PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 47 (61), 1990, 103–112

ON SOME HYPERSURFACES OF A RECURRENT RIEMANNIAN SPACE

Mileva Prvanović

Abstract. We consider quasiumbilical hypersurface of a recurrent Riemannian space and find the conditions for such hypersurface to be conformally recurrent. We prove (assuming some conditions) that the curvatutre tensor of such hypersurface has the form (3.10) and discuss the case when the hypersurface is conformally flat.

1. Introduction. Let (M, g) be an (n + 1)-dimensional (n > 3) Riemannian space covered by a system of coordinate neighbourhoods (U, y^α). Let (M, g) be a hypersurface of (M, g) defined in a local coordinate system by means of the system of parametric equations y^α = y^α(x^i), where g is the induced metric. Here and in the sequel, Greek indices take the values 1, 2, . . . , n + 1, and Latin indices — the values 1, 2, . . . , n. Let N^α be a local unit normal to (M, g) and let B^α_i = ∂y^α/∂x^i. Then

g_{ij} = g_{αβ} B^α_i B^β_j , (1.1)

g_{αβ}N^αB^β_i = 0, g_{αβ} N^αN^β = ε, ε = ±1, (1.2)

B^α_i B^β_j g^{ij} = g^{αβ} − εN^αN^β . (1.3)

We denote by R_{αβγδ}, R_{αβ} and R the curvature tensor, the Ricci tensor and the scalar curvature of (M, g) respectively and by R_{ijkl} , R_{ij} and R the corresponding objects of the hypersurface. Let h be the second fundamental form of the hypersurface and let ∇ be the operator of the van der Waerden-Bortolotti covariant derivative. Then the Gauss and Codazzi equations for (M, g) of (M, g) can be written in the form (c.f.e.g. [1], p. 149) R_{αβγδ}B^α_i B^β_j B^γ_k B^δ_l = R_{ijkl} − ε(h_{il}h_{jk} − h_{ik}h_{jl}), R_{αβγδ}N^αB^β_j B^γ_k B^δ_l = ∇_lh_{jk} − ∇_kh_{jl}. AMS Subject Classification (1985): Primary 53 C 20

Also (c.f. [1, pp. 147–148])

∇_rB^β_j = εh_{rj} N^β, ∇_rN^α = −h_{ra}g^{at}B^α_t . (1.4)

If there exist on (M, g) two functions α, β and a 1-form v such that h_{ij} = αg_{ij} + βv_iv_j , (1.5) (M, g) is said to be quasiumbilical ([2, p. 147]). If β = 0, (M, g) is an umbilical hypersurface. Miyazawa and Chūman [3] investigated totally umbilical subspaces of recurrent Riemannian space. Among others, they proved that such subspece is conformally recurrent (c.f. also [4]).

In this paper we consider quasiumbilical hypersurface of a recurrent Riemannian space assuming ∇_kv_i = σg_{ik} + t_kv_i, (1.6) where t_k and σ are a covariant vector field and a scalar function on M respectively. Also, we suppose v_av^a ≠ 0.

The aim of this paper is to find the necessary and sufficient conditions for such hypersurface to be conformally recurrent. After that, we prove that if α ≠ 0, αn + βv_av^a ≠ 0, the curvature tensor of the hypersurface has the form (3.10) and discuss the case when the hypersurface is conformally flat.

Using (1.5) and (1.6), we can rewrite the Gauss and Codazzi equations as follows R_{αβγδ}B^α_i B^β_j B^γ_k B^δ_l = R_{ijkl} − εα^2(g_{il}g_{jk} − g_{ik}g_{jl}) − εαβ(g_{il}v_j v_k + g_{jk} v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k), (1.7) R_{αβγδ}N^αB^β_j B^γ_k B^δ_l = g_{jk}w_l − g_{jl}w_k + v_j (v_kT_l − v_lT_k), (1.8) where w_l = α_l − βσv_l, T_l = β_l + 2βt_l, α_l = ∂α ∂x^l , β_l = ∂β ∂x^l . (1.9)

As for (1.4), they became

∇_rB^β_j = ε(αg_{rj} + βv_rv_j )N^β , (1.10) ∇_rN^α = −(αB^α_r + βv_rv^tB^α_t ). (1.11)

From (1.6), we obtain ∇_l∇_kv_j − ∇_k∇_lv_j = g_{kj} (σ_l − σt_l) − g_{lj} (σ_k − σt_k) + v_j (∇_lt_k − ∇_kt_l).

