PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 57 (71), 1995, 101-110

-Duro Kurepa memorial volume

ON THE FOURTH MOMENT OF THE RIEMANN ZETA-FUNCTION

Aleksandar Ivić

Dedicated to the memory of Professor -Duro Kurepa

Abstract. Atkinson proved in 1941 that ∫_∞ 0 e^{−t/T} |ζ(1/2 + it)|^4dt = T Q_4(log T ) + O(T^c) with c = 8/9 + ε, where Q_4(y) is a suitable polynomial in y of degree four. We improve Atkinson’s result by showing that c = 1/2 is possible, and we provide explicit expressions for all the coefficients of Q_4(y) and the closely related polynomial P_4(y).

1. Introduction

In recent years there has been much progress with problems involving the function E_2(T ) (see [7], [8], [9], [10], [12], [13], [15]). This important function, which represents the error term in the asymptotic formula for the fourth moment of the Riemann zeta-function ζ(s) on the so-called “critical line” Res =^1_2 , is defined by the relation T∫ 0 | | |ζ ( 1 2 + it )| | | 4 dt = T 4∑ j=0 a_j log^j T + E_2(T ). (1.1)

In 1926 Ingham [4] proved that a_4 = 1/(2π^2). Much later in 1979 Heath-Brown [3] proved that E_2(T ) ≪ T^{7/8+ε} (f ≪ g and f = O(g) both mean that |f(x)| ≤ Cg(x) for x ≥ x_0, C > 0 and g(x) > 0), and calculated

a_3 = 2(4γ − 1 − log(2π) − 12ζ^′(2)π^{−2})π^{−2}, (1.2)

where as usual γ = 0.577215 . . . is Euler’s constant. The constants a_2, a_1 and a_0 are more complicated, and were not stated explicitly in [3]. Heath-Brown’s bound for E_2(T ) was improved to

E_2(T ) = O(T^{2/3} log^C T ) (C > 0) (1.3)

AMS Subject Classification (1991): Primary 11 M 06

in [9] by Motohashi and the author (see also [7]), where it was also proved that

E_2(T ) = Ω(T^{12} ), (1.4)

and as usual f = Ω(g), g > 0 means that lim_{x→∞} f(x)/g(x) ≠ 0. Therein it was also shown that_T ∫ 0 E_2(t)dt = O(T^{3/2}). (1.5)

Recently Motohashi [15] improved (1.4) to E_2(T ) = Ω_±(T^{12} ), and in [10] Motohashi and the author established that, with some C > 0, T∫ 0 E^2_2 (t)dt = O(T^2 log^C T ). (1.6)

In general, one can define the error term function E_k(T ) by the relation T∫ 0 | | |ζ ( 1 2 + it )| | | 2k dt = T P_k2 (log T ) + E_k(T ), (1.7)

where k ≥ 1 is a fixed integer, and P_k2 (y) is a suitable polynomial in y of degree k^2. Apart from the classical case k = 1 (see [6] and [7] for an extensive discussion) and k = 2, our knowledge about the general E_k(T ) (see Ch. 4 of [7]) is very modest. At present it is not known E_k(T ) = o(T ) as T → ∞ for any k ≥ 3, and in fact it is not clear how to define properly the coefficients of P_k2 (y) for k ≥ 3.

Instead at (1.7) one may look at the related formula of the Laplace transform (see Ch. 7 of Titchmarsh [16]) ∞∫ 0 e^{−δt}ζ | | | ( 1 2 + it )| | | 2k dt (δ → 0+, k ≥ 1 an integer), (1.8)

since Laplace transforms of many functions are easier to handle than the original functions. Kober [11] proved that ∞∫ 0 e^{−2δt} | | |ζ ( 1 2 + it )| | | 2 dt = γ − log(4πδ) 2sinδ + N∑ n=0 c_nδ^n + O(δ^{N+1}) (1.9)

for δ → 0+, any fixed integer N ≥ 1 and suitable constants c_n. This is much sharper than the corresponding asymptotic formula (1.7) when k = 1. Atkinson [1] obtained ∞∫ 0 e^{−δt} | | |ζ ( 1 2 + it )| | | 4 dt (1.10)

