PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 70(84) (2001), 63–68

ESTIMATING OF PARAMETERS:

NUAR(1) PROCESS

Miroslav M. Ristić and Biljana Č. Popović

Communicated by Zoran Ivković

Abstract. We applied the method of conditional least squares for estimating parameters of NUAR(1). This process can be represented as the random coefficient autoregressive time series of the form X_n = U_nX_{n−1} + V_n, where {(U_n, V_n)} is the sequence of independent identically distributed random vectors such that supply the elements of the sequence {X_n} with U(0, 1) marginal distribution. Defined estimates were the functions of the estimates of moments E(U_n) and E(U_nV_n) and they are strong consistent and asymptotically normally distributed.

1. Introduction

The new uniform autoregressive time series of order one (NUAR(1)) was defined in [7] by Ristić and Popović. This process is a generalization of the uniformly distributed autoregressive process of order one with positive correlations of order one which was defined by Chernik [3].

NUAR(1) process is a stationary process with uniform U(0, 1) marginal distribution defined as

X_n = { αX_{n−1} w.p. α βX_{n−1} + ε_n w.p. 1 − α, where α and β are parameters with the values from the interval (0, 1) such that k ≡ (1 − α)/β ∈ {2, 3, . . . }. {ε_n} is the sequence of independent identically distributed random variables with the following distribution P {ε_n = α + jβ} = β/(1 − α), j = 0, 1, . . . , k − 1. The sequences {X_n} and {ε_n} are semiindependent.

2000 Mathematics Subject Classification. Primary 62M10.

Key words and phrases. Conditional least squares estimation, uniform autoregressive process, asymptotic normality, strong consistency. 63

Ristić and Popović proved (theorem 4.1 [7]) that NUAR(1) process can be represented as the following random coefficient autoregression

X_n = U_nX_{n−1} + V_n,

(1.1)

where {(U_n, V_n)} is the sequence of independent identically distributed random vectors distributed as U_n\V_n 0 α α + β . . . α + (k − 2)β α + (k − 1)β α α 0 0 . . . 0 0 β 0 β β . . . β β and {X_n} and {(U_n, V_n)} are semiindependent.

The authors proved also (theorem 4.2 [7]) that if the conditions of the theorem 4.1 [7] were satisfied, then difference equation (1.1) had nonanticipative unique σ_n-measurable, stationary, strictly stationary and ergodic solution:

X_n = ∞∑ i=1 (_{i−1}∏ j=0 U_{n−j} ) V_{n−i} + V_n, where σ_n is the σ-field generated by the random vectors {(U_m, V_m), m ≤ n}.

In this very moment we apply the method of conditional least squares according to the procedure introduced by Popović [6]. Meanwhile, instead of the second moments of U_n and V_n separately, now we use mixed second moment E(U_nV_n).

Section 2 of this paper is given up to the explicit representation of the estimates of parameters of NUAR(1) by the method of conditional least squares. In Section 3 we prove that the estimate of the moment E(U_n) is strong consistent and satisfies the asymptotic normality. The vector of estimates of moments E(U_n) and E(U_nV_n) is considered in Section 4. We prove that this estimate is strong consistent and asymptotically bivariate normally distributed.

2. The application of the method of conditional least squares

The purpose of the application of the procedure of conditional least squares is to estimate parameters α and β of NUAR(1). We use only one realization, X_1, X_2, . . . , X_N , according to the ergodicity of the process {X_n}. Mark that the difference equation (1.1) can be represented as

Y_n = uY_{n−1} + θ_n,

where Y_n = X_n − 1/2, u = E(U_n) and θ_n = (U_n − u)Y_{n−1} + (U_n + 2V_n − 1)/2. The solution of this equation has the same properties as the solution of the equation (1.1).

The method of conditional least squares minimizes the function S(u) = N∑ n=2 {Y_n − E(Y_n|Y_{n−1})}^2 = N∑ n=2 {Y_n − uY_{n−1}}^2.

After the minimizing procedure the estimate for u follows:

û = N∑ n=2 Y_{n−1}Y_n /_N∑ n=2 Y^2_{n−1}.

Properties of this statistics will be considered in Section 3.

