PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 61 (75), 1997, 105–113

NORMAL FLOWS AND HARMONIC MANIFOLDS

J. C. González-Dávila^1and L. Vanhecke

Communicated by Mileva Prvanović

Abstract. We prove that a 2-stein space equipped with a non-vanishing vector field ξ such that the ξ-sectional curvature is pointwise constant is a space of constant sectional curvature. From this it then follows that a harmonic space equipped with a unit Killing vector field such that its flow is normal, has constant sectional curvature.

Introduction

A Riemannian manifold (M, g) such that every small geodesic sphere is a constant mean curvature hypersurface is called a harmonic space [2], [3], [10], [14]. Riemannian manifolds which are locally isometric to a two-point homogeneous space are trivial examples and the fundamental conjecture of Lichnerowicz stated that the converse holds. As shown by Z. I. Szabó [11], [12], this conjecture holds for compact (M, g) with finite fundamental group and for complete (M, g) with non-negative scalar curvature. However the conjecture fails to be true in general, even for complete (M, g). This was shown in [4] where the authors provided an infinite number of non-symmetric solvable Lie groups equipped with a harmonic metric. Such spaces are now called Damek-Ricci spaces. We refer to [1] for a detailed study of the rich geometry of these DR-spaces and for further references.

This remarkable result makes the study of harmonic spaces much more interesting. The global and local classification of harmonic spaces is far for being achieved and since the only known examples are all locally homogeneous, it is an intriguing question whether each harmonic space has to be locally homogeneous or not. We note that this question is still open, even inside the class of Kähler or quaternionic Kähler manifolds. On the other hand, and as is shown in [5], Sasakian

AMS Subject Classification (1991): Primary 53C25 Key Words and Phrases: Harmonic manifolds, 2-stein spaces, normal flows. 1Supported by the Consejería de Educación del Gobierno de Canarias.

harmonic manifolds are spaces of constant curvature 1. (See also [5] for some extensions of this result to more general classes of almost contact metric manifolds.)

Sasakian manifolds are endowed with a unit Killing vector field. In a series of papers, M. C. González-Dávila and the authors have studied the geometry of Riemannian manifolds equipped with such a vector field, generalizing in this way many aspects of Sasakian geometry to what they called flow geometry. See for example [6], [7]. In this paper we continue this work and prove that any harmonic (M, g) equipped with a unit Killing vector field whose flow is normal (see Section 3 for the definition) is a space of non-negative constant sectional curvature. To derive this result we will first prove the more or less immediate result which states that a 2-stein Riemannian manifold (see Section 2) of dimension > 2 and equipped with a non-vanishing vector field ξ such that the sectional curvature of all two-planes containing ξ is pointwise constant, must have constant sectional curvature.

2-stein spaces and harmonicity

Let (M, g) be an n-dimensional, connected, smooth Riemannian manifold and denote by ∇ its Levi Civita connection. Further, let R, ρ and τ be its associated curvature tensor, Ricci tensor and scalar curvature, respectively.

An Einstein manifold, that is, ρ = λg, λ = τ n , is said to be a 2-stein space if

(2.1) n∑ a,b=1 R^2_{xaxb} = μg(x, x)^2

for any tangent vector x at m and all m ∈ M. Here, R_{xaxb} = g(R_{xa}x, b) and {e_a, a = 1, . . . , n} is an arbitrary orthonormal basis of the tangent space T_mM. In this case we have

(2.2) μ = 1 n(n + 2) (3 2 ‖R‖^2 + ‖ρ‖^2 )

(see for example [2], [3]).

As mentioned in the Introduction, an (M, g) is said to be a harmonic manifold if all geodesic spheres of sufficiently small radius are constant mean curvature hypersurfaces. Any harmonic manifold is a 2-stein space [2], [3].

Now, we prove

Theorem 2.1. Let (M, g), dim M ≥ 3, be a 2-stein space equipped with a non-vanishing vector field ξ such that the sectional curvature of the two-planes containing ξ is pointwise constant. Then (M, g) is a space of constant curvature.

