PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE Nouvelle série tome 40 (54), 1986, pp.73–83

ON THE APPROXIMATION OF CONTINUOUS FUNCTIONS

Alexandru Lupaş

Abstract. We construct a sequence (J_n) of linear positive operators defined on the space C(K), K = [a, b], with the properties: a) J_nf(f ∈ C(K)) is a polynomial of degree ≤ n; b) if f ∈ C(K) then there exists a positive constant C_0 such that ‖f − J_nf‖ ≤ C_0 · ω(f; 1/n), n = 1, 2, . . . , where ‖ · ‖ is the uniform norm and ω(f; ·) is the modulus of continuity; c) for f ∈ C(K) there exists a C_1 > 0 such that |f(x) − (J_nf)(x)| ≤ C_1 · ω (f; Δ_n(x)), x ∈ K where Δ_n(x) = √ (x − a)(b − x)/n + n^{−2}, n = 1, 2, . . . ;

d) if Δ^∗_n(x) = √ (x − a)(b − x)/n and (J^∗_nf)(x) = (J_nf)(x) + b − x b − a [f(a) − (J_nf)(a)] + x − a b − a [f(b) − (J_nf)(b)], then for every continuous function f : [a, b] → R there exists a positive constant C_2 such that |f(x) − (J^∗_nf)(x)| ≤ C_2 · ω(f; Δ^∗_n(x)), x ∈ [a, b], n = 1, 2, . . . . In this manner are presented constructive proofs of the well-known theorems of Jackson [8], Timan [14] and Teljakovskiĭ [13]. Likewise, some other approximation properties of the operators (J_n) are investigated.

1. Introduction and definitions. Let K be a compact interval of the real axis and denote by C(K) the normed linear space of continuous real-valued functions on K. As usually, the space C(K) is normed by means of the uniform norm, that is ‖f‖ = max_{t∈K} |f(t)|, f ∈ C(K). We will use the notation ‖ · ‖_K to indicate that the maximum is taken over K whenever it is necessary to make it clear which interval the norm is taken over. Likewise, by Π_n is denoted the linear space of polynomials, with real coefficients, of degree at most n.

For f ∈ C(K) let (P^∗_n f), P^∗_n f ∈ Π_n be the sequence of polynomials of best approximation to f; more precisely ‖f − P^∗_n f‖ ≤ ‖f − p_n‖ AMS Subject Classification (1980): Primary 41A35; Secondary 41A36.

for all polynomials p_n, p_n ∈ Π_n. It is known that the operator P^∗_n : C(K) → Π_n which maps f into P^∗_n f is not a linear transformation. At the same time, if f ∈ C(K) and ω(f; ·) is modulus of continuity defined, for δ ≥ 0, by ω(f; δ) = max_{|t−x|≤δ} t,x∈K |f(x) − f(t)|, then according to the well-known theorem of Jackson ([5], [8], [10]) the sequence (P^∗_n f) satisfies the inequalities

‖f − P^∗_n f‖ ≤ C_0 · ω(f; 1/n), C_0 ∈ (0, 1 + π^2/2], n = 1, 2, . . . .

Several authors (see [2], [3], [7]) have constructed explicitly sequences of polynomials (A_nf) which have essentially the same degree of precision of aproximation to f, as P^∗_n f. These polynomials A_nf, n = 1, 2, . . . , f ∈ C(K), have the properties:

i) the operator A_n : f → C_nf is linear on C(K); ii) A_n(C(K)) ⊆ Π_{m(n)}, m(n) ≥ n;

iii) there exists an interval [c, d], a < c < d < b, K = [a, b], such that for f ∈ C(K) : ‖f − A_nf‖_{[c,d]} ≤ C · ω(f; 1/n), C > 0, n = 1, 2, . . . . Therefore, these kinds of polynomial operators A_n : C(K) → Π_{m(n)}, n = 1, 2, . . . , cannot be used to approximate on all of K = [a, b]. They are only efficient on subintervals [c, d] with [c, d] ⊂ K.

