PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 64 (78), 1998, 53–68

ORTHOGONAL POLYNOMIALS ON THE RADIAL RAYS AND AN ELECTROSTATIC INTERPRETATION OF ZEROS

Gradimir V. Milovanović

Communicated by Mileva Prvanović

Abstract. For polynomials orthogonal on the radial rays in the complex plane, which were introduced in [12], we give first a short account, and then we develop two interesting classes of orthogonal polynomials: (1) the generalized Hermite polynomials; (2) the generalized Gegenbauer polynomials. For such polynomials we obtain the corresponding linear differential equations of the second order. Assuming a logarithmic potential, we give an electrostatic interpretation of the zeros of the generalized Gegenbauer polynomials.

1. Introduction

In [13] we considered a class of Humbert’s polynomials {p^λ_{n,m}(x)}^∞_{n=0} defined by the generating function (see also [14])

(1.1) G^λ_m(x, t) = (1 − 2xt + t^m)^{−λ} = ∞∑ n=0 p^λ_{n,m}(x)t^n,

where m ∈ N and λ > −1/2. These polynomials reduce to Horadam polynomials [6], Gegenbauer polynomials [3], and Horadam-Pethe polynomials [7], for m = 1, m = 2, an m = 3, respectively. The explicit form of this incomplete polynomials p^λ_{n,m}(x) is

(1.2) p^λ_{n,m}(x) = [n/m]∑

k=0 (−1)^k (λ)_{n−(m−1)k} k!(n − mk)! (2x)^{n−mk},

AMS Subject Classification (1991): 33C45, 78A30 Partially supported by Ministry of Science and Technology of Serbia, grant number 04M03/C

where (λ)_0 = 1, (λ)_n = λ(λ + 1) · · · (λ + n − 1), n ∈ N, and a recurrence relation is given by np^λ_{n,m}(x) = (λ + n − 1)2xp^λ_{n−1,m}(x) − (n + m(λ − 1))p^λ_{n−m,m}(x), where n ≥ m ≥ 1. For corresponding monic polynomials p̂^λ_{n,m}(x), we have p̂^λ_{n,m}(x) = xp̂^λ_{n−1,m}(x) − b_np̂^λ_{n−m,m}(x), n ≥ m ≥ 1, p̂^λ_{n,m}(x) = x^n, 0 ≤ n ≤ m − 1, where b_n =

(n − 1)! (m − 1)! · n + m(λ − 1) 2^m(λ + n − m)_m . One interesting question can be stated: Is it possible to find an inner product ( · , · ) such that the polynomials p^λ_{n,m}(x) be orthogonal with respect to ( · , · )? Working on this subject, we have not solved the problem, but recently we introduced a new class of polynomials orthogonal on some radial rays in the complex plane and investigated their existence and uniqueness. A recurrence relation for these polynomials, a representation and the connection with standard polynomials orthogonal on (0, 1) were derived in [12]. It was shown that their zeros are simple and distributed symmetrically on the radial rays, with the possible exception of a multiple zero at the origin. An analogue of the Jacobi polynomials and the corresponding problem with the generalized Laguerre polynomials, were also treated.

In this paper we give first a short account on polynomials orthogonal on the radial rays in the complex plane, and then we develop two interesting classes of polynomials:

– the generalized Hermite polynomials; – the generalized Gegenbauer polynomials.

Also, we obtain the corresponding linear differential equations of the second order for such orthogonal polynomials and give an electrostatic interpretation of zeros of the generalized Gegenbauer polynomials.

The paper is organized as follows. In Section 2 we give a preliminary material on polynomials orthogonal on the radial rays in the complex plane. Sections 3 and 4 are dedicated to the generalized Hermite and generalized Gegenbauer orthogonal polynomials, respectively. Assuming a logarithmic potential, an electrostatic interpretation of zeros of the generalized Gegenbauer orthogonal polynomials is discussed in Section 5.

2. Preliminaries

We start with a type of nonstandard orthogonality on the radial rays in the complex plane. Suppose that we have M points in the complex plane, z_s = a_se^{iφs} ∈ C , s = 0, 1, . . . , M − 1, with different arguments φ_s. Some of a_s (or all) can be ∞.

The case M = 6 is shown in Fig. 2.1. We can define an inner product on these radial rays ℓ_s in the complex plane which connect the origin z = 0 and the points z_s, s = 0, 1, . . . , M − 1. Namely,

(f, g) = M−1∑ s=0 e^{−iφs} ∫ ℓ_s f(z)g(z) |w(z)| dz, where z → w(z) is a suitable complex weight function. This product can be expressed in the form

(2.1) (f, g) = M−1∑ s=0 ∫_{as} 0 f ( xe^{iφs} ) g ( xe^{iφs} ) | w ( xe^{iφs} )| dx

and we can see that ‖f‖^2 = (f, f) > 0, except when f(z) = 0.