= 1 δ (A log^4 δ^{−1} + B log^3 δ^{−1} + C log^2 δ^{−1} + D log δ^{−1} + E) + L_2(δ^{−1}) as δ → 0+ with

A = 1/(2π^2), B = π^{−2}(2 log(2π) − 6γ + 24ζ^′(2)π^{−2}) (1.11)

and L_2(1/δ) ≪ (1/δ)^{13/14+ε} for any given ε > 0. Atkinson’s proof used bounds for the function E(x, r) in (4.6). In his work it was indicated on p. 185 how a better bound for E(x, r), which depends on bounds for Kloosterman sums, will lead to the better bound L_2 ( 1 δ ) ≪ ( 1 δ )_{8/9+ε} (δ → 0+). (1.12)

In analogy with (1.7) we define (writing in (1.8) T = 1/δ with T → ∞) the function L_k(T ) by the relation ∞∫ 0 e^{−t/T} | | |ζ ( 1 2 + it )| | | 2k dt = T Q_k2 (log T ) + L_k(T ), (1.13)

where k ≥ 1 is a fixed integer, Q_k2 (y) is a suitable polynomial in y of degree k^2, and one should have L_k(T ) = o(T ) as T → ∞. At present (analogously to E_k(T ) = o(T )) the relation L_k(T ) = o(T ) is not known to hold for k ≥ 3.

2. Statement of results

A comparison of the asymptotic formulas (1.1) and (1.10) shows that a_4 = A = 1/(2π^2), but that a_3 ≠ B. One actually has

B = a_3 + 2π^{−2}(1 − γ), (2.1)

the reason for which will become clear later. Recent advances concerning E_2(T ) make it possible to improve (1.12), and we have

Theorem 1. If L_2 is defined by (1.10), then as T → ∞ one has

L_2(T ) = O(T^{1/2}). (2.2)

This result gives a substantial improvement over Atkinson’s exponent 8/9 + ε in (1.12). The exponent 1/2 in (2.2) is the limit of the method of proof, which is based on the use of (1.5). One can prove, more generally, the following

Theorem 2. Suppose k ≥ 2 is a fixed integer and T∫ 0 E_k(t)dt = O(T^{ck} ) (2.3)

holds for some c_k > 0. If L_k is defined by (1.13), then as T → ∞

L_k(T ) = O(T^{ck −1}). (2.4)

Moreover the coefficients of Q_k2 (y) can be expressed as linear combinations of the coefficients of P_k2 (y), defined by (1.7).

The remaining aim of this paper is to provide explicit expressions for the coefficients a_2, a_1 and a_0 in (1.1) that were not stated explicitly by Heath-Brown [3]. From the nature of the problem it is clear that the expressions for these coefficients will be more complicated than the expression (1.2) for a_3. For this reason they will not be stated here as a theorem, but will be dealt with in section 4, where all the appropriate notation will be introduced. From the proof of Theorem 2 in section 3 it will be clear that we can evaluate explicitly C, D and E in (1.10) as linear combinations of the a^′_j s. Conversely, if we know explicitly the coefficients of Q_k2 (y), then it is not difficult to see that the coefficients of P_k2 (y) can be written as linear combinations of the coefficients of Q_k2 (y).

3. The Laplace transform of the 2k-th moment

It is enough to prove Theorem 2, since Theorem 1 is its consequence because, by (1.5), we have c_2 = 3/2 in (2.3) for k = 2. Let

I_k(T ) = T∫ 0 | | |ζ ( 1 2 + it )| | | 2k dt = T P_k2 (log T ) + E_k(T )

with

P_k2 (y) =

k^2∑

j=0 a_j y^j , a_j = a_j (k). (3.1)

Then integration by parts gives ∞∫ 0 e^{−t/T} | | |ζ ( 1 2 + it )| | | 2k dt = T^{−1} ∞∫ 0 e^{−t/T} I_k(t)dt

= T^{−1} ∞∫ 0 e^{−t/T} tP_k2 (log t)dt + T^{−1} ∞∫ 0 e^{−t/T} E_k(t)dt (3.2)

= T ∞∫ 0 e^{−x}xP_k2 (log x + log T )dx + T^{−2} ∞∫ 0 e^{−t/T} t∫ 0 E_k(y)dy dt = I^′ + I^{′′},

say. Inserting (3.1) in the expression for I^′ we obtain

I^′ = T ∞∫ 0 e^{−x}x k^2∑

j=0 a_j (log x + log T )^j dx

= T ∞∫ 0 e^{−x}x k^2∑

j=0 a_j j∑ i=0 ( j i ) log^i T · log^{j−i} x · dx

= T k^2∑

j=0 a_j j∑ i=0 ( j i ) log^i T ∞∫ 0 e^{−x}x · log^{j−i} x · dx .

