PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série, tome 61 (75), 1997, 1–5

FINITE EQUATIONS IN N UNKNOWNS

Dragić Banković

Communicated by Žarko Mijajlović

Abstract. S. Prešić determined in [6] all reproductive general solutions of a finite equation, supposing that particular solutions are known. In [2] all general solutions (including all reproductive general solutions) of a finite equation were determined, without the above supposition. In this paper we consider finite equations in n unknowns and we solve them by the method of successive eliminations.

The study of general and reproductive solutions of Boolean equations, initiated by Löwenheim, was continued and generalized to the several subjects. The first result within a set-theoretical framework was obtained by Prešić [5]. We firstly state the definition of the general solution and reproductive general solution from [5].

Definition 1. Let E be a given nonempty set and R be a given unary relation of E. A formula x = ϕ(t), where ϕ : E → E is a given function, represents a general solution of the x-equation R(x) if and only if (∀t)R(ϕ(t)) ∧ (∀x)(R(x) ⇒ (∃t)(x = ϕ(t))). A formula x = ψ(t), where ψ : E → E is a given function, represents a reproductive general solution of the x-equation R(x) if and only if (∀t)R(ψ(t)) ∧ (∀t)(R(t) ⇒ t = ψ(t)). Let Q = {q_0, q_1, . . . , q_m} be a given set of m + 1 elements and S = {0, 1}.

Define the operations + and ∘ in the following way:

+ 0 1 0 0 1 1 1 1

∘ 0 1 0 0 0 1 0 1 x = { 1, if R(X) 0, otherwise

AMS Subject Classification (1991): Primary 03B50

Assuming that (∀x ∈ S ∪ Q)(x + 0 = x ∧ 0 + x = x ∧ x ∘ 0 = 0 ∧ x ∘ 1 = x ∧ 1 ∘ x = x), S. Prešić considered the following x-equation

s_0 ∘ x^{q0} + s_1 ∘ x^{q1} + · · · + s_m ∘ x^{qm} = 0 (s_i ∈ {0, 1}, x ∈ Q). The latter equation is consistent (has a solution) if and only if ∏ k∈M s_k = 0, where M = {0, 1, . . . , m}. In the sequel ∘ will be omitted.

Theorem 1. [1] Let the equation (1) ∑ k∈M s_kx^{qk} (s ∈ {0, 1})

be consistent (i.e., ∏ k∈M s_k = 0). Then the formula

x = ∑ k∈M ( s^0_kq_k + s_ks^0_{k⊕1}q_{k⊕1} + · · · + s_ks_{k⊕1} · · · s^0_{k⊕(m−1)}q_{k⊕(m−1)} + · · · + s_ks_{k⊕1} · · · s_{k⊕(m−1)}q_{k⊕m} ) t^{qk} , where ⊕ is the addition mod(m + 1), defines the reproductive general solution of the equation (1).

Comment. Theorem 1 is a special case of Theorem 2 in [2]. Theorem 2. Every function f : Q → {0, 1} satisfies the identity (2) f(x) = ∑ B∈Q^n f(B)X^B .

Proof. Let the right-hand side of (2) be denoted by h(X). For every X ∈ Q^n there is B_0 ∈ Q^n such that X = B_0. Hence h(X) = ∑ B∈Q^n f(B)B^B_0 = f(B)B^{B0}_0 = f(B_0) = f(X). □

Remark 1. Any given n-ary relation R on Q is equivalent to an equation i.e., R(X) ⇔ ∑ B∈Q^n f(B)X^B = 0, where f(B) = { 1, if R(X) 0, otherwise .

Lemma 1. Let f : Q → {0, 1}. Then, for every i ∈ {1, . . . , n}, we have (3) f(x_1, . . . , x_n) = ∑ k∈M x^{qk}_i f(x_1, . . . , x_{i−1}, q_k, x_{i+1} . . . , x_n).

Proof. Let the right-hand side of (3) be denoted by g(x_1, . . . , x_n). If (x_1, . . . , x_n) ∈ Q^n, then

g(x_1, . . . , x_{i−1}, x_i, x_{i+1} . . . , x_n) = ∑ k∈M x^{qk}_i f(x_1, . . . , x_{i−1}, q_k, x_{i+1} . . . , x_n)

= x^{xi}_i f(x_1, . . . , x_{i−1}, x_i, x_{i+1} . . . , x_n) = f(x_1, . . . , x_{i−1}, x_i, x_{i+1} . . . , x_n). □

We consider the following equation: (4) ∑ B∈Q^n f(B)X^B = 0.

Note that (4) is consistent if and only if (5) ∏ B∈Q^n f(B) = 0.