Fig. 2.1

The case when M is an even number (M = 2m), a_s = 1, φ_s = πs/m, s = 0, 1, . . . , 2m − 1, and z → w(z) is a holomorphic function such that |w(xε_s)| = w(x), s = 0, 1, . . . , 2m − 1, where ε_s = exp(iφ_s) = exp(iπs/m) and x → w(x) is a weight function on (0, 1) (nonnegative on (0, 1) and

∫_1 0 w(x) dx > 0), was considered in [12]. In this symmetric case, the inner product (2.1) reduces to

(2.2) (f, g) =

∫_1 0 (_{2m−1}∑ s=0 f(xε_s)g(xε_s) ) w(x) dx.

In the case m = 1, (2.2) becomes (f, g) = ∫_1 −1 f(x)g(x)w(x) dx, so we have the standard case of polynomials orthogonal on (−1, 1) with respect to the even weight function x → w(x).

Several cases when M is an arbitrary number of rays were investigated in [11] and [17–18].

In [12] we proved an existence result for the (monic) orthogonal polynomials {π_N (z)}^{+∞}_{N=0} with respect to the inner product (2.2). It is well known that an orthogonal sequence of polynomials satisfies a three-term recurrence relation if the inner product has the property (zf, g) = (f, zg). However, in our case the corresponding property is given by (z^mf, g) = (f, z^mg). Then the following result holds:

Theorem 2.1. Let the inner product (·, ·) be given by (2.2) and let the corresponding monic orthogonal polynomials {π_N (z)}^{+∞}_{N=0} exist. They satisfy the recurrence relation π_{N+m}(z) = z^mπ_N (z) − b_N π_{N−m}(z), N ≥ m, (2.3) π_N (z) = z^N , N = 0, 1, . . . , 2m − 1,

where

(2.4) b_N = (π_N , z^mπ_{N−m}) (π_{N−m}, π_{N−m}) = ‖π_N ‖^2 ‖π_{N−m}‖^2 .

In a simple case when m = 2 and w(x) = 1, i.e., when the inner product (·, ·) is given by (f, g) = ∫_1 0 [ f(x)g(x) + f(ix)g(ix) + f(−x)g(−x) + f(−ix)g(−ix) ] dx, we can calculate directly the coefficient b_N in the recurrence relation (2.3). Namely, then we have

(2.5) b_{4n+ν} =

16n^2 (8n + 2ν − 3)(8n + 2ν + 1) if ν = 0, 1,

(4n + 2ν − 3)^2 (8n + 2ν − 3)(8n + 2ν + 1) if ν = 2, 3.

Notice that b_N → 1 4 as N → +∞, just like in Szegő’s theory for orthogonal polynomials on the interval (−1, 1).

A more general case with the Jacobi weight will be considered in Section 4. In that case we obtain the generalized Gegenbauer polynomials.

3. Generalized Hermite polynomials

Now, we study orthogonal polynomials relative to the inner product

(3.1) (f, g) = ∫_{+∞} 0 (_{2m−1}∑ s=0 f(xε_s)g(xε_s) ) w(x) dx,

where

(3.2) w(x) = x^{2mγ} exp ( −x^{2m} ) , γ > − 1 2m . Here we have 2m radial rays in the complex plane ℓ_s, s = 0, 1, . . . , 2m − 1, which connect the origin z = 0 and z = ∞ with 2m different angles φ_s = πs/m, s = 0, 1, . . . , 2m − 1. As before, ε_0, ε_1, . . . , ε_{2m−1} are (2m)th roots of unity, i.e., ε_s = exp(iπs/m), s = 0, 1, . . . , 2m − 1.

In the case m = 1, (3.1) becomes

(3.3) (f, g) = ∫_{+∞} −∞ f(x)g(x)w(x) dx, so we have the standard case of polynomials orthogonal on the real line with respect to the weight function x → w(x) = |x|^{2γ} exp (−x^2). For γ = 0, (3.3) reduces to the inner product, which gives the Hermite polynomials {H_n(x)}^{+∞}_{n=0}. It is well known that these polynomials can be expressed in terms of the generalized Laguerre polynomials {L^{(s)}_n (x)}^{+∞}_{n=0}, which are orthogonal on the half line with respect to the inner product

(3.4) (f, g) = ∫_{+∞} 0 f(t)g(t) t^se^{−t} dt. Namely, we have (cf. [10, p. 120 and p. 147])

(3.5) H_{2k}(x) = c_kL^{(−1/2)}_k (x^2) and H_{2k+1}(x) = d_kxL^{(1/2)}_k (x^2),

where c_k and d_k are constants. The following theorem gives the generalized Hermite polynomials.