Proof. Since (M, g) is Einsteinian, we have ρ(ξ, ξ) = τ n g(ξ, ξ) = n∑ a=1 R_{ξaξa} = (n − 1)cg(ξ, ξ) where c is the pointwise and hence, globally constant ξ-sectional curvature. So, we get (2.3) ‖ρ‖^2 = τ^2 n = n(n − 1)^2c^2.

Then it follows at once from (2.1), (2.2) and (2.3), by putting x = ξ, that ‖R‖^2 =^2_{n−1} ‖ρ‖^2 and, as is well-known, this yields that (M, g) is a space of constant curvature. This curvature is equal to c.

Since a 2-dimensional harmonic space has constant curvature (see, for example, [2], [3], [15]), we get at once

Theorem 2.1. A harmonic space equipped with a non-vanishing vector field ξ such that the ξ-sectional curvature is pointwise constant, is a space of constant curvature.

Normal flows and harmonicity

Now we turn to the consideration of Riemannian manifolds equipped with a normal flow and prove our main result. We first collect some basic material and refer to [6], [7], [8] for more details.

Let (M, g) be as in Section 2 and note that we take R with the sign convention

R_{UV} = ∇_{[U,V ]} − [∇_U , ∇_V ]

for all U, V ∈ X(M), the Lie algebra of smooth vector fields on M. Further, let (M, g) be equipped with an isometric flow [13] F_ξ generated by a unit Killing vector field ξ. Vectors orthogonal to ξ are called horizontal vectors.

Next, put HU = −∇_U ξ and h(U, V ) = g(HU, V ) for all U, V ∈ X(M). Since ξ is a Killing vector field, it follows that h is skew-symmetric and moreover, h = −dη where η is the metric dual one-form of ξ. Further, we have (3.1) R(X, ξ, Y, ξ) = g(HX, HY ) = g(−H^2X, Y ). This implies that the ξ-sectional curvature K(X, ξ) is non-negative and since Hξ = 0, K(X, ξ) = 0 for all horizontal X if and only if h = 0, that is, the horizontal distribution is integrable. In that case, (M, g) is locally a Riemannian product of an (n − 1)-dimensional space and a line. Moreover, K(X, ξ) > 0 for all horizontal X if and only if H is of maximal rank n − 1 or equivalently, η is a contact form.

An isometric flow F_ξ determines locally a Riemannian submersion. In fact, for each point m in M, let U be a small open neighborhood of m such that ξ is regular on U. Then the mapping π : U → Ũ = U/ξ is a submersion. Further, let g̃ denote the induced metric on Ũ given by

(g̃(X̃, Ỹ ))^∗ = g(X̃^∗, Ỹ^∗) for X̃, Ỹ ∈ X(Ũ) and where X̃^∗, Ỹ^∗ denote the horizontal lifts of X̃, Ỹ with respect to the distribution on U determined by η = 0. Then π : (U, g_{|U} ) → (Ũ, g̃) is a Riemannian submersion. The Levi Civita connections ∇, ~∇ of g, g̃, respectively, are related by

(3.2) ∇_{X̃} ∗Ỹ^∗ = ( ~∇_{X̃} Ỹ )^∗ + h(X̃^∗, Ỹ^∗)ξ

for all X̃, Ỹ ∈ X(Ũ) and the Riemannian curvature tensor R̃ of ~∇ is given by

(R̃_{X̃Ỹ} Z̃)^∗ = R_{X̃} ∗_Ỹ ∗Z̃^∗ + 2h(X̃^∗, Ỹ^∗)HZ̃^∗ + { (∇_{X̃} ∗ h)(Ỹ^∗, Z̃^∗) − (∇_Ỹ ∗ h)(X̃^∗, Z̃^∗) } ξ (3.3) + h(X̃^∗, Z̃^∗)HỸ^∗ − h(Ỹ^∗, Z̃^∗)HX̃^∗

for all X̃, Ỹ , Z̃ ∈ X(Ũ). From this we then get

(ρ̃(X̃, Ỹ ))^∗ = ρ(X̃^∗, Ỹ^∗) + 2g(HX̃^∗, HỸ^∗),

(3.4) τ̃^∗ = τ + ρ(ξ, ξ). (3.5)