To solve the problem of estimating two parameters we need one more equation, or better to say one more moment of the process. The most convenient for the model which we discuss in this paper is the mixed second moment: w = E(U_nV_n) = β(1 − u)/2. Let R_n = (Y_n − E(Y_n|Y_{n−1}))^2. Simple computation will prove that E(R_n|Y_{n−1}) = u_2P_{n−1} + 2wY_{n−1} + Q_{n−1}, where P_{n−1} = Y^2_{n−1} + Y_{n−1} − 1/12 and Q_{n−1} = 1/12 − uY_{n−1} − u^2Y^2_{n−1}. Now we minimize the function

S_1(u_2, w) = N∑ n=2 {R_n − E(R_n|Y_{n−1})}^2 according to u_2 and w. Let R = (R_2, R_3, . . . , R_N )^′, P = (P_1, P_2, . . . , P_{N−1})^′, Q = (Q_1, Q_2, . . . , Q_{N−1})^′ and Y = (Y_1, Y_2, . . . , Y_{N−1})^′. The solution (u_2, w) of the system of the equations ∂S_1 ∂u_2 = 0, ∂S_1 ∂w = 0 will supply us with the statistics

ŵ = Δ^{−1} ( P^′P(R̂ − Q̂)^′Y − P^′Y(R̂ − Q̂)^′P ) , (2.1)

where R̂ = ((Y_2 − ûY_1)^2, . . . , (Y_N − ûY_{N−1})^2)^′, Q̂ = (1/12 − ûY_1 − û^2Y^2_1 ,. . . , 1/12 − ûY_{N−1} − û^2Y^2_{N−1})^′, and Δ = 2(P^′PY^′Y − P^′YP^′Y). Finally, from û and ŵ we shall the estimates for α i β. The estimate for β is

β̂ = 2ŵ 1 − û , and for α will be necessary to solve the quadratic equation α̂^2 + (1 − α̂)β̂ = û.

3. Asymptotic behavior of û Properties of the statistics û are discussed in this section.

Theorem 3.1. The estimate û is strong consistent estimate of the parameter u and √ N − 1(û − u) is asymptotically normally distributed with zero mean and variance

σ^2 = 1 5 (1 − α)(5 + 5α + 5α^2 + 9α^3 − 18α^2β − 5β^2 + 9αβ^2).

Proof. The sequences of random variables {Y_{n−1}θ_n} and {Y^2_{n−1}} are strictly stationary and ergodic. It is obvious that û − u = N∑ n=2 Y_{n−1}θ_n /_N∑ n=2 Y^2_{n−1}.

According to this and ergodic theorem it follows that û is strong consistent estimate for u. According to the same reasons 1 N − 1 N∑ n=2 Y^2_{n−1}^P→ 1 12 , (3.1)

and according to the central limit theorem for martingals [1] it follows that 1 √ N − 1 N∑ n=2 Y_{n−1}θ_n^d→ N (0, σ^2/144).

(3.2)

At last, from (3.1) and (3.2), it follows that √ N − 1(û−u) converges in distribution to the above specified normal distribution. □

4. Asymptotic behavior of the vector D̂ = (û, ŵ)^′

Finally, we prove that the vector D̂ is strong consistent estimate of the vector D = (u, w)^′ and that √ N − 1(D̂ − D) is asymptotically bivariate normally distributed.

If we suppose that the true value of the parameter u is known, we can set it in (2.1) instead of û to get w̃. Now we shall set D̃ = (û, w̃)^′ and discuss firstly properties of D̃ − D̂ = ( 0 w̃ − ŵ )

It is obvious that the asymptotic behavior of the vector D̃ − D̂ will follow the asymptotic behavior of its component w̃ − ŵ. This behavior is displayed in the next lemma.

Lemma 4.1. w̃ − ŵ converges almost sure to 0 and √ N − 1(w̃ − ŵ) converges in probability to 0.

Proof. Simple calculation will prove that

w̃ − ŵ = Δ^{−1} [ P^′P ( R − R̂ − Q + Q̂ )_′ Y − P^′Y ( R − R̂ − Q + Q̂ )_′ P ] . Let us consider the elements of the vectors R − R̂ i Q − Q̂:

R_n − R̂_n = (û − u)^2Y^2_{n−1} − 2(û − u)Y_{n−1}θ_n, Q_{n−1} − Q̂_{n−1} = (û − u)^2Y^2_{n−1} + (û − u)(Y_{n−1} + 2uY^2_{n−1}).

Then we shall have that 1 N − 1 ( R − R̂ − Q + Q̂ )_′ Y = 1 N − 1 ( −2(û − u) N∑ n=2 Y^2_{n−1}θ_n − (û − u) N∑ n=2 (Y^2_{n−1} + 2uY^3_{n−1}) ) .