But Γ^{(k)}(z) = ∞∫ 0 e^{−t}t^{z−1}(log t)^kdt, for Rez > 0 and k ≥ 0 which gives

I^′ = T

k^2∑

j=0 a_j j∑ i=0 ( j i ) Γ^{(j−i)}(2) · log^i T = T

k^2∑

i=0 b_i log^i T (3.3)

with

b_i = b_i(k) =

k^2∑

j=i ( j i ) a_j Γ^{(j−i)}(2) (i = 0, 1, . . . , k^2), (3.4)

so that the coefficients of Q_k2 are linear combinations of the coefficients of P_k2 . By using (2.3) we obtain

I^{′′} = T^{−2} ∞∫ 0 e^{−t/T} t∫ 0 E_k(y)dy dt ≪ T^{−2} ∞∫ 0 e^{−t/T} t^{ck} dt = T^{ck−1}Γ(c_k + 1) ≪ T^{ck−1},

(3.5)

so that Theorem 2 follows from (1.13) and (3.2)–(3.5). Note that in the particular case k = 2 (3.4) yields

A = b_4 = a_4 = 1/(2π^2), B = b_3 = 4a_4Γ^′(2) + a_3Γ(2), C = b_2 = 6a_4Γ^{′′}(2) + 3a_3Γ^′(2) + a_2Γ(2), D = b_1 = 4a_4Γ^{(3)}(2) + 3a_3Γ^{′′}(2) + 2a_2Γ^′(2) + a_1Γ(2), E = b_0 = a_4Γ^{(4)}(2) + a_3Γ^{(3)}(2) + a_2Γ^{′′}(2) + a_1Γ^′(2) + a_0Γ(2).

(3.6)

Since γ = − ∫_∞ 0 e^{−x} log xdx = −Γ^′(1), it follows by an integration by parts that −γ = − ∫_∞ 0 x(e^{−x} log x)^′dx = Γ^′(2) − 1. Thus Γ^′(2) = 1 − γ, and (3.6) yields B = b_3 = 4 ·^1_{2π2} (1 − γ) + a_3, which is (2.1). Conversely, if the b^′_j s are known, then (3.4) is a system of k^2 + 1 linear equations in k^2 + 1 unknowns a_0, a_1, . . . , a_k2 with a triangular determinant whose value is (Γ(2))^{k2 +1} = 1, so that the a^′_j s can be uniquely expressed as linear combinations of the b^′_j s.

4. The coefficients of the main term in the fourth moment formula

There are several ways to obtain explicitly the coefficients a_j in (1.1). This can be achieved by following the proofs of the fourth moment formula (see Ch. 4 of [7] or [13]). Here we shall follow the method of Heath-Brown [3], who showed that the main term T P_4(log T ) in (1.1) consists of two parts: the part coming from the “diagonal” terms, and the part coming from the “non-diagonal” terms of a sum involving the number of divisors function d(n).

The diagonal terms furnish an expression of the form T R_4(log T ), and the non-diagonal terms the expression T Q_2(log T ). Here R_4(x) and Q_2(x) denote suitable polynomials of degree four and two, respectively. It will turn out that the coefficients of Q_2(x) have a more complex form than those of R_4(x). Thus we shall have P_4(x) = R_4(x) + Q_2(x). (4.1) As on p. 403 of [3] the diagonal terms make a contribution which is equal to 2 ∑ m≤T /(2π) d^2(m)m^{−1}(T − 2πm)

= 1 2πi 1+i∞∫

1−i∞ 4πζ^4(s + 1)ζ^{−1}(2s + 2) ( T 2π )_{s+1} ds s(s + 1) . The term T R_4(log T ) will be the residue of the simple pole (of the integrand in curly brackets) at s = 0. Near s = 0 we have the expansions

