PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 64 (78), 1998, 98–106

CONVERGENCE STRUCTURES AND S-ASYMPTOTIC BEHAVIOUR OF FOURIER HYPERFUNCTIONS

B. Stanković

Communicated by Stevan Pilipović

Abstract. Some structural theorems for the convergence in the space of Fourier hyperfunctions are proved and applied to the S-asymptotic behaviour of elements in this space.

Preliminaries

We denote by D^n the compactification of R^n, D^n = R^n ∪ S^{n−1}_∞ and supply it with the usual topology. The sheaves Õ and Q on D^n + iR^n are defined as follows (cf. [4], [5]). For any open set U ⊂ D^n + iR^n, and δ ≥ 0 Õ^{−δ}(U)(Õ^0(U) = Õ(U)) consists of those elements of O(U ∩ C^n) which satisfy |F (z)| ≤ C_{V,ε} exp(−(δ − ε) × | Re z|) uniformly for any open set V ⊂ C^n, V̄ ⊂ U, and for every ε > 0. Hence, Õ|_{Cn} = O. The derived sheaf Hn_{Dn} (Õ), denoted by Q, is called the sheaf of Fourier hyperfunctions. It is a flabby sheaf on D^n [5]. We need only the space of global sections Q(D^n).

Let I_k , k = 1, . . . be open intervals, neighbourhoods of 0 ∈ R, let I = I_1 × · · · × I_n be a convex neighbourhood of 0 ∈ R^n and U_j = {(D^n + iI) ∩ {Im z_j ≠ 0}}, j = 1, . . . , n. The family {D^n +iI, U_j ; j = 1, . . . , n} gives a relative Leray covering for the pair {D^n + iI, (D^n + iI) \ D^n} relative to the sheaf Õ. Thus

Q(D^n) = Õ((D^n + iI)#D^n) /^n∑ j=1 Õ((D^n + iI)#_j D^n),

where (D^n + iI)#D^n = U_1 ∩ · · · ∩ U_n and

(D^n + iI)#_j D^n = U_1 ∩ · · · ∩ U_{j−1} ∩ U_{j+1} ∩ · · · ∩ U_n.

AMS Subject Classification (1991): Primary 46F10 Supported by Ministry of Science and Technology of Serbia, grant number 04M03/C

Similarly Q^{−δ}, δ > 0, is defined using Õ^{−δ} instead of Õ (cf. Definition 8.2.5. in [4]).

We shall use the notation Λ for the set of n-vectors with entry {−1, 1}; the corresponding open orthants in R^n will be denoted by Γ_σ, σ ∈ Λ. By Γ we denote a convex cone in R^n.

A global section f = [F ] ∈ Q(D^n) is defined by F ∈ Õ((D^n + iI)#D^n); F = (F_σ ), where F_σ ∈ Õ(D^n + iI_σ), D^n + iI_σ is an infinitesimal wedge of type R^n + iΓ_σ0, σ ∈ Λ, I_σ = I ∩ Γ_σ . F is the defining function for f.

Recall the topological structure of Q(D^n). Let f = [F ] ∈ Q(D^n) and F ∈ Õ((D^n + iI)#D^n). Then, a family of semi-norms is defined by P_{K,ε}(F ) = sup z∈R^n+iK |F (z) exp(−ε| Re z|)|, ε > 0, K ⊂⊂ I \{0}; Õ((D^n +iI)#D^n) is a Fréchet

and Montel space, as well as Q(D^n).

Let f = [F ] ∈ Q(D^n). Then we associate to f, f(x) ∼= ∑ σ∈Λ sgn σF_σ (x +

iΓ_σ0), F_σ ∈ Õ(D^n + iI_σ ) (cf. [4, Theorem 8.5.3 and Definition 8.3.1]).

