PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 45 (59), 1989, pp. 153-167

GEODESIC LINES IN D RECURRENT FINSLER SPACES

Irena Čomić

Abstract. A D recurrent Finsler space is defined as a Finsler space in which the absolute differential of the metric tensor is recurrent. For some special cases of the parameter and the vector of recurrency some interesting special cases are obtained. An example is the non-recurrent Finsler space with Cartain connection coefficients. After introducing the so called Y connection [5], it is examined in which special case of a D recurrent Finsler space the introduced Y connection will give a recurrent Riemannian space. Finally different kinds of definition of a geodesic line are given. The relation between them and the projective change of the metric function are examined. It is prooved that in a D recurrent Finsler space the geodesic line does not depend on the connection coefficients, but only on the metric function of the space.

1. D recurrent Finsler space. If in a Finsler space F_n(M, L) the metric function L(x, ẋ) is as usually homogeneous of degree one in ẋ, and it the metric tensor is defined by

(1.1) g_{αβ} (x, ẋ) = ˙∂_α ˙∂_β F (x, ẋ), f(x, ẋ) = 2^{−1}L^2(x, ẋ).

then the following definition can be given:

Definition 1.1. Finsler F_n is D recurrent if there are vector fields λ^γ = λ^γ (x, ẋ) and μ^γ = μ^γ (x, ẋ) homogeneous of degree zero in ẋ, such that (1.2) Dg_{αβ} = (λ_γ dx^γ + μ_γ Dl^γ )g_{αβ} = K(x, ẋ, dx, Dl)g_{αβ} , where D corresponds to the change of the line element (x, ẋ) to (x + dx, ẋ + dẋ) and (1.3) l^α = L^{−1}ẋ^α.

From (1.4) Dg_{αβ} = dg_{αβ} − (Γ^{∗δ}_{αγ} + Γ^{∗δ}_{βγ} g_{αδ})dx^γ − (A^δ_{αγ} g_{αβ} + A^δ_{βγ} g_{αδ})Dl^γ and (1.5) Dl^γ = dl^γ + Γ^{∗γ}_{oβ}dx^β + A^γ_{oβ} Dl^β,

AMS Subject Classification (1980 ): Primary 53 C 60

where “o” means the contradiction by l, we obtain (1.6) Dg_{αβ} = g_{αβ|γ} dx^γ + g_{αβ} |_γ Dl^γ where g_{αβ|γ} = ∂_γ g_{αβ} − L ˙∂_δg_{αβ}Γ^{∗δ}_{oγ} − Γ^∗_{αβγ} − Γ^∗_{βαγ} (1.7) g_{αβ|γ} = L∂_δg_{αβ}(δ^δ_γ − A^δ_{oγ} ) − A_{αβγ} − A_{βαγ} (1.8)

From the relation (1.9) g_{αβ}(x, ẋ)l^αl^β = 1 using (1.2) we have (1.10) λ_γ dx^γ + (μ_γ + 2l_γ )Dl^γ = 0 This is the crucial relation which shows that dx^γ and Dl^γ are not linearly independent. For λ = 0 and μ = 0, i. e. when Dg_{αβ} = 0, (1.10) reduces to the well-known relation (1.11) l_αDl^α = 0 in the non-recurrent Finsler space

If we multiply (1.10) with θ_{αβ} = θ_{αβ}(x, ẋ) which is homogeneous od degree zero in ẋ, θ_{αβ} = θ_{βα}, and add this to the right-hand side of (1.2) and substitute (1.6) we obtain (1.12) g_{αβ|γ}dx^γ + g_{αβ} |_γ Dl^γ = λ_γ (g_{αβ} + θ_{αβ} dx^γ + [μg_{αβ} + (μ_γ + 2l_γ )θ_{αβ} ]Dl^γ .

From (1.12) we get g_{αβ|γ} = λ_γ (g_{αβ} + θ_{αβ} ) (1.13) g_{αβ|γ} = μ_γ g_{αβ} + (μ_γ + 2l_γ )θ_{αβ} .

(1.14)

In a D recurrent Finsler space we shall suppose that the connection coefficients Γ^∗ and A are not symmetric, i. e. there exist (h)h and (v)v torsion tensors different from zero. Let us introduce the notation ∼ Γ^β_{αγ} = Γ^{∗β}_{αγ} − Γ_{γα} 2^≈Γ_{αβγ} =^∼Γ_{βγα} −^∼Γ_{βγα} +^∼Γ_{γαβ}

(1.15) ∼ A^β_{αγ} = A^β_{αγ} − A^β_{γα} 2^≈A_{αβγ} =^∼A_{αβγ} −^∼A_{βγα} +^∼A_{γαβ} (1.16)

From (1.13) and (1.15) we obtain (1.17) (a) Γ^∗_{αβγ} =^′ Γ_{αβγ} − 2^{−1}[λ_γ (g_{αβ} + θ_{αβ} ) + λ_α(g_{βγ} + θ_{βγ} ) − λ_β (g_{γα} + θ_{γα})] +^≈Γ_{αβγ} , where

(b)^′Γ_{αβγ} = γ_{αβγ} − 2^{−1}L( ˙∂_δ g_{αβ}Γ^{∗δ}_{oγ} + ˙∂_δg_{βγ} Γ^{∗δ}_{oα} − ˙∂_δg_{γα}Γ^{∗δ}_{oβ}) (γ_{αβγ} is the Christoffel symbol)