Using the Ricci identity, we get −v_aR^a_{jkl} = g_{jk}S_l − g_{lj} S_k + v_j M_{lk}, (1.12) where σ_l = ∂σ ∂x^l , S_l = σ_l − σt_l, M_{lk} = ∇_lt_k − ∇_kt_l. (1.13)

2. Quasiumbilical hypersurface of a recurrent Riemannian space. Applying the operator ∇_r to (1.7) and using (1.10), we obtain ∇_ρR_{αβγδ}B^ρ_r B^α_i B^β_j B^γ_k B^δ_l + ε(αg_{ri} + βv_rv_i)R_{αβγδ}N^αB^β_j B^γ_k B^δ_l − ε(αg_{rj} + βv_r v_j )R_{βαγδ}N^βB^α_i B^γ_k B^δ_l + ε(αg_{rk} + βv_rv_k)R_{γδαβ} N^γ B^δ_l B^α_i B^β_j − ε(αg_{rl} + βv_r v_l)R_{δγαβ} N^δB^γ_k B^α_i B^β_j = ∇_r [ R_{ijkl} − εα^2(g_{il}g_{jk} − g_{ik}g_{jl}) −εαβ(g_{il}v_j v_k + g_{jk}v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k) ] . Substituting (1.8) into this equation, we find ∇_ρR_{αβγδ}B^ρ_r B^α_i B^β_j B^γ_k B^δ_l + εα [ (g_{ri}g_{jk} − g_{rj} g_{ik})w_l + (g_{rj} g_{il} − g_{ri}g_{jl})w_k + (g_{rk}g_{li} − g_{rl}g_{ik})w_j + (g_{rl}g_{kj} − g_{rk}g_{lj} )w_i ] + εβv_r [ g_{jk}(v_iw_l + v_lw_i) + g_{il}(v_kw_j + v_j w_k ) − g_{jl}(v_iw_k + v_kw_i) − g_{ik}(v_j w_l + v_lw_j ) ] + εα [ g_{ri}v_j (v_kT_l − v_lT_k) + g_{rj} v_i(v_lT_k − v_kT_l) + g_{rk}v_l(v_iT_j − v_j T_i) + g_{rl}v_k(v_j T_i − v_iT_j ) ] = ∇_r [ R_{ijkl} − εα^2(g_{il}g_{jk} − g_{ik}g_{jl}) − εαβ(g_{il}v_j v_k + g_{jk} v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k) ] . In view of (1.6), this can be rewritten in the form ∇_rR_{ijkl} = ∇_ρR_{αβγδ}B^ρ_r B^α_i B^β_j B^γ_k B^δ_l + 2εαα_r(g_{il}g_{jk} − g_{ik}g_{jl}) ε [ (αβ)_r + 2αβt_r − 2β^2σv_r ] (g_{il}v_j v_k + g_{jk}v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k ) + εα [ (g_{ri}g_{jk} − g_{rj} g_{ik})α_l + (g_{rj} g_{il} − g_{ri}g_{jl})α_k +(g_{rk}g_{li} − g_{rl}g_{ik})α_j + (g_{rl}g_{kj} − g_{rk}g_{lj} )α_i ] + εβv_r [ g_{jk}(v_iα_l + v_lα_i) + g_{il}(v_k α_j + v_j α_k) −g_{jl}(v_iα_k + v_kα_i) − g_{ik}(v_j α_l + v_lα_j ) ] + εα [ g_{ri}v_j (v_kT_l − v_lT_k) + g_{rj} v_i(v_lT_k − v_kT_l) +g_{rk}v_l(v_iT_j − v_j T_i) + g_{rl}v_k(v_j T_i − v_iT_j ) ] . Now, let us suppose that the (M, g) is a recurrent Riemannian space, i.e. ∇_ρR_{αβγδ} = a_ρR_{αβγδ}. (2.1) Taking into account (1.7), the preceding relation becomes ∇_rR_{ijkl} = a_rR_{ijkl} + ε(2αα_r − α^2a_r)(g_{il}g_{jk} − g_{ik}g_{jl}) + ε [ (αβ)_r + 2αβt_r − 2β^2σv_r − αβa_r ] (g_{il}v_j v_k + g_{jk}v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k)

