–Schwarz formula, we have

(5.7) ϕ^{′2}_{A,B} ∫∫ D |ϕ^{′2}_{A,B} | = −^{(z1−z2)(z3−z4)} (z−z_1)(z−z_2)(z−z_3)(z−z_4) ∫∫ D |(z_1−z_2)(z_3−z_4)| |(z−z_1)(z−z_2)(z−z_3)(z−z_4)| . Consequently, if we extend μ to the whole plane by reflection, we have ‖μ‖ = sup_{A,B⊂∂D} Re ∫∫ D μ(z)ϕ^{′2}_{A,B} (z) dx dy ∫∫ D |ϕ^{′2}_{A,B}(z)| dx dy = sup

z_1,z_2,z_3,z_4 Re ∫∫ D μ(z)(z_1 −z_2)(z_3−z_4) (z−z_1)(z−z_2)(z−z_3)(z−z_4) dx dy ∫∫ D |(z_1−z_2)(z_3−z_4)| |(z−z_1)(z−z_2)(z−z_3)(z−z_4)| = sup

z_1,z_2,z_3,z_4 | | ∫∫_C^{μ(z)} (z−z_1)(z−z_2)(z−z_3)(z−z_4) dx dy | | ∫∫ C 1 |(z−z_1)(z−z_2)(z−z_3)(z−z_4)| . (5.8)

Acknowledgement The author would like to thank the referee for his/her valuable suggestions.

References

[Ah1] L. V. Ahlfors, Remarks on the Neumann–Poincaré integral equations, Pacific J. Math. 2 (1952), 271–280.

[Ah2] L. V. Ahlfors, Conformal Invariants, McGraw–Hill, New York, 1973. [AH] J. M. Anderson and A. Hinkkanen, Quadrilaterals and extremal quasiconformal extensions, Comment. Math. Helv. 70 (1995), 455–474.

[BA] A. Beurling and L. V. Ahlfors, The boundary correspondence under quasiconformal mappings, Acta Math. 96 (1956), 125–142.

[BS] S. Bergman and M. Schiffer, Kernal functions and conformal mapping, Compositio Math. 8 (1951), 205–249.

[CC] J. Chen and Z. Chen, A remark on“An approximation condition and extremal quasiconformal extensions”, Chinese Science Bull. 42 (1997), 1765–1767.

[CZL] J. Chen, H. Zhu and X. Liang, Moduli of quadrilaterals and substantial points, Chinese Annals of Math. (to appear).

[EGL] C. J. Earle, F. P. Gardiner and N. Lakic, Vector fields for holomorphic motions of closed sets, Contemp. Math. 211 (1997), 193–225.

[EL] C. J. Earle and Li Zhong, Isometrically embedded polydisks in infinite dimensional Teichmüller spaces, J. Geom. Anal. 9 (1999), 51–71.

[Ga] F. P. Gardiner, Teichmüller Theory and Quadratic Differentials, Wiley–Interscience, New York, 1987.

[GL] F. P. Gardiner and N. Lakić, Quasiconformal Teichmüller Theory, AMS, Providence, R. I., 2000.

[GS] F. P. Gardiner and D. P. Sullivan, Symmetric and quasisymmetric structures on a closed curve, Amer. J. Math. 114 (1992), 683–736.

[GY] J. B. Garnett and S. Yang, Quasiextremal distance domains and integrability of derivatives of conformal mappings, Mich. Math. J. 41 (1994), 389–406.

[Ge] F. W. Gehring, Quasiconformal mappings, Complex Analysis and Its Applications, vol. 2, International Atomic Energy Agency, Vienna, 1976, 213–268.

[GM] F. W. Gehring and O. Martio, Quasiextremal distance domains and extension of quasiconformal mappings, J. d’Analyse Math. 45 (1985), 181–206.

[Ha] R. S. Hamilton, Extremal quasiconformal mappings with prescribed boundary values, Tran.

Amer. Math. Soc. 138 (1969), 399–406.

[Kr1] S. L. Krushkal, Extremal quasiconformal mappings, Siberian Math. J. 10 (1969), 411–418. [Kr2] S. L. Krushkal, Grunsky coefficient inequalities, Carathéodory metric and extremal quasiconformal mappings, Comment. Math. Helv. 64 (1989), 650–660.

[KP] J. G. Krzyz and D. Partyka, Generalized Neumann–Poincaré operator, chord-arc curves and Fredholm eigenvalues, Complex Variables 21 (1993), 253–263.

[Ku] R. Kühnau, Quasikonforme Fortsetzbarkeit, Fredholmschen Eigenwerte und Grunskysche Koeffizientenbedingungen, Ann. Acad. Sci. Fenn. 7 (1982), 383–391.

[La] N. Lakić, Strebel points, Contemporary Math. 211 (1997), 417–431. [Le] O. Lehto, Univalent Functions and Teichmüller Spaces, Springer–Verlag, New York, 1986. [LWQ] Z. Li, S. Wu and Y. Qi, A class of quasisymmetric functions with substantial boundary points, Chinese Science Bull. 44 (1999), 926–930.

[Na] S. Nag, The Complex Analytic Theory of Teichmüller Spaces, Wiley–Interscience, 1988. [NS] S. Nag and D. Sullivan, Teichmüller theory and the universal period mapping via quantum calculus and the H^12 space on the circle, Osaka J. Math. 32 (1995), 1–34.

[P1] D. Partyka, Generalized harmonic conjugation operator, Ber. Univ. Jyväskylä Math. Inst.

55 (1993), 143–155, Proc. of the Fourth Finnish–Polish Summer School in Complex Analysis at Jyväskylä.