(c) Γ^∗_{oβγ} = γ_{oβγ} − 2^{−1} ˙∂_δ g_{βγ} Γ^{∗δ}_{oo} − 2^{−1}[λ_γ (l_β + θ_{oβ} )+ + λ_o(g_{βγ} + θ_{βγ} ) − λ_β (l_γ + θ_{γo})] +^≈Γ_{oβγ} (d) Γ^∗_{oβo} = γ_{oβo} − 2^{−1}[2λ_o(l_β + θ_{oβ}) − λ_β (1 + θ_{oo})] +^≈Γ_{oβo};

(a) A_{αβγ} =^′ A_{αβγ} − 2^{−1}[μ_γ g_{αβ} + (μ_γ + 2l_γ )θ_{αβ} +

(1.18)

+ μ_αg_{βγ} + (μ_α + 2l_α)θ_{βγ} − μ_β g_{αγ} − (μ_β + 2l_β)θ_{αγ} ] +^≈A_{αβγ} , where

(b)^′A_{αβγ} = 2^{−1}L[ ˙∂_δ g_{αβ}(δ^δ_γ − A^δ_{oγ} ) + ˙∂_δg_{βγ} (δ^δ_α − A^δ_{oα}) − ˙∂_δ g_{γα}(δ^δ_β − A^δ_{oβ} )] (c) A_{oβγ} = 2^{−1}L ˙∂_δ g_{βγ}(−A^δ_{oo}) − 2^{−1}[μ_γ l_β + (μ_γ + 2l_γ )θ_{oβ}+ + μ_og_{βγ} + (μ_o + 2)θ_{βγ} − μ_β l_γ − (μ_β + 2l_β)θ_{oγ} ] +^≈A_{oβγ} (d) A_{oβo} = 2^{−1}{2[μ_ol_β + (μ_o + 2)θ_{oβ} ] − [μ_β + (μ_β + 2l_β)θ_{oo}]} +^≈A_{oβo}. From (1.15) and (1.16) it is clear that ≈ Γ_{αβγ} −^≈Γ_{γβα} =^∼Γ_{αβγ} ,^≈A_{αβγ} −^≈A_{γβα} =^∼A_{αβγ} . For generalized Wagner connection coefficients we have (1.19)^∼Γ^β_{αγ} = δ^β_αp_γ − δ^β_γ p_α,^∼A^β_{αγ} = δ^β_αq_γ − δ^β_γ q_α, where p_γ = p_γ (x, ẋ) and q_γ = q_γ (x, ẋ) are convariant vector fields homogeneous of degree zero in ẋ. From (1.19) it follows that (1.20)^∼Γαβγ = g_{αβ}p_γ − g_{γβ}p_α,^∼A_{αβγ} = g_{αβ} q_γ − g_{βγ} q_α, From (1.15), (1.16) and (1.20) we obtain (a)^≈Γ_{αβγ} =^∼Γ_{αγβ} = g_{γα}p_β − g_{βγ} p_α

(1.21) (b)^≈Γ_{oβγ} = l_γ p_β − p_og_{βγ} , (c)^≈Γ_{oβo} = p_β − p_ol_β ; (a)^≈A_{αβγ} =^∼A_{αγβ} = g_{γα}q_β − g_{βγ}q_α (1.22) (b)^≈A_{oβγ} = l_γ q_β − q_og_{βγ} , (c)^≈A_{oβo} = q_β − q_ol_β.

Definition 1.2. A D recurrent Finsler space in which the (h)h and (v)v torsion tensors^∼Γ and^∼A are determined by (1.21) and (1.22) will be called D(W ) space.

In this space the connection coefficients are determined by (1.17), (1.18), (1.21) and (1.22).

Theorem 1.1. In a D recurent Finsler space the metric tensor is | and | recurrent if (1.23) θ_{αβ} (xẋ) = k(x, ẋ)g_{αβ} (x, ẋ), where k(x, ẋ) is a scalar function homogeneous of degree zero in ẋ. Then we have g_{αβ|γ} = (1 + k)λ_γ g_{αβ} (1.24) g_{αβ|γ} = [(1 + k)μ_γ + 2kl_γ]g_{αβ} ,

(1.25) i. e. the | and | vectors of recurrency are (1+k)λ_γ and (1+k)μ_γ +2kl_γ respectively.

Proof . It iz evident that (1.2)⇔ (1.13)∧ (1.14). Substituiting (1.23) into (1.13) and (1.14) we obtain (1.24) and (1.25) from which the statement follows.

Definition 1.3. A D recurrent Finsler space in which (1.23) is valid i. e. in which (1.24) and (1.25) hold will be called a D(k) recurrent Finsler space.

Theorem 1.2. Every D(k) recurrent Finsler space in D recurrent. Proof . Substituing (1.24) and (1.25) into (1.6) and using (1.10) we obtain the statement.

In a D(k) recurrent Finsler space the connectin coefficients have the form

(a) Γ^∗_{αβγ} =^′Γ_{αβγ} + 2^{−1}(1 + k)(λ_γ g_{αβ} + λ_αg_{βγ} − λ_β g_{γα}) +^≈Γ_{αβγ}

(1.26)

(b) Γ^∗_{oβγ} =γ_{oβγ} + 2^{−1} ˙∂_δ g_{βγ}Γ^{∗δ}_{oo} − 2^{−1}(1 + k)(λ_γ l_β + λ_og_{βγ} − λ_β l_γ ) +^≈Γ_{oβγ} (c) Γ^∗_{oβo} =γ_{oβo} − 2^{−1}(1 + k)(2λ_ol_β − λ_β ) +^≈Γ_{oβo}

(a) A^∗_{αβγ} =^′A_{αβγ} + 2^{−1}(1 + k)(μ_γ g_{αβ} + μ_αg_{βγ} − μ_β g_{γα})−

(1.27)

−k(l_γ g_{αβ} + l_αg_{βγ} − l_βg_{αγ} ) +^≈A_{αβγ} (b) A_{oβγ} = −2^{−1}L ˙∂_δg_{βγ} A^δ_{oo} −2^{−1}(1+k)(μ_γ g_{αβ}+λ_αl_β +μ_og_{βγ}−μ_βl_γ )−kg_{βγ} +^≈A_{oβγ} (c) A_{oβo} = − 2^{−1}(1 + k)(2μ_ol_β − μ_β ) − kl_β +^≈A_{oβo} Definition 1.4. A D(k) recurrent Finsler space in which the (h)h and (v)v torsion tensors are given by (1.21) and (1.22) or a D(W ) space in which (1.23) holds, will be called a D(k)(W ) space.

