PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 61 (75), 1997, 53–60

ON SOME TRANSFORMS OF TRIGONOMETRIC SERIES

F.M. Berisha and M.H. Filipović

Communicated by Gradimir Milovanović

Abstract. We give a transform of convergent trigonometric series into equivalent convergent series and sufficient conditions for the transformed series to converge faster than the original one.

Introduction. Let_∞ ∑ n=1 a_n cos(αn + β)x (1)

be a convergent real or complex trigonometric series. A method of accelerating the convergence of (1) is given in [1]. It consists of as follows:

Let r ≠ 1 be a real or complex number and Δ^k_r a linear operator defined by

Δ_r(a_n) = a_{n+1} − ra_n Δ^{k+1}_r (a_n) = Δ_r(Δ^k_r (a_n)) (k = 1, 2, ...).

If lim_{n→∞}^{an+1}_{an} = r, lim_{n→∞}^{Δkr (an+1)}_{Δkr (an)} = r (k = 1, 2, ..., p), then ∞∑ n=1 a_n cos(αn + β)x = a_1C^1_r (0) 1 − 2r cos αx + r^2 + p−1∑ k=1 Δ^k_r (a_1)C^{k+1}_r (0) (1 − 2r cos αx + r^2)^{k+1} + 1 (1 − 2r cos αx + r^2)^p ∞∑ n=1 Δ^p_r (a_n)Δ^p_r cos(αn + β)x, (2)

where are C^k_r (n) = Δ^k_r cos(αn + β)x (n = 0, 1, 2, ...).

AMS Subject Classification (1991): Primary 42A32

A generalization for number series is given in [2] and for power series in [3]. More detailed approach on these issues is given in [6]. In this paper we obtain a generalization of transform (2) for cosine and sine series and give sufficient conditions for the modified transform to converge faster than (1).

For a sequence of real or complex numbers {a_n}^∞_{n=1} and a given sequence {r_n}^∞_{n=1} we define a linear operator L_{r1...rp} by

L_{r1} (a_n) = a_{n+1} − r_1a_n L_{r1...rp+1} (a_n) = L_{r1...rp} (a_{n+1}) − r_{p+1}L_{r1...rp} (a_n) (p = 1, 2, ...). (3) In particular, for the sequence {cos(αn + β)x}^∞_{n=1} we put C_{r1 ...rp} (n) = L_{r1...rp} cos(αn + β)x (n = 0, 1, 2, ...). For fixed p put

E_0 = 1, E_1 = p∑ i=1 r_i, E_2 = ∑ 1≤i<j≤p r_ir_j , E_3 = ∑ 1≤i<j<k≤p r_ir_j r_k, ... , E_p = r_1r_2...r_p

(where the summation for E_m is performed over all combinations of distinct indices between 1 and p taken m at a time); we note that L_{r1...rp} (a_n) = p∑ k=0 (−1)^kE_ka_{n+p−k}. (4)

In order to establish the modified transform, we use the following Lemma. Suppose that the coefficients t_{nm} (0 ≤ m ≤ n) of the infinite triangular matrix (t_{nm}) satisfy the following conditions:

a) lim_{n→∞} t_{nm} = 0 for each fixed m;

b) there exists a constant K such that^p ∑ k=0 |t_{pk}| ≤ K for each nonnegative p.

Let {x_n}^∞_{n=1} be a sequence and define the sequence {x^′_n}^∞_{n=1} by

x^′_n = n∑ k=0 t_{nk}x_k (n = 0, 1, 2, ...).

Then we have: if lim_{n→∞} x_n = 0, then lim_{n→∞} x^′_n = 0.

The proof of the lemma is due to Toeplitz [4, p. 325].

1. A modified transform of trigonometric series. The following theorem gives a generalization of transform (2) for trigonometric series (1).