Theorem 3.1. Let the inner product (·, ·) be given by (3.1) and w(x) by (3.2). The corresponding monic orthogonal polynomials {π_N (z)}^{+∞}_{N=0} satisfy the recurrence relation π_{N+m}(z) = z^mπ_N (z) − b_N π_{N−m}(z), N ≥ m, π_N (z) = z^N , N = 0, 1, . . . , 2m − 1, where b_{2mn+ν} = { n + 1 + α_ν if 0 ≤ ν ≤ m − 1, n if m ≤ ν ≤ 2m − 1. Also, they can be expressed in the form

(3.6) π_N (z) = z^νL̂^{(αν )}_n (z^{2m}), N = 2mn + ν, n = [N/2m],

where ν ∈ {0, 1, . . . , 2m − 1}, α_ν = γ + (2ν + 1 − 2m)/(2m), and L̂^{(s)}_n (t) denotes the monic generalized Laguerre polynomial orthogonal with respect to the inner product (3.4).

Proof. Using [12, Sect. 6] we conclude that

π_{2mn+ν} (z) = z^ν q^{(ν)}_n (z^{2m}), ν = 0, 1, . . . , 2m − 1; n = 0, 1, . . . ,

where q^{(ν)}n (t) are monic polynomials orthogonal on [0, +∞) with respect to the weight t → w_ν (t) = t^{(2ν+1−2m)/2m}w(t^{1/2m}) = t^{γ+(2ν+1−2m)/2m}e^{−t}. In fact, this is the generalized Laguerre weight with the parameter s = α_ν = γ + (2ν + 1 − 2m)/(2m). Thus, the representation (3.6) holds.

Let L̂^{(s)}_n (t) be the monic generalized Laguerre polynomials orthogonal with respect to the weight t → t^se^{−t} on (0, +∞). They satisfy the three-term recurrence relation (cf. [16, p. 46])

L̂^{(s)}_{n+1}(t) = (t − (2n + s + 1))L̂^{(s)}_n (t) − n(n + s)L̂^{(s)}_{n−1}(t),

as well as the following relations (see [25])

tL̂^{(s+1)}_{n−1} (t) = L̂^{(s)}_n (t) + (n + s)L̂^{(s)}_{n−1}(t), L̂^{(s)}_n (t) = L̂^{(s−1)}_n (t) − nL̂^{(s)}_{n−1}(t).

In order to determine b_N in the recurrence relation for π_N (z) we combine (3.6) and the previous relations for L^{(s)}_n (t), taking t = z^{2m} and s = α_ν . □ Remark 3.1. For m = 1 we can see that formulae (3.6) reduce to (3.5). The zero distribution of the polynomials π_N (z) immediately follows from (3.6):

Theorem 3.2. Let N = 2mn + ν, n = [N/2m], ν ∈ {0, 1, . . . , 2m − 1}. All zeros of the polynomial π_N (z) are simple and located symmetrically on the radial rays l_s, s = 0, 1, . . . , 2m − 1, with the possible exception of a multiple zero of order ν at the origin z = 0.

Like the generalized Laguerre polynomial L^{(s)}_n (t), the polynomial π_N (z) satisfies a second order linear homogeneous differential equation.

Theorem 3.3. The polynomials π_N (z) orthogonal with respect to the inner product (3.1) satisfy a second order linear homogeneous differential equation of the form

(3.7) z^2y^{′′} + B(z)y^′ + C(z)y = 0,

where

(3.8) B(z) = 2z [ 1 + m(γ − 1 − z^{2m}) ] , C(z) = 2mNz^{2m} − ν(ν + 2m(γ − 1) + 1),

and N = 2mn + ν, n = [N/(2m)], ν ∈ {0, 1, . . . , 2m − 1}.

Proof. Let N = 2mn + ν, n = [N/(2m)], ν ∈ {0, 1, . . . , 2m − 1}. Starting from the representation of the orthogonal polynomial π_N (z) given by (3.6), where α_ν = γ + (2ν + 1 − 2m)/(2m), γ > −1/(2m), we find

2mtΔL̂^{(αν )}_n (t) = z^{−ν} [zπ^′_N (z) − νπ_N (z)] ,

4m^2t^2Δ^2L̂^{(αν )}_n (t) = z^{−ν} [ z^2π^{′′}_N (z) − (2ν + 2m − 1)zπ^′_N (z) + ν(ν + 2m)π_N (z) ] , where t = z^{2m} and Δ is the standard differentiation operator Δ = d dt . Now, using the generalized Laguerre differential equation

tΔ^2L̂^{(αν )}_n (t) + (α_ν + 1 − t)L̂^{(αν )}_n (t) + nL̂^{(αν )}_n (t) = 0,

we obtain

z^2y^{′′} + 2z [ 1 + m(γ − 1 − z^{2m}) ] y^′ + [ 2mNz^{2m} − ν(ν + 2m(γ − 1) + 1) ] y = 0, i.e., (3.7), where y = π_N (z). □

Remark 3.2. For m = 1, the equation (3.7) reduces to the Hermite equation y^{′′} − 2zy^′ + 2Ny = 0. Remark 3.3. A simple case could be if we choose the parameter γ in the weight function (3.2) such that the coefficient B(z) in (3.8) reduces to a monomial of degree 2m + 1. Namely, if γ = (m − 1)/m, the equation (3.7) reduces to y^{′′} − 2mz^{2m−1}y^′ + [ 2mNz^{2m−2} − ν(ν − 1) z^2 ] y = 0. Using (3.6), we put

π^{(γ)}_{2mn}(z) = π_{2mn}(z) = L̂^{(α0)}_n (z^{2m}), α_0 = γ − 1 + 1 2m .