The connection coefficients in a D(k)(W ) space are determined by (1.26), (1.27), (1.21) and (1.22).

Theorem 1.3. In D(k) recurrent Finsler space for k = −1 we have (a) g_{αβ|γ} =0 (b) g_{αβ|γ} = −2l_γ g_{αβ}, (1.28) Dg_{αβ} = − 2l_γ g_{αβ} Dl^γ = (λ_γ dx^γ + μ_γ Dl^γ )g_{αβ} .

(1.29)

Proof . (1.28) follows from (1.24), (1.25) and k = −1. (1.29) follows from (1.28) and (1.10).

In a D(k = −1) recurrent Finsler space the connection coefficients (1.26) and (1.27) reduce to the form (a) Γ^∗_{αβγ} =^′ Γ_{αβγ} +^≈Γ_{αβγ}

(1.30) (b) Γ^∗_{oβγ} = γ_{oβγ} − 2^{−1} ˙∂_δg_{βγ} Γ^{∗δ}_{oo} +^≈Γ_{oβγ} , (c) Γ^∗_{oβo} = γ_{oβo} +^≈Γ_{oβo} (a) A_{αβγ} =^′ A_{αβγ} + l_αg_{βγ} − l_β g_{αγ} ) +^≈Γ_{αβγ} ,

(1.31) (b) A_{oβγ} = −2^{−1}L ˙∂_δg_{βγ} A^{∗δ}_{oo} + g_{βγ} +^≈A_{oβγ} , (c) A_{oβo} = l_β +^≈Γ_{oβo}.

Definition 1.5. A space D(k = −1) in which the generalized Wagner torsion tensors determined by (1.24) and (1.25) are used or a D(k)(W ) space in which k = −1 will be called a D(k = −1)(W ) space.

The connection coefficients in a D(k = −1)(W ) space are determined by (1.30), (1.31), (1.21) and (1.22).

Definition 1.6 A D(k = −1) recurrent Finsler space in which we prescribe the torsion free connection coefficients, i. e. which (1.32)^≈Γ_{αβγ} = 0,^≈A_{αβγ} = 0 hold, will be called a D(k = −1)(T F ) space

Theorem 1.4. In a D(k = −1)(T F ) space we have Γ^∗_{αβγ} =^′ Γ_{αβγ} , Γ^∗_{oβγ} = γ_{oβγ} − 2^{−1} ˙∂_δg_{βγ} Γ^{∗δ}_{oo}, Γ^∗_{oβo} = γ_{oβo}, (1.33) A_{αβγ} =^′ A_{αβγ} + l_γ g_{αβ} + l_αg_{βγ} − l_βg_{αγ} , A_{oβγ} = g_{βγ} ⇒ A^β_{oγ} = δ^β_γ , A_{oβo} = l_β. (1.34)

Proof . The proof follows from (1.30) and (1.31) if in these formulae we substituite from (1.32)^≈Γ_{αβγ} = 0 and^≈A_{αβγ} = 0. We can see that Γ^∗_{αβγ} is the

Cartain connection coefficient which follows from (1.28 a) and (1.33), but A_{αβγ} ≠ 2^{−1}L ˙∂_γ g_{αβ} because of (1.28 b).

In a D(k = −1)(T F ) space Dl^δ cannot be determined by (1.5). In this space (1.34) gives that (1.5) reduces to dl^δ +Γ^{∗δ}_{oβ}dx^β = 0 from which dẋ^δ can be expressed and Dl^δ should satisfy (1.10).

2. Metrical spaces. Definition 2.1. A Finsler space will be called D, | and | metrical if Dg_{αβ} = 0, g_{αβ|γ} = 0 and g_{αβ|γ} = 0 respectively. (See (1.7), (1.8)).

Theorem 2.1. If a Finsler space is D metrical, i. e. (2.1) Dg_{αβ} = 0 then from (2.1) follows (2.2) g_{αβ|γ} = λ_γ (g_{αβγ} + θ_{αβ} ), g_{αβ|γ} = μ_γ (g_{αβ} + θ_{αβ} ), where θ_{αβ} = θ_{αβ} (x, ẋ) is homogeneous of degree zero in ẋ and θ_{αβ} = θ_{αβ} .

Proof . From Dg_{αβ} = 0 and (1.9) it follows (1.11) i. e. l_αD!^α = 0; so (1.10) reduces to λ_γ dx^γ + μ_γ Dl^γ = 0. From Dg_{αβ} = g_{αβ|γ} dx^γ + g_{αβ|γ} Dl^γ = λ_γ (g_{αβ} + θ_{αβ} )dx^γ + μ_γ (g_{αβ} + θ_{αβ} Dl^γ (2.2) follows.

Theorem 2.2. In a D(k) recurrent Finsler space the metric tensor is D, | and | metrical, i. e.

(2.3) Dg_{αβγ} = 0, g_{αβ|γ} = 0, g_{αβ} |_γ = 0, when (2.4) (λ_γ = 0) ∧ (μ_γ = −2k(1 + k)^{−1}l_γ ).