ζ^{−1}(2s + 2) = ζ^{−1}(2) −

2sζ^′(2) ζ^2(2)

+ c_2s^2 + c_3s^3 + . . .

with

c_k =

2^k k! ∞∑ n=1 μ(n)(− log n)^κn^{−2} = 1 k! { d^k ds^k (ζ^{−1}(2s + 2)) } | | |_{s=0}, 1 s + 1

= 1 − s + s^2 − s^3 + . . . , (4.2) ( T 2π )_{s+1} = T 2π { 1 + s log ( T 2π ) + s^2 2! log^2 ( T 2π ) + s^3 3! log^3 ( T 2π ) + . . . } , ζ^4(s + 1) = 1 s^4 + 4γ s^3 + b_{−2} s^2 + b_{−1} s + b_0 + b_1s + b_2s^2 + . . . .

The coefficients b_k(k ≥ −2) may be found from the relation

ζ^4(s + 1) = ( 1 s + γ_0 + γ_1s + γ_2s^2 + γ_3s^3 + . . .

)_4 , (4.3)

where one has (see Theorem 1.3 of [6])

γ_0 = γ, γ_k =

(−1)^k k! lim N→∞ ∑ m≤N log^k m m − log^{k+1} N k + 1 .

Israilov [5] calculated

γ_1 = 0.072815846 . . . , γ_2 = −0.004845182 . . . , γ_3 = −0.000342305 . . . ,

and Euler’s constant γ = γ_0 is of course known with much greater accuracy,

γ = 0.5772 15664 90153 28606 06512 . . . .

From (4.2) and (4.3) we obtain by comparing the coefficients

b_{−2} = 4γ_1 + 6γ^2, b_{−1} = 4γ_2 + 12γγ_1 + 4γ^3, b_0 = 4γ_3 + 12γγ_2 + 6γ^2_1 + 12γ^2γ_1 + γ^4.

Since the residue is the coefficient of s^{−1}, we obtain

T R_4(log T ) (4.4) = 2T ζ(2) { 1 24 log^4 ( T 2π ) + a 6 log^3 ( T 2π ) + b 2 log^2 ( T 2π ) + c log ( T 2π ) + d }

with a = 4γ − 1 − 2ζ^′(2) ζ(2)

, b = 1 +

2ζ^′(2) ζ(2)

+ c_2ζ(2) + 4γ ( −1 − 2ζ^′(2) ζ(2) ) + b_{−2}, c = −1 − 2ζ^′(2) ζ(2)

+ (c_3 − c_2)ζ(2) + 4γ ( 1 + c_2ζ(2) +

2ζ^′(2) ζ(2) )

+ b_{−2} ( −1 − 2ζ^′(2) ζ(2) ) + b_{−1},

d = 1 +

2ζ^′(2) ζ(2)

+ (c_2 − c_3 + c_4)ζ(2) + 4γ ( −1 − 2ζ^′(2) ζ(2)

+ (c_3 − c_2)ζ(2) )

+ b_{−2} ( 1 + 2ζ^′(2) ζ(2)

+ c_2ζ(2) ) + b_{−1} ( −1 − 2ζ^′(2) ζ(2) ) + b_0.

(4.5)

Expanding log^j (T/2π) = (log T − log 2π)^j by the binomial theorem we obtain (T R_4(log T ) = g_1(T ) in Heath-Brown’s notation)

T R_4(log T ) = T π^2 { 1 2 log^4 T + (2a − 2 log(2π)) log^3 T + (3 log^2(2π) − 6a log(2π)

+ 6b) log^2 T + (−2 log^3(2π) + 6a log^2(2π) − 12b log(2π) + 12c) log T + ( 1 2 log^4(2π) − 2a log^3(2π) + 6b log^2(2π) − 12c log(2π) + 12d ) } . The coefficients a_4 and a_3 in (1.1) are the coefficients of log^4 T and log^3 T , respectively, and so by the first formula in (4.5) they are

a_4 = 1 2π^2

, a_3 =

2a − 2 log(2π) π^2 = 8γ − 2 − 24ζ^′(2)π^{−2} − 2 log(2π) π^2 . These are the same values that were obtained by Ingham and Heath-Brown.