In 1951, Timan [14] has proved that if f ∈ C[a, b], then for every n there exists an algebraic polynomial τ_nf of degree at most n such that for all x ∈ [a, b] |f(x) − (τ_nf)(x)| ≤ C_1 · ω(f; √ (x − a)(b − x)/n + n^{−2}) n = 1, 2, . . .

where C_1, is a positive constant. The characteristic peculiarity of this inequality is the improvement of the order of approximation near the endpoints in comparison to the usual Jackson theorem. This motivates the following:

Definition. A sequence of operators (J_n) defined on C(K), K = [a, b], is said to be of Jackson-type, if

a) J_n(C(K)) ⊆ Π_n, n = 1, 2, . . . ;

b) J_n : C(K) → Π_n is a linear positive operator;

c) for every f, f ∈ C(K), there exists a positive constant C_0 such that ‖f − J_nf‖ ≤ C_0 · ω(f; 1/n), n = 1, 2, . . . , where ‖ · ‖ = ‖ · ‖_K ;

d) if f ∈ C(K), then for all x ∈ [a, b] and n = 1, 2, . . . |f(x) − (J_nf)(x)| ≤ C_1 · ω(f; √ (x − a)(b − x)/n + n^{−2}), C_1 being a positive constant.

Takin into account that we will be concerned with the approximation of continuous functions f : K → R, K = [a, b], by elements from Π_n, and since the space Π_n remains invariant under the transformation x = (2t − a − b)/(b − a), t ∈ [a, b], it suffices to carry out the analysis for the interval [−1, 1]. Throughout this paper, C will denote positive constants which are, in general, different. Likewise, I denotes the interval [−1, 1].

2. A quadrature formula. Let C^{(j)}(I) be the linear space of all functions f : I → R which have a continuous j^{th} derivative on the interval I. In order to prove some identities we need the following proposition.

Lemma 1. Let n be a natural number and s = s(n) = 1 + [n/2]. If f ∈ C^{(n+2)}(I), then there exists a point θ = θ(n, f), θ ∈ (−1, 1), such that ∫_1 −1 f(t) √ 1 − t^2 dt = 2π n + 2 [ 1 − (−1)^n 4 f(−1) + s∑ k=1 f(x_{kn}) ] + R_n(f) (1)

where R_n(f) = π 2^{n+1} · f^{(n+2)}(θ) (n + 2)!

and x_{kn} = cos (2k − 1)π n + 2

. (2)

Proof. Let us suppose that n is an even natural number, n = 2m − 2, m ≥ 1. Then (1) may be written as ∫_1 −1 f(t) √ 1 − t^2 dt = π m m∑ k=1 f ( cos (2k − 1)π 2m ) + R_{2m−2}(f) (3)

where R_{2m−2}(f) =^π_{22m−1}^{f (2m) (θ)}_{(2m)!} , θ ∈ (−1, 1).

This is the Mehler-Hermite formula with remainder term [9, p. 111, (7.3.6.)].

Now let n be an odd natural number, n = 2m − 1. Then (1) is the same as ∫_1 −1 f(t) √ 1 − t^2 dt = π 2m + 1 f(−1) + 2π 2m + 1 m∑ k=1 f ( cos (2k − 1)π 2m + 1 ) + R_{2m−1}(f). R_{2m−1}(f) = π 2^{2m} f^{2m+1}(θ) (2m + 1)! , θ ∈ (−1, 1), which is a quadrature formula attributed to Bouzitat. We note that the remainderterm R_n(f) from (1) may be represented on the space C(I) as

R_n(f) = π2^{−n−1}[θ_1, θ_2, . . . , θ_{n+3}; f]

where [θ_1, θ_2, . . . , θ_{n+3}] denotes the divided difference at a system of distinct points θ_1, θ_2, . . . , θ_{n+3} from I (see [11]–[12]).

3. A sequence of Jackson type operators. Let w(t) = 1/ √ 1 − t^2, t ∈ (−1, 1), and L^p_w, 1 ≤ p ≤ ∞, be the class of measurable functions on I which satisfy ‖f‖_p < ∞, where ‖f‖_p = (∫_1 −1 |f(t)|^pw(t)dt )1/p , 1 ≤ p < ∞, and ‖f‖_∞ is the sup-norm. Further, by X we denote one of the following function spaces: C(I) or L^p_w.

