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NECESSARY CONDITIONS IN A PROBLEM OF CALCULUS
OF VARIATIONS

Vladimir Jankovié

Abstract. Problem of the calculus of variations with Bolza functionals is considered.
Constraints are of both types: equalities and inequalities. The Lagrange multipler rule type
theorem, which gives necessary conditions for weak optimality, is proved. When applied to the
simplest problem of the calculus of variations , this theorem gives that every smooth minimizing
function must satisfy the well known Euler equation and also the differential equation

(d/dt) (Lgd — L) = —Ly.

It should be emphasized that both differential equations are obtained under the only condition
that integrand L is continuously differentiable.

1. Introduction. We shall start this section with the precise formulation
of the general Bolza problem of the calculus of variations, which is the object of
our present investigation. After that we shall state the theorem giving necessary
conditions for weak optimality.

Let V be an open set from R x R™ x R" and let W be an open set from
R x R" x R x R". Let functions f(t,z,u) : V — R", L(t,z,u) : V — R™"! and
I(to, o, t1,71) : W — R™F! be continuous.

The set of processes P is the set of quadruples (z(-)),u(-), to,%1) of two func-
tions and two real numbers, satisfying the following conditions:

1. z(*) : [to, t1] = R™ is a smooth function,

2. u(-) : [to,t1] = R" is a continuous function,

3. (t,z(t),u(t)) € V for all t € [to, t1],

4. (to,z(to),t1,2(t1)) € W.

We shall deal with Bolza functionals B; : P - R, i =0,1,... ,m, defined by

Bi(a(), u(-), to, 1) = /1Li(t,:c(t),:b(t))dt+l,~(t0,:z:(to),t1,:c(t1))

to
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where L; and [; are components of functions L and [.
General Bolza problem that we shall investigate here is the following extremal
problem defined on the set P:
Bo(z(-), u(-), to, t1) — inf;
Bi(z(-),u(),t0,t1) <0, i=1,...,k,
Bi(z("),u(-),to,t1) =0, i=k+1,...,m,
z(t) = f(t,z(t),ut), t€to,ta].

The admissible process &(-), 4(-), o, #1) is weakly optimal if £ > 0 exists such
that the inequality.

Bo(2(-),u(-),to, t1) > Bo(&(-),a(-), o, 1)
holds for each admissible process (z(-),u(-),to,%1) satisfying the conditions:

[to—to|<e, [ti—t1|<e;
lz(t) — 2(t)|| <e, |lu(t) —a(t)]| <e

for all t € [f(),fl] N [to,tl].
Let us define the functions H : VX R™x R™t1* &y Rand h: WxR™1!" 5 R

by
H(t,w,u,p, )‘) = pf(t,.’lf,u) - )\L(t,x,u)

h(tO;w();tl;wl: A) = )\l(to,.’l,'o,tl,.'l;'l)-

The function H is usually called Hamiltonian function.

THEOREM. Let the functions f,L and l be continuously differentiable. If the
process (2(-), 4(-), 0, %1) is weakly optimal, then there ezists X = (Mo,... , Am) €
R™1\{0} and a smooth function p(-) : [tot1] — R™, such that the following
conditions hold:

1) X; >0, i=0,1,... .k (6) H(to) = ha,
2) AB; =0, i=1,...,k (7) p(t) = —hay;
(3) Hu(t) =0, te[bo,fi); (8) H(io) = ~hu,;
4) p(t) = —H,(t), tE€ [fo,1]; 9) H(E) = hy,.
(5) H(t) = Hy(t), te€ [bo,t);

Remark. Throughout this paper, we use short notation:
Bi = Bi(&(-),a(-), to, 1), Hu(t) = Hu(t,2(t), a(t), 5(2), V),
iLEo = hmo(foaj'(tAO):fl; i'(tAl)a 5‘);

etc., the meaning of which is quite clear from the three given examples.
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In the section 4.1. of the monograph [1] the same problem as here was
studied and a similar theorem, giving necessary conditions for the weak optimality,
was proved. In that theorem continuous partial derivatives with respect to z and
u of the functions f and L are requered, while we suppose that functions f and L
are continuously differentiable. But, as a result, we obtain one necessary condition
more—the differential equation 5.

