PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série tome 54 (68), 1993, 144–155

AN ANALYSIS AND IMPROVEMENT OF THE EL MISTIKAWY AND WERLE SCHEME

Katarina Surla, Zorica Uzelac

Abstract. The El Mistikawy and Werle scheme (the EMW scheme) is derived as a member of the family of exponential spline difference schemes. Another member of the family (the IEMW scheme), giving a better accuracy then the EMW scheme is analysed. The truncation error of the IEMW scheme for the polynomials of up to the second degree approaches zero as ε approaches zero, which is not the case with the EMW scheme. Some numerical results are also presented.

1. Introduction. Let us consider the following singularly perturbed prob- lem { Ly = εy^{′′} + p(x)y^′ = f(x), x ∈ I = [0, 1], y(0) = α_0, y(1) = α_1, (1) where ε is a small positive parameter, α_0 and α_1 are given numbers, p(x) and f(x) are sufficiently smooth functions and p(x) ≥ p > 0, p ∈ R. By using the exponential spline e(x) from [4], e(x) ∈ C^1(I), as a collocation function, a family of difference schemes is derived in ([6]). When h → 0, this family reduces to the one derived in [7] via cubic splines. Some relations between those families are given in [8]. In Section 2 we shall briefely present the derivation of schemes [6]. The well–known Allan-Southwel- Il’in and El Mistikawy-Werle ( EMW ) schemes are members of that family. In this paper two schemes from that family, which have the second order accuracy (the one called the IEMW scheme) are analysed and compared. Although the second order is the maximal order of the uniform accuracy for this kind of schemes [1], the numerical results presented in Tables 2, 4, 6 and 8 corresponding to the new scheme are much better then the ones presented in Tables 1, 3, 5 and 7 which correspond to the EMW scheme. Some explanations of that are given in Section 3. Finaly, in Section 4 we shall present numerical examples which support the theoretical results presented in Section 3.

Partly supported by the Science Fund of Serbia, grant 0401A, through Matematički institut AMS Subject Classification (1991): Primary 65L10

In [9] it was shown that the spline used in the construction of the EMW scheme has the form given in [4]. Thus, we know the piecewise form of that spline and some of its properties given in [4]. The spline is between the usual cubic spline and the linear splines when the tension parameter respectively approaches ε and ∞. Its B-spline form is not known. The exponential spline given in [5] has a Bspline form and approaches a cubic or quadratic spline when the tension parameter approaches zero or −∞, respectively. Although the B-spline form is more convinient for the calculations then the piecewise form , the difference scheme derived in [5] ( SU scheme) is somewhat more complicated than the IEMW or EMW scheme. When p(x) = p = const., the truncation error of the SU scheme is zero for functions 1, x, x^2, while the truncation error for the EMW scheme is zero only for 1 and x. The truncation error of the IEMW scheme iz zero for 1 and x, while the truncation error for x^2 has the form Mεh (M a is constant independent of ε and h). Thus, the latter approaches zero when ε approaches zero. The convergence of the SU scheme is not uniform and the scheme has the second order convergence only for ε ≪ h. In that case the truncation error of the IEMW scheme for x^2 becomes negligent. Thus, the scheme SU can not be regarded advantageous in that respect. Moreover, the numerical results indicate the advantage of the IEMW scheme. Namely, the results presented in [4], show approximetly the same accuracy for SU and EMW schemes while our numerical results and theoretical analysis show the superiority of the IEMW scheme in comparison to the EMW scheme. The example 1 is treated both in this paper and in [5]. Comparing the results in Table 9 for the same h and ε in the corresponding Tables, one can see that the errors in the IEMW are about twice smaller than those in the SU scheme. In [5], the convergence is proven only for p(x) = const. Hence, there is some vagueness in the choice of tension parameters. For the IEMW scheme the uniform convergence for p(x) ≠ 0 is proven and the tension parameters are determined. The extensive problem with the term containing y is considered in [5].