The Fourier transform of Q(D^n) is defined by the use of functions χ_σ = χ_{σ1} . . . χ_{σn} , where σ_k = ±1, k = 1, . . . , n, σ = (σ_1, . . . , σ_n) and χ_1(t) = e^t/(1 + e^t), χ_{−1}(t) = 1/(1+e^t), t ∈ R. Let u(x) ∼= ∑ σ∈Λ U_σ (x+iΓ_σ 0) = ∑ σ∈Λ ∑ σ̃∈Λ (χ_{σ̃} U_σ )(x+iΓ_σ 0),

where χ_{σ̃} U_σ ∈ Q(D^n + iI_σ ), σ, σ̃ ∈ Λ and decreases exponentially along the real axis outside the closed σ̃-th orthant.

The Fourier transform of u is defined by F(u) ∼= ∑ σ∈Λ ∑ σ̃∈Λ F(χ_{σ̃} U_σ)(ξ − iΓ_{σ̃} 0) ∑ σ∈Λ ∑ σ̃∈Λ ∫ Im z=y^σ e^{izζ} (χ_{σ̃} U_σ)(z)dx, y^σ ∈ I_σ , ζ = ξ + iη,

where F(χ_{σ̃} U_σ) ∈ Õ(D^n − iI_{σ̃}) and |F(χ_{σ̃} U_σ )(z)| = O(e^{−w|x|}) for a suitable w > 0 along the real axis outside the closed σ-orthant. F is an automorphism of Q(D^n).

A continuous function v defined on R^n is of infra-exponential growth if for every ε > 0 there exists C_ε > 0 such that |v(x)| ≤ C_εe^{ε|x|}, x ∈ R^n. By ‖v‖_ε = sup x∈R^n e^{−ε|x|}|v(x)|, ε > 0 we define a family of seminorms in the space of functions

of infra-exponential growth. By ℓv we denote the Fourier hyperfunction defined by v. An infinite-order differential operator J(D) = ∑ |α|≥0 b_αD^α with lim_{|α|→∞} √ [|α|]|b_α|α! = 0 is called a local operator. J(D) acts on Q as a sheaf homomorphism and continuously on Q(D^n).

We shall use the following proposition proved in [7] and [8].

Proposition 1. Let I be a convex neighbourhood of 0 ∈ R^n and I_σ = I ∩ Γ_σ, σ ∈ Λ. Let {f_h; h ∈ Γ} be a family in Q(D^n) such that f_h ∼= ∑ σ∈Λ G_{h,σ}(x + iΓ_σ0),

where G_{h,σ} ∈ Õ(D^n + iI_σ ), h ∈ Γ, σ ∈ Λ.

A necessary and sufficient condition that f_h converges in Q(D^n) to f ∼= ∑ σ∈Λ G_σ (x + iΓ_σ0) as ‖h‖ → ∞, h ∈ Γ is the existence of families {F_{h,σ} ; h ∈ Γ}

⊂ Õ(D^n + iI_σ ), σ ∈ Λ, such that

1) F_h = (F_{h,σ} ) belongs to the same class as G_h = (G_{h,σ} ), h ∈ Γ; 2) For every σ ∈ Λ, F_{h,σ} converges to F_σ in Õ(D^n +iI_σ ) as ‖h‖ → ∞, h ∈ Γ, where F = (F_σ ) belongs to the same class as G = (G_σ ).

Convergence structure for Fourier hyperfunctions

We shall prove some structural theorems for the convergence in the space of Fourier hyperfunctions Q(D^n). First we shall give a modified form to Theorem 1.3 in [3]. We give the complete proof of it although we shall use the same method of the proof as in the theorem mentioned above.

Let B[K] be the set of hyperfunctions with supports in the compact set K ⊂ R^n.

Proposition 2. Let K^′ be a compact set in R^n and K the convex hull of K^′. Then for every u = [U] ∈ B[K] there exist an elliptic local operator J_0(D) and a function v ∈ C^∞ ∩ L^2 with the properties:

a) |v(x)| ≤ C_εe^{−(1−ε)|x|}, x ∈ R^n, for every ε > 0 and ℓv ∈ Q^{−1}(D^n) b) v(x) = (u ∗ ℓg)(x), where the function g has the same property a) as the function v.

c) u = J_0(D)v.