Now, the flow F_ξ is said to be normal if for all horizontal X, Y, the transformations R_{XY} leave the horizontal subspaces of the flow F_ξ invariant or equivalently, R(X, Y, X, ξ) = 0. Then, from (3.1), we get

(3.6) (∇_U H)V = g(HU, HV )ξ + η(V )H^2U

for all U, V ∈ X(M) and in this case R satisfies

(3.7) R_{UV} ξ = η(V )H^2U − η(U)H^2V, R_{Uξ}V = g(HU, HV )ξ + η(V )H^2U. This yields ρ(X, ξ) = 0 for each horizontal X and moreover, (3.1) and (3.6) yield that ρ(ξ, ξ) is a non-negative constant.

Next, for a normal flow F_ξ, (3.3) reduces to

(3.8)

(R̃_{X̃Ỹ} Z̃)^∗ = R_{X̃} ∗_Ỹ ∗Z̃^∗ − g(HỸ^∗, Z̃^∗)HX̃^∗ + g(HX̃^∗, Z̃^∗)HỸ^∗ + 2g(HX̃^∗, Ỹ^∗)HZ̃^∗

for X̃, Ỹ , Z̃ ∈ X(Ũ) and from (3.4) we get

(3.9) ( ( ~∇_{X̃} ρ̃)(Ỹ , Z̃) )_∗ = (∇_{X̃} ∗ ρ)(Ỹ^∗, Z̃^∗).

Finally, let H̃ be the (1, 1)-tensor field on Ũ defined by H̃X̃ = π_∗HX̃^∗. Then H̃ is skew-symmetric and it follows that F_ξ is normal if and only ~∇H̃ = 0. Further, on Ũ we have in that case [8]:

(3.10) R̃_{H̃X̃Ỹ} = R̃_{H̃Ỹ X̃} .

Now, we state and prove our main results. We always suppose dim M ≥ 3.

Theorem 3.1 Let (M, g) be a Riemannian manifold equipped with a normal flow. If (M, g) is a 2-stein space, then it is a space of (non-negative) constant sectional curvature.

From this result we then get at once

Corollary 3.1. A harmonic manifold which is equipped with a normal flow is a space of (non-negative) constant sectional curvature.

To prove Theorem t3.1 we first consider

Lemma 3.1. Let (M, g) be an Einstein manifold equipped with a normal flow F_ξ and let π : U → Ũ = U/ξ be a local Riemannian submersion determined by F_ξ. If Ũ is locally irreducible, then Ũ is an Einstein manifold and the ξ-sectional curvature is constant on U.

Proof. Since ρ is parallel, it follows from (3.9) that Ũ has parallel Ricci tensor and because of the local irreducibility, it is an Einstein space. Hence, (3.4) yields

2g(H^2X̃^∗, Ỹ^∗) = ( τ n − τ̃ n − 1 ) g(X̃^∗, Ỹ^∗)

for all X̃, Ỹ ∈ X(Ũ). So H^2 = c^2(−I + η ⊗ ξ) on U and from (3.5) we get c^2 = τ/n(n − 1) = const. Hence, the ξ-sectional curvature is constant and equal to c^2. □ Now, we proceed with the

Proof of Theorem 3.1. We shall prove that the 2-stein space (M, g), equipped with a normal flow F_ξ, has pointwise constant ξ-sectional curvature. Then the result follows at once from Theorem 2.1.