Theorem 3. Let f(x_1, . . . , x_n) = 0 (f : Q^n → {0, 1} be a consistent equation. Set

f_p(x_1, . . . , x_n) = ∏ (b_{p+1},... ,b_n)∈Q^{n−p} f(x_1, . . . , x_p, b_{p+1}, . . . , b_n).

for p = 1, . . . , n. Formulas obtained from

x_p = ∑ k∈M ( f^0_p (x_1, . . . , x_{p−1}, q_k)q_k + + f_p(x_1, . . . , x_{p−1}, q_k)f^0_p (x_1, . . . , x_{p−1}, q_{k⊕1})q_{k⊕1} + · · · + f_p(x_1, . . . , x_{p−1}, q_k)f_p(x_1, . . . , x_p, q_{k⊕1}) · · · f^0_p (x_1, . . . , x_{p−1}, q_{k⊕(m−1)})q_{k⊕(m−1)} + f_p(x_1, . . . , x_{p−1}, q_k)f_p(x_1, . . . , x_{p−1}, q_{k⊕1}) · · · f^0_p (x_1, . . . , x_{p−1}, q_{k⊕(m−1)})q_{k⊕m} ) t^{qk}_p by performing the successive substitutions, define the reproductive general solutions of f(x_1, . . . , x_n) = 0.

Proof. We start from the equation f_n(x_1, . . . , x_n) = 0 (f_n = f). At step n − p + 1 (p = n, n − 1, . . . , 1) we consider the equation f_p(x_1, . . . , x_p) = 0 which can be written as ∑ k∈M x^{qk}_p f_p(x_1, . . . , x_{p−1}, q_k) = 0, by Lemma 1. Solving this equation we get, by Theorem 1, the reproductive general solution

x_p = ∑ k∈M ( f^0_p (x_1, . . . , x_{p−1}, q_k)q_k + + f_p(x_1, . . . , x_{p−1}, q_k)f^0_p (x_1, . . . , x_{p−1}, q_{k⊕1})q_{k⊕1} + · · · + f_p(x_1, . . . , x_{p−1}, q_k)f_p(x_1, . . . , x_p, q_{k⊕1}) · · · f^0_p (x_1, . . . , x_{p−1}, q_{k⊕(m−1)})q_{k⊕(m−1)} + f_p(x_1, . . . , x_{p−1}, q_k)f_p(x_1, . . . , x_{p−1}, q_{k⊕1}) · · · f^0_p (x_1, . . . , x_{p−1}, q_{k⊕(m−1)})q_{k⊕m} ) t^{qk}_p provided the consistency condition ∏ b_p∈Q f_p(x_1, . . . , x_{p−1}, b_p) = 0,

i.e., ∏ (b_p,... ,b_n)∈Q^{n−p} f_n(x_1, . . . , x_{p−1}, b_p, . . . , b_n) = 0,

i.e., f_{p−1}(x_1, . . . , x_{p−1}) = 0.

At step n we solve the equation f_1(x_1) = 0 which can be written in the form ∑ k∈M x^{qk}_1 f_1(q_k) = 0.

Solving the latter equation we get

x_1 = ∑ k∈M ( f_1(q_k)q_k + f_1(q_k)f^0_1 (q_{k⊕1})q_{k⊕1} + · · · + f_1(q_k)f_1(q_{k⊕1}) · · · f^0_1 (q_{k⊕(m−1)})q_{k⊕(m−1)} + f_1(q_k)f_1(q_{k⊕1}) · · · f^0_1 (q_{k⊕(m−1)})q_{k⊕m} ) t^{qk}_p provided the consistency condition ∏ b_1 ∈Q f_1(b_1) = 0

i.e., (6) ∏ (b_1,... ,b_n)∈Q^n

f(b_1, . . . , b_n) = 0) = 0

i.e., f_0 = 0.

Note that (6) is the consistency condition (5), which is fulfilled, by assumption of Theorem. □

Author would very much like to thank to Professor C. Ghilezan for the idea of this paper.

References

1. D. Banković, A new proof of Prešić’s theorem on finite equations, Publ. Inst. Math. (Beograd) 51(65) (1992), 22–24.

2. D. Banković, All general solutions of finite equations, Discrete Math. 137 (1995), 1–6. 3. C. Ghilezan, Méthodeà résoudre des relations dont les résolutions appartiennentà un ensemble fini, Publ. Inst. Math. (Beograd) 10(24) (1970), 21–23.

4. S. Prešić, Une méthode de résolution deséquations dont toutes les solutions appartiennentà un ensemble fini donné. C. R. Acad. Sci. Paris Ser. A 272 (1971), 654–657.

5. S. Prešić, Ein Satzüber reproductive Lösungen, Publ. Inst. Math. (Beograd) 14(28) (1972), 133–136.

6. S. Prešić, All reproductive solutions of finite equations, Publ. Inst. Math. (Beograd) 44(58) (1988), 3–7.

Prirodno-matematički fakultet (Received 27 10 1995) Radoja Domanovića 12 34000 Kragujevac Yugoslavia