+ εα [ (g_{ri}g_{jk} − g_{rj} g_{ik})α_l + (g_{rj} g_{il} − g_{ri}g_{jl})α_k +(g_{rk}g_{il} − g_{rl}g_{ik})α_j + (g_{rl}g_{kj} − g_{rk}g_{lj} α_i) ] + εβv_r [ g_{jk}(v_iα_l + v_lα_i) + g_{il}(v_kα_j + v_j α_k) −g_{jl}(v_iα_k + v_kα_i) − g_{ik}(v_j α_l + v_lα_j ) ] + εα [ g_{ri}v_j (v_kT_l − v_lT_k) + g_{rj} v_i(v_lT_k − v_kT_l) (2.2) +g_{rk}v_l(v_iT_j − v_j T_i) + g_{rl}v_k(v_j T_i − v_iT_j ) ] , where a_r = a_ρB^ρ_r.

From (2.2), we have ∇_rR_{jk} = a_rR_{jk} + εg_{jk} { (2nα + βv_av^a)α_r + αv_av^aβ_r − α[(n − 1)α + βv_av^a]a_r +2αβv_av^at_r + 2β[α_av^a − βσv_av^a]v_r } + εv_j v_k [ (n − 2)βa_r + nαβ_r + 2nαβt_r − 2(n − 2)β^2σv_r −(n − 2)αβa_r ] + εαg_{rj} [ (n − 2)α_k + v_av^aT_k − T_av^av_k ] + εαg_{rk} [ (n − 2)α_j + v_av^aT_j − T_av^av_j ] + εv_rv_k [ (n − 2)βα_j − αT_j ] + εv_rv_j [ (n − 2)βα_k − αT_l ] , (2.3) and ∇_rR = a_rR + ε { [2(n^2 + n − 2)α + 2(n − 1)βv_av^a]α_r + 2(n + 1)αv_av^aβ_r − [n(n − 1)α^2 + 2αβ(n − 1)v_av^a]a_r + 4(n + 1)αβv_av^at_r +4[(n − 1)βα_av^a − (n − 1)β^2σv_av^a − αT_av^a]v_r } . (2.4)

Now, let us consider the covariant derivative of the conformal curvature tensor C_{ijkl} of the hypersurface (M, g): ∇_rC_{ijkl} = ∇_rR_{ijkl} − 1 n − 2 (g_{jk} ∇_rR_{il} − g_{jl}∇_rR_{ik} + g_{il}∇_rR_{jk} − g_{ik}∇_rR_{jl}) + 1 (n − 1)(n − 2) ∇_rR(g_{jk} g_{il} − g_{jl}g_{ik}). Substituting (2.2), (2.3) and (2.4) into this relation, we obtain, after some calculation ∇_rC_{ijkl} = a_rC_{ijkl} + 4α (n − 1)(n − 2) ε(v_av^aT_r − T_av^av_r)(g_{il}g_{jk} − g_{ik}g_{jl}) − 2α n − 2 εT_r(g_{il}v_j v_k + g_{jk} v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k)