For the remaining part T Q_2(log T ) in the main term one has (see p. 404 of [3]) that it is the main term in the asymptotic formula for

f_0(T ) ∼ 2Re {_R ∑ r=1 (ir)^{−1}S_r } (R → ∞), where S_r ∼ ∫_{T /(2π)} 0 m^′(x, r)e^{iT r/x}dx. Here m(x, r) stands for the main term in the asymptotic formula for the so-called binary additive divisor problem (see Motohashi [14] for an extensive discussion), namely ∑ n≤x d(n)d(n + r) = m(x, r) + E(x, r), m(x, r) = x 2∑ j=0 c_{3−j} (r) log^j x. (4.6)

We have m^′(x, r) = d_0(r) log^2 x + d_1(r) log x + d_2(r) with d_0(r) = c_1(r), d_1(r) = c_2(r) + 2c_1(r), d_2(r) = c_2(r) + c_3(r). (4.7) In Theorem 2 of [3] Heath-Brown evaluated the constants c_i(r) in (4.6), but his expressions are cumbersome. We find it more expedient to use the expressions given by Balakrishnan and Sengupta [2], and from these expressions and (4.7) we obtain, with the notation

σ_z (n) = ∑ d|n d^z, σ^′_z (n) = d dz (σ_z (n)) = ∑ d|n d^z log d, σ^{′′}_z (n) = ∑ d|n d^z log^2 d,

the following:

d_0(r) = σ_{−1}(r) ζ(2)

, d_1(r) = d_0(r) { 4γ − 4 ζ^′ ζ (2) − 4 σ^′_{−1} σ_{−1} (r) } , d_2(r) = d_0(r) { 4γ − 1 − 4 ζ^′ ζ (2) − 4 σ^′_{−1} σ_{−1} (r) − 4 ζ^{′′} ζ (2) − 4 ( ζ^′ ζ (2) )_2

+ 4 σ^{′′}_{−1} σ_{−1} (r) − 4 ( σ^′_{−1} σ_{−1} (r) )_2 + ( 2γ − 1 − 2 ζ^′ ζ (2) − 2 σ^′_{−1} σ_{−1} (r) )_2 } . (4.8)

Further, after a change of variable, we have S_r ∼ T /(2π)∫

0 {d_0(r) log^2 x + d_1(r) log x + d_2(r)}e^{iT r/x}dx

= T r ∞∫ 2πr {d_0(r) log^2 ( T r y ) + d_1(r) log ( T r y ) + d_2(r)}e^{iy} dy y^2 . Therefore it follows that

T Q_2(log T ) = 2Re {_∞ ∑ r=1 (ir)^{−1}S_r } = T (e_0 log^2 T + e_1 log T + e_2)

with

e_0 = 2 ∞∑ r=1 d_0(r) ∞∫ 2πr sinx x^2 dx,

e_1 = ∞∑ r=1 { d_0(r) ∞∫ 2πr (2 log r − 2 log x) sinx x^2 dx + d_1(r) ∞∫ 2πr sinx x^2 dx } , (4.9) e_2 = ∞∑ r=1 ∞∫ 2πr { d_0(r) log^2 x − (2d_0(r) log r + d_1(r)) log x

+ d_0(r) log^2 r + d_1(r) log r + d_2(r) } sinx x^2 dx. If, for Re a < 1 and x > 0 we introduce the standard notation C(x, a) = ∞∫ x t^{a−1}cost · dt, S(x, z) = ∞∫ x t^{a−1}sint · dt,

then we have ∂S(x, a) ∂a = ∞∫ x t^{a−1} log t · sint · dt, ∂^2S(x, a) ∂a^2 = ∞∫ x t^{a−1} log^2 t · sint · dt,

and e^{− 12 πia}Γ(a, ix) = C(x, a) − iS(x, a), S(x, a) = −Im{e^{− 12 πia}Γ(a, ix)}, Γ(a, x) = Γ(a) − γ(a, x) = ∞∫ x e^{−t}t^{a−1}dt, where γ(a, x) = ∫_x 0 e^{−t}t^{a−1}dt is the incomplete gamma-function. With this notation we have

e_0 = 2 ∞∑ r=1 d_0(r)S(2πr, −1),

e_1 = 2 ∞∑ r=1 { (2d_0(r) log r + d_1(r))S(2πr, −1) − 2d_0(r) ∂S ∂ (2πr, −1) } ,

e_2 = 2 ∞∑ r=1 {( d_0(r)