Since π^{(γ)}_{2mn+ν} (z) = z^νL̂^{(αν )}_n (z^{2m}) and α_ν = γ − 1 + 1 2m + ν m , we conclude that π^{(γ)}_{2mn+ν} (z) = z^ν π^{(γ+ν/m)} 2mn (z) (ν = 1, . . . , 2m − 1).

Thus, it is enough to consider differential equation (3.7) only for N = 2mn, i.e., zy^{′′} + 2 [ 1 + m(γ − 1 − z^{2m}) ] y^′ + 2mNz^{2m−1}y = 0.

4. Generalized Gegenbauer polynomials

As we mentioned in Section 1, the Humbert’s polynomials p^λ_{n,m}(x) defined by (1.1), i.e. (1.2), are a generalization of the well-known Gegenbauer polynomials. Their generating function (1.1) reduces for m = 2 to the corresponding one of the polynomials C^λ_n (x). Regarding to the orthogonality there are the generalized Gegenbauer polynomials W^{(α,β)}_n (x) introduced by Lascenov [9] (see also [1, pp. 155– 156]). These polynomials are orthogonal on [−1, 1] with respect to the weight function x → |x|^μ(1 − x^2)^α, where μ, α > −1 and β = (μ − 1)/2. It is interesting to say that these polynomials have been “rediscovered” in 1980 (see [19]). We used these polynomials in the least squares approximation with constraints [15] and in quadrature processes [8].

The relations between generalized monic Gegenbauer polynomials W^{(α,β)}_N (x) and Jacobi polynomials P^{(α,β)}_n (x) are given by

(4.1)

W^{(α,β)}_{2n} (x) = n! (n + α + β + 1)_n P^{(α,β)} n (2x^2 − 1),

W^{(α,β)}_{2n+1} (x) = n! (n + α + β + 2)_n xP^{(α,β+1)} n (2x^2 − 1).

An important relation relation for generalized polynomials is the following

(4.2) W^{(α,β)}_{2n+1} (x) = xW^{(α,β+1)}_{2n} (x).

The corresponding three-term recurrence relation is given by

W^{(α,β)}_{N+1} (x) = xW^{(α,β)}_N (x) − Λ_N W^{(α,β)}_{N−1} (x), N = 0, 1, . . . , W^{(α,β)}_{−1} (x) = 0, W^{(α,β)}_0 (x) = 1,

where

Λ_{2n} = n(n + α) (2n + α + β)(2n + α + β + 1)

, Λ_{2n−1} =

(n + β)(n + α + β) (2n + α + β − 1)(2n + α + β) , for n = 1, 2, . . . , except for α + β = −1 when Λ_1 = (β + 1)/(α + β + 2).

It is easy to prove that polynomials W^{(α,β)}_N (x) ( N = 2n + ν, ν = 0 or 1 ) satisfy a second order linear differential equation

(1−x^2)x^2y^{′′}+ [ 2β+1−(2α+2β+3)x^2 ] xy^′+ [ N ( N +2(α+β+1) ) x^2 −ν(ν+2β) ] y = 0. It is enough to consider only case ν = 0, i.e. N = 2n. Then, this equation reduces to

(4.3) (1 − x^2)y^{′′} + [ 2β + 1 − (2α + 2β + 3)x^2 ] 1 x y^′ + N ( N + 2(α + β + 1) ) y = 0. Another case (ν = 1, N = 2n + 1) can be obtain from (4.3) putting β: = β + 1 and N = 2n, and using equality (4.2). This fact will be used below.

A natural extension of the generalized Gegenbauer polynomials can be given by Theorem 2.1 and using the inner product (1.2), with the weight function

(4.4) w(x) = (1 − x^{2m})^αx^{2mγ} , α > −1, γ > − 1 2m . Theorem 4.1. The monic polynomials {π_N (z)}^{+∞}_{N=0} orthogonal with respect to the inner product (2.2), where the weight function is given by (4.4), can be expressed in the form

(4.5) π_N (z) = 2^{−n}z^νP̂^{(α,βν )}_n (2z^{2m} − 1), N = 2mn + ν, n = [N/2m],

where ν ∈ {0, 1, . . . , 2m−1}, β_ν = γ+(2ν+1−2m)/(2m), and P̂^{(α,β)}_n (x) denotes the monic Jacobi polynomial orthogonal with respect to the weight x → (1−x)^α(1+x)^β on (−1, 1). The polynomials π_N (z) satisfy the recurrence relation (2.3), where

(4.6) b_{2mn+ν} = n(n + α) (2n + α + β_ν )(2n + α + β_ν + 1) if 0 ≤ ν ≤ m − 1, (n + β_ν )(n + α + β_ν ) (2n + α + β_ν )(2n + α + β_ν + 1) if m ≤ ν ≤ 2m − 1.

