PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 40 (54), 1986, pp.143–152

ON THE QUASIASYMPTOTIC BEHAVIOUR OF THE STIELTJES TRANSFORMATION OF DISTRIBUTIONS

S. Pilipović

Abstract. We obtain necessary and sufficient conditions under which the quasiasymptotic behaviour at infinity of an orginal determines the ordinary asymptotic behaviour at infinity of its Stieltjes transformation and conversely.

1. Introduction. The initial and final value Abelian theorems for the Stieltjes transformation of generalized functions were given in [4, 7, 8, 13, 15].

We have shown in [9] that under suitable conditions the Tauberian theorem for the classical Stieltjes transformation (5, p. 339) implies the corresponding Tauberian theorem for the distributional Stieltjes transformation. In investigations we have used the notion of the quasiasymptotic behaviour at infinity of tempered distributions with supports in [0, ∞]. For the distributional Stieltjes transformation this notion has some advantages in relation to the notions of the distributional asymptotic behaviour quoted in [4, 7, 8]. This was analyzed in [13].

In this paper we give (Theorem 5) sufficient conditions under which the behaviour at infinity of the Stieltjes transformation (S_ϱf)(x), ϱ ∈ R \ (−N_0), f ∈ I^′(ϱ), (see Section 2) determines the quasiasymptotic behaviour of f at infinity. The given conditions are rather complicated and theoretical ones but it turns out that these conditions are also necessary (Theorem 4). In this way we obtain (Corollaries 6, 7) the necessary and sufficient conditions under which the quasiasymptotic behavour at infinity of an ”original” determines the ordinary asymptotic behaviour at infinity of an ”image” and conversely.

2. Notation and notions. As usual C, R, Z and N are the sets of complex, real, integer and natural numbers; N_0 = N ∪ {0}.

We always denote by L a positive continuous function defined on (0, ∞) such that lim_{t→∞} L(tx)/L(t) = 1 for every x > 0.

AMS Subject Classification (1980): Primary 46F12, 44A15.

The function is called the slowly varying function at infinity [13]. Also, we shall assume that for some α > 0, L(x) ≥ α, x ∈ (0, ∞).

If for functions f and g, defined in a neighbourhood of ∞, there holds lim_{x→∞} f(x)/g(x) = l ≠ 0, then we say that f has the ordinary asymptotic behaviour as g and we introduce the notation f ∼ lg, x → ∞.

We denote by S^′_+ the space of all tempered distributions with supports in [0, ∞).

Following [3] we say that an f ∈ S^′_+ has the quasiasymptotic at infinity related to x^ν L(x), ν ∈ R, if there exists the limit in the sense of S^′: (1) lim_{k→∞} f(kx)/(k^ν L(k)) = g(x), where ≠ 0.

In this case we write for short: f has q.a.b. related to x^ν L(x) with the limit g. It is known ([3]) that g(t) in (1) is equal to A f_{ν+1}(t) for some A ≠ 0, where f_{α+1}(t) = H(t)t^α/Γ(α + 1) for α > −1 and f_{α+1}(t) = D^nf_{α+n+1}(t) for n + α > −1, n ∈ N.

As usual, H is the characteristic function of the interval (0, ∞) and D stands for the distributional derivative.

We use in this article several properties of the quasiasymptotic behaviour of distributions which are proved in [3]. We summarize these properties in Theorem A [3]. (i) If f ∈ L^1_{loc} (R), supp f ⊂ [0, ∞) and f ∼ f_{ν+1}, x → ∞, for ν > −1 then f has q.a.b. related to x^ν L(x) with the limit g(x) = f_{ν+1}(x).

(ii) A distribution f ∈ CalL^′_+ has q.a.b. related to x^ν L(x) (with the limit f_{ν+1}) iff there exists a natural number n, n + ν > 0, such that for every m ≥ n there exists a continuous function F_m(x) with the following properties: supp F_m ⊂ [0, ∞), f = D^mF_m, F_m ∼ x^{ν+m}L(x)/Γ(m + ν + 1), x → ∞. If f has q.a.b. related to x^ν L(x), ν > n − 1, with the limit g, then f^{(n)} has q.a.b. related to x^{ν−n}L(x) with the limit g^{(n)}, n ∈ N.

(iii) If f ∈ S^′_+ has q.a.b. related to x^ν L(x), ν > −1, with the limit g, then for every m > 0, x^mf(x) has q.a.b. related to x^{m+ν} L(x) with the limit x^mg(x).

