PUBLICATIONS DE L’INSTITUT MATHÉMATIQUE

Nouvelle série, tome 37 (51), 1985, pp. 123–128

ON THE CONSTRUCTION OF FINITE DIFFERENCE SCHEMES APPROXIMATING GENERALIZED SOLUTIONS

Endre E. Süli. Boško S. Jovanović, Lav D. Ivanović

Abstract. We consider Dirichlet’s problem for Poisson’s equation in n-dimensional Euclidean space assuming that the generalized solution belongs to the Sobolev space W^{s,p}, 1 ≤ s ≤ 4, 1 < p < ∞. We construct finite difference schemes converging to the generalized solution in integer order discrete Sobolev-like norms.

1. Introduction. Recently there have been many theoretical advances in constructing finite difference schemes approximating generalized solutions of boundary value problems. For example, Lazarov [4] presents a finite difference approximation of Dirichlet’s problem for Poisson’s equation with a generalized solution belonging to the integer order Sobolev space W^{s.2}, s = 2, 3 and proves that it is convergent in discrete norms using the so called Bramble-Hilbert Lemma [1].

Unfortunately, the Bramble-Hilbert Lemma is stated only for integer order Sobolev spaces. Recently Dupont and Scott [3] gave a constructive proof of this Lemma using averaged Taylor series and extended it to fractional order Sobolev spaces.

In this paper a basic framework is given which allows the application of the finite difference method in order to approximate generalized solutions belonging to the Sobolev space W^{s,p}, 1 ≤ s ≤ 4, 1 < p < ∞.

For simplicity, the analysis in this paper deals only with Dirichlet’s problem for Poisson’s equation in rectangular domains. Extensions to other elliptic boundary value problems in less special domains are possible.

2. Preliminaires and Notations. Let A be an open set in n-dimensional Euclidean space R^n with the restriced cone property and 1 < p < ∞. Throughout the paper W^{s,p}(A) is the Sobolev space of order s ≥ 0 [8] equipped with the Sobolev norm ‖u‖_{s,pA} = (_s∑ k=0 |u|^p_{k,p,A} )_{1/p} with |u|_{k,p,A} = ( ∑ |α|=k ‖D^αu‖^p_{Lp(A)} )_{1/p} ,

AMS Subject Classification (1980): Primary 65 N 05, 65 N 10.

if s is integer and ‖u‖_{s,pA} = (‖u‖^p_{[s],p,A} + |u|^p_{s,p,A})^{1/p} if s = [s] + σ, with [s] =integral part of s, 0 < σ < 1 and |u|_{s,pA} = ( ∑ |α|=[s] ∫ A ∫ A |D^αu(x) − D^αn(y)|^p |x − y|^{n+σp} δxδy )_{1/p} . N will stand for the set of nonnegative integers. P^l(A) will denote the set of polynomials in n variables of degree ≤ l over the set A, for any l ∈ N.

The following lemma is an easy consequence of Theorem 6.1 of [3] (the case σ = 1, p = 2 follows from the Bramble-Hilbert Lemma [1]).

Lemma. Suppose that s = l + σ, where 0 < σ ≤ 1 and l ∈ N. Let η be a bounded linear functional on W^{s,p}(A) such that P^l(A) ⊂ kernel (η). There exists a positive constant C (depending on A, s and p) such that for any u ∈ W^{s,p}(A) |η(u)| ≤ C|u|_{s,pA}. Remark 1. This lemma may also be proved using either Tartar’s (unpublished) Lemma [2] or Peetre’s Lemma [5].

Let D^′(Ω) denote the space of distributions on Ω for any open set Ω ⊂ R^n and Δ the Laplace operator on D^′(Ω). We shall assume for the sake of simplicity that Ω is an open rectangle in R^n and consider the following boundary value problem:

Given f ∈ W^{−1,p}(Ω), find a function u that satisfies

Δu = −f in Ω, in the sense of distributions (1) u = 0 on ∂Ω, in the sense of trace theorems. (2) By changing variables, we may assume, without loss of generality, that the rectangle is Ω = (0, 1)^n.