Also we use the following notation: T_m(x) = cos m(arccos x)

φ^∗_n(x) = a_n ·

1 + T_{n+2}(x) (x − cos π/(n + 2))^2

, φ^∗_n ∈ Π_n, a_n = 1 π(n + 2) sin^2 π n + 2 , t_k(f) =

∫_1 −1 f(t)T_k(t)w(t)dt, f ∈ X, (4) ω_k = 1 t_k(T_k) = { 2/π, k = 1, 2, . . . 1/π, k = 0. Functions from X can be expanded in terms of Chebyshev polynomials. Every f ∈ X has the expansion f(x) ∼ ∞∑ k=1 ω_kt_k(f)T_k(x), x ∈ I, (5) where t_k(f) are the Chebyshev coefficients defined as above.

In order to try to give a simple and unified approach to the theory of approximation by algebraic polynomials on a compact interval, Butzer and Stens [4] have introduced the translation operator τ_x, x ∈ I, defined on X by:

(τ_xf)(t) = 1/2 · [f(xt + √ 1 − x^2 √ 1 − t^2) + f(xt − √ 1 − x^2 · √ 1 − t^2)], t ∈ I. If f, g ∈ L^1_w, then their convolution product is defined by means of the equality (f ∗ g)(x) = ∫_1 −1 (τ_xf)(t)g(t)w(t)dt. This convolution has the following properties [1]: if f, g, h ∈ L^1_w, then f ∗ g ∈ L^1_w and:

i) f ∗ g = g ∗ f; ii) f ∗ (g ∗ h) = (f ∗ g) ∗ h; iii) t_k(f ∗ g) = t_k(f)t_k(g); iv) if f ∈ L^1_w, g ∈ L^p_w, 1 ≤ p ≤ ∞, then f ∗g ∈ L^p_w and ‖f ∗g‖_p ≤ ‖f‖_1 ·‖g‖_p.

Taking into account that for k ≥ 1 T_k(xt + √ 1 − x^2 · √ 1 − t^2) = T_k(x)T_k (t) + k^{−2} √ 1 − x^2 · √ 1 − t^2T^′_k(x)T^′_k(t) (6) T_k(xt − √ 1 − x^2 · √ 1 − t^2) = T_k(x)T_k (t) − k^{−2} √ 1 − x^2 · √ 1 − t^2T^′_k(x)T^′_k(t),

it follows that (τ_xT_k)(t) = T_k(x)T_k(t). Therefore, if f ∈ X has the expansion (5), then (τ_xf)(t) ∼ ∞∑ k=0 ω_kt_k(f)T_k(x)T_k (t), (7)

(f · g)(x) ∼ ∞∑ k=0 ω_kt_k(f)t_k(g)T_k(x).

Before proving the main results we need the following simple proposition.

Lemma 2. Let φ^∗_n be defined as in (4) and p(t) = At^2 + Bt + C. Then ∫_1 −1 φ^∗_n(t)p(t)w(t)dt = p ( cos π n + 2 ) + A n + 2 sin^2 π n + 2

. (8)

Moreover ∫_1 −1 φ^∗_n(t) √ 1 + t dt < π √ 2 2n , ∫_1 −1 φ^∗_n(t)dt ≤ π n . (9)

Proof. We first observe that φ^∗_n ( cos (2k − 1)π n + 2 ) = { (n + 2)/2π, k = 1 0, k = 2, 3, . . . , n,

φ^∗_n(−1) =

1 + (−1)^n π(n + 2) sin^2 π 2(n + 2) . Now, let q ∈ Π_{2n+2} be defined by

q(t) = φ^∗_n(t)p(t) = c_{0n}t^{n+2} + Q(t), Q ∈ Π_{n+1}.