Proof . The proof is obvious from (1.24), (1.25) and (1.6). Theorem 2.3. A D(k)(T F ) space in which (2.4) holds is a non-recurrent Finsler space supplied with Cartan connection coefficients.

Proof . The proof follows from

(a) μ_γ = −2k(1 + k)^{−1}l_γ ⇒ μ_o = −2k(1 + k)^{−1}

(2.5) (b) λ_γ = 0 ⇒ λ_o = 0 (c) θ_{αβ} = kg_{αβ} ⇒ θ_{oβ} = kl_β ⇒ θ_{oo} = k.

Substituing (2.5) into (1.17) and (1.18) after some calculation we get (a) Γ^∗_{oβo} = γ_{oβo}, (2.6) (b) Γ^∗_{oβγ} = γ_{oβγ} − 2^{−1} ˙∂_δg_{βγ} Γ^{∗δ}_{oo} (c) Γ^∗_{αβγ} = γ_{αβγ} − 2^{−1}L( ˙∂_δ g_{αβ}Γ^{∗δ}_{oγ} + ˙∂_δg_{βγ} Γ^{∗δ}_{oα} − ˙∂_δg_{γα}Γ^{∗δ}_{oβ}); (a) A_{oβo} = 0, (2.7)

(b) A_{oβγ} = 0 (c) A_{αβγ} = 2^{−1}L( ˙∂_γ g_{αβ} + ˙∂_αg_{αγ} − ˙∂_βg_{γα}) = 2^{−1} ˙∂_γ g_{αβ} .

From (2.7. a) it follows that in this case (1.5) reduces to the form (2.8) Dl^δ = dl^δ + Γ^{∗δ}_{oβ} du^β; so the deflection tensor is equal to zero.

Theorem 2.4. A D(k)(T F ) space reduces to a non-recurrent Finsler space supplied with Cartan connection coefficients if (2.9) k = 0, λ_γ = 0, μ_γ = 0. In this space (2.6)–(2.8) are valid.

Proof . The proof is obvious from (1.26), (1.27) and (2.9). 3. Y connection in D recurrent Finsler spaces. The name of these connection coefficients is taken from [5]. Let the field of the tangent vector (1.3) (3.1) ẋ^α = Y^α(x) ⇒ l^α = L^{−1}(x, Y (x))Y^α(x) in the domain of manifold M of a D recurrent Finsler space F_n(M, L) be defined. Then from (3.1) (3.2) dẋ^α = ∂_βY^αdx^β and (1.5) has the form [δ^α_γ − L^{−1}(x, Y (x))A^α_{βγ} (x, Y (x))Y^β(x)]Dl^γ = (3.3) =d[L^{−1}(x, Y (x))Y^α(x)] + L^{−1}(x, Y (x))Γ^{∗α}_{βγ} (x, Y (x))Y^β (x)dx^γ . If we denote by I^δ_α the inverse matrix of (3.4) J^α_γ = δ^α_γ − A^α_{oγ} det [ J^α_γ ] ≠ 0 from (3.2),(3.3) and (3.4) we obtain (3.5) Dl^δ = I^δ_ι Y^ι_{|γ} dx^γ , where (3.6) Y^ι_{|γ} : Y^ι(∂_γ L^{−1} + ˙∂_θL^{−1}∂_γ Y^θ) + L^{−1}∂_γ Y^ι + L^{−1}Γ^{∗ι}_{θγ} Y^θ. In this case we have a Riemannian metric tensor (3.7) g_{αβ} (x) = g_{αβ}(x, Y (x)).

If we denote by D the absolute differential which corresponds to the translation from (x) to (x + dx) from (1.4), (3.5), (3.6) and (3.7) we have (3.8) Dg_{αβ} = Dg_{αβ} = dg_{αβ} − (Γ^∗_{αβγ} + Γ^∗_{βαγ} )dx^γ − (A_{αβδ} + A_{βαδ})I^δ_ι Y^ι_{|γ} dx^γ , where dg_{αβ} = (∂_γ g_{αβ} + ˙∂_δ g_{αβ}∂_γ Y^δ)dx^γ = dg_{αβ} = ∂_γ g_{αβ} dx^γ . In (3.8) Γ^∗_{αβγ} (x, ẋ) = Γ^∗_{αβγ} (x, Y (x)), A_{αβγ} (x, ẋ) = A_{αβγ} (x, Y (x)), where Γ^∗ and A are given by (1.17) and (1.18). Formula (3.8) determines in a D recurrent Finsler space a Riemannian Y connection coefficient F_{αβγ} , where (3.9) F_{αβγ} = Γ^∗_{αβγ} − A_{αβδ}I^δ_ι Y^ι_{|γ} . With connection coefficients so defined, from (3.8) we have Dg_{αβ} = dg_{αβ} − (F_{αβγ} + F_{βαγ} )dx^γ , where F_{αβγ} = F^δ_{αγ} g_{δβ} .

Definition 3.1. A D recurrent Finsler space supplied with Y Riemannian connection coefficients (3.9) will be called a D(Y ) space.

Theorem 3.1. If in a D(Y ) space we denote by ⊤ the convariant differential with respect to the Y connection F of a Riemannian tensor T^α_β (x) = T^α_β (x, Y (x)) and with | and | the h and v convariant differentials with respect to Finslerian connection coefficients Γ^∗(x, Y (x)) and A(x, Y (x)), we have the relation (3.10) T^α_β (x)⊤_γ dx^γ = T^α_β (x, Y (x))_{|γ} dx^γ + T^α_β (x, Y (x)) |_γ Dl^γ where (a) T^α_β ⊤_γ = ∂_γ T^α_β + F^α_{δγ} T^δ_β − F^δ_{βγ} T^α_δ

(3.11) (b) T^α_{β|γ} = ∂_γ T^α_β L ˙∂_δT^α_β Γ^{∗δ}_{oγ} + Γ^{∗α}_{δγ} T^{∗δ}_β − Γ^{∗δ}_{βγ} T^α_δ (c) T^α_β |_γ = L ˙∂_δT^α_β (δ^δ_γ − A^δ_{oγ} ) + A^α_{δγ} T^δ_β − A^δ_{βγ} T^α_δ .