Following Lavoine ane Misra [7, 8], we give the definition of the distributional Stieltjes transformation in the way presented in [12].

The space J^′(ϱ), ϱ ∈ R\(−N_0), is the space of all distributions with supports in (0, ∞) such that f ∈ J^′(ϱ) iff there exists k ∈ N_0 and F ∈ L^1_{loc} (R), supp F ⊂ [0, ∞), such that

(2) (a) f = D^kF ; (b) ∫_∞ 0 |F (t)|(t + β)^{−ϱ−k}dt < ∞ for β > 0.

If instead of (b) we suppose that there exist C = C(F ) and ε = ε(F ) > 0 such that (c) |F (x)| ≤ C(1 + x)^{ρ+k−1−ε} for x ≥ 0, the corresponding space is denoted by I^′(ϱ). Obviously, I^′(ϱ) ⊂ J^′(ϱ).

The Stieltjes transformation S_ϱ, ϱ ∈ R \ (−N_0) of a distribution f from J^′(ϱ) with the properties given in (1) is a complex valued function S_ϱf given by

(S_ϱf)(s) := (ϱ)_k ∫_∞ 0 F (t)(t + s)^{−ρ−k} dt, s ∈ C \ (−∞, 0], where (ϱ)_k = ϱ(ϱ + 1) . . . (ϱ + k − 1), k > 0, and (ϱ)_0 = 1. It is proved in [8] that S_ϱf is a holomorphic function in C \ (−∞, 0]. If f ∈ J^′(ϱ + k), then D^kf ∈ J^′(ϱ) and S_ϱ(D^k f) = (ϱ)_k(S_{ϱ+k} f).

Troughout the paper we shall assume that f ∈ I^′(ϱ), i.e. that (a) and (c) hold for f.

It is proved in [12] that for f ∈ I^′(ϱ)

x^{[ϱ+k]}(S_ϱf)_+ (x) ∈ L^1_{loc} (R),

where (S_ϱf)_+ (x) = { 0, x ≤ 0 (S_ϱf)(x), x > 0 and [ϱ + k] is the greatest integer not exceeding ϱ + k. If (S_ϱf)_+ ∈ L^1_{loc} (R), then we denote by (S_ϱf)_+ the corresponding regular distribution. If x^{l−1}(S_ϱf)_+ (x) ∉ L^1_{loc} (R) but x^l(S_ϱf)_+ (x) ∈ L^1_{loc} (R), where l ∈ N, l ≤ [ϱ+k], then (S_ϱf)_+ denotes the following regularization of (S_ϱf)_+:

(3) ⟨(S_ϱf)_+ (x), ϕ(x)⟩ =

∫_1 0 (S_ϱf)_+ (x) ( ϕ(x) − ϕ(0) − · · · − − x^{l−1} (l − 1)!

ϕ^{(l−1)}(0) ) dx + ∫_∞ 1 (S_ϱf)(x)ϕ(x)dx, ϕ ∈ S. Let n ∈ N, ϱ ∈ R \ (−N_0), k ∈ N_0 be given numbers. We put L_{n,ϱ,k,x} = (−1)^{n+1}Γ(ϱ + k) (n + 1)!Γ(n + ϱ + k)

D^{n+1}x^{2n+ϱ+k+2}D^{n+1} and L_{n,ϱ,k,x} = D^{k+1}L_{n,ϱ,k+1,x} ([12]). Theorem B. [12] Let f ∈ I^′(ϱ). For every ϕ ∈ S lim_{n→∞}⟨L_{n,ϱ,k,x}(S_ϱf)_+ (x), ϕ(x)⟩ = ⟨f(x), ϕ(x)⟩. (k is from (c)).

We shall need the following three theorems.

Theorem C. Let a_{n,m}, n, m ∈ N, be a matrix of complex numbers. (i) If a_{n,m} converges uniformly in m ∈ N to a_m as n → ∞ and lim_{m→∞} a_m exists, then lim_{n→∞} lim_{m→∞} a_{n,m} = lim_{m→∞} lim_{n→∞} a_{n,m} = lim_{n→∞m→∞} a_{n,m}. (ii) If lim_{n→∞} a_{n,m} exists for every m ∈ N, lim_{m→∞} a_{n,m} exists for every n ∈ N, lim_{n,m→∞} a_{n,m} exists, then a_{n,m} converges uniformly in n ∈ N as m → ∞.