Proof. The Fourier transform û of u is an entire function and satisfies the following growth condition |u(ζ)| ≤ C exp ( |ζ| φ(|ζ|) + H_K (Im ζ) ) , where φ(r) is a monotone increasing function of r > 0 and satisfies: φ(0) = 1, φ(r) → ∞ when r → ∞; H_K (η) = sup_{x∈K} xη. (cf. Lemma 1.1 in [3]). We take an elliptic local operator J(D) which corresponds to the chosen φ as it is done in Lemma 1.2 in [3]. Now we can consider û as a Fourier hyperfunction with defining function U = (û(ζ), 0, . . . , 0). The corresponding function to J(D), J(ζ) is an entire function, |J(ζ)| ≤ C_εe^{ε|ζ|} for every ε > 0. Also, for any prescribed positive constants A, C, we have J(ζ) ≥ C exp(A|ζ|/φ(|ζ|)) for |η| ≤ 1 or |J^{−2}(ζ)| ≤ C^{−2} exp(−2A|ζ|/φ(|ζ|)), |η| ≤ 1. We can take without loss of generality that |ζ|/φ(|ζ|) ≥ c|ζ|^γ with some c > 0 and 0 < γ < 1. We have now the following estimate: |û(ζ)/J^2(ζ)| ≤ C exp(−c|ζ|^γ ), |η| ≤ 1. (1) Let V = û/J^2, then û = J^2V and u = J^2(D)F^{−1}(V ). Since û is also an entire function, û/J^2 belongs to O(D^n + i{|η| < 1}). By Theorem 8.2.6 in [4], F^{−1}(V ) ∈ Q^{−1}(D^n). Consequently, v = F^{−1}(V ) ∈ Q^{−1}(D^n).

Now we prove that v is rapidly decreasing. For V we know that V = û/J^2 = (û(ζ)/J^2(ζ), 0, . . . , ). Then

F^{−1}(V ) ≃ ∑ σ∈Λ F^{−1}(χ_σ (ζ)û(ζ)/J^2(ζ)) = ∑ σ∈Λ F^{−1}(V )_σ (x − iΓ_σ 0)

Consider F^{−1}(V )_σ (z) for a σ ∈ Λ and z ∈ R^n − iI_σ : | |F^{−1}(V )σ (z) | | = 1 (2π)^n | | ∫ R^n e^{−ζzi} û(ζ) J^2(ζ) χ_σ (ζ) dξ | |

≤ 1 (2π)^n ∫ R^n e^{ξy+ηx} | | | û(ζ) J^2(ζ) χ_σ (ζ) ) | dξ, ζ = ξ + iη

uniformly for |η| ≤ (1 − ε) for every ε > 0. Thus we can write η = −(1 − ε)x/|x| and | |F_{−1}(V )_σ (z) | | ≤ 1 (2π)^n e^{−(1−ε)|x|} ∫ R^n e^{ξy} | | û(ζ) J^2(ζ) χ_σ(ζ) | | dξ,

where the integral is convergent since y ∈ −I_σ . It follows that F^{−1}(V )_σ (x + iy), y ∈ −I_σ , σ ∈ Λ, can be extended to real axis and that v(x) is rapidly decreasing.

Furthermore we can give another analytic form to ℓv. For the holomorphic function J^{−2}(ζ), |η| < 1, we can take |J^{−2}(ζ)| ≤ C exp(−|ζ|^γ ), 0 < γ < 1, |η| < 1. (2) By Theorem 8.2.6 in [4], J^{−2}(ζ) is the Fourier transform of a g ∈ Q^{−1}(D^n). By the same reasons as for v we have |g(x)| ≤ Ce^{−(1−ε)|x|} for every ε > 0, x ∈ R^n. By the Paley–Wiener–Ehrenpreis theorem, û(ζ) is an entire function of ζ and for any ε > 0 and any |η| ≤ δ, δ > 0, there exists C_{ε,δ} such that: |û(ζ)| ≤ C_{ε,δ} e^{ε|ζ|}, |η| ≤ δ. (3)

Consequently, û(ζ) is a slowly increasing analytic function and (cf. Theorem 8.4.3 in [4]), F(u ∗ g) = û · J^{−2}.