+ α n − 2 ε [ (g_{ri}g_{jk} − g_{rj} g_{ik})(T_av^av_l − v_av^aT_l) + (g_{rj} g_{il} − g_{ri}g_{jl})(T_av^av_k − v_av^aT_k) + (g_{rk}g_{il} − g_{rl}g_{ik})(T_av^av_j − v_av^aT_j ) +(g_{rl}g_{jk} − g_{rk}g_{lj} )(T_av^av_i − v_av^aT_i) ] + α n − 2 εv_r [ g_{jk}(v_iT_l + v_lT_i) + g_{il}(v_j T_k + v_k T_j ) −g_{jl}(v_iT_k + v_kT_i) − g_{ik}(v_j T_l + v_lT_j ) ] + εα [ g_{ri}v_j (v_kT_l − v_lT_k) + g_{rj} v_i(v_lT_k − v_kT_l) +g_{rk}v_l(v_iT_j − v_j T_i) + g_{rl}v_k(v_j T_i − v_iT_j ) ] . If α = 0, (2.5) reduces to ∇_rC_{ijkl} = a_rC_{ijkl} , (2.6) i.e. the hypersurface is conformally recurrent or (in the case a_r = 0) conformally symmetric.

If α ≠ 0, the condition (2.6) is satisfied if and only if 4 n − 1 (v_av^aT_r − T_av^av_r)(g_{il}g_{jk} − g_{ik}g_{jl}) − 2T_r(g_{il}v_j v_k + g_{jk}v_iv_l − g_{ik}v_j v_l − g_{jl}v_iv_k) + (g_{ri}g_{jk} − g_{rj} g_{ik})(T_av^av_l − v_av^aT_l) + (g_{rj} g_{il} − g_{ri}g_{jl})(T_av^av_k − v_av^aT_k) + (g_{rk}g_{il} − g_{rl}g_{ik})(T_av^av_j − v_av^aT_j ) + (g_{rl}g_{jk} − g_{rk}g_{lj} )(T_av^av_i − v_av^aT_i) + v_r [ g_{jk}(v_iT_l + T_iv_l) + g_{il}(v_j T_k + v_k T_j ) − g_{jl}(v_iT_k + v_kT_i) − g_{ik}(v_j T_l + v_lT_j ) ] (n − 2) [ g_{ri}v_j (v_kT_l − v_lT_k) + g_{rj} v_i(v_lT_k − v_kT_l) +g_{rk}v_l(v_iT_j − v_j T_i) + g_{rl}v_k(v_j T_i − v_iT_j ) ] = 0.

Transvecting this relation with v^iv^l, we find − 2 n − 1 (g_{jk} v_bv^b − v_j v_k )(v_av^aT_r − T_av^av_r) + (g_{rj} v_av^a − v_rv_j )(v_bv^bT_k − T_bv^bv_k) + (g_{rk}v_av^a − v_rv_k)(v_bv^bT_j − T_bv^bv_j ) = 0.

Transvecting the last relation with g^{rj} , we get (n + 1)(n − 2) n − 1 v_bv^b(v_av^aT_k − T_av^av_k) = 0, or T_k = T_av^a v_bv^b v_k, because n > 3 and v_av^a ≠ 0.

Conversely, if T_k = fv_k, where f is a scalar function, (2.5) reduces to (2.6). Thus we have

THEOREM 1. Let (M, g) be a recurrent Riemannian space with a_ρ as a recurrence vector field. Let (M, g) be its quasiumbilical hypersurface satisfying (1.6). Then :

if α = 0, (M, g) is a conformally recurrent manifold with a_r = a_ρB^ρ_r as a recurrence vector field ;

if α ≠ 0, (M, g) is a conformally recurrent space if and only if T_k = fv_k, where f is a scalar function.

In the following section we shall show that in the case α ≠ 0, T_k = fv_k, the additional informations about the hypersurface (M, g) can be obtained.