2. The derivation of schemes. We are looking for an approximate solution to the Problem (1) in terms of the exponential spline given in [4]. The spline e(x) has the form

e(x) = e_j (x) = u_j + hm_j t + g_j (chμ_j t − 1)/ρ_j + q_j (shμ_j t − μ_j )/ρ_j , x ∈ [x_j , x_{j+1}], where t = (x − x_j )/h, x_j = jh, h = 1/(n + 1), μ_j = hρ_j , j = 0(1)n, ρ_j are tension parameters and m_j = e^′(x_j ). The values g_j and q_j are determined from the requirement that e(x) ∈ C^1(I).

From the collocation conditions

εe^{′′}(x) + p^−e^′(x) = f^−, x = x_j , x = x_{j−1}, (2)

εe^{′′}(x) + p^+e^′(x) = f^+, x = x_j , x = x_{j+1}, (3)

where p^− and f^− are constant approximations to p(x) and f(x), for x ∈ [x_{j−1}, x_j ] and similarly p^+ and f^+ are constant aproximations to p(x) and f(x) on the interval

[x_j , x_{j+1}] for fixed j, we obtain the following family of the difference schemes (see [6]):

r^−u_{j−1} + r^cu_j + r^+u_{j+1} = q^−f^− + q^+f^+, j = 1(1)n − 1, (4)

u_0 = α_0, u_1 = α_1, (5) where

R^+ = μ^+/(1 − exp(−μ^+)), R^− = μ^− exp(−μ^−)/(1 − exp(−μ^−)),

r^+ = εR^+/h^2, r^− = εR^−/h^2, r^c = −r^− − r^+

q^− = (1 − R^−)/μ^−, q^+ = (R^+ − 1)/μ^+.

Since e_j (x) = span{1, x, exp(ρ_j x), exp(−ρ_j x)}, in order to give to function e(x) some properties of the exact solution of the problem (1) [1], we choose μ^+ = ρ^+h, μ^− = ρ^−h, ρ^+ = p^+/ε, ρ^− = p^−/ε.

Determining p^± = (p(x_{j±1}) + p(x_j ))/2, f^± = (f(x_{j±1}) + f(x_j ))/2, we obtain the EMW scheme. Taking

p^± = p(x_j ± h/2), f^± = f(x_j ± h/2), (6)

we obtain the IEMW scheme which we shall analyse in detail.

3. The truncation error. Theorem 1. Let y(x) ∈ C^4(I). Let u_j be an approximation to y(x_j ), obtained by using the scheme given by (4), (5) and (6) (the IEMW scheme). Then, |y(x_j ) − u_j | ≤ Mh^2, where M is a constant, independent of ε and h.

Proof. The proof follows from the proof for the EMW scheme given in [1] and the fact that

(p(x_j ) + p(x_{j±1}))/2 = p(x_j ± h/2) + O(h^2) and (f(x_j ) + f(x_{j±1}))/2 = f(x_j ± h/2) + O(h^2).

In the following, wherever it is clear from the context, the j subscripts will be omitted. Here M denotes different constants independent of h and ε.

Although the IEMW and EMW schemes have the same order of uniform accuracy, the IEMW scheme yields better results (see the numerical results). In order to explain this behaviour we consider the truncation errors of those schemes.

Let h ≤ ε. The truncation error τ_j (y) = Ry_j − Q(Ly_j ) can be written in the form τ_j (y) = T_{j0}y_j + T_{j1}y^′_j + T_{j2}y^{′′}_j + T_{j3}y^{′′′}_j + R_{j4}(y), where T_{j0} = T_{j1} = 0 for both schemes, IEMW and EMW. Further, for the IEMW scheme,

T_{j2} = h^2 2 (r^− + r^+) − ε(q^− + q^+) + h 2 (p^−q^− − p^+q^+)