Proof . Substituting (3.11), (3.9) and (3.5) into (3.10) we obtain identity. Theorem 3.2. In a D(Y ) space we have Dg_{αβ} = g_{αβ⊤γ} dx^γ = (λ_γ + μ_δI^δ_ι Y^ι_{|γ} )dx^γ g_{αβ}+ (3.12) + [ λ_γ + (μ_δ + 2L^{−1}Y_δ)I^δ_ι Y^ι_{|γ} ] dx^γ θ_{αβ} , where g_{αβ⊤γ} = ∂g_{αβ} − F_{αβγ} − F_{βαγ} . Proof . In a D(Y ) space (1.1), (3.10) and (3.5) we have Dg_{αβ} =g_{αβ} ⊤_γ dx^γ = g_{αβ|γ} dx^γ + g_{αβ} |_γ Dl^γ = (3.13) =(λ_γ dx^γ + μ_γ Dl^γ )g_{αβ} = (λ_γ + μ_δI^δ_ι Y^ι_{|γ} )dx^γ g_{αβ}.

Relation (1.10) in a D(Y ) space has the form (3.14) [ λ_γ + (μ_δ + 2L^{−1}Y_δ )I^δ_ι Y^ι_{|γ} ] dx^γ = 0 If we multiply (3.14) with θ_{αβ} (θ_{αβ} = θ_{βα}(x, λẋ) = θ_{αβ} (x, ẋ)) and add the expression so obtained to the right-hand side of (3.13) we get (3.12).

Definition 3.2. A D(k) recurrent Finsler space in which ẋ^α = Y^α(x) i.e. a D(Y ) space in which θ_{αβ} = kg_{αβ} will be called a D(k)(Y ) space.

In D(k)(Y ) space the Riemannian connection coefficients F are determined by (3.9) in which Γ^∗ and A are given by (1.26) and (1.27) respectively.

Theorem 3.3. In a D(k)(Y ) space the Riemannian metric g is ⊤ recurrent with respect to the connection coefficients F in this space. The vector of recurrency is (1 + k)[λ_γ + μ_δI^δ_ι Y^ι_{|γ} ] + 2kL^{−1}Y_δ I^δ_ι Y^ι_{|γ} .

Proof . In (3.12) we substitute θ_{αβ} = kg_{αβ} we have (3.15) g_{αβ⊤γ} = [(1 + k)(λ_γ + μ_δI^δ_ι Y^ι_{|γ} ) + 2kL^{−1}Y_δ I^δ_ι Y^ι_{|γ} ]g_{αβ} which proves the theorem.

Definition 3.3. A D(k)(Y ) space in which L(x, Y (x)) = 1 will be called a D(Y_0) space.

In a D(Y_0) space L(x, Y (x)) = 1 ⇒ l^α = Y^α(x)

(3.16) F_{αβγ} = Γ^∗_{αβγ} − A_{αβδ} I^δ_ι Y^ι_{:γ} , (3.17) where (3.18) Y^ι_{;γ} : ∂_γ Y^ι + Γ^{∗ι}_{αβ}Y^α and Γ^∗ and A are determined by (1.17) and (1.18).

Theorem 3.4. In a D(Y_0) space (3.19) Dg_{αβ} = g_{αβ⊤γ} dx^γ = (λ_γ + μ_δ I^δ_ι Y^ι_{;γ} )g_{αβ} + [λ_γ + (μ_δ + 2Y_δ)I^δ_ι Y^ι_{;γ} ]θ_{αβ} .

Proof . In D(Y_0) from (3.16) it follows that Y^ι_{|γ} = Y^ι_{;γ} . From this fact and (3.12) we obtain (3.19) . Theorem 3.4. is the specal case of theorem 3.2., when L(x, Y (x)) = 1.

Definition 3.4. A D(k) recurrent Finsler space in which ẋ^α = Y^α(x), L(x, Y (x)) = 1 will be called a D(k)(Y_0) space.

In a D(k)(Y_0) space the connection coefficients F are given by (3.17) in which Γ^∗_{αβγ} and A_{αβγ} are determined by (1.26) and (1.27) respecitively.

Theorem 3.5. In a D(k)(Y_0) space the Riemannian metric g is ⊤ recurrent with respect to the connection coefficient F in this space. The vector of recurrency is given by

(3.20) g_{αβ⊤γ} = [(1 + k)(λ_γ + μ_δ I^δ_ι Y^ι_{;γ} ) + 2kL^{−1}Y_δI^δ_ι Y^ι_{;γ} ]g_{αβ} .

Proof . As in D(k)(Y ) space the proof follows directly from (3.15).

Theorem 3.6. In a D(k)(Y ) and in a D(k)(Y_0) space each of the conditions (3.21 a) and (3.21b)

(a) λ_γ = 0 ∧ μ_γ = 0 ∧ k = 0

(3.21) (b) λ_γ = 0 ∧ μ_γ = −2k(1 + k)^{−1}l_γ

leads to g_{αβ⊤γ} = 0, where ⊤ is the convariant differential with respect to the connection coefficients (3.17); Γ^∗ and A satisfy (1.26) and (1.27) respectively.