The assertions in Theorem C are well-known (see [2], for example). Theorem D. [1] Let g be a locally integrable function on (0, ∞) such that for some p ∫_a 0 x^{−p}|g(x)|dx and ∫_∞ a x^p|g(x)|dx converges (a > 0). Then, there holds ∫_∞ 0 g(x)L(λx)dx ∼ L(λ) ∫_∞ 0 g(x)dx, λ → ∞. Theorem E. [13] (i) Let f ∈ S^′_+ and f have q.a.b. related to x^aL(x) with the limit Cf_{a+1}(x) (C ≠ 0). Then for ϱ − 1 > a, ϱ ∉ −N_0 (S_ϱf)(x) ∼ C Γ(ϱ − 1 − a) Γ(ϱ) x^{−ϱ+1+a}L(x) as x → ∞. (ii) If f ∈ J^′(ϱ) and (S_{ϱ+1}f)(x) ∼ x^αL(x), x → ∞, where α < −1, α ∉ −N, then (S_ϱf)(x) = ϱ ∫_∞ x (S_{ϱ+1}f)(t)dt and (S_ϱf)(x) ∼ ϱ −α − 1 x^{α+1}L(x), x → ∞. The second part of Theorem E is not explicitely stated in [13] but it is proved during the course of proving the main theorem in [13].

3. Preliminary lemmas. Lemma 1. Let ϱ ∈ R \ (−N_0), k ∈ N_0 and γ ∈ C. Then for every n ∈ N n+1∑ i=1 ( n + 1 i ) (−1)^i(2n + ϱ + k + 2) . . . (2n + ϱ + k + 3 − i)(2n + ϱ

+k + γ + 2 − i) . . . (ϱ + k + γ + i + 1) + (2n + ϱ + k + γ + 2) . . . (ϱ + k + γ + 1)

= (−1)^nγ(1 − γ) . . . (n − γ)(ϱ + k − γ + 1)(n + 1) (4) Proof. The proof follows by using the Leibniz formula fD^mg = m∑ i=0 (−1)^i ( m i ) D^{m−i}(D^ifg), f ∈ C^∞, g ∈ D^′ in D^{n+1}x^{2n+ϱ+k+2}D^{n+1}x^γ and by using the equality

D^{n+1}x^{2n+ϱ+k+2}D^{n+1}x^γ = (−1)^nγ(1 − γ) . . . (n − γ)(ϱ + k + γ + 1)_{n+1}x^{ϱ+k+γ} .

Now we give a lemma which is a consequence of [12, Lemma 1]. Lemma 2. Suppose that f ∈ S^′_+ and that f has q.a.b. related to x^ν L(x), where ν < ϱ − 1. Then, there exist k ∈ N_0, k + ν > 0 and a continuous function F , supp F ⊂ [0, ∞) such that f = D^kF and for

F_1 = ∫_x 0 F (t)dt, x ∈ R, L_{n,ϱ,k+1,x}S_{ϱ+k+1}F_1(x) − F_1(x) x(1 + x)^{ν+k} converges uniformly to zero in (0, ∞).

Proof. By Theorem A (ii) we have that for some k ∈ N, k + ϱ > 0, and some continuous function F , supp F ⊂ [0, ∞), f = D^kF and F ∼ x^{ν+k}L(x) Γ(ν + k + 1), x → ∞. Thus, for some C > 0 |F (x)| ≤ C(1 + x)^{ν+k} , x ≥ 0, i.e. f ∈ I^′(ϱ). By [12, Lemma 1] we obtain the assertion of Lemma 2. Namely, in the proof of Lemma 1 in [12] we have to use the inequality |F (x)| < C(1 + x)^{ν+k}, x ≥ 0, instead of [12, (c)]. Let us notice that ν + k > 0.

Lemma 3. Let f ∈ I^′(ϱ) and (S_ϱf)(x) ∼ x^ν L(x), x → ∞, ν > −1. Then (S_ϱf)_+ (x) has q.a.b. to x^ν L(x) as well. ((S_ϱf) is defined by (3).)