2. Proof of the theorem. The general Mayer problem is defined to be a
special case of the general Bolza problem, the case when L = 0. On the other hand,
each general Bolza problem could be reduced to the general Mayer problem of the
following form:

Yo(t1) — yo(to) + lo(to, z(to), 1, x(t1)) — inf;
yz(tl) y(O) z(tO ( ) tl; ( ))SO: ’i=1,...,k‘,
(t1) — )+ Li(

yi(t y(tU @t(],ﬁl'( )7t17x( 1)):07 i:k+17"'7m7
@(t) = f(t,=(t),u(t)),
§(t) = L(t, z(t), u(t)).
If the process (Z(-),@(-), fo, %) is weakly optimal for the general Bolza prob-
lem, then the process (&(-),7(-), 4(-), fo, t1) where

is weakly optimal for the corresponding general Mayer problem. Let us prove this
fact. If the process (z(-),y(-), u(-), to, t1) is admissible for the corresponding general
Mayer problem, then we have

9i(t) = Li(t, 2(t), u(t)),
1 =1,2,...,m and therefore

yi(t1) — yi(to) + li(to, x(to), t1, x(t1)) =

- / Lt 2(8), u(®))dt + Lilto, 2(to), 11, 2(t1)) = Bi(a(-), u(?), to, 1),

to
i =1,2,...,m. It follows that the process (x(-),u(-),to,t1) is admisible for the
initial general Bolza problem. If the process (x(-),y(-),u(-)to,t1) satisfies the con-
ditions
|t0—£0 |<E, |t1—£1 |<E;

lz(t) — 2@l <e, lly@®) —g@l <e, [lut)—a@)l <e
for t € [to, 1] N [to, 1], then the following relations are valid
Yo(t1) — yo(to) +lo(to, z(to), t1,2(t1)) =
= BO(x(');u(')atO;tl > Bo(ff(‘)aﬁ(‘)afoafl) =
= go(t1) — do(to) + lo(to, 2(t0), 1, 2(t1)).
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Let us suppose that our theorem holds for the general Mayer problem. The
Hamiltonian function for corresponding Mayer problem is the following mapping

(t,z,y,u,p,q,\) = pf(t,z,u) + qL(t,z,u),
(t,z,u) € V,y € R™l pe R™, g€ R™T* X € R™t1*. If we apply our theorem
to the corresponding Mayer problem and its optimal process ((-), (), 4(-), o, %1)
we get that there exist A = (Ag, At,-- -, Am) € R™*\{0} and smooth functions
p(-) : [fo,t1] = R™ and G(-) : [to, 1] = R™*'*, such that the following conditions
are valid:

(1) A\ >0, i=0,1,... k&

2") Nilgi(Er) — dito) + Lito, £, 2(F))] =0 i =1,... . k;

(3) p(t)fu®) + d(6) Lu(t) = 0, t € [fo,E1];

@) p(t) = =p(t) fo(t) — 4)La(t), t € [fo,ta;

(4") 4(t) =0, te[to,h1];

(5") ZBOFE) + 4 LE)] = pE) fi(t) + Gt Lut), t € [fo,a);
(6') plto) = Mno;  (6") d(fo) = —A

(7) () = =Maws (") G(h) = =X

(8") H(to) f(to) + d(fo)Lifo) = —Aley;

(9) pE)F(E) + d(h)L(E) = My,

The conditions 1’, 6’ i 7’ coincide with the conditions 1, 6 i 7 of our theorem.

Bearing in mind that

~ ~ il
mmrﬂm@=é La(t, 2(t), a(t)) dt,

1 =0,1,... ,m, we obtain the condition 2 of our theorem from the condition 2’.
From 47, 6” i 77 it follows that §(t) = —\, ¢ € [fo,1]. Using this, from 3’, 4’ 5,
819 we get the conditions 3, 4, 5, 8 i 9 of our theorem. Consequently, it sufficies
to prove that our theorem is valid in the case when L = 0.