The proof of this theorem can be done in a similar way as for Theorem 3.1.

Also, a result on a symmetric location of zeros of π_N (z) on the radial rays l_s, s = 0, 1, . . . , 2m − 1, can be proved. Namely, let N = 2mn + ν, n = [N/2m], ν ∈ {0, 1, . . . , 2m − 1} and let τ^{(n,ν)}_k , k = 1, . . . , n, denote the zeros in increasing order of the Jacobi polynomial P^{(α,βν )}_n (x) ( α > −1, β_ν = γ +(2ν +1−2m)/(2m) > −1 ) , i.e., −1 < τ^{(n,ν)}_1 < τ^{(n,ν)}_2 < · · · < τ^{(n,ν)}_n < 1.

Each zero τ^{(n,ν)}_k generates 2m zeros z^{(n,ν)}_{k,s} of π_N (z) on the radial rays l_s, z^{(n,ν)}_{k,s} =^{2m} √ 1 2 ( 1 + τ^{(n,ν)}_k ) e^{isπ/m}, s = 0, 1, . . . , 2m − 1. If ν > 0, there exists a zero of order ν at the origin z = 0. Thus, π_N (z) has all zeros inside the unit circle.

Remark 4.1. For m = 1, formulae (4.5) reduce to (4.1). If α = γ = 0 and m = 2, (4.6) reduces to (2.5).

According to Theorem 4.1 we see that for N = 2mn + ν, where ν ∈ {0, 1, . . . , 2m − 1}, we have an equality (up to a multiplicative constant) of the form π_N (z) = π^{(α,γ)}_N (z) ≍ z^ν P^{(α,βν )}_n (2z^{2m} − 1), where β_ν = β_0 + ν/m, β_0 = γ − 1 + 1/(2m). For N = 2mn, i.e. ν = 0, we have

(4.7) π_N (z) = π^{(α,γ)}_{2mn} (z) ≍ P^{(α,β0)}_n (2z^{2m} − 1), and for an arbitrary ν, π^{(α,γ)}_{2mn+ν} (z) ≍ z^ν P^{(α,β0+ν/m)} n (2z^{2m} − 1), i.e., (4.8) π^{(α,γ)}_{2mn+ν} (z) = z^ν π^{(α,γ+ν/m)}_{2mn} (z). In order to get a linear differential equation for π_N (z) we take N = 2mn and start from the corresponding differential equation for the Jacobi polynomials y = P^{(α,β)}_n (x), (4.9) (1 − x^2)y^{′′} + [β − α − (α + β + 2)x]y^′ + n(n + α + β + 1)y = 0, where β = β_0 = γ − 1 + 1/(2m). Putting N = 2mn, x = 2z^{2m} − 1 and using (4.7), we find

ΔP^{(α,β)}_n (x) ≍ π^′_N (z) dz dx , Δ^2P^{(α,β)}_n (x) ≍ π^{′′}_N (z) ( dz dx )_2

+ π^′_N (z) d^2z dx^2 . Then, substituting into (4.9), we obtain the following result:

Theorem 4.2. The polynomials π_N (z) orthogonal with respect to the inner product (2.2), with the weight function (4.4), satisfy a second order linear homogeneous differential equation of the form (4.10) (1 − z^{2m})z^2Y^{′′} + C(z)zY^′ + Az^{2m}Y = 0, where N = 2mn and A = N [ N + 2m(α + γ) + 1 ] , C(z) = 2 [ m(γ − 1) + 1 − ( m(α + γ) + 1 ) z^{2m} ] . Remark 4.2. For m = 1, (4.10) reduces to (4.3). Notice that μ = 2β +1 = 2γ. Now, using (4.8) and (4.10), with γ: = γ + ν/m, we get the corresponding differential equation for each N (= 2mn + ν).

Theorem 4.3. The polynomials π_N (z) orthogonal with respect to the inner product (2.2), with the weight function (4.4), satisfy a second order linear homogeneous differential equation of the form

(4.11) (1 − z^{2m})z^2Y^{′′} + C(z)zY^′ + ( Az^{2m} − B ) Y = 0, where N = 2mn + ν, ν ∈ {0, 1, . . . , 2m − 1}, and

C(z) = 2 [ m(γ − 1) + 1 − ( m(α + γ) + 1 ) z^{2m} ] , A = N [ N + 2m(α + γ) + 1 ] , B = ν [ ν + 2m(γ − 1) + 1 ] . Remark 4.3. It is interesting to mention a physical problem connected to equation (4.11). The equations for the dispersion of a buoyant contaminant can be approximated by the Erdogan-Chatwin equation ∂_tc = ∂_y {[ D_0 + ( ∂_yc )_2 D_2 ] ∂_yc } . Smith [20] showed that in the limit of strong non-linearity (D_0 = 0) there are similarity solutions for a concentration jump and for a finite discharge. A stability analysis for this problem involves a family of orthogonal polynomials Y_N (z), where

(4.12) (1 − z^4)Y^{′′}_N − 6z^3Y^′_N + N(N + 5)z^2Y_N = 0,

and the degree N is restricted to the values 0, 1, 4, 5, 8, 9, . . . . As we can see, the polynomials Y_N (z) are just a special case of our polynomials π_N (z). Namely, for m = 2, α = γ = 1/2, equation (4.11) becomes

(1 − z^4)Y^{′′} − 6z^3Y^′ + [ N(N + 5)z^2 − ν(ν − 1)z^{−2} ] Y = 0, where N = 4n+ν, ν ∈ {0, 1, 2, 3}. Evidently, for N = 4n and N = 4n+1 (n ∈ N_0 ), this equation reduces to (4.12).