It is easy to see that c_{0n} = 2^{n+1}a_nA, where a_n is defined as in (4). Using Lemma 1 we observe that R_n(q) = A n + 2 sin^2 π n + 2 , and from (1) we have

∫_1 −1 q(t)w(t)dt = 2π n + 2 q(x_{1n}) + R_n(q) = p(x_{1n}) + A n + 2 sin^2 π n + 2 . If p_1(t) = √ 1 − t, p_2(t) = √ 1 − t^2, then according to (8) we find ∫_1 −1 φ^∗_n(t)w(t)dt = 1, ∫_1 −1 φ^∗_n(t)|p_1(t)|^2w(t)dt = 2 · sin^2 π 2(n + 2) ∫_1 −1 φ^∗_n(t)|p_2(t)|^2w(t)dt = n + 1 n + 2 sin^2 π n + 2 . (10)

Let Φ_n : C(I) → R be the linear positive functional defined by

Φ_n(f) =

∫_1 −1 φ^∗_n(t)f(t)w(t)dt, f ∈ C(I). Since Φ_n(e_0) = 1, e_0(t) = 1, we have |Φ_n(f)|^2 ≤ |Φ_n(f^2). Therefore, we obtain

Φ_n(p_1) ≤ √ 2 · sin^2 π 2(n + 2) < π √ 2 2n , Φ_n(p_2) ≤ √ n + 1 n + 2 sin^2 π n + 2 < π n .

If t^∗_{kn} = t_k(φ^∗_n), i.e. φ^∗_n(x) = ∑_n k=0 t^∗_{kn}ω_kT_k(x), then from (8)

t^∗_{0n} = 1, t^∗_{1n} = cos π n + 2

, t^∗_{2n} =

2(n + 1) n + 2 cos^2 π n + 2 − n n + 2 . Next we consider the kernel L_n : I × I → R, where L_n(x, t) = n∑ k=0 t^∗_{kn}ω_kT_k(x)T_k(t). Taking into account (7), we obtain L_n(x, t) = (τ_xφ^∗_n)(t), that is L_n(x, t) ≥ 0 for (x, t) ∈ I × I. Using the kernel we define the linear positive operators J_n : C(I) → Π_n, n = 1, 2, . . . , by

(J_nf)(x = (φ^∗_n ∗ f)(x) =

∫_1 −1 L_n(x, t)f(t)w(t)dt. (11) The main result of this section is the following:

Theorem 1. The sequences of operators (J_n) defined in (11) is of Jackson type. If f ∈ C(I), then i) |f(x) − (J_nf)(x)| ≤ C · ω(f; Δ_n(x)), x ∈ I, where Δ_n(x) = √ 1 − x^2/n + n^{−2}, C ∈ (0, 1 + π √ 2 + π^2/2); (12)

ii) ‖f − J_nf‖ ≤ C_1 · ω(f; 1/(n + 2)), C_1 ∈ (0, 8). Proof. If z_1(t, x) = |x − tx − √ 1 − x^2 √ 1 − t^2|, z_2(t, x) = |x − tx + √ 1 − x^2 √ 1 − t^2|, (13)

then it may be proved that for (t, x) ∈ I × I z_j (t, x) ≤ Δ_n(x)Q_n(t), j = 1, 2, where Q_n(t) = 2n √ 1 − t + n^2(1 − t) = 2np_1(t) + n^2|p_1(t)|^2.

From (9)–(10) we have

k_n = 1 +

∫_1 −1 φ^∗_n(t)Q_n(t)w(t)dt < 1 + π √ 2 + π^2/2. (14)

On the other hand, if f ∈ C(I), (t, x) ∈ I × I, we have |f(x) − (τ_xf)(t)| ≤ 1/2 · |f(x) − f(xt + √ 1 − x^2 √ 1 − t^2)| +1/2 · |f(x) − f(xt − √ 1 − x^2 √ 1 − t^2)| ≤ 1/2 · ω(f; z_1(t, x)) + 1/2 · ω(f; z_2(t, x)) ≤ ω(f; Δ_n(x)Q_n(t)).