3. Mollifiers. Let us consider the function

S_ν (x) = (sin(x/2) x/2 )_ν , x ≠ 0 1, x = 0, with ν ∈ N. By the Paley-Wiener-Schwartz Theorem [7] there exists a distribution Θ_ν with compact support and with a Fourier transform equal to S_ν .

Remark 2. An easy argument shows that Θ_0 is the Dirac distribution, Θ_1 the characteristic function of the interval (−1/2, 1/2) and

Θ_2(x) = { 1 − |x|, x ∈ (−1, 1) 0, x ∉ (−1, 1) Let ν = (ν_1, . . . , ν_n) ∈ N^n, x = (x_1, . . . , x_n) ∈ R^n, G_ν a distribution defined by G_ν (x) = h^{−n}Θ(x/h) with Θ_ν the tensor product of distributions

Θ_{νi}, i = 1, . . . n and h a positive parameter. For u ∈ D^′(R^n) the operator T_ν given by T_ν u = u ∗ G_ν will be called mollifier.

Let u ∈ D^′(Ω) and u^∗ ∈ D^′(R^n) any extension of u . T_ν u will denote the restriction of T_ν u^∗ to the rectangle Ω_ν = {x ∈ R^n; hν_i/2 < x_i < 1 − hν_i/2, i = 1, . . . , n}. Finally let us observe that t_ν u does not depend on u^∗ thus it is well defined.

4. Construction of Finite Difference Schemes. Let n_0 ≥ 2 be an integer and h = 1/n_0. We define the following grids:

R^n_h ={x = (x^{(i1 )}_1 , . . . , x^{(in )}_n ) ∈ R^n : x^{(ij )}_j = i_j · h, |i_j | < ∞, j = 1, . . . , n} ω_h =Ω ∩ R^n_h , γ_h = ∂Ω ∩ R^n_h, ω_h = ω_h ∪ γ_h, γ^j_h =γ_h ∩ ((0, 1)^{j−1} × {0, 1} × (0, 1)^{n−j} ), j = 1, . . . , n γ^{n+1}_h =γ_h ∩ ∪^n_{j=1}(0, 1)^{j−1} × {0} × (0, 1)^{n−j} ω^+_h =ω_h ∪ γ^{n+1}_h .

For ν function of discrete arguments defined on R^n_h , set

(Δ_j ν)(x) = ν(x + e_j h) − ν(x) h , (∇_j ν)(x) = ν(x) − ν(x − e_j h) h , with e_j = (δ_{1j} , . . . , δ_{nj} ) and define the discrete Laplace operator Δ_h by

Δ_hν = n∑ j=1 Δ_j ∇_j ν.

Finally let us introduce the following discrete norms: ‖ν‖_{0,p,h} = ( h^n ∑ x∈ω_h |ν(x)|^p )_{1/p}

|[ν‖_{0,p,h} = ( h^n ∑ x∈ω^+_h |ν(x)|^p )_{1/p}

‖ν‖_{1,p,h} = ( ‖ν‖^p_{0,p,h} + n∑ j=1 |[Δ_j ν‖^p_{0,p,h} )_{1/p}

‖ν‖_{2,p,h} = ( ‖ν‖^p_{1,p,h} + ∑ i≠j |[Δ_iΔ_j ν‖^p_{0,p,h} + n∑ i=1 ‖Δ_i∇_iν‖^p_{0,p,h} )_{1/p} .

Consider the following finite difference scheme

−Δ_hz = n∑ j=1 Δ_j ∇_j η_j , x ∈ ω_h (3) z(x) = 0, x ∈ γ_h (4) with η_j defined on ω_h ∪γ^j_h and equal to zero on γ^j_h, j = 1, . . . , n. An easy argument based on the discrete multiplicator techniques shows that ‖z‖_{0,p,h} ≤ C n∑ j=1 ‖η_j ‖_{0,p,h} (5)

‖z‖_{1,p,h} ≤ C n∑ j=1 |[Δ_j η_j ‖_{0,p,h} (6)

‖z‖_{2,p,h} ≤ C n∑ j=1 ‖Δ_j ∇_j η_j ‖_{0,p,h} (7) with C positive constant independent of z and h.