T_{j3} = h^3 6 (r^+ − r^−) + h 2 ε(q^− − q^+) − h^2 8 (p^+q^+ + p^−q^−),

R_{j4}(y) = T_{rj} + T_{qj} T_{rj} = R^−ε h^2

R_3(x_j , x_{j−1}, y) +

R^+ε h^2

R_3(x_j , x_{j+1}, y)

T_{qj} = −q^−εR_1(x_j , x_{j−1/2}, y^{′′}) − q^+εR_1(x_j , x_{j+1/2}, y^{′′}) − q^−p^−R_2(x_j , x_{j−1/2}, y^′) − q^+p^+R_2(x_j , x_{j+1/2}, y^′)

where, R_n(a, b, g) = 1 n! ∫_b a (b − s)^ng^{(n+1)}(s)ds = g^{(n+1)}(ξ) (b − a)^{n+1} (n + 1)! , a ≤ ξ ≤ b. The corresponding expressions for the EMW scheme can be found in [1].

In the case of h ≤ ε, following some Taylor’s expansions, we obtain

T_{j2} = −h^2 6 (p^′(β_1) + p^′(β_2)) + O( h^3 ε ) (7)

for the scheme EMW and

T_{j2} = −h^2 24 (p^′(β_3) + p^′(β_4)) + O( h^3 ε ) (8)

for the IEMW scheme, where

x_{j−1} < β_1 < x_j < β_2 < x_{j+1}, x_{j−1/2} < β_3 < x_j < β_4 < x_{j+1/2}.

When p(x) = p = const., we have

T_{j3} = −h^2 6 p + O( h^3 ε ) (9)

for the scheme EMW and T_{j3} = −h^2 24 p + O( h^3 ε ) (10)

for the IEMW scheme. Those facts indicate that the IEMW scheme is four times better then the EMW scheme for h ≤ ε, which agrees with our numerical results.

Since r^−, q^− → 0 when ε → 0 the influence of the corresponding expressions for the truncation errors is insignificant. The remainding terms due to the coefficients r^+ and q^+ are dominant. The constants in these expressions are smaller in the case of the IEMW scheme.

The fact that the values denoted by ξ are in intervals [x_{j−1/2}, x_j ] for the IEMW scheme is very important and allows better estimates for some exponential expresions. For example, h^k ε^k exp(−ξp/ε) ≤ exp(−δh/ε), when x_{j−1/2} < ξ < x_j , where δ is a positive constant independent of ε and h. We cannot say the same for x_{j−1} < ξ < x_j .

Definition 1. The difference scheme has the accuracy of the order s if τ_j (y) = 0 when y ∈ P_s, where P_s is a set of polynomials of degree less than or equal to s.

Definiton 2. The difference scheme has ε-accuracy of the order s if: lim_{ε→0} τ_j (y) = 0 when y ∈ P_s, where P_s is a set of polynomials of the degree less than or equal to s.

The EMW and IEMW schemes have the first order accuracy, while the SU scheme has the second order accuracy. Besides that, the IEMW scheme has an ε – accuracy of the second order.

Theorem 2. The IEMW scheme has the second order ε-accuracy. Proof. One can verify that T_{j0} = T_{j1} = 0. T_{j2} can be writen in the form

T_{j2} = ε(R^−/μ^−_j − R^+/μ^+_j + 1/μ^−_j − 1/μ^+_j ).

Denote by D_μR^−(μ^−_j )_ξ the value of the first derivative at the point ξ and T_{j2} = T_{j2}(p^+, p^−), R^− = R^−(μ^−_j ), R^+ = R^+(μ^+_j ). Since T_{j2}(p^+, p^+) = 0 and R^−(μ^−) = R^−(μ^+) + (μ^− − μ^+)D_μR^−(μ)_ξ and |D_μR^−(μ^−)| ≤ M we have,