3. The case α ≠ 0, αn + βv_av^a ≠ 0. In the case T_k = fv_k the Codazzi equation (1.8) reduces to R_{αβγδ}N^αB^β_j B^γ_k B^δ_l = g_{jk}w_l − g_{jl}w_k. (3.1) Applying the operator ∇_r to (3.1) and using (1.10) and (1.11) we get g_{jk}∇_rw_l − g_{jl}∇_rw_k = ∇_ρR_{αβγδ}N^αB^β_j B^γ_k B^δ_l B^ρ_r − αR_{αβγδ}B^α_r B^β_j B^γ_k B^δ_l − βv_rv^tR_{αβγδ}B^α_t B^β_j B^γ_k B^δ_l − ε(αg_{rk} + βv_rv_k)R_{αβγδ}N^αB^β_j B^δ_l N^γ + ε(αg_{rl} + βv_rv_l)R_{αβγδ}N^αB^β_j B^γ_k N^δ. Substituting (2.1) and (3.1) into this relation, putting R_{αβγδ}N^αB^β_j B^δ_l N^γ = P_{jl}, (3.2) and taking into account (1.7), we find αR_{rjkl} = −βv_rv^aR_{ajkl} + εα^3(g_{rl}g_{jk} − g_{rk}g_{jl}) + εα^2β(g_{rl}v_j v_k + g_{jk} v_rv_l − g_{rk}v_j v_l − g_{jl}v_rv_k) + g_{jk}(εα^2βv_lv_r + εαβ^2v_av^av_rv_l + a_rw_l − ∇_rw_l) (3.3) − g_{jl}(εα^2βv_k v_r + εαβ^2v_av^av_rv_k + a_rw_k − ∇_rw_k) − ε(αg_{rk} + βv_rv_k)P_{jl} + ε(αg_{rl} + βv_r v_l)P_{jk} . Substituting (1.12), we have αR_{rjkl} = εα^3(g_{rl}g_{jk} − g_{rk}g_{jl}) + εα^2β(g_{rl}v_j v_k + g_{jk} v_rv_l − g_{rk}v_j v_l − g_{jl}v_rv_k) + g_{jk}[ε(α^2β + αβ^2v_av^a)v_r v_l + βv_rS_l + a_rw_l − ∇_rw_l] − g_{jl}[ε(α^2β + αβ^2v_av^a)v_rv_k + βv_rS_k + a_rw_k − ∇_rw_k] + βv_rv_j M_{lk} − ε(αg_{rk} + βv_rv_k)P_{jl} + ε(αg_{rl} + βv_rv_l)P_{jk} . Interchanging the indices r and j and also k and l and adding the obtained relation to the preceding one, we get 2αR_{rjkl} = 2εα^3(g_{rl}g_{jk} − g_{rk}g_{jl})

