PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 72(86) (2002), 49–54

ON GAPS BETWEEN BOUNDED OPERATORS

Dragana Cvetković

Communicated by Miroljub Jevtić

Abstract. We consider the distance between an arbitrary bounded operator on a Banach space X and the null operator. The distance is computed in terms of various gaps. Thus, we generalize the Habibi’s result from [4]

1. Introduction

In [4] Habibi considered the spherical gap between a linear operator and the null operator on finite dimensional Hilbert spaces. We extend (see also [1]) his result to various gaps on arbitrary Banach spaces.

Let X, Y be arbitrary Banach spaces. We denote by G(X), and B(X, Y ), respectively, the set of all closed subspaces of X and the set of all bounded linear operators from X to Y . The closed unit sphere of a Banach space X is denoted by S(X). If x is a vector of a Banach space X and M is a subset of X we put dist(x, M) = inf_{m∈M} ‖x − m‖. If M, N are subspaces of X, the set of all invertible operators C on X such that C(M) = N is denoted by B(X; M, N)^{−1}. Let X × Y be the space with the norm ‖(x, y)‖ = (‖x‖^p + ‖y‖^p)^{1/p}, x ∈ X, y ∈ Y, p ⩾ 1. Let M, N ∈ G(X). The spherical gap between M and N is defined by [2]

~Θ(M, N) = max { ~Θ_0(M, N), ~Θ_0(N, M) } , where ~Θ_0(M, N) = sup m∈S(M) d(m, S(N)). 2000 Mathematics Subject Classification. Primary: 46B20; Secondary 15A60. Key words and phrases. spherical gap; geometric gap.

The geometric gap between M and N is defined by [6] Θ(M, N) = max {Θ_0(M, N), Θ_0(N, M)} , where Θ_0(M, N) = sup_{m∈S(M)} d(m, N).

If A, B ∈ B(X, Y ), then their graphs G(A), G(B) are closed subspaces of X ×Y , so the gap between the operators A and B is defined as the gap between their graphs, i.e., ~Θ(A, B) = ~Θ(G(A), G(B)) and Θ(A, B) = Θ(G(A), G(B)). Also,

~Θ_0(A, B) = ~Θ_0(G(A), G(B)) and Θ_0(A, B) = Θ_0(G(A), G(B)).

Obviously, ~Θ(A, B) = max { ~Θ_0(A, B), ~Θ_0(B, A) } , Θ(A, B) = max {Θ_0(A, B), Θ_0(B, A)} .

In [4] Habibi considered the spherical gap between operators on finite dimensional Hilbert spaces, assuming p = 2. We shall consider spherical and geometric gap of bounded operators on Banach spaces, where p ⩾ 1 is arbitrary. Thus, a generalization of Habibi’s result is obtained. 2. Results First we compute the spherical gap between a bounded operator and the null operator.

Theorem 2.1. If X, Y are Banach spaces and A ∈ B(X, Y ), then

~Θ(A) = ~Θ(A, 0) = (( 1 − 1 (1 + ‖A‖^p)^{1/p} )_p + ‖A‖^p 1 + ‖A‖^p )_{1/p} .

Proof. Since G(A) = {(x, Ax) : x ∈ X} and G(0) = {(x, 0) : x ∈ X}, it follows that ~Θ_0(A, 0) = sup (y,Ay)∈S(G(A)) inf (x,0)∈S(G(0)) ‖(x, 0) − (y, Ay)‖ = sup_{y∈X} ‖y‖^p+‖Ay‖^p=1 inf_{x∈X} ‖x‖=1 (‖x − y‖^p + ‖Ay‖^p)^{1/p} .