5. Electrostatics and the zeros of orthogonal polynomials

An electrostatic interpretation of the zeros of Jacobi polynomials was given by Stieltjes in 1885 (see [22]–[24]). Namely, he considered an electrostatic problem with particles of charge p and q (p, q > 0) fixed at x = 1 and x = −1, respectively, and n unit charges confined to the interval [−1, 1] at points x_1, x_2, . . . , x_n. Assuming a logarithmic potential, Stieltjes proved that the electrostatic equilibrium arises when x_k are zeros of the Jacobi polynomial P^{(2p−1,2q−1)}n (x). In that case, the Hamiltonian

H(x_1, x_2, . . . , x_n) = − n∑ k=1 ( log(1 − x_k)^p + log(1 + x_k)^q ) − ∑ 1≤k<j≤n log |x_k − x_j | becomes a minimum. This minimum is indeed the unique global minimum (cf. Szegő [25, p. 140]). Obviously, H(x_1, x_2, . . . , x_n) can be interpreted as the energy of the previous electrostatic system. Stieltjes’ approach is closely connected with the calculation of the discriminant of the classical orthogonal polynomials (cf. [16, pp. 65–69]).

Let x_k = x_k(α, β) denote the zeros of the Jacobi polynomial P^{(α,β)}_n (x). Then Markov inequalities (see e.g. Szegő [25, p. 121])

(5.1) ∂x_ν ∂α < 0, ∂x_ν ∂β > 0 (ν = 1, 2, . . . , n)

hold. They can be verified very easy from Stieltjes’ interpretation of the zeros of P^{(α,β)} n (x). For example, when the charge at x = −1 is increased, the n unit charges are repelled towards the fixed charge at x = 1.

The cases of Laguerre and Hermite orthogonal polynomials are also treated (see Szegő [25, pp. 140–142]).

Forrester and Rogers [2] gave an interpretation of zeros of the classical polynomials as the equilibrium positions of two-dimensional electrostatic problems. Also, Hendriksen and Rossum [4] considered an electrostatic interpretation of zeros of classical orthogonal polynomials, including Bessel polynomials, as well as some polynomials introduced by Smith [20], [21]. Recently, the electrostatic interpretation of the zeros was also exploited to obtain interpolation points suitable for approximation of smooth functions defined on a simplex (see Hesthaven [5]).

Now, we consider a symmetric electrostatic problem with 2m positive point charges all of strength q which are placed at the fixed points

(5.1) ξ_k = exp ( kπi m ) (k = 0, 1, . . . , 2m − 1)

and a charge of strength p (> −m + 1/2) at the origin z = 0. Also we have N positive free unit charges, positioned at z_1, z_2, . . . , z_N . Assuming a logarithmic potential, we try to find these points in electrostatic equilibrium.

In order to define the conditions for equilibrium we need some basic facts. At first, we consider the simplest electrostatic problem with a point charge of strength q placed at the origin. Assuming a logarithmic potential, the field force at the point M, with the radius vector r, is given by E = Aq r r_0 = Aq r^2 r, where A is a constant and r_0 = r/r. In a complex notation, it can be represented as (5.2) Aq zz̄ z = Aq z̄ , where z ∈ C corresponds to the point M.

Now, using (5.2) we can state the equilibrium conditions for the previous symmetric electrostatic problem. Omitting the constant A and equating to zero the resultant force on the unit charge at z_ν (ν = 1, 2, . . . , N), we obtain q ( 1 z̄_ν − ξ̄_0 + 1 z̄_ν − ξ̄_1 + · · · + 1 z̄_ν − ξ̄_{2m−1} ) + p 1 z̄_ν + 1 z̄_ν − z̄_1 + 1 z̄_ν − z̄_2 + · · · + 1 z̄_ν − z̄_{ν−1} + 1 z̄_ν − z̄_{ν+1} + · · · + 1 z̄_ν − z̄_N = 0. Put (5.3) π_N (z) = N∏ k=1 (z − z_k) and note that

z^{2m} − 1 = 2m−1∏

k=0 (z − ξ_k). Lemma 5.1. We have_N ∑ k=1 k≠ν 1 z_ν − z_k = π^{′′}_N (z_ν ) 2π^′_N (z_ν ) and (5.4) 2m−1∑

k=0 1 z_ν − ξ_k = 2mz^{2m−1}_ν z^{2m}_ν − 1 , where π_N (z) is defined by (5.3).