Since (û · J^{−2})(ξ) ∈ L^2, then (u ∗ g)(x) ∈ L^2, as well. We know that B[K] ⊂ Q^{−1}(D^n), then by Theorem 8.2.8 in [4], u ∗ g ∈ Q^{−1}(D^n).

Now we have in correspondence to [3]:

1) ℓv ∈ Q^{−1}(D^n) is defined by the function v belonging L^2 ∩ C^∞ (cf. [3]). 2) v(x) = (u ∗ ℓg)(x), where ℓg ∈ Q^{−1}(D^n), |g(x)| ≤ Ce^{−(1−ε)|x|}, for every ε > 0, x ∈ R^n. 3) |v(x)| ≤ Ce^{−(1−ε)|x|}, for every ε > 0, where C > 0. □

Corollaries of Proposition 2. 1) If we take in Proposition 2, u = δ, and v = q, then δ = J_0(D)ℓq, (4) where J_0 and q have the following properties:

J_0(D) = J(D)J(D), J(D) is an elliptic local operator constructed by any monotone increasing function φ(r), of r > 0 with the properties: φ(0) = 1, φ(r) → ∞ (see Lemma 1.2 in [3]).

ℓq ∈ Q^{−1}(D^n), q ∈ L^2 ∩ C^∞ and |q(x)| ≤ Ce^{−(1−ε)|x|}, x ∈ R^n, for every ε > 0. Also F(q)(ζ) = J^{−2}(ζ),

Proof. In the proof of Proposition 2 we have only to take F(u) = F(δ) = 1. Then (1) is satisfied for every J, we constructed using the function φ mentioned above, because of (2).

2) If f ∈ Q(D^n), then there exist an elliptic local operator J_0(D) and a function v ∈ C^∞ which is of “infra exponential” growth such that f = J_0(D)v, ℓv ∈ Q(D^n).

Assertion 2) was first proved in [3] but without the property of v to be of “infra exponential” growth. The complete assertion 2) was proved in [2]. We shall show how it can be proved using 1).

Proof. By (4), by properties of q and Proposition 8.4.8 in [4]

f = (J_0(D)q) ∗ f = J_0(D)(ℓq ∗ f).

It remains only to show that (ℓq ∗ f) is a function v with the required properties. Because of 1) we can choose for J the same function as it is done in [2].

Let (ℓq ∗ f) = v. By Proposition 8.4.3 in [4] F(ℓq ∗ f)(ζ) = v̂(ζ) = J^{−2}(ζ)F(f)(ζ) = ∑ σ,σ̃∈Λ J^{−2}F(χ_{σ̃} F_σ )(x − iΓ_{σ̃}0).

or F^{−1} F(ℓq ∗ f) = v.

Let η ∈ I_{σ̃} . We consider v_{σ,σ̃} (z) = 1 (2π)^n ∫ Imζ=η e^{−izζ} F(χ_{σ̃}F_σ )(ζ)

J^2(ζ) dζ, σ, σ̃ ∈ Λ.

Then for every σ, σ̃ |v^{(p)}_{σ,σ̃} (z)| ≤ Ce^{xη} ∫ R^n e^{yζ} e^{−|ζ|γ} |ζ|^pdζ, z ∈ R^n + iI_σ , p = 0, 1, . . .

This implies that v^{(p)}_{σ,σ̃}(z), z ∈ R^n + iI_σ , p = 0, 1, . . . and σ, σ̃ ∈ Λ, is continuable to a continuous function v^{(p)}_{σ,σ̃}(x) up to real axis and |v_{σ,σ̃} (x)| ≤ C_εe^{ε|x|} for every ε > 0. The function v(x) = ∑ σ,σ̃∈Λ v_{σ,σ̃} (x) has the required properties. □