Consider the function f(x, y) = (‖x − y‖^p + ‖Ay‖^p)^{1/p}. Suppose that x ∈ X, y ∈ Y satisfy (1) ‖x‖ = 1, ‖y‖^p + ‖Ay‖^p = 1. Then f(x, y) ⩾ ((‖x‖ − ‖y‖)^p + ‖Ay‖^p)^{1/p} = ((1 − ‖y‖)^p + ‖Ay‖^p)^{1/p}. Hence,

(2) inf_{x∈X} ‖x‖=1 f(x, y) ⩾ ((1 − ‖y‖)^p + ‖Ay‖^p)^{1/p}.

Also, inf_{x∈X} ‖x‖=1 f(x, y) ⩽ f ( y ‖y‖ , y ) = ((1 − ‖y‖)^p + ‖Ay‖^p)^{1/p}. (3)

So, from (2) and (3) it follows that

(4) inf_{x∈X} ‖x‖=1 f(x, y) = ((1 − ‖y‖)^p + ‖Ay‖^p)^{1/p}.

According to the condition (1) we have ‖y‖ ⩾ 1 (1 + ‖A‖^p)^{1/p} . Since the function ϕ(t) = (1 − t)^p + 1 − t^p is decreasing for 0 ⩽ t ⩽ 1, we have

~Θ_0(A, 0) = sup y∈X ‖y‖^p+‖Ay‖^p=1 ((1 − ‖y‖)^p + 1 − ‖y‖^p)^{1/p}

= ( (1 − 1 (1 + ‖A‖^p)^{1/p}

)^p + ‖A‖^p 1 + ‖A‖^p )_{1/p} . (5) Let y = cx, where c =^1_{(1+‖Ax‖p)1/p} . It is obvious that y satisfy the condition (1)

and f(x, y) = (( 1 −^1 (1+‖Ax‖^p)^{1/p} )_p +^{‖Ax‖p} 1+‖Ax‖^p )_{1/p} . So, (6) inf_{y∈Y} ‖y‖^p+‖Ay‖^p=1 f(x, y) ⩽ (( 1 − 1 (1 + ‖Ax‖^p)^{1/p} )_p + ‖Ax‖^p 1 + ‖Ax‖^p )_{1/p} .

The function ψ(t) = (1 −^1_{(1+t)1/p} )^p +^t_{1+t} is increasing, so from (6) it follows that

~Θ_0(0, A) ⩽ sup x∈X ‖x‖=1 (( 1 − 1 (1 + ‖Ax‖^p)^{1/p} )_p + ‖Ax‖^p 1 + ‖Ax‖^p )_{1/p}

= (( 1 − 1 (1 + ‖A‖^p)^{1/p} )_p + ‖A‖^p 1 + ‖A‖^p )_{1/p} . (7) Finally, from (5) and (7) we have that

~Θ(A) = max { ~Θ_0(A, 0), ~Θ_0(0, A) } = ~Θ_0(A, 0) = (( 1 − 1 (1 + ‖A‖^p)^{1/p} )_p + ‖A‖^p 1 + ‖A‖^p )_{1/p} □

From the proof of Theorem 2.1 it follows that

~Θ_0(0, A) ⩽ ~Θ_0(A, 0) = ( (1 − 1 (1 + ‖A‖^p)^{1/p}

)^p + ‖A‖^p 1 + ‖A‖^p )_{1/p} . Notice that Habibi’s main result in [4] is a special case of our Theorem 2.1 for p = 2.

Now, we consider the geometric gap.

Theorem 2.2. If X, Y are Banach spaces and A ∈ B(X, Y ), then

Θ_0(A, 0) = ‖A‖ (1 + ‖A‖^p)^{1/p} .

Proof. It follows that

Θ_0(A, 0) = sup_{y∈X} ‖y‖^p+‖Ay‖^p=1 inf_{x∈X} (‖x − y‖^p + ‖Ay‖^p)^{1/p}

= sup_{y∈X} ‖y‖^p+‖Ay‖^p=1 ‖Ay‖ = sup_{z∈X} ‖Az‖ (‖z‖^p + ‖Az‖^p)^{1/p} = ‖A‖ (1 + ‖A‖^p)^{1/p} □

In the case p = 2 we can obtain the following Habibi’s result. Theorem 2.3. If X and Y are Banach spaces, A ∈ B(X, Y ) and p = 2, then the following holds: Θ(A, 0) = ‖A‖ (1 + ‖A‖^2)^{1/2} .