T_{j2} = T_{j2} − T_{j2}(p^+, p^+),

T_{j2} = ε(μ^−_j − μ^+_j )D_μR^−_ξ /μ^+_j + ε(1/μ^+_j − 1/μ^−_j ) − ε(1/μ^+_j − 1/μ^−_j )R^−(μ^−_j ) and |T_{j2}| ≤ Mhε. (11) Thus, the theorem holds. For the EMW scheme the corresponding result is |T_{j2}| ≤ Mh^2, (12)

which shows the advantage of the IEMW scheme. The numerical results confirm that. Of interest the behaviour of the values T_{j3} for both schemes. Namely, for p(x) = p = const. we obtain

lim_{ε→0} T_{j3} = −h^2/12 (13)

for EMW scheme and lim_{ε→0} T_{j3} = h^2/24 (14)

for the IEMW scheme. From (10) and (14) one can see that T_{j3} for the IEMW scheme changes the sign when ε approaches zero, for a fixed h. Since T_{j3} is a continuous function of ε, it becomes zero at a certain point, which may contribute to the error decrease or to the acquirement of convergence with respect to ε. The order of convergence is calculated with respect to h. Because of that, we obtain a negative sign or wrong results in the numerical treatment of the order of convergence when the scheme attains convergence with respect to ε. But, when ε → 0 we can say in general that the contribution to the error of T_{j3} is twice smaller for the IEMW scheme then for the EMW scheme. Numerical results support that statement. For the SU scheme we have T_{j2} = 0 , but the scheme attains the second order of convergence only for ε ≪ h. In that case, T_{j2} for the IEMW scheme becomes much smaller than the rest of the truncation error, which is O(h^2) for both schemes. Thus, the SU scheme is not beneficial in that sense.

Remark 1: The functions f(x) and p(x) in (1) may depend on ε but they have to be uniformly bounded on ε.

Table 1 (Example 1)

Table 2 (Example 1)

4. Numerical results. In this section we shall present the results of some numerical examples using EMW, IEMW and SU schemes. We denote by E_n the maximum of |y(x_j ) − u_j |, j = 0(1)n + 1. Here [u_0, u_1, . . . , u_{n+1}]^⊤ is the corresponding numerical solution to the system (4) and (5). Also, we define, in the usual way, the order of convergence (Ord) for two succesive values of n with respective errors E_n and E_{2n}

Ord = log E_n − log E_{n2} log n_2 − log n , where n_2 = 2n. Different values of ε = 2^{−k} and n are considered. Tables 1, 3, 5 and 7 present the numerical solution obtained by using the EMW scheme. Tables 2, 4, 6 and 8 present the corresponding results obtained from the IEMW scheme.

The first example was taken from [1].

Table 3 (Example 2)

Example 1. { Ly = εy^{′′} + (x + 1)^3y^′ = f(x, ε), x ∈ I = (0, 1), y(0) = α_0, y(1) = α_1,

(15)

The exact solution has the form y(x) = 1 p(x) exp(−ε^{−1} ∫_x 0 p(ξ)dξ) + exp(− x 2 ), p(x) = (x + 1)^3.

The solution determines f(x, ε), α_0 and α_1 . The derivatives of f(x, ε) and α_1 are bounded functions of ε. The same problem was treated in [5]. Comparing Table 1 with Table 2, we can see that the new scheme has much better results then the EMW scheme, especially when ε is much smaller then h. The exact solution has only exponential terms and constants in the remainder terms are smaller since the length of the interval for the Taylor’s expansions is h/2. The existence of the unknown values ξ, β_i etc., does not permit a complete comparison of those expressions. A better behaviour of the scheme, presented in Table 2, for small values of ε results in the fast decrease of Ord. The results from IEMW and SU schemes are compared in Table 9.

Table 4 (Example 2)

Example 2. The problem (15) has the exact solution y(x) = 1 p(x) exp(−ε^{−1} ∫_x 0 p(ξ)dξ) + exp(− x 2 ) + x^2, p(x) = (x + 1)^3.