Theorem 1. Let I be a convex neighbourhood of 0 ∈ R^n and I_σ = I ∩ Γ_σ, σ ∈ Λ. Let {f_h; h ∈ Γ} be a family in Q(D^n) such that f_h ∼= ∑ σ∈Λ F_{σ,h}(x + iΓ_σ0), F_{σ,h} ∈ Õ(D^n + iI), h ∈ Γ, σ ∈ Λ. (5)

A necessary and sufficient condition that f_h converges in Q(D^n) when h ∈ Γ, ‖h‖ → ∞, is that f_h ∗ g converges in Q(D^n), h ∈ Γ, ‖h‖ → ∞, for every g = [G] ∈ Q^{−δ}(D^n) and for every δ > 0. More precisely:

a) If f_h → u = [U] in Q(D^n), h ∈ Γ, ‖h‖ → ∞, then f_h ∗ g → u ∗ g in Q(D^n), h ∈ Γ, ‖h‖ → ∞; g ∈ Q^{−δ}(D^n), δ > 0. b) If f_h ∗ g → v_g in Q(D^n), h ∈ Γ, ‖h‖ → ∞, for every g ∈ Q^{−1}(D^n), then there exists an elliptic local operator J_0(D) such that f_h → J_0(D)v_g in Q(D^n), h ∈ Γ, ‖h‖ → ∞. Proof. a) By Proposition 1 we can suppose that {F_h; h ∈ Γ} is such that F_h → F ∈ [U] in Õ((D^n + iI) ≠ D^n), h ∈ Γ, ‖h‖ → ∞. By Proposition 8.4.3 in [4] there exists f_h ∗ g, f_h ∗ g ∈ Q(D^n), h ∈ Γ, and

(f_h ∗ g)(x) = ∫ R^n f_h(x − ζ)g(ζ)dζ = ∑ σ,σ̃∈Λ F_{σ,h}(x + iΓ_σ0) ∗ G_{σ̃} (x + iΔ_{σ̃} 0)

where

F_{σ,h}(x + iΓ_σ 0) ∗ G_{σ̃} (x + Δ_{σ̃} 0) = ∫ R^n F_{σ,h}(z − ξ − iη_{σ̃})G_{σ̃} (ξ + iη_{σ̃} )dξ. (6)

η_{σ̃} ∈ I_{σ̃} , Δ_{σ̃} is also an open σ̃ orthant in R^n and z be in R^n + i(I_σ + I_{σ̃} ).

Let us consider only (6) for a fixed σ, σ̃ ∈ Λ. We will prove that lim h∈Γ,|h|→∞ F_{σ,h}(x + iΓ_σ0) ∗ G_{σ̃} (x + iΔ_{σ̃}0) =

= F_σ (x + iΓ_σ0) ∗ G_{σ̃} (x + iΔ_{σ̃} 0). in O(D^n + iI_σ).

Let ε < δ, K_σ be a compact set in I_σ and let η_{σ̃} be chosen such that y−η_{σ̃} ∈ I_σ when y ∈ K_σ. Suppose that for ω > 0 we have chosen h_0 so that P_{Kσ ,ε}(F_{σ,h} −F_σ ) < ω, |h| ≥ |h_0|, h ∈ Γ. Then sup z∈R^n+iK_σ e^{−ε|x|} | | | | ∫ R^n F_{σ,h}(z−ξ−iη_{σ̃})G_{σ̃} (ξ+iη_{σ̃} )dξ− ∫ R^n F_σ (z−ξ−iη_{σ̃})G_{σ̃} (ξ+iη_{σ̃} )dξ | | | |

≤ ∫ R^n sup z∈D^n+iK_σ e^{−ε|x|−ε|ξ|} | |F_{σ,h}(z − ξ − iη) − F_σ (x − ξ − iη_{σ̃}) | |e_{ε|ξ|}|G(ξ + iη_{σ̃} )|dξ

≤ ω ∫ R^n e^{−(δ−ε)|ξ|}dξ, |h| ≥ |h_0|, h ∈ Γ.

b) By Corollary 1) of Proposition 2 there exists a g_0 ∈ Q^{−1}(D^n) such that

δ = J_0(D)g_0, g_0 ∈ Q^{−1}(D^n).