+ ε(3α^2β + αβ^2v_av^a)(g_{rl}v_j v_k + g_{jk}v_rv_l − g_{rk}v_j v_l − g_{jl}v_rv_k) + g_{jk}(βv_r S_l + a_rw_l − ∇_rw_l) − g_{jl}(βv_r S_k + a_rw_k − ∇_rw_k) + g_{rl}(βv_j S_k + a_j w_k − ∇_j w_k) − g_{rk}(βv_j S_l + a_j w_l − ∇_j w_l) − ε(αg_{rk} + βv_rv_k)P_{jl} + ε(αg_{rl} + βv_r v_l)P_{jk} − ε(αg_{jl} + βv_j v_l)P_{rk} + ε(αg_{jk} + βv_j v_k)P_{rl}. Now, we replace the indices r, j, k, l with l, k, j, r respectively. Adding the obtained relation to the preceding one and taking into account that P_{ij} is a symmetric tensor, we find 4αR_{rjkl} = 4εα^3(g_{rl}g_{jk} − g_{rk}g_{jl}) + 2ε(3α^2β + αβ^2v_av^a)(g_{rl}v_j v_k + g_{jk}v_rv_l − g_{rk}v_j v_l − g_{jl}v_rv_k ) + g_{jk} [β(v_rS_l + v_lS_r) + a_rw_l + a_lw_r − (∇_r w_l + ∇_lw_r)] − g_{jl}[β(v_r S_k + v_kS_r) + a_rw_k + a_kw_r − (∇_r w_k + ∇_kw_r )] (3.4) + g_{rl}[β(v_j S_k + v_kS_j ) + a_j w_k + a_kw_j − (∇_j w_k + ∇_kw_j )] − g_{rk}[β(v_j S_l + v_lS_j ) + a_j w_l + a_lw_j − (∇_j w_l + ∇_lw_j )] − 2ε(αg_{rk} + βv_rv_k)P_{jl} + 2ε(αg_{rl} + βv_rv_l)P_{jk} − 2ε(αg_{jl} + βv_j v_l)P_{rk} + 2ε(αg_{jk} + βv_j v_k)P_{rl}. Now we have to determine P_{ij} . To do this, we interchange the indices r and j in (3.3) and add the obtained relation to (3.3). We get − βv_rv^aR_{ajkl} − βv_j v^aR_{arkl} + g_{jk}[ε(α^2β + αβ^2v_av^a)v_lv_r + a_rw_l − ∇_rw_l] − g_{jl}[ε(α^2β + αβ^2v_av^a)v_kv_r + a_rw_k − ∇_rw_k ] + g_{rk}[ε(α^2β + αβ^2v_av^a)v_j v_l + a_j w_l − ∇_j w_l] − g_{rl}[ε(α^2β + αβ^2v_av^a)v_j v_k + a_j w_k − ∇_j w_k] − ε(αg_{rk} + βv_rv_k)P_{jl} + ε(αg_{rl} + βv_r v_l)P_{jk} − ε(αg_{jk} + βv_j v_k)P_{rl} + ε(αg_{jl} + βv_j v_l)P_{rk} = 0. This, in view of (1.12), can be written in the form 2βv_rv_j M_{lk} + g_{jk} [ε(α^2β + αβ^2v_av^a)v_lv_r + a_rw_l + βv_rS_l − ∇_rw_l] − g_{jl}[ε(α^2β + αβ^2v_av^a)v_kv_r + a_rw_k + βv_rS_k − ∇_rw_k ] + g_{rk}[ε(α^2β + αβ^2v_av^a)v_j v_l + a_j w_l + βv_j S_l − ∇_j w_l] − g_{rl}[ε(α^2β + αβ^2v_av^a)v_j v_k + a_j w_k + βv_j S_k − ∇_j w_k] − ε(αg_{rk} + βv_r v_k)P_{jl} + ε(αg_{rl} + βv_rv_l)P_{jk} − ε(αg_{jk} + βv_j v_k)P_{rl} + ε(αg_{jl} + βv_j v_l)P_{rk} = 0.

Transvecting this with g^{kr}, we have

ε(nα^2β + nαβ^2v_av^a + βP )v_j v_l + na_j w_l + nβv_j S_l − n∇_j w_l − g_{jl}[ε(α^2β + αβ^2v_av^a)v_bv^b − εαP + w_aa^a + βS_av^a − ∇_aw^a] + 2βv_j v^aM_{la} = ε(αn + βv_av^a)P_{jl} + εβ(v_j v^aP_{al} − v_lv^aP_{ja}), (3.5) where P = P_{ab}g^{ab}. This function can be determined as follows.

Taking into account (1.3), we get from (3.2) P = R_{αγ} N^αN^γ .