Proof. We have (ϕ ∈ S) 1 k^ν L(k) ⟨(S_{ϱf )+} (kx), ϕ(x)⟩ = 1 k^{ν+1}L(k) ⟨ (S_{ϱf )+} (x), ϕ ( x k )⟩

= 1 k^{ν+1}L(k) ∫_1 0 (S_ϱf)(ϕ(x/k) − ϕ(0) − · · · · · · − (x k )_{l−1} ( ϕ(l−1)(0) (l − 1)! ) dx + 1 k^{ν+1}L(k) ∫_∞ 1 (S_ϱf)(x)ϕ ( x k ) dx. (5) Since the first part on the right hand side of (5) converges to zero as k → ∞ we have to prove that 1 k^ν L(k) ∫_∞ 1/k (S_ϱf)(kx)ϕ(x)dx → ∫_∞ 0 x^ν L(x)ϕ(x)dx as x → ∞. Recall that (S_ϱf)(x) ∼ x^ν L(x), x → ∞. This implies that for a given ε > 0 there exists x_0 > 0 such that (6) |(S_ϱf)(x) − x^ν L(x)| ≤ εx^ν L(x), x ≥ x_0 > 1.

We use the following decomposition: 1 k^ν L(k) ∫_∞ 1/k (S_ϱf)(kx)ϕ(x)dx = 1 k^ν L(k) ∫_{x0/k} 1/k (S_ϱf)(kx)ϕ(x)dx + ∫_∞ x_0/k (S_ϱf)(kx)ϕ(x)dx. (7) The first member on the right hand side of (7) tends to zero when k → ∞ because (8) 1 k^ν L(k) ∫_{x0/k} 1/k |(S_ϱf)(kx)ϕ(x)|dx ≤ M k^ν L(k) max_R {|ϕ(x)|} x_0 − 1 k where M = max{|(S_ϱf)(x)|; 1 ≤ x ≤ x_0}. Also, one can prove easily that for a given x_0 > 1 (9) 1 L(k) ∫_{x0/k} 0 |x^ν L(kx)ϕ(x)|dx → 0 as k → ∞. Now by (6), (8), (9), Theorem D and | | | | 1 k^ν L(k) ∫_∞ 1/k (S_ϱf)(kx)ϕ(x)dx − 1 k^ν L(k) ∫_∞ 0 (kx)^ν L(kx)ϕ(x)dx | | | |

≤ 1 k^ν L(k) ∫_{x0/k} 1/k |(S_ϱf)(kx)ϕ(x)|dx + 1 k^ν L(k) ∫_{x0/k} 0 |(kx)^ν L(kx)ϕ(x)|dx + 1 k^ν L(k) ∫_∞ x_0/k |(S_ϱf)(kx) − (kx)^ν L(kx)||ϕ(x)|dx we obtain the assertion

4. Main results. First we prove the following theorem.

Theorem 4. If f ∈ S^′_+ and f has q.a.b. related to x^ν L(x), ϱ−2 < ν < ϱ−1, ϱ ∈ R \ (−N), then the double sequence

(10) {⟨ (S_{ϱ+k+1}F_1)_+(x) m^{ν+k+1}L(m) , L_{n,ϱ,k+1,x}ϕ^{(k+1)}(x) ⟩ ; m, n ∈ N } , ϕ ∈ S, converges uniformly in n ∈ N, as m → ∞, where k ∈ N, k + ν > 0, and F_1 are defined in the proof of Lemma 2.

Proof. Let a_{n,m} = ⟨ L_{n,ϱ,k,x}(S_ϱf)_+(mx) m^ν L(m) , ϕ(x) ⟩ .

Since

a_{n,m} = (−1)^{k+1}(ϱ)_{k+1} ⟨ (S_{ϱ+k+1}F_1)_+(mx) m^{ν+k+1}L(m) , L_{n,ϱ,k+1,x}ϕ^{(k+1)}(x) ⟩

we have to prove that a_{n,m} converges uniformly in n ∈ N as m → ∞. First we shall prove that the conditions of Theorem C (i) are satisfied. Then Theorem 4 will follow from Theorem C (ii).

Theorem B implies a_{n,m} → a_m = ⟨ f(mx) m^ν L(m) , ϕ(x) ⟩ , n → ∞, m ∈ N. Since

a_{n,m} − a_m = (−1)^{k+1}(ϱ)_{k+1} ∫_∞ 0 L_{n,ϱ,k+1,x}(S_{ϱ+k+1}F_1)(mx) − F_1(mx) m^{ν+k+1}L(m) ϕ^{(k+1)}(x)dx = (−1)^{k+1}(ϱ)_{k+1} ∫_∞ 0 L_{n,ϱ,k+1,x}(S_{ϱ+k+1}F_1)(mx)(mx)(1 + mx)^{ν+k} (mx)(1 + mx)^{ν+k} m^{ν+k+1}L(m) ϕ^{(k+1)}(x)dx, from Lemma 2 and mx(1 + mx)^{ν+k} m^{ν+k+1}L(m) ≤ 2 mx(1 + (mx)^{ν+k} ) αm^{ν+k+1} ≤ 2x + 2x^{ν+k+1} α , x ≥ 0 we obtain that a_{n,m} − a_m → 0 uniformly in m ∈ N as n → ∞.