Proof. Let π_N (z) be defined by (5.3). The logarithmic derivative gives

π^′_N (z) π_N (z) = N∑ k=1 1 z − z_k ( z ∉ {z_1, z_2, . . . , z_N } ) . Then, for z ∉ {z_1, z_2, . . . , z_N }, we have R_ν (z) ≡ N∑ k=1 k≠ν 1 z − z_k = π^′_N (z) π_N (z) − 1 z − z_ν = (z − z_ν )π^′_N (z) − π_N (z) (z − z_ν )π_N (z) .

In the limit case when z → z_ν , we obtain N∑ k=1 k≠ν 1 z_ν − z_k = lim_{z→zν} R_ν (z) = lim_{z→zν} π^{′′}_N (z_ν ) π_N (z) z − z_ν + π^′_N (z) , i.e.,_N ∑ k=1 k≠ν 1 z_ν − z_k = π^{′′}_N (z_ν ) 2π^′_N (z_ν ) .

Similarly, we prove (5.4). □

Using Lemma 5.1, the previous equilibrium conditions can be represented in the simpler form 2mqz̄^{2m−1}_ν z̄^{2m}_ν − 1 + p z̄_ν + π^{′′}_N (z_ν ) 2π^′_N (z_ν )

= 0 (ν = 1, . . . , N), or 4mqz^{2m}_ν π^′_N (z_ν ) + 2p ( z^{2m}_ν − 1 ) π^′_N (z_ν ) + z_ν ( z^{2m}_ν − 1 ) π^{′′}_N (z_ν ) = 0 (ν = 1, . . . , N).

Thus, we conclude that the polynomial Q(z) defined by

Q(z) = z^2 ( 1 − z^{2m} ) π^{′′}_N (z) + 2 [ p − (p + 2qm)z^{2m} ] zπ^′_N (z) has zeros at the points z_1, z_2, . . . , z_N and its degree is N + 2m. Then we must have

(5.5) Q(z) + Λ_{2m}(z)π_N (z) = 0,

where Λ_{2m}(z) = a_{2m}z^{2m} + a_{2m−1}z^{2m−1} + · · · + a_0.

We are interested here only in solutions with the rotational symmetry. Using this fact we can conclude that a such solution is an incomplete polynomial

(5.6) π_N (z) = n∑ k=0 b_kz^{N−2mk} = z^ν n∑ k=0 b_kz^{2m(n−k)}, where N = 2mn + ν, n = [N/(2m)], ν ∈ {0, 1, . . . , 2m − 1}. In that case the polynomial Λ_{2m}(z) reduces also to an incomplete polynomial,

(5.7) Λ_{2m}(z) = a_{2m}z^{2m} + a_0.

Substituting (5.6) and (5.7) in (5.5) and putting z^{2m} = t we get the following identity

(1 − t) n∑ k=0 (2mk + ν)(2mk + ν − 1)b_kt^k

2 [ p − (p + 2qm)t ]^n∑ k=0 (2mk + ν)b_kt^k + ( a_{2m}t + a_0 )^n∑ k=0 b_kt^k ≡ 0.

Now, equating the coefficients of z^{N+2m} in the last identity, we obtain

−N(N − 1) − (2p + 4qm)N + a_{2m} = 0,

i.e.,

(5.8) a_{2m} = N [ N + 2(p + 2qm) − 1 ] . Also, this identity for t = 0 yields

(5.9) a_0 = −ν(ν + 2p − 1).

Thus, using (5.7), (5.8), and (5.9), equation (5.5) becomes

(5.10) ( 1 − z^{2m} ) z^2π^{′′}_N (z) + 2 [ p − (p + 2qm)z^{2m} ] zπ^′_N (z) + [ N ( N + 2(p + 2qm) − 1 ) z^{2m} − ν(ν + 2p − 1) ] π_N (z) = 0,

where N = 2mn + ν, n = [N/(2m)], ν ∈ {0, 1, . . . , 2m − 1}.

Comparing (5.10) and (4.11) we find

2m(γ − 1) + 2 − 2 ( m(α + γ) + 1 ) z^{2m} = 2p − 2(p + 2qm)z^{2m}, N ( N + 2m(α + γ) + 1 ) = N ( N + 2(p + 2qm) − 1 ) , ν ( ν + 2m(γ − 1) + 1 ) = ν(ν + 2p − 1),

i.e., α = 2q − 1 and γ = 1 + (p − 1)/m.

Thus, assuming a logarithmic potential, we proved the following result:

Theorem 5.2. An electrostatic system of 2m positive point charges all of strength q, which are placed at the fixed points ξ_k given by (5.1), and a charge of strength p (> −m+1/2) at the origin z = 0, as well as N positive free unit charges, positioned at z_1, z_2, . . . , z_N , is in electrostatic equilibrium if these points z_k are zeros of the polynomial π_N (z) orthogonal with respect to the inner product (2.2), with the weight function w(x) = (1 − x^{2m})^{2q−1}x^{2m+2(p−1)}.