So, assume the contrary, that is, suppose that the ξ-sectional curvature is not pointwise constant. Then there exists a point m in M such that the ξ-sectional curvature at m is not constant. In this case it follows from Lemma l3.1 that there exists a small open neighborhood U of m such that Ũ = U/ξ is reducible and we may write Ũ = Ũ_1 × · · · × Ũ_r where Ũ_i is an Einstein space for each i = 1, . . . , r. Put dim Ũ_i = n_i and denote by τ̃_i, i = 1, . . . , r, the scalar curvature of Ũ_i. Then r∑ i=1 n_i = n − 1 and^r ∑ i=1 τ̃_i = τ̃ . Moreover, we may assume that τ̃_i n_i ≠ τ̃_j n_j for i ≠ j.

Applying (3.4) again, we get

2g(H^2X̃^∗, Ỹ^∗) = r∑ i=1 ( τ n − τ̃_i n_i ) g(X̃^∗_i , Ỹ^∗_i )

for all X̃ = r∑ i=1 X̃_i and Ỹ =^r ∑ i=1 Ỹ_i of X(Ũ). Hence, H 2X̃ ∗_i = −c2_i X̃ ∗_i for i = 1, . . . , r

and where c^2_i is the ξ-sectional curvature K(X̃^∗_i , ξ) given by

(3.11) 2c^2_i = τ̃_i n_i − τ n and, because of our assumption, we have c^2_i ≠ c^2_j , i ≠ j.

Next, we note that (3.1) implies

(3.12) tr H^2 = − τ n and with (2.1), (2.2) we also obtain

(3.13) tr H^4 = μ = 1 n(n + 2) { 3 2 ‖R‖^2 + ‖ρ‖^2 } . Further, let u be an arbitrary unit horizontal vector at m ∈ U and denote its projection on Ũ also by u. Let {e_i, i = 1, . . . , n} be an orthonormal basis of T_mM such that e_n = ξ. From (3.8) we get R̃_{uaub} = R_{uaub} + 3g(Hu, e_a)g(Hu, e_b) for a, b ∈ {1, . . . , n − 1}. Hence, we have

(3.14) μ = n−1∑ a,b=1 R̃^2_{uaub} − 6R̃_{uH̃uuH̃u} + 10‖H̃u‖^4.

Now, let m̃ = π(m) = (m̃_1, . . . , m̃_r) ∈ Ũ_1 × · · · × Ũ_r and let v = v_i + v_j ∈ T_{m̃i}Ũ_i ⊕ T_{m̃j} Ũ_j , ‖v‖ = 1 and where i, j ∈ {1, . . . , r}, i ≠ j. Then we have

‖v_i‖^2 + ‖v_j ‖^2 = 1, ‖H̃v‖^2 = c^2_i ‖v_i‖^2 + c^2_j ‖v_j ‖^2.

Since the expression in (3.14) is independent of u, we take u = v_i ‖v_i‖ and u = v_j ‖v_j ‖ in (3.14) and take into account that H̃v_l is tangent to Ũ_l for l = i, j. Summing up the obtained expressions, we get μ ( ‖v_i‖^4 + ‖v_j ‖^4 ) = n−1∑ a,b=1 R̃^2_{vavb} − 6R̃_{vH̃vvH̃v} + 10 ( ‖H̃v_i‖^4 + ‖H̃v_j ‖^4 )

= μ − 20c^2_i c^2_j ‖v_i‖^2‖v_j ‖^2.

Hence, we obtain

(3.15) μ = 10c^2_i c^2_j .

From this it follows, since the ξ-sectional curvature is not constant at m, that Ũ has exactly two factors.