Theorem 1. Let (1) be a convergent real or complex trigonometric series (α ≠ 0), r_1, ..., r_p (r_j e^{±αxi} ≠ 1, j = 1, ..., p) arbitrary real or complex numbers. Then ∞∑ n=1 a_n cos(αn + β)x = a_1C_{r1} (0) 1 − 2r_1 cos αx + r^2_1 + p−1∑ k=1 L_{r1...rk} (a_1)C_{r1 ...rk+1} (0) (1 − 2r_1 cos αx + r^2_1 )...(1 − 2r_{k+1} cos αx + r^2_{k+1}) + ( p∏ j=1 (1 − 2r_j cos αx + r^2_j ) )_{−1 ∞}∑ n=1 L_{r1...rp} (a_n)L_{r1...rp} cos(αn + β)x. (5)

Proof. Considering the Euler’s formula for cos(αn + β)x we have ∞∑ n=1 a_n cos(αn + β)x = 1 2 ∞∑ n=1 a_ne^{(αn+β)xi} + 1 2 ∞∑ n=1 a_ne^{−(αn+β)xi}.

Let f_1(x) =^∞ ∑ n=1 a_ne^{(αn+β)xi}, f_2(x) =^∞ ∑ n=1 a_ne^{−(αn+β)xi}. Then f_1(x) = a_1e^{(α+β)xi} + e^{αxi}Φ_1(x),

where Φ_1(x) =^∞ ∑ k=1 a_{k+1}e^{(αk+β)xi}. So

(1 − r_1e^{αxi})Φ_1(x) = ∞∑ k=1 (a_{k+1} − r_1a_k)e^{(αk+β)xi} + r_1a_1e^{(α+β)xi}.

Thus

Φ_1(x) = r_1a_1e^{(α+β)xi} 1 − r_1e^{αxi} + 1 1 − r_1e^{αxi} ∞∑ k=1 (a_{k+1} − r_1a_k)e^{(αk+β)xi} and hence

f_1(x) = a_1e^{(α+β)xi} + e^{αxi} r_1a_1e^{(α+β)xi} 1 − r_1e^{αxi} + e^{αxi} 1 − r_1e^{αxi} ∞∑ k=1 (a_{k+1} − r_1a_k)e^{(αk+β)xi}

= a_1e^{(α+β)xi} 1 − r_1e^{αxi} + e^{αxi} 1 − r_1e^{αxi} ∞∑ k=1 L_{r1} (a_k)e^{(αk+β)xi}. (6)

Applying a similar technique to^∞ ∑ k=1 L_{r1} (a_k)e^{(αk+β)xi}, we get ∞∑ k=1 L_{r1} (a_k)e^{(αk+β)xi} = L_{r1} (a_1)e^{(α+β)xi} + e^{αxi}Φ_2(x)

(where now Φ_2(x) =^∞ ∑ k=1 L_{r1} (a_{k+1})e^{(αk+β)xi} ), where from using (3), we get

(1 − r_2e^{αxi})Φ_2(x) = ∞∑ k=1 (L_{r1} (a_{k+1}) − r_2L_{r1} (a_k)) e^{(αk+β)xi} + r_2L_{r1} (a_1)e^{(α+β)xi}

= ∞∑ k=1 L_{r1r2} (a_k)e^{(αk+β)xi} + r_2L_{r1} (a_1)e^{(α+β)xi}.

Hence ∞∑ k=1 L_{r1} (a_k)e^{(αk+β)xi} = L_{r1} (a_1)e^{(α+β)xi} + e^{αxi} r_2e^{(α+β)xi}L_{r1} (a_1) 1 − r_2e^{αxi} + e^{αxi} 1 − r_2e^{αxi} ∞∑ k=1 L_{r1r2} (a_k )e^{(αk+β)xi}.