Proof. By Theorem 2.2 it is sufficient to prove

Θ_0(0, A) ⩽ ‖A‖ (1 + ‖A‖^2)^{1/2} . Actually, this is a Habibi’s result from [3]. For reader’s convenience, we give a complete proof. Consider the function f(x, y) = (‖x − y‖^2 + ‖Ay‖^2)^{1/2}. Let x ∈ S(X) and y =^x_{1+‖Ax‖2} . Then we have dist((x, 0), G(A)) ⩽ f(x, y) = ‖Ax‖ (1 + ‖Ax‖^2)^{1/2} . Since the function μ(t) =^t_{1+t} is increasing, it follows that

Θ_0(0, A) = sup_{‖x‖=1} dist((x, 0), G(A)) ⩽ sup_{‖x‖=1} ‖Ax‖ (1 + ‖Ax‖^2)^{1/2} = ‖A‖ (1 + ‖A‖^2)^{1/2} . □

Finally, we can prove the following result.

Theorem 2.4. Let X, Y be Banach spaces and X × Y is the space with the norm ‖(x, y)‖ = (‖x‖^2 + ‖y‖^2)^{1/2}, x ∈ X, y ∈ Y. If A, B ∈ B(X, Y ), then Θ(A, B) ⩽ 2(1 + min{‖A‖, ‖B‖}^2) ‖A − B‖ (1 + ‖A − B‖^2)^{1/2} . Proof. From [5],Theorem 2.17, page 204, it follows that

Θ(A, B) = Θ((A − B) + B, 0 + B) ⩽ 2(1 + ‖B‖^2)Θ(A − B, 0), and Θ(A, B) = Θ(0 + A, (B − A) + A) ⩽ 2(1 + ‖A‖^2)Θ(B − A, 0).

Now, by Theorem 2.3 we have that

Θ(A, B) ⩽ 2(1 + ‖B‖^2) ‖A − B‖ (1 + ‖A − B‖^2)^{1/2} , and Θ(A, B) ⩽ 2(1 + ‖A‖^2) ‖A − B‖ (1 + ‖A − B‖^2)^{1/2} , i.e., Θ(A, B) ⩽ 2(1 + min{‖A‖, ‖B‖}^2) ‖A − B‖ (1 + ‖A − B‖^2)^{1/2} . □ The author wishes to thank referee for suggestions which greatly improved several proofs.

54 CVETKOVI^´C

References

[1] D. Cvetković, Gaps between Banach spaces(in Serbian), Master Thesis, Faculty of Science and Mathematics, University of Nis (2000), 1–81.

[2] I. C.Gohberg and A. S. Markus, Two theorems on the opening between subspaces of a Banach space, Uspekhi Mat. Nauk. 14 (5) (1959), 135–140 (Russian).

[3] J. F. Habibi, The gap of the graph of a matrix, Linear Algebra Appl. 186 (1993), 55–57. [4] J. F. Habibi, The spherical gap of the graph of a linear transformation, Linear Algebra Appl.

212 (1994), 501–503.

[5] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, Berlin-Heidelberg-New York, 1976.

[6] M. G. Krein, M. A. Krasnoselskii and D. P. Milman, On the defect numbers of linear operators in a Banach space and on some geometric questions, Sbornik Trudov Inst. Mat. AN Ukrainian SSR 11 (1948), 97–112 (Russian).

Prirodno-atematički fakultet (Received 17 01 2001) 18000 Niš (Revised 28 02 2002) Serbia and Montenegro

dragana@pmf.pmf.ni.ac.yu