The well-known inequality ω(f; λδ) ≤ (1 + [λ])ω(f; δ) makes it possible to write |f(x) − τ_xf(t)| ≤ (1 + Q_n(t))ω(f; Δ_n(x)), (t, x) ∈ I × I, (15) Δ_n(x) being defined in (12). Using the commutativity of the convolution product, for f ∈ C(I) and x ∈ I we have |f(x) − (J_nf)(x)| = |f(x)(e_0 ∗ φ^∗_n)(x) − (f ∗ φ^∗_n)(x)|) ≤ ∫_1 −1 |f(x) − (τ_xf)(t)|φ^∗_n(t)w(t)dt. In this manner, from (14)–(15) we obtain |f(x) − (J_nf)(x)| ≤ k_n · ω(f; Δ_n(x)) ≤ C · ω(f; Δ_n(x)) where C ≤ C_0, C_0 = 1 + π √ 2 + π^2/2 and x ∈ I. From ω(f; Δ_n(x)) ≤ ω(f; (1 + 1/n)/n) ≤ 2 · ωf; 1/n) it follows that for every x ∈ I : |f(x) − (J_nf)(x)| ≤ 2C_0ω(f; 1/n). Therefore ‖f − J_nf‖ = max_{x∈I} |f(x) − (J_nf)(x)| ≤ 2C_0ω(f; 1/n). A sharper inequality may be obtained in the formula way: if Q_x(t) = (x − t)^2, then from (8)–(11)

(J_nQ_x)(x) = 4 [ x^2 + n + 1 n + 2

(1 − 2x^2) cos^2 π 2(n + 2) ] · sin^2 π 2(n + 2) , i.e. W_n = max_{x∈I} |(J_nQ_x)(x)| =^{n+1}_{n+2} sin^{2 π}_{n+2} <^π_{(n+2)2} .

It is well-known that for a positive linear operator J : C(I) → C(I), Je_0 = e_0, the inequality ‖f − Jf‖ ≤ (1 + W/δ^2)ω(f; δ), δ > 0, f ∈ C(I), W = max_{x∈I} |(JQ_x)(x)| is verified [5]. In our case, with^{δ=π}_{(n+2)} we obtain ‖f − J_nf‖ ≤ 2 · ω(f; π (n + 2)) ≤ 8 · ω(f; 1/(n + 2)).

Next we investigate the local degree of approximation by means of the polynomial operators J^∗_n : C(I) → Π_n, n = 1, 2, . . . , where (J^∗_nf)(x) = (J_nf)(x) + (1 − x)/2 · [f(−1) − (J_nf)(−1)] (16) + (1 + x)/2 · [f(1) − (J_nf)(1)], x ∈ I, J_n being defined in (11).

Theorem 2. If J^∗_n : C(I) → Π_n is defined as in (16), then for f ∈ C(I) there exists a positive constant C^∗ such that |f(x) − (J^∗_nf)(x)| ≤ C^∗ω(f; √ 1 − x^2/n), x ∈ I, n = 1, 2, . . . ,

Proof. Let us denote Δ^∗_n(x) = √ 1 − x^2/n, (ε_nf)(x) = f(x) − (J_nf)(x) and suppose that x ∈ I_2 = (− √ 1 − n^{−2}, √ 1 − n^{−2}), i.e., n^{−2} < Δ^∗_n(x). According to Theorem 1, for x ∈ I_2 we have

|f(x) − (J^∗_nf)(x)| = |(ε_nf)(x) − (1 − x)/2 · (ε_nf)(−1) − (1 + x)/2 · (ε_nf)(1)| ≤ C · ω(f; Δ_n(x)) + C · ω(f; n^{−2}) ≤ C_0ω(f; 2Δ^∗_n(x)) + C_0 · ω(f; Δ^∗_n(x)).

More precisely |f(x) − (J^∗_nf)(x)| ≤ 3C_0ω(f; Δ^∗_n(x)) x ∈ I_2. (17) Next we suppose that Δ^∗_n(x) ≤ n^{−2}, i.e., x ∈ I_1 ∪ I_3 where I_1 = [−1, − √ 1 − n^{−2}], I_3 = [ √ 1 − n^{−2}, 1].