Thus, using (6), we obtain

f_1(x) = a_1e^{(α+β)xi} 1 − r_1e^{αxi} + L_{r1} (a_1)e^{(2α+β)xi} (1 − r_1e^{αxi})(1 − r_2e^{αxi}) + e^{2αxi} (1 − r_1e^{αxi})(1 − r_2e^{αxi}) ∞∑ k=1 L_{r1r2} (a_k)e^{(αk+β)xi}. (7) Repeating this process p times we find that

f_1(x) = a_1e^{(α+β)xi} 1 − r_1e^{αxi} + p−1∑ k=1 L_{r1...rk} (a_1) e^{(α(k+1)+β)xi} (1 − r_1e^{αxi})...(1 − r_{k+1}e^{αxi}) + R^{(1)}_p (x), (8)

where

R^{(1)}_p (x) = 1 (1 − r_1e^{αxi})...(1 − r_pe^{αxi}) ∞∑ n=1 L_{r1...rp} (a_n)e^{(α(n+p)+β)xi}. (9) Notice that (6) and (7) are the p = 1 and p = 2 cases of (8), respectively. Since f_2(x) = f_1(−x), we have

f_2(x) = a_1e^{−(α+β)xi} 1 − r_1e^{−αxi} + p−1∑ k=1 L_{r1...rk} (a_1) e^{−(α(k+1)+β)xi} (1 − r_1e^{−αxi})...(1 − r_{k+1}e^{−αxi}) + R^{(2)}_p (x),

(8^′) where

R^{(2)}_p (x) = 1 (1 − r_1e^{−αxi})...(1 − r_pe^{−αxi}) ∞∑ n=1 L_{r1...rp} (a_n)e^{−(α(n+p)+β)xi}. (9^′)

Multiplying the equations (8) and (8^′) by 1/2 and then summing the two together, using (4) for the sequence {cos(αn + β)x}^∞_{n=1}, we obtain ∞∑ n=1 a_n cos(αn + β)x = a_1C_{r1} (0) 1 − 2r_1 cos αx + r^2_1 + p−1∑ k=1 L_{r1...rk} (a_1)C_{r1 ...rk+1} (0) (1 − 2r_1 cos αx + r^2_1 )...(1 − 2r_{k+1} cos αx + r^2_{k+1})

+ R_p(x), (8^{′′})

where

R_p(x) = 1 2 ( R^{(1)}_p (x) + R^{(2)}_p (x) )

= (_p∏ j=1 (1 − 2r_j cos αx + r^2_j ) )_{−1 ∞}∑ n=1 L_{r1...rp} (a_n)L_{r1...rp} cos(αn + β)x. (9^{′′})

Equalities (8^{′′}) and (9^{′′}) complete the proof.

In completely analogous way we obtain the similar transform for sine series ∞∑ n=1 a_n sin(αn + β)x = a_1S_{r1} (0) 1 − 2r_1 cos αx + r^2_1 + p−1∑ k=1 L_{r1...rk} (a_1)S_{r1...rk+1} (0) (1 − 2r_1 cos αx + r^2_1 )...(1 − 2r_{k+1} cos αx + r^2_{k+1}) + ( p∏ j=1 (1 − 2r_j cos αx + r^2_j ) )_{−1 ∞}∑ n=1 L_{r1...rp} (a_n)L_{r1...rp} sin(αn + β)x, (10)

where S_{r1...rp} (n) = L_{r1...rp} sin(αn + β)x (n = 0, 1, 2, ...). Remark 1. If L_{r1...rp} (a_n) = 0 for some p ≥ 1 and for n sufficiently large, then (5) and (10) transform trigonometric series into finite sums.

Remark 2. In particular, for r_1 = r_2 = · · · = r_p = r, we obtain the transform (2).

2. Accelerating convergence of trigonometric series. The following theorem gives a transform of convergent trigonometric series (1) into an equivalent convergent series.

Theorem 2. Let (1) be a convergent series on x, π/2 ≤ |α|x ≤ 3π/2 and {r_n}^∞_{n=1} a sequence of positive real numbers such that for some real λ > 1

r_n = O ( n^{−λ} ) or 1/r_n = O ( n^{−λ} ) . (11)

Then ∞∑ n=1 a_n cos(αn + β)x = a_1C_{r1} (0)

1 − 2r_1 cos αx + r^2_1 + ∞∑ k=1 L_{r1...rk} (a_1)C_{r1 ...rk+1} (0) (1 − 2r_1 cos αx + r^2_1 )...(1 − 2r_{k+1} cos αx + r^2_{k+1})

