PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 50 (64), 1991, 33–38

A PROPERTY OF CANONICAL GRAPHS

Aleksandar Torgašev

Abstract. A finite connected graph is called canonical if no two of its vertices have the same neighbours. In this paper we prove that in all but a sequence of exceptional cases, deleting of a suitable chosen vertex in a canonical graph also gives a connected canonical graph. This property can have applications in various hereditary problems in the spectral Theory of Graphs.

In this paper we consider only finite connected graphs without loops or multiple edges. The vertex set of a graph G is denoted by V (G), and the number of its vertices by |G|. Relation H ⊆ G will always mean that H is an induced subgraph of a graph G. For any two vertices u, v of G, uv = 1 will mean that u is adjacent to v, while uv = 0 will mean that u is nonadjacent to v.

The graph obtained by deleting a vertex x ∈ V (G) from G is denoted by G − x. It can be connected or disconnected. But, as is well known, there is at least one vertex x ∈ V (G) such that the corresponding graph G − x is also connected.

Next, we say that two vertices u, v ∈ V (G) are equivalent in G and we denote it by u ∼ v if we have

(1) uv = 0 and ru = rv

for any vertex r ∈ V (G)\{u, v}, thus if and only if u and v have the same neighbours in G. Relation ∼ is obviously an equivalence relation on the vertex set V (G). The corresponding quotient graph is denoted by g and called the canonical graph of G. This graph is also connected.

For instance, if G = K_{m1...mp} (p ≥ 2) is a complete p-partite graph, then its canonical graph is the complete graph K_p. The canonical graph of the complete graph K_n is the same graph K_n.

We say that a graph G is canonical if |G| = |g|, i.e. if G has no two equivalent vertices.

AMS Subject Classification (1980): Primary 05 C 99

If g is the canonical graph of G, |g| = k and N_1, . . . , N_k are the corresponding sets of equivalent vertices in G, we denote G = g(N_1, . . . , N_k).

We call N_1, . . . , N_k the characteristic sets of G. Obviously, each set N_i ⊆ V (G) (i = 1, . . . , k) consists only of isolated vertices, and if at least one edge between the sets N_i and N_j (i ≠ j) is present, then all possible edges between these sets are also present. Therefore, it is very convenient to display the sets N_i (i = 1, . . . , k) by white (that is, empty) circles, and all possible edges between the sets N_i and N_j (i ≠ j) by only one edge between the corresponding circles. If, for example, G is the complete bipartite graph with characteristic sets N_1, N_2, we can simply draw G = ◯ ◯ N_1 N_2 We note that many hereditary problems in the Spectral Theory of Graphs can be reduced to finding firstly the corresponding sets of canonical graphs. Compare for instance the papers [3], [4], [5], [6], [7], [8], [9], [10], [11], or the monograph [2], where many results from these papers are presented. Therefore, the importance of the following hereditary property of canonical graphs is clear.

Theorem. In all but a sequence of exceptional cases, each canonical graph G with n vertices (n ≥ 2) contains, as an induced subgraph, a connected and canonical subgraph H on n − 1 vertices. The exceptional graphs are

where a_j b_i = 1 (i ≤ j ; i, j = 1, . . . , m ). We obviously have that T_0 ⊆ T_1 ⊆ T_2 ⊆ . . . .

Proof . First, it is trivial to check that all graphs T_m (m ≥ 0) are exceptional graphs. Graphs G − a_0 and G − b_0 are disconnected, while for any m ≥ 1 and i = 0, . . . , m − 1 we have

a_0 ∼ b_1 (in G − a), b_0 ∼ a_m (in G − b), a ∼ a_1 (in G − b_1), b ∼ b_m (in G − a_m), a_i ∼ a_{i+1} (in G − b_{i+1}), b_i ∼ b_{i+1} (in G − a_i).

Next, we consider any connected canonical graph G ≠ T_m (m = 0, 1, 2, . . . ), which is “bad” in the sense that deleting of any its vertex gives a disconnected or a noncanonical graph. We shall prove that this assumption in all possible cases gives a contradiction, thus that such graphs really do not exist.

Firstly choose any vertex x of G such that the subgraph G − x is connected. Then G − x is a noncanonical graph. Let G − x = f(M_1, . . . , M_k) (k ≥ 1), where M_1, . . . , M_k are the characteristic sets of G − x, f is the corresponding canonical graph of G − x (also connected), and at least one of the sets M_1, . . . , M_k is not a singleton. Obviously k ≥ 2. Rearranging the vertices of f, we can assume that |M_1| ≥ 2.