Comparing Table 1 with Table 3 and then Table 2 with Table 3 one can see that the polynomial term of the second order in the exact solution ruins, to a large extent, the results obtained from the EMW scheme, but from the IEMW scheme the results are slightly worse when h ≤ ε, while the results are the same when ε ≪ h. This is the consequence of the ε-accuracy of the IEMW scheme. Also, the results in Table 3 and Table 4 show the important advantage superiority of the IEMW scheme.

Table 5 (Example 3)

Table 6 (Example 3)

Example 3. The problem (15) has the exact solution

[y(x) = 1 p(x) exp(−ε^{−1} ∫_x 0 p(ξ)dξ) + exp(− x 2 ) + x^3, p(x) = (x + 1)^3.]

The errors in Table 6, when h ≤ ε, are about four times smaller than the corresponding errors in Table 5. This is in agreement with relations (7), (8), (9) and (10). The corresponding errors for ε < h are about ten times smaller in Table 6 than in Table 5. This can be explained by (11), (12), (13), (14) and (10), i.e. by the ε-accuracy and the change of the sign of T_{j3} when ε → 0. In the above examples the exact solutions have only polynomial and exponential terms. The following example has a more general form.

Table 7 (Example 4)

Table 8 (Example 4)

Example 4. [10] Problem (1) with [p(x) = (2 + 2ε(1 + x))/(1 + x)^2] and [y(x) = cos(πx/(1 + x)) + (exp(−1/ε) − exp(−2x/(ε(1 + x))))/(1 − exp(−1/ε))] The results in Table 8 are about four times better than those shown in Table 7 for h ≤ ε, which agrees with relations (7), (8) and (9), (10). In the case when ε < h, the results in Table 8 are about two times better than those in Table 7 which agrees with (13) and (14).

Table 9 (Example 1)

Table 9 contains the results from [5] for the SU scheme and ours obtained from the IEMW scheme.

References

1. A. Berger, J. Solomon, M. Ciment, An analysis of a uniformly accurate difference method for a singular perturbation problem, Math. Comput. 37 (1981), 79–94.

2. A. Berger, J. Solomon, M. Ciment, An analysis of a uniformly accurate difference method for a singular perturbation problem, Math. Comput. 37 (1981) 79–94.

3. E.P. Doolan, J.J.H. Miller, W.H.A. Schilders, Uniform Numerical Methods for Problems with Initial and Boundary Layers, Boole, Dublin, 1980.

4. W. Hess, W.J. Schmidt, Convexity preserving interpolation with exponential splines, Computing 36 (1986), 335–342.

5. M. Sakai, R.A. Usmani, A class of simple exponential B-splines and their applicaion to numerical solution to singular perturbation problems, Numer. Math. 55 (1989), 493–500.

6. K. Surla, Z. Uzelac, A family of spline difference schemes, Z. Angew. Math. Mech. 71 (1991), 781–786.

7. K. Surla, Z. Uzelac, Some uniformly convergent spline difference schemes for singularly perturbed boundary value problem, IMA J. Numer. Anal. 10 (1990), 209–222.

8. K. Surla, Z. Uzelac, The exponential spline collocation method for boundary value problem, in: H.G. Roos, A. Felgenhauer and L. Angerman (eds.): Numerical Methods in Singular Perturbations and Applications, Proc. Conf. ISAM’91, Technische Universität, Dresden, 1991, 147–154.

9. K. Surla, Z. Uzelac, A Note on a Spline Collocation Method for Singularly Perturbed Problems, in: R. Vichnevetsky, J.J.H. Miller (eds.), 13^{th} World Congress on Computation and Applied Mathematics, Proc. Conf. IMACS ’91, Dublin, 1991, pp. 494–496.

10. M. Van Veldhuizen, Higher order methods for a singularly perturbed problem, Numer.

Math. 30 (1978), 267–279.

Institut za Matematiku (Received 23 07 1992) Univerzitet u Novom Sadu (Revised 23 03 1993) 21000 Novi Sad Yugoslavia Fakultet tehničkih nauka Univerzitet u Novom Sadu 21000 Novi Sad Yugoslavia