On the other hand, transvecting (1.7) with g^{il} and using (1.3) and (3.2), we find R_{βγ} B^β_j B^γ_k − εP_{jk} = R_{jk} − ε[(n − 1)α^2 + αβv_av^a]g_{jk} − ε(n − 2)αβv_j v_k , from which, transvecting with g^{jk}, we get P = ε 2 (R − R) + n(n − 1) 2 α^2 + (n − 1)αβv_av^a. (3.6)

Now, let us return to (3.5). Interchanging the indices j and l in (3.5) and subtracting the obtained relation from (3.5), we find εβ(v_j v^aP_{al} − v_lv^aP_{ja}) = β(v_j v^aM_{la} − v_lv^aM_{ja}) + 1 2 n(a_j w_l − a_lw_j ) + 1 2 nβ(v_j S_l − v_lS_j ) − n 2 (∇_j w_l − ∇_lw_j ).

Substituting this into (3.5), we find ε(αn + βv_av^a)P_{jl} = ε(nα^2β + αβ^2v_av^a + βP )v_j v_l + n 2 (a_j w_l + a_lw_j ) + n 2 β(v_j S_l + v_lS_j ) − n 2 (∇_j w_l + ∇_lw_j ) − g_{jl}[ε(α^2β + αβ^2v_av^a)v_bv^b − εαP + w_aa^a + βS_av^a − ∇_aw^a] + β(v_j v^aM_{la} + v_lv^aM_{ja}). Thus, supposing αn + βv_av^a ≠ 0, we have P_{jl} = C [ v_j ( n 2 S_l + v^aM_{la} ) + v_l ( n 2 S_j + v^aM_{ja} ) ]

+ D[a_j w_l + a_lw_j − (∇_j w_l + ∇_lw_j )] + Ev_j v_l + F g_{jl},

(3.7)

where we have put C = β αn + βv_av^a , D = n 2(αn + βv_av^a) , (3.8)

E = nαβ(α + βv_av^a) + βP αn + βv_av^a , F = αP − αβ(α + βv_av^a)v_bv^b − εw_ba^b − εβS_av^a + ε∇_aw^a αn + βv_av^a (3.9)

Substituting (3.7) into (3.4), we get R_{rjkl} = A(g_{rl}g_{jk} − g_{rk}g_{jl}) (3.10) + g_{rl}(Bv_j v_k + v_j p_k + v_kp_j + LQ_{jk}) + g_{jk}(Bv_rv_l + v_rp_l + v_lp_r + LQ_{rl}) − g_{rk}(Bv_j v_l + v_j p_l + v_lp_j + LQ_{jl}) − g_{jl}(Bv_r v_k + v_rp_k + v_kp_r + LQ_{rk}) + N(v_j v_kQ_{rl} + v_rv_lQ_{jk} − v_rv_kQ_{jl} − v_j v_lQ_{rk}), where we have put

A = ε(α^2 + F ), B = ε 2 ( 3αβ + β^2v_av^a + E + β α F ) (3.11)

p_l = S_l ( β α + εnC ) + 2εCv^aM_{la} (3.12) L = 1 α + 2εD, N = 2ε β α D, Q_{rl} = a_rw_l + a_lw_r − ∇_rw_l − ∇_lw_r. (3.13)

Thus, we have

THEOREM 2. Let (M, g) be a recurrent Riemannian space. Let (M, g) be its quasiumbilical hypersurface satisfying (1.6). If, in addition, α ≠ 0, nα + βv_av^a ≠ 0, T_k = fv_k, then the curvature tensor of the hypersurface can be expressed in the form (3.10), where the functions A and B are given by (3.11) and (3.9), the functions L and N — by (3.13) and (3.8), while p_i is an 1-form determined by (3.12), (3.8) and (1.13). As for the function P , it is given by (3.6).

If p_l = 0 and Q_{ij} = 0, (3.10) reduces to R_{rjkl} = A(g_{rl}g_{jk} − g_{rk}g_{jl}) + B(g_{rl}v_j v_k + g_{rk}v_rv_l − g_{rk}v_j v_l − g_{jl}v_rv_k), i.e. the hypersurface is a space of quasi-constant curvature. For example, if α = const.≠ 0, and β = 0, the conditions p_l = w_l = 0, according to (1.9), (3.12) and (3.8), are satisfied. The condition w_l = 0 implies Q_{ij} = 0. On the other hand, if β = 0, then B = 0 and the hypersurface is a space of constant curvature. Thus

THEOREM 3. Umbilical hypersurface of the recurrent Riemannian space satisfying α = const. ≠ 0 is a space of constant curvature.