If |M_i| ≥ 2 for some i ∈ {1, . . . , k} and if u, v ∈ M_i (u ≠ v), the fact that G is a canonical graph implies that exactly one of u, v is adjacent to x. Therefore, we immediately get

(2) |M_i| ≤ 2 (i = 1, . . . , k),

and consequently |M_1| = 2. We assume that M_1 = {y, z}, where xy = 1 and xz = 0.

Now assume that some |M_j | = 2 (j > 1), for instance that M_2 = {c, d}, where xc = 1 and xd = 0. Deleting then the vertex d from G we obviously get a connected graph. It is also easily seen that G − d is a canonical graph, what is a contradiction. Hence we must have

(3) |M_j | = 1 (j = 2, . . . , k).

Thus, except y and z, there is no other equivalent pair of vertices in G − x.

Denoting P = V (G) \ {x, y, z}, we obviously have that P ≠ ∅. Deleting the vertex z from G we evidently get a connected subgraph. Since G is bad, we see that G − z is a noncanonical graph. Since for any two vertices r, s ∈ P we also have r ≁ s, r ≁ y (in G − z), we conclude that there is a vertex t ∈ P such that

(4) x ∼ t (in G − z).

Hence xt = 0, and we easily conclude that yt = zt = 1. Moreover, rx = rt and ry = rz for any other vertex r ∈ P \ {t}.

Since G ≠ xytz = T_0, we have that |P | ≥ 2. If |P | = 2, thus if P = {t, r}, we necessarily have that rt = rx = ry = rz = 1 since f = try is a canonical graph, whence we obviously get that G − r is a connected and canonical graph (a contradiction). Hence, we can assume that |P | ≥ 3. Now delete the vertex y of G.

1^∘ Assume first that G − y is a disconnected graph.

Since f is a connected graph, it is easy to see that rx = 0 and consequently rt = 0 for any vertex r ≠ x, y, z, t.

Denote next the vertex t by p_1 and the vertex z by q_1.

Deleting now the vertex p_1 from G, we obviously get a connected graph G−p_1. Since G is bad, G − p_1 is a noncanonical graph. Discussing all the possible pairs of vertices in G − p_1 as candidates for equivalent vertices, we conclude there is a vertex q_2 ≠ x, y, p_1, q_1 such that

(5) q_1 ∼ q_2 (in G − p_1).

Then q_2x = q_2y = q_2p_1 = q_2q_1 = 0, and rx = rp_1 = 0, ry = rq_1 = rq_2 for any vertex r ≠ x, y, p_1, q_1, q_2. Making use of the last relation, we easily conclude that G − q_2 is a connected, thus a noncanonical graph. Discussing now all the possible pairs of vertices as candidates for two equivalent vertices in G − q_2, we conclude that there is a new vertex p_2 ≠ x, y, p_1, q_1, q_2 such that

(6) p_1 ∼ p_2 (in G − q_2).

Hence p_2x = p_2p_1 = 0, p_2y = p_2q_1 = p_2q_2 = 1, and rp_2 = 0 for any other vertex r ≠ x, y, p_1, q_1, p_2, q_2.

Now, delete the vertex p_2 from G. If G − p_2 is disconnected, we conclude that G = xyp_1q_1p_2q_2 = T_1, which contradicts the assumption G ≠ T_m (m = 0, 1, 2, . . . ). Thus, G − p_2 must be a connected (and hence a noncanonical) graph. Therefore, we conclude that there is a new vertex q_3 such that

(7) q_2 ∼ q_3 (in G − p_2).

Then q_3x = q_3y = q_3p_1 = q_3q_1 = q_3p_2 = q_3q_2 = 0, and rx = rp_1 = rp_2 = 0, ry = rq_1 = rq_2 = rq_3 for any other vertex r ≠ x, y, p_1, q_1, p_2, q_2, q_3. Deleting now the vertex q_3 from G, we conclude that G − q_3 is a connected (thus a noncanonical) graph. Discussing all the possible pairs of vertices in G − q_3 as candidates for a pair of equivalent vertices, we conclude that there is a new vertex p_3 such that

(8) p_2 ∼ p_3 (in G − q_3).

Then p_3x = p_3p_1 = p_3p_2 = 0, p_3y = p_3q_1 = p_3q_2 = p_3q_3 = 1 and rp_3 = 0 for any other vertex r ≠ x, y, p_1, q_1, p_2, q_2, p_3, q_3. Assuming that G − p_3 is a disconnected graph, we get the contradiction G = xyp_1q_1p_2q_2p_3q_3 = T_2. Hence, G − p_3 is a connected (thus a noncanonical) graph. Continuing this procedure, after finitely many steps, we conclude that there is a positive integer m such that

G = xyp_1q_1 . . . p_{m+1}q_{m+1} = T_m,

which is a contradiction again.

Hence, the case when G − y is a disconnected graph is contradictory.