. (12)

Proof. In order to prove (12) we need to show that in (8^{′′}), lim_{p→∞} R_p(x) =

0. Let r_n(x) be the remainder of the convergent series^∞ ∑ n=1 a_ne^{(αn+β)xi}. Then

lim_{n→∞} r_n(x) = 0. Thus, using (4) we get

R^{(1)}_p (x) = ( p∏ j=1 (1 − r_j e^{αxi}) )_{−1 ∞}∑ n=1 e^{(α(n+p)+β)xi} p∑ k=0 (−1)^kE_ka_{n+p−k}

= ( p∏ j=1 (1 − r_j e^{αxi}) )_{−1} p∑ k=0 (−1)^{p−k}e^{(p−k)xi}E_{p−k} r_k(x).

In the lemma of Introduction we put t_{pk} = (_p∏ j=1 (1 − r_j e^{αxi}) )_{−1} (−1)^{p−k}e^{(p−k)xi}E_{p−k} (0 ≤ k ≤ p).

We have to show that the conditions of the lemma are satisfied. For each nonneg-

ative integer p we have ‖t_{pk}| = | | | | (_p∏ j=1 (1 − r_j e^{αxi}) )_{−1} E_{p−k} | | | |

= | | | | ∑ 1≤i_1 <...<i_{p−k}≤p ( p∏ s=p−k+1 (1 − r_{is} e^{αxi}) )_{−1} p−k∏ j=1 r_{ij} 1 − r_{ij} e^{αxi} | | | |. Without lost in generality we may assume that α > 0. Then π/2 ≤ αx ≤ 3π/2,

and since r_j ≥ 0 (j = 1, ..., p), we have | |1 − r_j e^{αxi} | | > 1, | |r_j / (1 − r_j e^{αxi}) | | < 1 (j = 1, ..., p). (13) Hence |t_{pk}| ≤ ∑ 1≤i_1 <...<i_{p−k}≤p p−k∏ j=1 | | | r^{ij} 1 − r_{ij} e^{αxi} | | | ≤ ( p p − k ) M^{p−k} ≤ p^kM^{p−k}, where M = max_{1≤j≤p} | |r_j / (1 − r_j e^{αxi}) | | < 1. Thus lim_{p→∞} t_{pk} = 0, so the condition (a) of

the lemma holds. Notice that p∑ k=0 |t_{pk}| ≤ | | | | p∏ j=1 (1 − r_j e^{αxi}) | | | | −1 p∑

k=0 E_{p−k} = | | | | p∏ j=1 (1 − r_j e^{αxi}) | | | | −1 p∏

k=1 (1 + r_k). (14)

From (11) we derive that one of the two series^∞ ∑ j=1 r_j or^∞ ∑ j=1 1/r_j converges, and

hence one of the two infinite products^∞ ∏ j=1 (1 + r_j ) or^∞ ∏ j=1 (1 + 1/r_j ) converges. Put

K = ∞∏ j=1 (1 + r_j ), if^∞ ∏ j=1 (1 + r_j ) converges ∞∏ j=1 (1 + 1/r_j ) , if^∞ ∏ j=1 (1 + 1/r_j ) converges,

using (14) and (13), we conclude that the condition (b) of the lemma is also satisfied. Thus lim_{p→∞} R^{(1)}_p (x) = 0. On the other hand, since | |1 − r_j e^{αxi} | | = | |1 − r_j e^{−αxi} | | (j = 1, 2, ...), the inequalities (13) hold true if we replace x by −x. This however, based on (9) and (9^′), means that lim_{p→∞} R^{(2)}p (x) = 0. Hence, using (9^{′′}), lim_{p→∞} R_p(x) = 0. Now (12) follows from (8^{′′}).