Proof . The proof follows from (3.15) and (3.20) and the condition of Theorem 3.6.

Definition. 3.5. A D(k)(T F ) space in which ẋ^α = Y^α(x)i. e. a D(k)(Y ) space in which the torsions are zero (^≈Γ_{αβγ} = 0,^≈A_{αβγ} = 0) will b called a D(k)(T F )(Y ) space.

A D(k)(T F ) space in which ẋ^α = T^α(X) and L(x), Y (x) = 1, i. e. a D(k)(Y_0) space in which the torsion tensors are zero will be called a D(k)(T F )(Y_0) space.

Theorem 3.7. In a D(k)(T F )(Y ) and a D(k)(T F )(Y_0) space in which one of the conditions (3.21 a) or (3,21 b) hold is ⊤ metrical, i. e., g_{αβ⊤γ} = 0 with respect to the connections F_{αβγ} which are determined by (3.9), (2.6), (2.7) and in D(k)(T F )(Y ) we have Y^ι_{|γ} determined by (3.6) whereas in D(k)(T F )(Y_0) determined by (3.18).

This theorem is a special case of Theorem 3.6. when the torsion tensors are zero.

Proof . In Thorem 2.3. and 2.4. we proved that under conditions (3.21 a) and (3.21b) in a D(k)(T F ) space the condition coefficients Γ^∗ and A have the form given by (2.6) and (2.7), i. e., they are Cartain connection coefficients.

Note. The Y connection examined in [5] is a special case of the connection in a D(k)(T F )(Y_0) space when (3.21 a) is valid.

4. Geodesic lines in D recurrent Finsler spaces. Definition 4.1. The geodesic line of a D recurrent Finsler space is the solution of the variation problem δ ∫_{P2} P_1 F (x, ẋ)dt = 0. From (1.1) we obtain (4.1) F (x, ẋ) = 2^{−1}g_{αβ}ẋ^αẋ^β = 2^{−1}L^2(x, ẋ). The Euler Lagrange equation for this problem is

(a) d dt ( ˙∂_δ F ) − ∂_δ F = 0 ⇔

(4.2)

(b) (∂_θ ˙∂_δF )ẋ^θ + ( ˙∂_θ ˙∂_δF )ẍ^θ − ∂_δF = 0 ⇔ (c) L ( d dt ln L ) ˙∂_δL + L[( ˙∂_δ ∂_θL)ẋ^θ + ( ˙∂_δ ˙∂_θL)ẍ^θ − ∂_δ L] = 0 ⇔

(d) E_δ(L^2) : L ( d dt ln L ) ˙∂_δL + L [ d dt ( ˙∂_δ L) − ∂_δL ] = 0.

From (4.1) it follows that: ˙∂_δF = g_{δβ}ẋ^β ⇒ (∂_θ ˙∂_δF )ẋ^θ = ∂_θg_{δβ}ẋ^βẋ^θ

(4.3) ( ˙∂_θ ˙∂_δ F )ẍ^θ = g_{δθ}ẍ^θ

(4.4) ∂_δF = 2^{−1}∂_δg_{αβ}ẋ^αẋ^β .

(4.5) From (1.7) and (1.13) it follows that (4.6) ∂_θg_{δβ} = L( ˙∂_χg_{δβ} )Γ^{∗χ}_{oθ} + Γ^∗_{δβθ} + Γ^∗_{βδθ} + λ_θ(g_{δβ} + θ_{αβ} ). Substituting (4.6) into (4.7) and (4.5) and then (4.3), (4.4), (4.5) into (4.2 b) we obtain that the Euler Lagrange equation in a D recurrent Finsler space has the form (4.7) E_δ (L^2) = g_{δθ}ẍ^θ +L^2[Γ^∗_{δoo} +Γ^∗_{oδo} +Γ^∗_{ooδ} +λ_o(l_δ +θ_{δo})−2^{−1}λ_δ −2^{−1}θ_{oo}λ_δ ] = 0 From (1.17) we obtain (a) Γ^∗_{ooδ} = γ_{ooδ} − 2^{−1}λ_δ − 2^{−1}λ_δ θ_{oo} +^≈Γ_{ooδ}

(4.8) (b) Γ^∗_{δoo} = γ_{δoo} − 2^{−1}λ_δ − 2^{−1}λ_δ θ_{oo} +^≈Γ_{δoo} (c) Γ^∗_{oδo} = γ_{oδo} − λ_o(l_δ + θ_{oδ}) + 2^{−1}λ_δθ_{oo} + 2^{−1}λ_δ +^≈Γ_{oδo}.

Substituting (4.8) into (4.7) we obtain that the equation of the geodesic line is (4.9) E_δ (L^2) = g_{δθ}ẍ^θ + L^2(^≈Γ_{δoo} −^≈Γ_{ooδ} +^≈Γ_{oδo} + γ_{oδo}) = 0

Using (1.15) we have

(4.10)^≈Γ_{δoo} −^≈Γ_{ooδ} +^≈Γ_{oδo} = 2^{−1}(3^∼Γ^∗_{oδo} −^∼Γ_{ooδ} −^∼Γ_{δoo} = 0 Now we can state the following:

Theorem 4.1. The geodesic line (defined by Definition 4.1) in a D recurent Finsler space is given by the solution of the differential equation (4.11) E_δ (L^2) = g_{δθ}(L^2)ẍ^θ + 2G_δ(L^2) = 0 (2G_δ(L^2) = γ_{αδβ} (L^2)ẋ^αẋ^β ) i. e. the equation of the geodesic line does not depend on connection coefficients of the space, only on the metric function L(x, ẋ).