∂^2S ∂^2

(2πr, −1) − (2d_0(r) log r + d_1(r) ) ∂S ∂ (2πr, −1) + (d_0(r) log^2 r + d_1(r) log r + d_2(r))S(2πr, −1) } .

(4.10)

Hence finally from (4.1) and the above expressions we obtain Theorem 3. For the coefficients a_j in (1.1) we have

a_4 = 1 2π^2

, a_3 = 2(4γ − 1 − log(2π) − 12ζ^′(2)π^{−2})π^{−2},

a_2 = (3 log^2(2π) − 6a log(2π) + 6b)π^{−2} + e_0, a_1 = (−2 log^3(2π) + 6a log^2(2π) − 12b log(2π) + 12c)π^{−2} + e_1,

a_0 = ( 1 2 log^4(2π) − 2a log^3(2π) + 6b log^2(2π) − 12c log(2π) + 12d ) π^{−2} + e_2, where a, b, c, d are given by (4.5) and e_0, e_1, e_2 by (4.10).

REFERENCES

[1] F.V. Atkinson, The mean value of the zeta-function on the critical line, Proc. London Math.

Soc. (2) 47 (1941), 174–200.

[2] U. Balakrishnan and J. Sengupta, On the sum ∑ d(n)σ(n + N), Manusc. Math. 67 (1990), 367–378.

[3] D.R. Heath-Brown, The fourth power moment of the Riemann zeta-function, Proc. London Math. Soc. (3) 38 (1979), 385–422.

[4] A.E. Ingham, Mean-value theorems in the theory of the Riemann zeta-function, Proc. London Math. Soc. (2) 27 (1926), 273–300.

[5] M.I. Israilov, On the Laurent expansion of the Riemann zeta-function (Russian), Trudy Mat.

Inst. AN SSSR 158 (1981), 98–104.

[6] A. Ivić, The Riemann zeta-function, John Wiley & Sons, New York, 1985. [7] A. Ivić, The mean values of the Riemann zeta-function, Lecture Notes 82, Tata Institute, Bombay, 1991 (distr. by Springer Verlag, Berlin etc.).

[8] A. Ivić and Y. Motohashi, A note on the mean value of the zeta and L-functions VII, Proc.

Japan Acad. Ser. A 66 (1990), 150–152.

[9] A. Ivić and Y. Motohashi, On the fourth power mement of the Riemman zeta-function, J.

Number Theory 51 (1995), 16–45.

[10] A. Ivić and Y. Motohashi, The mean square of the error term for the fourth power moment of the zeta-function, Proc. London Math. Soc. (3) 69 (1994), 309–329.

[11] H. Kober, Eine Mittelwertformel der Riemannschen Zetafunktion, Compositio Math. 3 (1936), 174–189.

[12] Y. Motohashi, The fourth power mean of the Riemann zeta-function, in “Proc. Conf. Analytic Number Theory (Amalfi, 1989)”, eds. E. Bombieri et al., Università di Salerno, Salerno, 1992, 325–344.

[13] Y. Motohashi, An explicit formula for the fourth power mean of the Riemann zeta-function, Acta Math. 170 (1993), 181–220.

[14] Y. Motohashi, The binary additive divisor problem, Ann. Scien. Ecole Norm. Sup. 4 série 27 (1994), 529–572.

[15] Y. Motohashi, A relation between the Riemann zeta-function and the hyperbolic Laplacian, to appear in Ann. Scuola Norm. Sup. Pisa classe di Scienze.

[16] E.C. Titchmarsh, The theory of the Riemann zeta-function (2nd ed.), Clarendon Press, Oxford, 1986.

Katedra Matematike RGF-a (Received 24 01 1995) Universiteta u Beogradu -Dušina 7 11000 Beograd Serbia (Yugoslavia)