By Theorem E (i) we have (S_φf)(x) ∼^{Γ(ϱ−ν−1)}_{Γ(ϱ)} x^{ν−ϱ+1}L(x), x → ∞. Since −1 < ν − ϱ + 1 < 0, we have by Lemma 3 that (S_ϱf)_+(x) has q.a.b. related to x^{ν−ϱ+1}L(x) with the limit^{Γ(ϱ−ν−1)}_{Γ(ϱ)} x^{ν−ϱ+1}. By Leibniz formula we have D^{n+1}x^{2n+ϱ+k+2}D^{n+1}(S_{ϱ+k+1}F_1)(x)

= D^{n+1} n+1∑ i=0 (−1)^i ( n + 1 i ) ((x^{2n+ϱ+k+2})^{(i)}(S_{ϱ+k+1}F_1)(x))^{(n+1−i)}

= n+1∑ i=1 (−1)^i ( n + 1 i ) (2n + ϱ + k + 2) . . . (2n + ϱ + k + 3 − i)(x^{2n+ϱ+k+2−i}

· (S_{ϱ+k+1}F_1)(x))^{(2n+2−i)} + (x^{2n+ϱ+k+2})(S_{ϱ+k+1}F_1(x))^{(2n+2)}. Let γ = ν − ϱ + 1. We have

x^{2n+ϱ+k+2−i}(S_{ϱ+k+1}F_1)(x) has q.a.b. related to x^{2n+ϱ+k+γ−i}L(x) with the limit Γ(−γ)x^{2n+ϱ+k+γ+2−i}/(Γ(ϱ)(ϱ)_{k+1}).

Lemma 1 and Theorem A (iii) imply that D^{n+1}x^{2n+ϱ+k+2}(S_{ϱ+k+1}F_1)(x) has q.a.b. related to x^{ϱ+k+γ} L(x) with the limit

(−1)^nγ(1 − γ) . . . (n − γ)(ϱ + k + γ + 1)_{n+1} Γ(−γ) Γ(ϱ)(ϱ)_{k+1} x^{γ+k+ϱ}. Thus we obtain

lim_{n→∞} lim_{m→∞}(−1)^{(k+1)}(ϱ)_{k+1} ⟨ L_{n,ϱ,k+1,x}(S_{ϱ+k+1}F_1)_+(mx) m^{ν+k+1}L(m) , ϕ^{(k+1)}(x) ⟩

= − lim_{n→∞} (−1)^{k+1}Γ(ϱ + k + 1) (n + 1)!Γ(n + ϱ + k + 1)

Γ(n − γ + 1) Γ(−γ) Γ(ϱ + k + γ + n + 2) Γ(ϱ + k + γ + 1) Γ(−γ) Γ(ϱ) ⟨x^{ν+k+1}, ϕ^{(k+1)}(x)⟩. To prove that the last limit exists we have to use the Stirling formula Γ(s+1) ∼ √ 2πe^{−s}s^{s+1/2}, s → ∞. Thus, for the double sequence a_{n,m} Theorem C (i) holds and Theorem C (ii) implies the assertion.

Tauberian theorem 5. Let f ∈ I^′_ϱ and let (S_ϱf)_+(x) have q.a.b. related to x^αL(x) where −1 < α < 0. If for any ϕ ∈ S the double sequence (10) converges uniformly in n ∈ N as m → ∞, then f has q.a.b. related to x^{α+ϱ−1}L(x).

Proof. Follows from Theorem C (i) with a_{n,m} defined as in the proof of Theorem 5.

Theorem 4 and 5 imply Corollary 6. Let f ∈ I^′(ϱ), ϱ ∈ R \ (−|boldN_0) and −1 < α < 0. The conditions

(i) f has q.a.b. related to x^{α+ϱ−1}L(x); (ii) (S_ϱf)_+(x) has q.a.b. related to x^αL(x);

are equivalent iff the double sequence (10) converges uniformly in n ∈ N as m → ∞.