Let us denote by I the interval [fo,#1]. The set
A ={(z(),z(-),u(") € Cr(I) x CF(I) x C"(I) |
vt € I)(2(t), 2(t),u(t)) € V, (2(fo), z(to), 2(11), z(i1)) € W}

is an open subset of the Banach space C1(I) x CT(I) x C"(I) (where CP(I) is the
space of functions mapping I into RP, having continuous derivative of order q).
The functionals ¢; : A - R, i =0,1,... ,m, defined by

901(6) = ll(z(£0)7 w(£0)7 z(£1)7 z, (il))a

where £ = (2(-), (-), u(-)) € A, are continuously differentiable. The operator
®: A — C"(I), defined by

B(5)(t) = &(1)2(1) £ (2(2), x(t), u(?))
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is continously differentiable too. Let £ = 2(-),#(-), 4(-)) € A, where the function
2(-) : I = R is defined by 2(t) = ¢. As
() (©)a()(t) = (1) fo (D)2 (D),

then, according to the theorem of existence of solution of the linear differential
equation, we have Im ®,(.(§) = C™(I), and therefore Im ®'(¢) = C™(I).

Let us prove that f is a local solution of the problem
po(§) = inf; ¢i(§) <0, i=1,...,k,
0&) =0, i=k+1,...,m,
B(¢) = 0.
There exist real §, 0 < ¢ < 1, such that
0+ w(z(-), d) <e, d 4+ w(a(-), 0) <e.
Let £ = (2(-), (+), u(-)), be an admissible point from A satisfying conditions
llz(:) = 2O Nlz() = 20, llu(- —al)l] <é.

From ||z(-) — 2(-)|] < 1 i follows that 2(t) > O for all ¢ € I. Therefore, the continu-
ously differentiable inverse z~!(-) : [2(fo, 2(£1)] = I exists. Let us consider the the
process (z 0 z71(+), wo 27 1(-), z(ty), 2(f1)). Since

Bi(z o027 (), uoz71(), 2(to), 2(f1) = wi(§),

fori =0,1,...m and

%m oz ¢t) =¢(z71(t))%z71(t)
=4 OV el (0, 2l 0, ule 0D 371

=f(t,wo27!(t), uoz7 (1)),
then that process is admissible. As
| 2(to) — to |= | 2(to) — 2(f0) |< 6 <,
| 2(t1) — 1 |= | 2(t1) — 2(t1) |[< 6 <&,
and, for t € [fo, 1] N [2(fo), 2(f1)], we have
[z 027 (t) = 2@t)]| <llz(z"1 (1) — 2(z"* @) + 12z~ (1) — 2(@)]|
<6+ w(@(), d) <e,
lluo 271 (1) — a()ll <[lu(z""(#)) — a(z"" @)l + laz"" () — a@®)|l
<6 +w(i(), 9) <e,

then

A,

@o(6) = Bo(z 027 (-), wo 2" (-), 2(to), 2(t1)) > Bo = o (£).
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All conditions of Lagrange principle for the smooth problem (see, for example,
theorem 3.2.1. from [1]) are fulfilled. So, we can assert that Lagrange multipliers
A € R™H1* and ¢* € C™(I)*, (A, §*) # 0, exist, such that we have

XNi>0,i=0,1,....k Nl;=0, i=1,...,k,
(conditions 1 and 2), and such that é is a stationary point of the Lagrange function
Ap + §*®.

When we differentiate the Lagrange function with respect to z(-) at the point f ,
we obtain that

Nz (f0) + Ny z(F1) + 5% (8(t) — fo()z(2)) =0

for all 2(-) € CP(I). Let the smooth function $(-) : [tg,#1] — R™ be a solution of
the problem

p(t) = _p(t)fz(t): p(tAO) = )A\Zzo
(conditions and 6). Let y(-) € C™(I) and x € R™. There exists an (-) € C?*(I),
such that

~ ~

&(t) = fa(t)2(t) +y(b), =(t1) = .