2^∘ Now assume that G − y is a connected (noncanonical) graph. Since G ≠ T_0, there is at least one vertex r ≠ x, y, z, t and we have rx = rt, ry = rz for any such a vertex r. Since G − y is a connected noncanonical graph, we may conclude that there is a new vertex x_1 ≠ x, y, z, t such that

(9) x ∼ x_1 (in G − y).

Then x_1x = x_1y = x_1z = x_1t = 0 and rx = rt = rx_1, ry = rz for any vertex r ≠ x, y, z, t, x_1.

Since G is a connected graph, we see that there is at least one vertex r ≠ x, y, z, t, x_1. By rx = rt = rx_1 for any such r, we may conclude that G − x_1 is a connected (thus a noncanonical) graph. Hence, one may conclude that there is a new vertex y_1 ≠ x, y, z, t, x_1 such that

(10) y_1 ∼ y (in G − x_1).

Therefore, we easily get y_1x = y_1t = y_1x_1 = 1, y_1y = y_1z = 0, and rx = rt = rx_1, ry = rz = ry_1 for any other vertex r ≠ x, y, z, t, x_1, y_1.

Now we delete the vertex y_1 from G. If G − y_1 is a disconnected graph, we can put x_1 = x^′, y_1 = y^′, y = z^′, x = t^′, to get a contradiction, exactly as it has been done in the case 1^∘. Hence, we can assume that G − y_1 is a connected (thus a noncanonical) graph. Now, one can see that there must exist a new vertex x_2 ≠ x, y, z, t, x_1, y_1 of G such that

(11) x_2 ∼ x_1 (in G − y_1).

Then x_2x = x_2y = x_2z = x_2t = x_2x_1 = x_2y_1 = 0, and rx = rt = rx_1 = rx_2, ry = rz = ry_1 for any vertex r ≠ x, y, z, t, x_1, y_1, x_2. Therefore, we easily conclude that G − x_2 is a connected (hence a noncanonical) graph. Moreover, one can conclude that, as the only possible case, there is a new vertex y_2 ≠ x, y, z, t, x_1, y_1, x_2 such that

(12) y_2 ∼ y_1 (in G − x_2).

Then y_2x = y_2t = y_2x_1 = y_2x_2 = 1, y_2y = y_2z = y_2y_1 = 0, and rx = rt = rx_1 = rx_2, ry = rz = ry_1 = ry_2 for any vertex r ≠ x, y, z, t, x_1, y_1, x_2, y_2.

Continuing this procedure, we conclude that there is a positive integer m such that G = xytzx_1y_1x_2y_2 . . . x_my_m = T_m,

which is again a contradiction.

This proves that case 2^∘ is also impossible, hence our theorem is completely proved.

REFERENCES

[1] D. Cvetković, M. Doob, H. Sachs, Spectra of Graphs — Theory and Application, Deutsch.

Verl. Wiss., Berlin, 1980; Academic Press, New York, 1980.

[2] D. Cvetković, M. Doob, I. Gutman. A. Torgašev, Recent Results in the Theory of Graph Spectra, North-Holland, Amsterdam, 1988.

[3] M. Lepović, On maximal canonical graphs with exactly 6 nonzero eigenvalues, Glasnik Matem. (1989), (to appear).

[4] M. Lepović, On graphs whose energy does not exceed 4, Publ. Inst. Math. (Beograd) 49 (63) (1991), 6–16.

[5] A. Torgašev, On infinite graphs with three and four nonzero eigenvalues, Bull. Acad. Serbe Sci. Arts (Sci. Math.) (76) 11 (1981), 39–48.

[6] A. Torgašev, On infinite graphs with five nonzero eigenvalues, Bull. Acad. Serbe Sci. Arts (Sci. Math.) (79) 12 (1982), 31–38.

38 Torgašev

[7] A. Torgašev, On graphs with exactly two negative eigenvalues, Math. Nachr. 122 (1985), 135–140.

[8] A. Torgašev, On graphs with a fixed number of negative eigenvalues, Discrete Math. 57 (1985), 311–317.

[9] A. Torgašev, On graphs with exactly three negative eigenvalues, In: Graph Theory, Proc.

Sixth Yug. Sem. Graph Theory, Dubrovnik, April 18–19, 1985, (Ed. R. Tošić, D. Acketa, V. Petrović), Inst. Math., Novi Sad, 1986, pp. 219–232.

[10] A. Torgašev, Graphs whose energy does not exceed 3, Czech. Math. 36 (1986), 167–171. [11] A. Torgašev, Maximal canonical graphs with three negative eigenvalues, Publ. Inst. Math.

(Beograd) 45 (59) (1989), 7–10.

Matematički fakultet (Received 07 02 1989) Studentski trg 16, p.p. 550 11000 Beograd, Yugoslavia