So, put Ũ = Ũ_1×Ũ_2 and let R̃_1, respectively R̃_2, denote the Riemann curvature tensor of Ũ_1, respectively Ũ_2. At m̃ = π(m) ∈ Ũ we choose an orthonormal basis {e_i, i = 1, . . . , n − 1} such that e_1, . . . , e_{n1} span T_{m̃}Ũ_1 and e_{n1+1}, . . . , e_{n−1} span T_{m̃}Ũ_2. Now, let u_1 be a unit vector of T_{m̃}Ũ_1. Then we have [3], [9] ∫ S^n1^{−1} (1) n_1∑

a,b=1 R̃^2_{1u1au1 b}du_1 = C^{n1 −1} n_1(n_1 + 2) (3 2 ‖R̃_1‖^2 + τ̃^2_1 n_1 ) , ∫ S^{n1−1} (1)

R̃_{1u1H̃u1 u1H̃u1} du_1 = C^{n1 −1} n_1(n_1 + 2)

n_1∑

a,b=1 ( R̃_{aH̃abH̃b} + R̃_{aH̃baH̃b} + R̃_{aH̃bbH̃a} ) , ∫ S^{n1−1} (1)

‖H̃u_1‖^4du_1 = C_{n1 −1} n_1(n_1 + 2)

n_1∑

a,b=1 { g̃(H̃e_a, H̃e_a)g̃(H̃e_b, H̃e_b) + 2g̃(H̃e_a, H̃e_b)g̃(H̃e_a, H̃e_b) }

where C_{n1−1} denotes the volume of the unit sphere S^{n1−1}(1) in R^{n1} . Using the first Bianchi identity and (3.10) we then get ∫ S^{n1−1}(1)

R̃_{1u1H̃u1u1H̃u1} du_1 = 4C^{n1−1} n_1(n_1 + 2) c^2_1τ̃_1

and further, we have ∫ S^n1^{−1} (1)

‖H̃u_1‖^4du_1 = C_{n1 −1} n_1(n_1 + 2) { (tr H̃^2_1 )^2 + 2 tr H̃^4_1 } = c^4_1C_{n1 −1}.

So, the integration of (3.14) over S^{n1−1}(1), taking u = u_1, gives

n_1(n_1 + 2)μ = 3 2 ‖R̃_1‖^2 + τ̃^2_1 n_1

− 24c^2_1τ̃_1 + 10c^4_1n_1(n_1 + 2)

and, doing the same for a unit vector u_2 ∈ T_{m̃}Ũ_2, we obtain

n_2(n_2 + 2)μ = 3 2 ‖R̃_2‖^2 + τ̃^2_2 n_2

− 24c^2τ̃_2 + 10c^4_2n_2(n_2 + 2).

Now, summing up these last two relations gives, using (3.12) and (3.15), 3 2 ‖R̃‖^2 + τ̃^2_1 n_1 + τ̃^2_2 n_2

+ 10 ( τ n )_2 − 24(c^2_1τ̃_1 + c^2τ̃_2) = (n^2 − 21)μ.

Further, from (3.5) and (3.11), we get τ̃^2_1 n_1 + τ̃^2_2 n_2

= 2(c^2_1τ̃_1 + c^2τ̃_2) + (n + 1) ( τ n )_2

and so,

(3.16) 3 2 ‖R̃‖^2 + (n + 11) ( τ n )_2 − 22(c^2_1τ̃_1 + c^2τ̃_2) = (n^2 − 21)μ.

Finally, we express ‖R̃‖^2 in terms of ‖R‖^2. First, note that

‖R‖^2 = n−1∑ α,β,γ,δ=1 R^2_{αβγδ} + 4μ.

Using (3.8) we obtain n−1∑ α,β,γ,δ=1 R^2_{αβγδ} = ‖R̃‖^2 + 6(tr H^2)^2 + 6 tr H^4 − 4 n−1∑ α,β,γ,δ=1 ( R̃_{αβH̃αH̃β} + R̃_{αH̃αβH̃β} )

which, by applying the first Bianchi identity and (3.10), becomes n−1∑ α,β,γ,δ=1 R^2_{αβγδ} = ‖R̃‖^2 + 6(tr H^2)^2 + 6 tr H^4 − 12 n−1∑ α=1 ρ̃_{H̃αH̃α}.