References

[1] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978.

[2] P.J. Forrester and J.B. Rogers, Electrostatics and the zeros of the classical polynomials, SIAM J. Math. Anal. 17 (1986), 461–468.

[3] L. Gegenbauer, Zur Theorie der Functionen C^ν_n (x), Österreichische Akademie der Wissenschaften Mathematisch Naturwissen Schaftliche Klasse Denkscriften 48 (1884), 293–316.

[4] E. Hendriksen and H. van Rossum, Electrostatic interpretation of zeros, Orthogonal Polynomials and Their Applications, Segovia 1986 (eds. M. Alfaro, J.S. Dehesa, F.J. Marcellan,

J.L. Rubio de Francia, J. Vinuesa), pp. 241–250, Lect. Notes Math. 1329, Springer, Berlin – Heidelberg – New York, 1988.

[5] J.S. Hesthaven, From electrostatics to almost optimal nodal sets for polynomial interpolation in a simplex , SIAM J. Numer. Anal. 35 (1998), 655-676.

[6] A. Horadam, Gegenbauer polynomials revisited, Fibonacci Quart. 23 (1985), 294–299, 307. [7] A Horadam and S Pethe, Polynomials associated with Gegenbauer polynomials, Fibonacci Quart. 19 (1981), 393–398.

[8] M.A. Kovačević and G.V. Milovanović, Lobatto quadrature formulas for generalized Gegenbauer weight, Conference on Applied Mathematics (Ljubljana, 1986), pp. 81–88, Univ. Ljubljana, Ljubljana, 1986.

[9] R.V. Lascenov, On a class of orthogonal polynomials, Učen. Zap. Leningrad. Gos. Ped. Inst.

89 (1953), 191–206 (Russian).

[10] G.V. Milovanović, Numerical Analysis, I , Naučna knjiga, Belgrade, 1985 (Serbian). [11] G.V. Milovanović, Generalized Hermite polynomials on the radial rays in the complex plane, Theory of Functions and Applications, Collection of Works Dedicated to the Memory of M. M. Djrbashian (ed. H.B. Nersessian), pp. 125–129, Louys Publishing House, Yerevan, 1995.

[12] G.V. Milovanović, A class of orthogonal polynomials on the radial rays in the complex plane, J. Math. Anal. Appl. 206 (1997), 121–139.

[13] G.V. Milovanović and G. Djordjević, On some properties of Humbert’s polynomials, Fibonacci Quart. 25 (1987), 356–360.

[14] G.V. Milovanović and G. Djordjević, On some properties of Humbert’s polynomials, II , Facta Univ. Ser. Math. Inform. 6 (1991), 23–30.

[15] G.V. Milovanović and M.A. Kovačević, Least squares approximation with constraint: generalized Gegenbauer case, Facta Univ. Ser. Math. Inform. 1 (1986), 73-81.

[16] G.V. Milovanović, D.S. Mitrinović and Th.M. Rassias, Topics in Polynomials: Extremal Problems, Inequalities, Zeros, World Scientific, Singapore – New Jersey – London – Hong Kong, 1994.

[17] G.V. Milovanović, P.M. Rajković and Z.M. Marjanović, A class of orthogonal polynomials on the radial rays in the complex plane, II , Facta Univ. Ser. Math. Inform. 11 (1996), 29–47.

[18] G.V. Milovanović, P.M. Rajković and Z.M. Marjanović, Zero distribution of polynomials orthogonal on the radial rays in the complex plane, Facta Univ. Ser. Math. Inform. 12 (1997), 127–142.

[19] J. Radecki, A generalization of the ultraspherical polynomials, Funct. Approx. Comment.

Math. 9 (1980), 39–43.

[20] R. Smith, Similarity solutions of a non linear differential equation, IMA J. Appl. Math. 28 (1982), 149–160.

[21] R. Smith, An abundance of orthogonal polynomials, IMA J. Appl. Math. 28 (1982), 161–167. [22] T.J. Stieltjes, Sur quelques théorèmes d’algébre, C.R. Acad. Sci. Paris 100 (1885), 439–440 [Oeuvres Complètes, Vol. 1, pp. 440–441].

[23] T.J. Stieltjes, Sur les polynômes de Jacobi, C.R. Acad. Sci. Paris 100 (1885), 620–622 [Oeuvres Complètes, Vol. 1, pp. 442–444].

[24] T.J. Stieltjes, Sur les racines de l’équation X_n = 0, Acta Math. 9 (1890), 385–400 [Oeuvres Complètes, Vol. 2, pp. 73–88].

[25] G. Szegő, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., Vol. 23, 4th ed., Amer.

Math. Soc., Providence, R. I., 1975.

Elektronski fakultet u Nišu (Received 20 06 1998) Katedra za matematiku 18001 Niš, p.p. 73 Yugoslavia