Proof . Substituting (4.10) into (4.9) we obtain (4.11). Equation (4.11) may be written in the form

E_δ (L^2) = g_{δθ}(L^2) d^2x^θ dt^2 + γ_{αδβ} (L^2) dx^α dt dx^β dt = 0

5. Projective change of metric in a D recurrent Finsler space. Definition 5.1. If the geodesic line of the Finsler space F_n(M, L) is the geodesic line of the Finsler space F_n(M, L) and the inverse is also true, then the change L → L of the metric function is called projective.

We shall examine the change of the metric function of the form (5.1) L(x, ẋ) = L(x, ẋ) + β(x, ẋ), where β(x, ẋ) is homogeneous of degree one in ẋ. From (5.1) we obtain (5.2) L^2 = L^2 + 2Lβ + β^2 and according to (4.2) we calculate

(a) ˙∂_δ L^2 = ˙∂_δ L^2 + 2β ˙∂_δL + 2L ˙∂_δβ + ˙∂_δβ^2

(5.3)

(b) (∂_θ ˙∂_δ L^2)ẋ^θ = (∂_θ ˙∂_δ L^2)ẋ^θ + 2(∂_θ ˙∂_δL)ẋ^θ+

2( ˙∂_δ L)(∂_θβ)ẋ^θ + 2(∂_θL)( ˙∂_δ β)ẋ^θ + 2(∂_θ ˙∂_δ β)ẋ^θ + (∂_θ ˙∂_δβ^2)ẋ^θ (c) ( ˙∂_θ ˙∂_δ L^2)ẍ^θ = ( ˙∂_θ ˙∂_δ L^2)ẍ^θ + 2( ˙∂_θ ˙∂_δL)ẍ^θβ + 2( ˙∂_δL)( ˙∂_θβ)ẍ^θ + 2( ˙∂_θL)( ˙∂_δβ)ẍ^θ + 2L(∂_θ ˙∂_δ β)ẍ^θ + ( ˙∂_θ ˙∂_δ β^2)ẍ^θ (d) − ∂_δL^2 = −∂_δL^2 − 2β∂_δL − 2L∂_δβ − ∂_δβ^2.

Using the notation (5.4) E_δ (G) = 2^{−1}[(∂_θ ˙∂_δ G)ẋ^θ + ( ˙∂_θ ˙∂_δG)ẍ^θ − ∂_δ G] where G = G(x, ẋ) is any function homogeneous of degree two in ẋ, if we add (5.3.b), (5.3.c) and (5.3.d) previously multiplied by 2^{−1}, after some calculations we obtain

E_δ (L^2) = (1 + βL^{−1})E_δ (L^2) + (1 + Lβ^{−1})E_δ (β^2)+ + Lβ( ˙∂_δ ln L − ˙∂_δ ln β)(d ln β/dt − d ln l/dt). On the other hand, it is known that

γ_{αδβ} (L^2)ẋ^αẋ^β = 2^{−1}(∂_αg_{δβ} + ∂_βg_{αδ} − ∂_δ g_{αβ})ẋ^αẋ^β = = 2^{−1}(∂_α ˙∂_δ ˙∂_β L^2 + ∂_β ˙∂_α ˙∂_δ L^2 − ∂_δ ˙∂_α ˙∂_β L^2)ẋ^αẋ^β .

So we have (5.5) γ_{αδβ} (L^2)ẋ^αẋ^β = 2^{−1}[(∂_α ˙∂_δ L^2)ẋ^α − ∂_δL^2].

If we introduce the notations γ_{αδβ} (G)ẋ^αẋ^β = 2^{−1}[∂_α( ˙∂_δG)ẋ^α − ∂_δ G]

(5.6) g_{θδ}(G) = 2^{−1} ˙∂_θ ˙∂_δG

(5.7) then from (5.2) we obtain g_{θδ}(L^2) = g_{θδ}(L^2) + 2g_{θδ}(Lβ) + g_{θδ}(β^2)

(5.8) γ_{αβδ}(L^2)ẋ^αẋ^β = [γ_{αδβ} (L^2) + 2γ_{αδβ} (Lβ) + γ_{αδβ} (β^2)]ẋ^αẋ^β .

(5.9) Using (5.6), (5.7) and (5.4) we have (5.10) E_δ(G) = g_{θδ}(G)ẍ^θ + γ_{αδβ} (G)ẋ^αẋ^β .

Theorem 5.1. If the geodesic line in the Finsler space F_n(M, L) is defined by Definition 4.1. then the change of the metric function L → L = L + β is projective when E_δ (β^2) = −2E_δ(Lβ).

Proof . From (5.8) — (5.10) we obtain (5.11) E_δ (L^2) = E_δ (L^2) + 2E_δ (Lβ) + E_δ(β^2) from which the theorem follows.

Theorem 5.2. By the change of the metric function L → L, L = √ L^2 + β^2 a curve is a geodesic line (in the sence of Definition 4.1) of the Finsler space F_n(M, √ L^2 + β^2) if it is at the same time the geodesic line in F_n(M, L) and F_n(M, β). Proof . From (5.6), (5.7) and L^2 = L^2 + β^2 we get γ_{αδβ} (L^2)ẋ^αẋ^β = [γ_{αδβ} (L^2) + γ_{αδβ} (β^2)]ẋ^αẋ^β

(5.12) g_{θδ}(L^2) = g_{θδ}(L^2) + g_{θδ}(β^2)

(5.13)

From (5.12), (5.13) and (5.10) we obtain E_δ(L^2) = E_δ (L^2) + E_δ (β^2) from which the theorem follows.