If z_1, z_2 are defined as in (13), then for (x, t) ∈ U = I_3 × I we have z_j (x, t) ≤ Δ^∗_n(x)S_n(t), j = 1, 2 (18) where S_n(t) = 1 + n √ 1 − t^2 = 1 + np_2(t). Indeed z_j (x, t) ≤ p_2(x)p_2(t) + |t|(1 − x) ≤ p_2(x)p_2(t) + (1 − x^2) ≤ Δ^∗_n(x)S_n(t).

From (9) ā_n = 1 +

∫_1 −1 φ^∗_n(t)S_n(t)w(t)dt < 2 + π. At the same time, for (x, t) ∈ U |(τ_xf)(t) − f(t)| ≤ 1/2 · ω(f; z_1(x, t)) + 1/2 · ω(f; z_2(x, t)) which together with (18) implies |(τ_xf)(t) − f(t)| ≤ (1 + S_n(t))ω(f; Δ^∗_n(x)).

Likewise, for (x, t) ∈ U |(τ_{−x}f)(t) − f(−t)| ≤ (1 + S_n(t))ω(f; Δ^∗_n(x)). Therefore, in case x ∈ I_3, |(J_nf)(x) − (J_nf)(1)| = |(f ∗ φ^∗_n)(x) − (f ∗ φ^∗_n)(1)| ≤ ∫_1 −1 φ^∗_n(t)|(τ_xf)(t) − f(t)|w(t)dt ≤ ā_nω(f; Δ^∗_n(x)) and |(J_nf)(−x) − (J_nf)(−1)| ≤ ā_nω(f; Δ^∗_n(x)). In other words there exists a C_1 ∈ (0, 2 + π) such that for x ∈ I_3: |(J_nf)(x) − (J_nf)(1)| ≤ C_1ω(f; Δ^∗_n(x)), |(J_nf)(−x) − (J_nf)(−1)| ≤ C_1ω(f; Δ^∗_n(x)). (19)

Let us suppose x ∈ I_3; from (19) and Theorem 1:

|f(x) − (J^∗_nf)(x)| = |[f(x) − f(1)] − [(J_nf)(x) − (J_nf)(1)] + (1 − x)/2 · [(ε_nf)(1) − (ε_nf)(−1)]| ≤ ω(f; 1 − x) + C_1ω(f; Δ^∗_n(x)) + (1 − x)C_0ω(f; n^{−2}) ≤ ω(f; 1 − x^2) + C_1ω(f; Δ^∗_n(x)) + (1 − x^2)C_0ω(f; n^{−2}) ≤ (1 + C_1)ω(f; Δ^∗_n(x)) + C_0Δ^∗_n(x)ω(f; n^{−2}).

It is known that for 0 ≤ δ_1 ≤ δ_2 one has δ_1ω(f; δ_2) ≤ 2δ_2ω(f; δ_1). If we select δ_1 = Δ^∗_n(x), δ_2 = n^{−2}, x ∈ I_3, then Δ^∗_n(x)ω(f; n^{−2}) ≤ 2n^{−2}ω(f; Δ^∗_n(x)).

In conclusion, for x ∈ I_3:

|f(x) − (J^∗_nf)(x)| ≤ (1 + C_1 + 2n^{−2}C_0)ω(f; Δ^∗_n(x)) that is |f(x) − (j^∗_nf)(x)| ≤ C^∗ω(f; Δ^∗_n(x)), n = 1, 2, . . . , (20) with 0 < C^∗ < 5 + (1 + 2 √ 2)π + π^2. Using the second inequality from (19) it may be shown that (20) is verified for x ∈ I_1 too. Taking into account (17) we conclude that (20) is true for all x, x ∈ I.