So, taking into account (3.12) and (3.13), we have

‖R̃‖^2 = ‖R‖^2 + 12(c^2_1τ̃_1 + c^2τ̃_2) − 6 ( τ n )_2 − 10μ. Form this we see that (3.16) may be written as

(n + 3)μ + ( τ n )_2 − 2(c^2_1τ̃_1 + c^2τ̃_2) = 0

or, using (3.12), (3.13), as (3.17) (n + 3)(n_1c^4_1 + n_2c^4_2) + (n_1c^2_1 + n_2c^2)^2 − 2(c^2_1τ̃_1 + c^2τ̃_2) = 0. Further, (3.11) and (3.12) yield τ̃_1 n_1

= (n_1 + 2)c^2_1 + n_2c^2, τ̃_2 n_2

= n_1c^2_1 + (n_2 + 2)c^2 and with this, (3.17) yields

n_1n_2(c^2_1 − c^2)^2 = 0.

Hence, it follows that c^2_1 = c^2 which contradicts the hypothesis that the ξ-sectional curvature is not constant at m.

This completes the proof of the theorem. □

References

1. J. Berndt, F. Tricerri and L. Vanhecke, Generalized Heisenberg groups and Damek-Ricci harmonic spaces, Lecture Notes in Math. 1598, Springer-Verlag, Berlin, Heidelberg, New York, 1995.

2. A. L. Besse, Manifolds all of whose geodesics are closed, Ergeb. Math. Grenzgeb. 93, Springer- Verlag, Berlin, Heidelberg, New York, 1978.

3. B. Y. Chen and L. Vanhecke, Differential geometry of geodesic spheres, J. Reine Angew. Math.

325 (1981), 28–67.

4. E. Damek and F. Ricci, A class of nonsymmetric harmonic Riemannian spaces, Bull. Amer.

Math. Soc. N.S. 27 (1992), 139–142.

5. E. García-Río and L. Vanhecke, Five-dimensional φ-symmetric spaces, Balkan J. Geom. Appl., to appear.

6. J. C. González-Dávila, M. C. González-Dávila and L. Vanhecke, Reflections and isometric flows, Kyungpook Math. J. 35 (1995), 113–144.

7. J. C. González-Dávila, M. C. González-Dávila and L. Vanhecke, Classification of Killingtransversally symmetric spaces, Tsukuba J. Math. 20 (1996), 321–347.

8. J. C. González-Dávila and L. Vanhecke, Geodesic spheres and isometric flows, Colloq. Math.

67 (1994), 223–240.

9. A. Gray and L. Vanhecke, Riemannian geometry as determined by the volumes of small geodesic balls, Acta Math. 142 (1979), 157–198.

10. H. S. Ruse, A. G. Walker and T. J. Willmore, Harmonic Spaces, Cremonese, Roma, 1961. 11. Z. I. Szabó, The Lichnerowicz conjecture on harmonic manifolds, J. Differential Geom. 31 (1990), 1–28.

12. Z. I. Szabó, Spectral theory for operator families on Riemannian manifolds, Differential Geometry (Eds. R. Greene and S. T. Yau), Proc. Sympos. Pure Math. 54 Part 3 (1993), 615–665.

13. Ph. Tondeur, Foliations on Riemannian Manifolds, Universitext, Springer-Verlag, Berlin, Heidelberg, New York, 1988.

14. L. Vanhecke, Some solved and unsolved problems about harmonic and commutative spaces, Bull. Soc. Math. Belg. Sér. B 34 (1982), 1–24.

15. L. Vanhecke, Geometry in normal and tubular neighborhoods, Rend. Sem. Fac. Sci. Univ.

Cagliari, Supplemento 58 (1988), 73–176.

Departamento de Matemática Fundamental (Received 10 02 1997) Sección de Geometría y Topología Universidad de La Laguna La Laguna, Spain

Department of Mathematics Katholieke Universiteit Leuven Celestijnenlaan 200 B B-3001 Leuven, Belgium