It is more usual to define the geodesic line by Definition 5.2. The geodesic line in a D recurrent Finsler space is the solution of the variation problem δ ∫_{P2} P_1 L(x, ẋ)dt = 0 The Euler Lagrange equation for this problem is (5.14) E_δ(L) = d( ˙∂_δ L)/dt − ∂_δL = (∂_θ ˙∂_δ L)ẋ^θ + ( ˙∂_θ ˙∂_δ L)ẍ^θ − ∂_δL = 0 From (5.5) we obtain (5.15) γ_{αδβ} (L^2)ẋ^αẋ^β = L(∂_θ ˙∂_δL)ẋ^θ − L∂_δL + (∂_θL)( ˙∂_δ L)x^θ. From (5.7) we have (5.16) g_{θδ}(L^2)ẍ^θ = ( ˙∂_θL)( ˙∂_δL)ẍ^θ + L( ˙∂_α ˙∂_β L)ẍ^θ. If we add (5.15) and (5.16), and further use (5.14), we get (5.17) g_{θδ}(L^2) + γ_{αδβ} (L^2)ẋ^αẋ^β = LE_δ (L) + L( ˙∂_δL)d ln L/dt.

Now we can state Theorem 5.3. The geodesic line of Definition 4.1 coincides with the geodesic line of Definition 5.2 iff (5.18) ( ˙∂_δ L)d ln L/dt = 0

Proof . Using (5.10), (5.17) has the form (5.19) E_δ (L^2) = LE_δ(L) + L( ˙∂_δL)d ln L/dt from which the theorem follows.

When the normal parameter is used, i. e. when L(x, dx/ds) = 1, then (5.18) is satisfied and the geodesic lines of Definition 4.1 and 5.2 coincide.

If we introduce the so called Randers change L → L = L + β we have the following

Theorem 5.4. In a D recurrent Finsler space the Randers change of the metric function is projective iff (5.20) E_δ (β) = (∂_θ ˙∂_δ β)ẋ^θ + ( ˙∂_θ ˙∂_δβ)ẍ^θ − ∂_δ β = 0 where the geodesic line is defined by Definition 5.2.

Proof . From (5.2) and (5.14) we obtain

(5.21) E_δ(L) = E_δ(L) + E_δ(β)

from which the theorem follows.

A special case of Theorem 5.4. is the result of Hashiguchi and Ishijyo [5] where β = b_δ(x) · ẋ^δ . In this case (5.20) reduces to (∂_θb_δ − ∂_δb_θ)ẋ^θ = 0.

Theorem 5.5. Under the change L → L = L + β of the metric function in a D recurrent Finsler space we have (5.22) 2E_δ(Lβ) = βE_δ(L) + LE_δ (β) + ( ˙∂_δ L)dβ/dt + ( ˙∂_δβ)dL/dt Proof . From (5.19), (5.1), (5.21) and (5.11) we get E_δ (L^2) =^{(5.19)} LE_δ (L) + ( ˙∂_δ L)dL/dt =^{(5.1)}

(L + β)E_δ(L + β) + ˙∂_δ(L + β)d(L + β)/dt =^{(5.21)} LE_δ(L) + βE_δ(L) + LE_δ(β) + βE_δ(β)+ ( ˙∂_δ L)dl/dt + ( ˙∂_δ L)dβ/dt + ( ˙∂_δβ)dL/dt + ( ˙∂_δ β)dβ/dt =^{(5.9)} E_δ (L^2) + E_δ(β^2) + βE_δ (L) + LE_δ(β) + ( ˙∂_δL)dβ/dt + ( ˙∂_δ β)dL/dt =^{(5.11)} Eδ(L^2) − 2E_δ(Lβ) + βE_δ (L) + LE_δ(β) + ( ˙∂_δ L)dβ/dt + ( ˙∂_δ β)dL/dt from which (5.22) follows.

From (5.22) it follows that under the change of the metric function L → L = L + β a curve is the geodesic line (by Definition 4.1) of the space F_n(M, √ Lβ) iff βE_δ(L) + LE_δ (β) + ( ˙∂_δ L)dβ/dt + ( ˙∂_δ β)dl/dt = 0 If ( ˙∂_δ L)dβ/dt + ( ˙∂_δβ)dL/dt = 0 and a curve is the geodesic line in the sense of Definition 5.2. of the space F_n(M.L) and F_n(Mβ) (i.e. E_δ (L) = 0 and E_δ(β) = 0) then it is also the geodesic line in the sense of Definition 4.1. in the space F_n(M, √ Lβ) (i.e. Eδ( √ Lβ) = 0).

REFERENCES

[1] R. B. Misra,The projective transformation in the Finsler space, Ann. Soc-Sci. Bruxelles 80 (1966), 227–239.

[2] H. Yasuda and H. Shmida, On Renders spaces scalar curvature, Rep. Math. Phys. 11 (1977), 347–360.

[3] M. Matsumoto, Projective changes of Finsler metrics and projectively flat Finsler spaces, Tensor (n. S) 34 (1980), 303–346.

[4] M. Matsumoto, The induced and intrinsic Finsler connection of a hypersurface and Finlerien projective geometry, J. Math. Kyoto Univ. 25 (1985), 107–145.

[5] M. Matsumoto, Theory of Y exstremal and minimal hypersurface in a Finsler space, J.

Math. Kyoto Univ. 26 (1986), 647–666.

[6] A. Moór, Über eine Übertragungstheorie der metrischen Linienelementräume mit recurrentem Grundtensor, Tensor (N. S) 29 (1978), 47–63.

[7] I. Čomić, Curvature tensors of a recurrent Finsler space, Coll. Math. Soc. Janos Bolyai.

(1984), 255–275.

Fakultet tehničkih nauka (Received 19 05 1988) 21000 Novi Sad Jugoslavija