As a consequence of Theorem 3, we have (c.f. [5, Theorem 1])

COROLLARY. Umbilical hypersurface of a Cartan-symmetric Riemannian space satisfying α = const. ≠ 0, is a space of constant curvature.

We get from (3.10) R_{jk} = g_{jk}[(n − 1)A + 2p_av^a + LQ_{ab}g^{ab} + Bv_av^a]

+ v_j v_k[(n − 2)B + NQ_{ab}g^{ab}] + Q_{jk}[(n − 2)L + v_av^aN] + (n − 2)(p_j v_k + p_kv_j ) − N(v_kv^aQ_{ja} + v_j v^aQ_{ak}), (3.14) R = n(n − 1)A + 4(n − 1)p_av^a + 2(n − 1)P Q_{ab}g^{ab} + 2(n − 1)Bv_av^a + 2N(Q_{ab}g^{ab}v_pv^p − Q_{ab}v^av^b). (3.15) Substituting (3.10), (3.14) and (3.15) into the expression C_{rjkl} = R_{rjkl} − 1 n − 2 (g_{jk} R_{rl} − g_{jl}R_{rk} + g_{rl}R_{jk} − g_{rk}R_{jl}) + R (n − 1)(n − 2) (g_{jk}g_{rl} − g_{jl}g_{rk}) of the conformal curvature tensor, we find C_{rjkl} = N { 2 (n − 1)(n − 2) (g_{jk} g_{rl} − g_{jl}g_{rk})(Q_{ab}g^{ab}v_pv^p − Q_{ab}v^av^b) + Q_{rl}v_j v_k + Q_{jk}v_rv_l − Q_{jl}v_rv_k − Q_{rk}v_j v_l + g_{jk} n − 2 (v_r v^aQ_{al} + v_lv^aQ_{ar} − v_av^aQ_{rl} − Q_{ab}g^{ab}v_rv_l) − g_{jl} n − 2 (v_r v^aQ_{ak} + v_kv^aQ_{ar} − v_av^aQ_{rk} − Q_{ab}g^{ab}v_rv_k) + g_{rl} n − 2 (v_k v^aQ_{ja} + v_j v^aQ_{ak} − v_av^aQ_{jk} − Q_{ab}g^{ab}v_j v_k ) − g_{rk} n − 2 (v_j v^aQ_{la} + v_lv^aQ_{ja} − v_av^aQ_{jl} − Q_{ab}g^{ab}v_j v_l) } . Thus, we have CORROLLARY. Let (M, g) be a recurrent Riemannian space and (M, g) its quasiumbilical hypersurface satisfying (1.6). If, in addition, α ≠ 0, αn + βv_av^a ≠ 0, T_k = fv_k, Q_{ij} = 0, (M, g) is conformally flat.

REFERENCES

[1] L. P. Eisenhart, Riemannian Geometry, Princeton, 1949. [2] Bang-yen Chen, Geometry of Submanifolds, Marcel-Dekker, New York, 1973. [3] T. Miyazawa and G. Chūmann, On certain subspaces of Riemannian recurrent space, Tensor, N.S. 23 (1972), 253–260.

[4] M. Prvanović, Some theorems on the subspaces with indeterminated lines of curvatures of recurrent Riemannian spaces, Mat. Vesnik, 1 (16) (1964), 81–87.

[5] Z. Olszak, On totally umbilical submanifolds of Cartan symmetric manifolds, Demonstratio Math. 9 (1976), 95–103.

Institut za matematiku (Received 03 08 1989) Prirodno-matematički fakultet 21000 Novi Sad, Jugoslavija