Theorem 3. Let J_n be defined as in (11) and x fixed in I. Then to each function f ∈ C(I) corresponds a system Θ_{1n}, Θ_{2n}, Θ_{3n} of distinct points from I such that (J_nf)(x) = f(c · cos π/(n + 2)) + V_n(x)[Θ_{1n}, Θ_{2n}, Θ_{3n}; f] (21) where V_n(x) =^{n(1−x2)+1}_{n+2} sin^{2 π}_{n+2} ,

Proof. In [11]–[12] it is proved that if (L_n) is a sequence of positive linear operators defined on C(K) and L_ne_0 = e_0, L_ne_k = a_{kn}, e_k(t) = t^k, then for f ∈ C(K) and x ∈ K: (L_nf)(x) = f[a_{1n}(x)] + [a_{2n}(x) − a^2_{1n}(x)][Θ_{1n}, Θ_{2n}, Θ_{3n}; f] (22) where Θ_{in} = Θ_{in}(f, x), i = 1, 2, 3, are distinct points from K. In our case, taking into account that J_nT_k = t^∗_{kn}T_k, k = 0, 1, 2, one finds a_{1n}(x) = x · t^∗_{1n} = x · cos π/(n + 2), a_{2n}(x) = e_2(x) − 1 2 (1 − t_{2n})T_2(x) = x^2 + (1 − 2x^2) n + 1 n + 2 sin^2 π n + 2 , and (22) proves the theorem.

In the case when f ∈ C^{(2)}(I) the equality (21) makes it possible to show that the remainder-term may be written as f(x) − (J_nf)(x) = Z(n, f, x) sin^2 π/2(n + 2) where for x fixed in I Z(n, f, x) = 2 [ xf^′(ξ_{1n}) + n(1 − x^2) + 1 n + 2 f^{′′}(ξ_{2n}) cos^2 π 2(n + 2) ] , ξ_{in} = ξ_{in}(f, x) being points from I = [−1, 1].

REFERENCES

[1] H. Bavinck, Jacobi Series and Approximation, Math. Centre Tracts, Amsterdam, 1972. [2] R. Bojanić, A note on the degree of approximation to continuous functions. L’Enseignement Math. 15 (1969), 43–51.

[3] R. Bojanić, R. DeVore, A proof of Jackson’s theorem, Bull. Amer. Math. Soc. 75 (1969), 364–367.

[4] P.L. Butzer, R.L. Stens, The operational properties of the Chebyshev transform (II). Fractional derivatives. Proc. Internat. Conf. on the Theory of Approximation of Functions (Kaluga, 1975), Moskva, 1977, 49–61.

[5] R. DeVore, The Approximation of Continuous Functions by Positive Linear Operators, Lecture Notes in Mathematics, 293, Spring-Verlag, Berlin, 1972.

[6] R.A. DeVore, Pointwise approximation by polynomials and splines, Proc. Internat. Conf.

on the Theory of Approximation of Functions (Kaluga, 1975), Moskva, 1977, 132–141. [7] V.K. Dzjadik, On the approximation of functions by algebraic polynomials on a finite interval of the real line, Izv. Akad. Nauk SSSR Ser. Mat. 22 (1958), 337–354 (in Russian).

[8] D. Jackson, The Theory of Approximation, Amer. Math. Soc. Colloquium Publ., vol 21, New York, 1930.

[9] V.I. Krilov, Approximate Calculation of Integrals, Moskva, 1959, (Russian). [10] G.G. Lorentz, Approximation of Functions, Holt, Rinehart & Winston, New-York, 1967. [11] A. Lupas, Some properties of the linear positive operators (III), Revue d’analyse numérique et de la théorie de l’approximation 3 (1974), 47–61.

[12] A. Lupas, Mean value theorems for linear positive transformations, Revista de analiză nurică si teoria aproximatiei 3 (1974), 121–140 (in Rumanian).

[13] S.A. Teljakovskiĭ, Two theorems on the approximation of functions by algebraic polynomials, Mat. Sbornik 70 (112) (1966), 252–265 (in Russian).

[14] A.F. Timan, A strengthening of Jacokson’s theorem on the best approximation of continuous functions by polynomials on a finite segment of the real axis, Dokl. Akad. Nauk SSSR 78 (1951), 17–20 (in Russian).

Facultatea de mecanica (Received 12 08 1985) Str. I. Raitiu nr. 7 2400 Sibiu, Romaniă