According to the ergodic theorem, each of the random variables^1_{N−1}^N ∑ n=2 Y^2_{n−1}θ

and^1_{N−1}^N ∑ n=2 Y^3_{n−1} converges to zero almost sure, and that^1_{N−1}^N ∑ n=2 Y^2_{n−1} converges

almost sure to 1/12. Because of the same reasons, it follows that^1_{N−1} P^′P converges almost sure to 4/45. Following also the arguments of the theorem 3.1, finally we shall have that 1 (N − 1)^2

P^′P ( R − R̂ − Q + Q̂ )_′ Y converges almost sure to 0.

In the similar way it can be concluded that 1 (N − 1)^2

P^′Y ( R − R̂ − Q + Q̂ )_′ P and^1_{N−1} Δ converge almost sure to 0 and 1/1080, respectively. It will imply the same convergence of w̃ − ŵ to 0. So, it follows that √ N − 1(w̃ − ŵ) converges in probability to 0. □

Next we shall prove that there exists a vector D^∗ such that: D^∗ − D̃^{a.s.}→ 0, (4.1) D^∗ − D^{a.s.}→ 0, (4.2) √ N − 1(D^∗ − D)^d→ N (0, H),

(4.3)

where H is a covariance matrix.

Lemma 4.2. If we define vector D^∗ = (u^∗, w^∗)^′ such that

u^∗ = 12 N − 1 N∑ n=2 Y_{n−1}θ_n + u, w^∗ =

1080 N − 1 P^′A + w,

where A = P(R − u_2P − 2wY − Q)^′Y − Y(R − u_2P − 2wY − Q)^′P, it will be the truth that D^∗ satisfies (4.1) − (4.3), where the covariance matrix H will be ( 144E(Y^2_1 θ^2 ) 12960E(Y_1θ_2P_1A_1) 12960E(Y_1θ_2P_1A_1) 1080^2E(P^2_1 A^2_1) ) . (4.4)

Proof. The convergence of (4.1) and (4.2) is to be proved in the similar way as it was done in the previous lemma. So, we shall prove (4.3) only.

According to the central limit theorem for martingals [1] it follows that for any vector λ = (λ_1, λ_2)^′ √ N − 1λ^′(D^∗ − D) = 1 √ N − 1 N∑ n=2 (12λ_1Y_{n−1}θ_n + 1080λ_2P_{n−1}A_{n−1})

68 RISTI^´C AND POPOVI^´C

has normal limit distribution with zero mean and variance λ^′Hλ, where H is defined by (4.4). As it is the truth for any λ, (4.3) will be satisfied according to the Cramer- Wold’s device (Brockwell and Davis [2], proposition 6.3.1). □

These results imply the theorem:

Theorem 4.1. The vector D̂ is a strong consistent estimate for D and the convergence √ N − 1(D̂ − D)^d→ N (0, H) is satisfied, where H is the covariance matrix defined by (4.4).

Proof. The proof follows from two previous lemmas and the following fact D̂ − D = (D̂ − D̃) + (D̃ − D^∗) + (D^∗ − D). □ References

[1] P. Billingsley, The Lindeberg-Levy theorem for martingales, Proc. Amer. Math. Soc. 12 (1961), 788–792.

[2] P. Brockwell, R. Davis, Time Series: Theory and Methods, Springer-Verlag, New York, 1987. [3] M.R. Chernick, A limit theorem for the maximum of autoregressive processes with uniform marginal distributions, Ann. Probab. 9 (1981), 145–149.

[4] M.R. Chernick, R.A. Davis, Extremes in autoregressive processes with uniform marginal distributions, Statistics and Probability Letters 1 (1982), 85–88.

[5] A.J. Lawrance, Uniformly distributed first-order autoregressive time series models and multiplicative congruential random number generators, J. Appl. Prob. 29 (1992), 896–903.

[6] B.Č. Popović, Estimation of parameters of RCA with exponential marginals, Publ. Inst. Math.

(Beograd) (N.S.) 54(68) (1993), 135–143.

[7] M.M. Ristić, B.Č. Popović, A new uniform AR(1) time series model (NUAR(1)), Publ. Inst.

Math. (Beograd) (N.S.) 68(82) (2000), 145–152.

[8] M.M. Ristić, M. M., B.Č. Popović, Parameter estimation for uniform autoregressive processes, Novi Sad J. Math. 30 (2000), 89–95.

Prirodno-matematički fakultet (Received 20 03 2001) 18000 Niš Yugoslavia

miristic@ptt.yu
biljanap@ban.junis.ni.ac.yu