Also, Theorems 4, 5 and Theorem E (ii) imply Corollary 7. Let f ∈ I^′(ϱ − p) ϱ ∈ R \ (−N_0), p ∈ N and −1 < α < 0.

The conditions

(i) f has q.a.b. related to x^{α−p+ϱ−1}L(x), (ii) (S_ϱf)(x) ∼ x^{α−p}L(x), x → ∞, are equivalent iff for every ϕ ∈ S the double sequence

(11) ⟨ L_{n,ϱ−p,k,x}(S_{ϱ−p}f)_+(mx) m^{α−p+ϱ−1}L(m) , ϕ(x) ⟩ , m, n ∈ N converges uniformly in n ∈ N as m → ∞.

At the end we give a ”classical” result on the classical Stieltjes transformation of functions.

Corollary 8. Let f be a locally integrable function such that f ∈ I^′(ϱ − p), ϱ − p > 0, p ∈ N and let −1 < α < 0. If (S_ϱf)(x) ∼ x^{α−p}L(x), x → ∞, and the double sequence (11) converges uniformly in n ∈ N as m → ∞, then f is the s-th classical derivative (s ∈ N_0) of some function F ∈ L^1_{loc} (R) for which F ∼ Cx^{α−p+ϱ+s−1}L(x), x → ∞ (C ≠ 0) holds.

REFERENCES

[1] S. Aljančić, R. Bojanić, M. Tomić, Sur la valeur asymptotique d’une classe des integrales defines, Publ. Inst. Math. Acad. Serbe Sci. 7 (1956), 81–94.

[2] P. Antosik, Permutationally convergent matrices, Serdica 3 (1977), 292–298. [3] J.N. Drožžinov, B.I. Zavjalov, The quasiasymptotic behaviour of generalized functions and Tauberian theorems in complex domain (in Russian), Mat. Sbor. 102 (144) (1977), 372– 390.

[4] R.D. Carmichael, E.O. Milton, Abelian Theorems for the distributional Stieltjes transform, J. Math. Anal. Appl. 72 (1979), 195–205.

[5] A.G. Kostjočenko, I.S. Saragosjan, Distribution of Eigenvalues, Selfadjoint Ordinary Differential Operators (in Russian), Nauka, Moscow, 1979.

[6] A. Erdélyi, Stieltjes transforms of generalized functions, Proc. Royal Soc. Edinburgh, 76A (1977), 231–249.

[7] J. Lavoine, O.P. Mistra, Théorèms Abéliens pour la transformation de Stieltjes des distributions, C.R. Acad. Sci. Paris, Série A 279 (1974), 99–102.

[8] J. Lavoine, O.P. Misra, Abelian theorems for the distributional Stieltjes transformation, Math. Proc. Cambridge Phil. Soc. 86 (1979), 287–293.

[9] D.D. Nikolić, S. Pilipović, A Tauberian result for the distributional Stieltjes transformation, (to appear).

[10] J.N. Pandey, On the Stieltjes transform of generalized functions, Math. Proc. Cambridge Phil. Soc. 71 (1972), 85–96.

[11] R.S. Pathak, A distributional generalized Stieltjes transformation, Proc. Edinburgh Math.

Soc. 70 (1976), 15–22.

[12] S. Pilipović, An inversion theorems for the Stieltjes transform of distributions Proc. Edinburgh Math. Soc. 29 (1986), 171–185.

[13] S. Pilipović, B. Stanković, Abelian theorem for the distributianal Stieltjes transform, Z.

Anal. Anvend. (to appear).

[14] E. Seneta, Regularly Varying Functions, Lecture Notes in Math, 508, Splinger-Verlag, Berlin-Heidelberg-New York, 1976.

[15] A. Takači, A note on the distributional Stieltjes transformation, Math. Proc. Cambridge Phil. Soc., 94 (1983), 523–527.

[16] V.S. Vladimirov, Generalized Functions in Mathematical Physics, Mir, Moscow, 1979. [17] V.S. Vladimirov, B.I. Zavjalov, Automodel asymptotic of causal furrctions and their behaviour on the light come (in Russian), Teor. Phys. 50, 2 (1982), 163–194.

Institut za Matematiku (Received 10 01 1986) Ilije -Duričića 4 21000 Novi Sad Jugoslavija