Consequently f_h = (J_0(D)g_0) ∗ f_h = J_0(D)(g_0 ∗ f_h).

Since J_0(D) acts continuously on Q(D^n), f_h → J_0(D)v_g in Q(D^n), h ∈ Γ, |h| → ∞.

Applications. S-Asymptotics of Fourier hyperfunctions

We shall apply the convergence structures that we proved to the asymptotic behaviour of Fourier hyperfunctions. There are many definitions of asymptotic behaviour of generalized functions. We mention two of them, which are most used: the quasi-asymptotics and S-asymptotics.

S-asymptotics was defined for distributions [14] for ultradistributions [9, 10] and for some other generalized functions [17]. It was applied in the quantum field theory [1], for Abelian and Tauberian type theorems, for solutions of partial differential equations,... [11]–[14]. It is easy to extend it to Fourier hyperfunctions [18].

In fact, the S-asymptotics of Fourier hyperfunctions extends the S-asymptotics of tempered distributions, because we have the continuous inclusion S’ → Q(D^n) (see [3]).

Definition 1. Suppose that c is a positive continuous function defined on R^n and f ∈ Q(D^n). f is said to have the S-asymptotics related to c in the cone Γ ∈ R^n if there exists lim h∈Γ,|h|→∞ f(· + h) c(h) = u in Q(D^n), u ≠ 0.

For short, f(x + h)^s∼ c(h) · u(x), h ∈ Γ, |h| → ∞, in Q(D^n). We shall prove two simple properties of the S-asymptotics.

Proposition 3. a) Let P (D) be a local operator and f ∈ Q(D^n). If f(x + h) s∼ c(h) · u(x), h ∈ Γ, |h| → ∞ in Q(D^n), then P (D)f(x + h)^s∼ c(h) · P (D)u(x), h ∈ Γ, |h| → ∞ in Q(D^n), as well.

b) Let supp f ⊂ K, where K is a compact set in R^n. Then f ∈ Q(D^n) and f(x + h)^s∼ c(h) · 0, h ∈ Γ, |h| → ∞ in Q(D^n) for every positive function c and every cone Γ.

Proof. a) This property follows from the property of a local operator; P (D) maps Q(D^n) into Q(D^n) and this mapping is continuous.

b) Let supp f ⊂ K, where K ⊂ R^n is a compact set. We take γ_0 large enough and such that h + K ⊂ R^n \ K, |h| ≥ γ_0. By definition of the support of a hyperfunction, f(x + h) = 0, |h| ≥ γ_0. □

The next examples show that Definition 1 is not a trivial extension of the S-asymptotics of distributions. Let P (D) be a local operator ∑ |α|≥0 b_αD^α, b_α ≠ 0.

The Fourier hyperfunction f = 1 + P (D)δ has the S-asymptotics related to c = 1 in any cone Γ and with the limit u = 1 but f is not a distribution. For the S-asymptotics of f it is enough to prove that lim h∈Γ,|h|→∞ P (D)δ(x + h) = 0 in Q(D^n).

Since P (D) maps continuously Q(D^n) into Q(D^n), by Proposition 3. b) the above limit follows.

Since P (D)δ = ∑ |α|≥0 b_αD^αδ is a distribution if and only if b_α ≠ 0 for a finite

number of α, the Fourier hyperfunction 1 + P (D)δ is not a distribution, but it has the S-asymptotics related to c = 1.

We can also find the coefficients b_α of the local operator P (D) such that f = 1+P (D)δ is not defined by an ultradistribution belonging to D^{(Mp)′} or D^{{Mp}′} (Beurling or Roumieu type) when M_p = (p!)^s, s > 1 (see [18]). For ultradistributions see [6].