Since

then

It follows that

PN t1
(0(i0) + Moo+ 3750 = [ 500t =0,

to
Since the preceding equality is valid for all z € R"™ and every y(-) € C™(I), then

A A

t1
i) = [, i) = 3,
(condition 7).
X When we differentiate the Lagrange function with respect to u(-) at the point
&, we get that
g (= fu(t)u(t)) =0
for all u(-) € C"(I), i. e. that

[ s =o
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for all u(-) € C™(I). It follows that

p(t) fu(t) =0
for all t € [to, 1] (condition 3).

Differentiating the Lagrange function with respect to z(-) at the point é, we
obtain that

A A ~

My 2(fo) + A Iy 2(E) — 97 (2(8) f () + 2() fu(®) = 0
for all z(-) € Ci(I), i. e. that

/tt 2(B)p(t) fo(t)dt =
=<t [ oo [0 [ sricoan)a

then

for all ¢ € [t,%1] (condition 5) and

A A

Blto) f(fo) = =Mz,
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(condition 8). And finally
A ~ A A A £1 ~ A A
) F(Er) = 3 + / () F(0)dt = A,
t

(condition 9).

As A = 0 implies p(-) = 0 which, in its turn implies §* = 0, we have that
A#£0.0.

3. Application to the simplest problem of the calculus of variations.
We chall consider here the simplest problem of the calculus of variations. First we
shall give its precise formulation, we shall show that it is a special case of the general
Bolza problem and we shall show that necessary conditions for weak minimum (from
the classical calculus of variations) are consequences of the preceding theorem.

Let V be an open set in R x R x R, let L(¢t,z,%) : V — R be a continuous
function and let tg, t1, Zo and Z; be real numbers, tg < t;. The simplest problem
of the calculus of variations is the following extremal problem:

~

J(a() = / " Lt a(t), $()dt - ints 2(Go) = G0, a(iy) = 1.

We shall investigate that problem of the following set of smooth functions:
{z() € Cilto, t1] | (V¢ € [fo, 11]) (¢, z(t), 2(t)) € V}.

The admissible function &(-) € C [to, 1] furnishes the weak minimum if there exists
€ > 0 such hat the inequality

J(z(-)) > J(2())
holds for each admissible function x(-) € Cy [fo, t]] satisfying inequalities
| z(t) — 2(t) [<e, | &(t) — 2(t) |[< e

for all ¢t € [tAo,tAl].

We can treat the simplest problem as the general Bolza problem if we trans-
form it in the following from

/tl L(t, z(t),u(t))dt — inf :
t

It is easy to prove that the process (2(-), 2(-), &o,#1) is weakly optmal for the pre-
ceding Bolza problem if the function Z(-) furnishes the weak minimum for the initial
simplest problem.
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Let L be continuously differentiable function. Let Z(-) be the weak solution of
the simplest problem. According to the preseding theorem, there exist A € R%*\{0}
and smooth function p(-) : [to,#1] = R, such that

(3) Hu(t) =0; (7) phr) = —As;
(4) p(t) = —H,(t); (8) Hi(fo) = —As;
(5) H(t) = Hy(t); 9) H(tr) = s
(6) H(to) = Ar;

hold, where
H(t, z, u, p, \) = pu— NL(t, z, u).
From 3 we get that
() = MoLs(?).
If we had Ag = 0, there would be p g) 0 and H(-) = 0, and then from 6, 7, 8 and
A4

9 we would have ;\1 = 5\2 = 5\3 = = 0, which is impossible. Therefore, we can
suppose that A\p = 1. Hence

B(t) = Ly (b).
From the preceding equation and from 4 and 5 we get the following two equations,
well known from the classical calculus of variations

d - N
ELz (t) = Lz (t)

d. - . A
1 Le(02() = L(t)] = —Le(2).
Now we can summarize our reasoning in the following

THEOREM. Let the function L be continuously differentiale. If the function
%(-) € Cilto, t1] furnishes the weak minimum in the simplest problem of the calculus
of variations, then the following equations

SLa(0) = L)

hold on [to, t1].
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