Obviously, the result of Theorem 2 can be applied for the transform (10) of sine series. Obtained transform, analogous with (12), is ∞∑ n=1 a_n sin(αn + β)x = a_1S_{r1} (0) 1 − 2r_1 cos αx + r^2_1 + ∞∑ k=1 L_{r1...rk} (a_1)S_{r1...rk+1} (0) (1 − 2r_1 cos αx + r^2_1 )...(1 − 2r_{k+1} cos αx + r^2_{k+1})

. (15)

Remark 3. Let r_j > 0 (j = 1, 2, ...) and π/2 ≤ |α|x ≤ 3π/2. Suppose for p = 1, 2, ... that L_{r1...rp} (a_n) ≠ 0 for n sufficiently large and that lim_{n→∞}^{Lr1...rp (an+1)}_{Lr1...rp (an)} exists. Since, according to (3),

L_{r1} (a_n) a_n = a_{n+1} a_n − r_1 L_{r1...rp+1} (a_n) L_{r1...rp} (a_n) = L_{r1...rp} (a_{n+1}) L_{r1...rp} (a_n) − r_{p+1} (p = 1, 2, ...), (16) if we require the additional condition that the sequence {r_n}^∞_{n=1} is chosen so that

r_1 = lim_{n→∞} a_{n+1} a_n , r_{p+1} = lim_{n→∞} L_{r1...rp} (a_{n+1}) L_{r1...rp} (a_n) (p = 1, 2, ...), then the sequences (16) are null-sequences. Whence lim_{n→∞} L_{r1...rp} (a_n) a_n = lim_{n→∞}

L_{r1} (a_n) a_n L_{r1r2} (a_n) L_{r1} (a_n) · · · L_{r1...rp} (a_n) L_{r1...rp−1} (a_n) = 0 (p = 1, 2, ...). Therefore, according to (8^{′′}), (9^{′′}), (9), (9^′) and (13), we conclude that the series on the right-hand side of (5) and (10) converge faster than the ones on the left-hand side.

If we require that the sequence {r_n}^∞_{n=1} from remark 3 satisfies the condition (11), then the right-hand sides of (12) and (15) converge faster than the left-hand sides.

Example. Let a_n = 1/ (a^n + b^n) (0 < a < b). Then

r_1 = lim_{n→∞} a_{n+1} a_n = 1 b , r_{p+1} = lim_{n→∞} L_{r1...rp} (a_{n+1}) L_{r1...rp} (a_n) = a^{p−1} b^p (p = 1, 2, ...). Obviously, the sequence {r_n}^∞_{n=1} satisfies the condition (11) of Theorem 2. In particular, put a = 2, b = 3, α = 1, β = 0, x = 3π/4; then in order to calculate the approximate sum of the number series^∞ ∑ n=1 1 2^n+3^n cos 3nπ 4 with error not greater

than 10^{−6} we must compute the sum of first 12 terms. Applying the transform (5) of Theorem 1, the same accuracy is obtained by computing the sum of first 7 terms for p = 1, 4 terms for p = 2, and 2 terms for p = 3.

References

[1] G.A. Sorokin, O nekotorykh preobrazovaniyakh ryadov, Izv. Vuzov. Mat. 11 (1984), 34–40. [2] I.Z. Milovanović, M.A. Kovačević, S.D. Cvejić, O nekotorykh preobrazovaniyakh ryadov, Izv.

Vuzov. Mat. 4 (1988), 82–84.

[3] I.Z. Milovanović, J. Klippert, M.A. Kovačević, S.D. Cvejić, A modification of the Euler–Abel transform for convergent series, J. Nat. Sci. Math. 1 (1989), 1–9.

[4] G.M. Fikhtengoltz, Kurs differentsyalnogo i integralnogo ischislenya, Moscow, 1969. [5] J. Klippert, Accelerating the convergence of an infinite series, Int. J. Math. Educ. Sci. Technol.

2 (1984), 191–195.

[6] M.H. Filipović, Transformacije konvergentnih redova, Magistarski rad, Priština, 1966.

Faton M. Berisha (Received 11 07 1996) Velanija IV/1 38000 Priština Yugoslavia

Milan H. Filipović VPŠ Ramiza Sadikua b.b. 38000 Priština Yugoslavia