[P2] D. Partyka, Spectral values and eigenvalues of a quasicircle, Ann. Univ. Mariae Curie- Sklodowska Sect. A 46 (1993), 81–98.

106 SHEN YU-LIANG

[P3] D. Partyka, The smallest positive eigenvalue of a quasisymmetric automorphisms of the unit circle, Banach Ceneter Publications, Institute of Mathematics Polish Academy of Sciences, Warszawa, Topics in Complex Analysis 31 (1995), 303–310.

[P4] D. Partyka, Some extremal problems concerning the operator B_γ , Ann. Univ. Mariae Curie- Sklodowska Sect. A 49 (1996), 163–184.

[P5] D. Partyka, The generalized Neumann–Poincaré operator and its spectrum, Dissertations Math. No. 484, Institute of Mathematics, Polish Academy of Sciences, Warszawa, 1997.

[PS1] D. Partyka and K. Sakan, A conformally invariant dilatation of quasisymmetry, Ann. Univ.

Mariae Curie-Sklodowska, Sect. A 53 (1999), 167–181.

[PS2] D. Partyka and K. Sakan, On pseudo-metrics on the space of generalized quasisymmetric automorphisms of a Jordan curve, Ann. Univ. Mariae Curie-Sklodowska, Sect. A 55 (1999), 115–138.

[Re] E. Reich, An approximation condition and extremal quasiconformal extensions, Proc. Amer.

Math. Soc. 125 (1997), 1479–1481.

[RS] E. Reich and K. Strebel, Extremal quasiconformal mappings with prescribed boundary values, In: Contributions to Analysis, A collection of papers dedicated to Lipman Bers. Academic Press, New York, 1974, pp. 375–391.

[SZ] K. Sakan and J. Zajac, The Douady–Earle extension of quasihomographies, Topics in Complex Analysis, Banach Center Publications, Institute of Mathematics, Polish Academy of Sciences, Warszawa, 37 (1996), 43–51.

[S1] M. Schiffer, Fredholm eigenvalues of plane domains, Pacific J. Math. 7 (1957), 1187–1225. [S2] M. Schiffer, Fredholm eigenvalues and Grunsky matrices, Ann. Pol. Math. 39 (1981), 149–164. [Sc1] G. Schober, Continuity of curve functionals and a technique involving quasiconformal mappings, Arch. Ration. Mech. Anal. 29 (1968), 378–389.

[Sc2] G. Schober, Semicontinuity of curve functionals, Arch. Ration. Mech. Anal. 33 (1969), 374– 376.

[Sh1] Y. Shen, Quasiconformal mappings and harmonic functions, Adv. in Math. (Beijing) 28 (1999), 347–357.

[Sh2] Y. Shen, A counterexample theorem in quasiconformal mapping theory, Science in China 43 (2000), 929–936.

[Sh3] Y. Shen, Pull–back operators by quasisymmetric functions and invariant metrics on Teichmüller spaces, Complex Variables 42 (2000), 289–307.

[Sh4] Y. Shen, Notes on pull-back operators by quasisymmetric homeomorphisms with applications to Schober’s functionals, Chinese Annals of Math. 24A (2003), 209-218; Chinese J. of Contemporary Math. 24 (2003), 187-196.

[Sh5] Y. Shen, Conformal invariants on QED domains, Tohoku Math. J. 56 (2004), to appear. [Sp] G. Springer, Fredholm eigenvalues and quasiconformal mapping, Acta math. 111 (1964), 121–141.

[ST] H. Shiga and H. Tanigawa, Grunsky’s inequality and its applications to Teichmüller spaces, Kodai Math. J. 16 (1993), 361–378.

[St1] K. Strebel, Zur Frage der Eindeutigkeit extremaler quasikonformer Abbildungen des Einheitskreises, Comment. Math. Helv. 36 (1962), 306–323.

[St2] K. Strebel, On the existence of extremal Teichmüller mappings, J. Anal. Math. 30 (1976), 464–480.

[St3] K. Strebel, Extremal quasiconformal mappings, Result. Math. 10 (1986), 169–209. [St4] K. Strebel, On the dilatation of extremal quasiconformal mappings of polygons, Comment.

Math. Helv. 74 (1999), 143–149.

[Va] J. Väisälä, Lectures on n–dimensional Quasiconformal Mappings, Lecture Notes in Math.

229, Springer-Verlag, Berlin–Heidelberg–New York, 1971.

[Wu] S. Wu, Moduli of quadrilaterals and extremal quasiconformal extensions of quasisymmetric functions, Comment. Math. Helv. 72 (1997), 593–604.

[WY] S. Wu and S. Yang, On symmetric quasicircles, J. Austr. Math. Soc. Ser. A 68 (2000), 131–144.

[Y1] S. Yang, QED domains and NED sets in R^n, Tran. Amer. Math. Soc. 334 (1992), 97–120. [Y2] S. Yang, On dilatations and substantial boundary points of homeomorphisms of Jordan curves, Result. Math. 31 (1997), 180–188.

[Y3] S. Yang, Conformal invariants of smooth domains and extremal quasiconformal mappings of ellipses, Illinois J. Math. 41 (1997), 438–452.

[Y4] S. Yang, A modulus inequality for condensers and conformal invariants of smooth domains, J. Anal. Math. 75 (1998), 173–183.

[Z] J. Zajac, The distortion function Φ_K and quasihomographies, Current topics of analytic function theory, 1992, 403–428.

Department of Mathematics (Received 22 05 2003) Suzhou University Suzhou 215006 P. R. China

ylshen@suda.edu.cn