A direct consequence of Theorem 1 is

Theorem 2. A necessary and sufficient condition that f = [F ] ∈ Q(D^n) has the S-asymptotics in Q(D^n) related to c in the cone Γ is that f ∗ g has the same property, for every g = [G] ∈ Q^{−δ}(D^n), δ > 0. More precisely:

a) If f(x + h)^s∼ c(h) · u(x), h ∈ Γ, |h| → ∞, in Q(D^n), then (f ∗ g)(x + h)^s∼ c(h) · (u ∗ g)(x), h ∈ Γ, |h| → ∞, in Q(D^n) for every g ∈ Q^{−δ}(D^n), δ > 0.

b) If (f ∗ g)(x + h)^s∼ c(h) · v_g (x), h ∈ Γ, |h| → ∞, in Q(D^n) for every g ∈ Q^{−1}(D^n), then there exists an elliptic local operator J_0(D) such that f(x+h)^s∼ c(h) · J_0(D)v_g , h ∈ Γ, |h| → ∞, in Q(D^n).

References

1. N.N. Bogolubov, V.S. Vladimirov, A.N. Tavkelidze, On automodel asymptotics is quantum field theory, Proc. Steklov Inst. Math. BROJ(1978), 27–54.

2. A. Kaneko, On the structure of Fourier hyperfunctions, Proc. Japan Acad. 48A (1972), 651– 653.

3. A. Kaneko, Representation of hyperfunctions by measures and some of its applications. J. Fac.

Sci. Univ. Tokyo, Sect. IA 19, (1972), 321–352.

4. A. Kaneko, Introduction to Hyperfunctions, Kluwer, Dordrecht, 1988. 5. T. Kawai, On the theory of Fourier hyperfunctions and its applications to partial differential equations with constant coefficients, J. Fac. Sci. Univ. Tokyo, Sec. IA 17 (1970), 467–517.

6. H. Komatsu, Ultradistributions, I. J. Fac. Sci. Univ. Tokyo, Sect. IA Math. 20 (1973), 23–105. 7. S. Pilipović, B. Stanković, Convergence in the space of Fourier hyperfunctions, Proc. Japan Acad. Ser. A 73:3 (1997), 33–35.

8. S. Pilipović, B. Stanković, The structure of convergent family of Fourier hyperfunctions, Integral Trans. and Spec. Funct. 6 (1997), 257–267.

9. S. Pilipović, B. Stanković, Properties of ultradistributions having the S-asymptotics, Bull.

Acad. Serbe Sci. Arts. 21 (1996), 47–59.

10. S. Pilipović, B. Stanković, Quasi-asymptotics and S-asymptotics of ultradistributions, Bull.

Acad. Serbe Sci. Arts 20 (1995), 61–74.

11. S. Pilipović, B. Stanković, Tauberian theorems for integral transforms of distributions, Acta Math. Hungar. 74 (1997), 135–153.

12. S. Pilipović, B. Stanković, Wiener Tauberian Theorems for Distributions, J. London Math.

Soc. (2) 47 (1993), 507–515.

13. S. Pilipović, B. Stanković, Wiener Tauberian Theorem for Ultradistributions, Rend. Sem. Mat.

Univ. Padova 92 (1994), 209–220.

14. S. Pilipović, B. Stanković, A. Takači, Asymptotic Behaviour and Stieltjes Transformation of Distributions, Taubner Verlagsgeselschaft, Leipzig, 1990.

15. M. Sato, Theory of hyperfunctions, Sûgaku 10 (1958), 1–27 (in Japanese). 16. M. Sato, Theory of hyperfunctions, J. Fac. Sci. Univ. Tokyo, Sec. I, 8 (1959/60), 139–193. 17. B. Stanković, Asymptotics of regular convolution quotients, Int. J. Math. Sci. 15 (1992), 631– 634.

18. B. Stanković, Hyperfunctions, in: Three Topics from Contemporary Mathematics, Zbornik radova 7(15), (1997), 71–111.

19. V.S. Vladimirov, Yu.N. Drozzinov, B.I. Zavialov, Tauberian Theorems for Generalized Functions, Kluwer, Maine, 1988.

20. V.V. Zharinov, Laplace transform of Fourier hyperfunctions and other close classes of analytical functionals. Teor. Math. Phys. 33:3 (1977), 291–308 (in Russian).

Institut za matematiku (Received 23 03 1998) 21000 Novi Sad Yugoslavia