Boundary value problem (1), (2) has a unique solution u ∈ W^{1,p}_0 (Ω) = {u ∈ W^{1,p}(Ω) : u = 0 on ∂Ω}, 1 < p < ∞. Let Ω^∗ = (−1, 2)^n. Extension of u by 0 outside Ω is a continuous mapping of W^{1,p}_0 (Ω) into W^{1,p}(Ω^∗) [6]. Hence, u → u^∗ = odd extension of u is a continuous mapping of W^{1,p}_0 (Ω) into W^{1,p}(Ω^∗). Let f^∗ = Δu^∗ and e = (1, . . . , 1). Applying T_{2e} we have n∑ j=1 Δ_j ∇_j T_{2e−2ej} u^∗ = −(T_{2e}f^∗)(x), x ∈ ω_h.

T_{2e}f^∗ is a continuous function on Ω_{2e} and T_{2e}f^∗ = T_{2e}f on Ω_{2e}. Thus, (8) n∑ j=1 Δ_j ∇_j T_{2e−2ej} u^∗ = −(T_{2e}f)(x), x ∈ ω_h Similarly, T_eu^∗ is a continuous function on Ω_e, T_eu^∗ = T_eu on Ω_e and (9) (T_eu^∗)(x) = 0, x ∈ γ_h.

We associate to (1), (2) the finite difference scheme Δ_hν = −(T_{2e}f)(x), x ∈ ω_h (10) ν(x) = 0, x ∈ γ_h. (11)

5. Convergence of the Finite Difference Scheme Theorem. Let u be the solution of boundary value problem (1), (2), ν the solution of discrete problem (10), (11) and k ∈ {0, 1, 2}. If u belongs to W^{s,p}(Ω) with 1 ≤ s ≤ k + 2 and 1 < p < ∞, the following error estimate holds ‖T_eu − ν‖_{k,p,h} ≤ Ch^{s−k} |u|_{s,p,Ω}, with a positive constant C independent of h. Moreover, if s ≥ k then finite difference scheme (10), (11) converges in the dicrete norm ‖ · ‖_{k,p,h}.

Proof . We shall give the proof for k = 0. The procedure is similar for k = 1 and k = 2. By (8)—(11) function z = ν − T_eu^∗ is defined on ω_h and satisfies (3), (4) with η_j = T_eu^∗ − T_{2e−2ej} u^∗. Function η_j is defined on ω_h ∪ γ^j_h and equal to zero on γ^j_h. Thanks to inequality (5) it suffices to estimate ‖η_j ‖_{0,p,h}, j = 1, . . . , n. For 1 ≤ i_j ≤ n_0 − 1 we introduce the squares E(i_1, . . . , i_n)={x=(x_1, . . . , x_n) ∈ R^n :(i_j − 1)h < x_j < (i_j + 1)h, j = 1, . . . , n} E = {t = (t_1, . . . , t_n) ∈ R^n : −1 < t_j < 1, j = 1, . . . , n}, and the affine mapping x = (x_1, . . . , x_n) ∈ E(i_1, . . . , i_n) → t = (t_1, . . . , t_n) ∈ E, with x_j = i_j h + t_j h, j = 1, . . . , n. Set ũ(t) = u^∗(x(t)). Then,

η_j (i_1h, . . . , i_nh) =

∫_{1/2} −1/2 · · · ∫_{1/2} −1/2 ũ(t_1, . . . , t_n)δt_1 · · · δt_n− − ∫_1 −1 · · · ∫_1 −1 Θ_{2e−2ej} (t_1, . . . , t_n)ũ(t_1, . . . , t_n)δt_1 · · · δt_{j−1}δt_{j+1} · · · δt_n.

Furthermore, η_j (i_1h, . . . , i_nh) is a bounded linear functional on W^{s,p}(E), s ≥ 1 and P^1(E) ⊂kernel (η_j (i_1h, . . . , i_nh)). By the lemma, |η_j (i_1h, . . . , i_nh) ≤ |C|ũ|_{s,p,E} , 1 ≤ s ≤ 2, thus |η_j (i_1h, . . . , i_nh| ≤ Ch^{s−n/p}|u^∗|_{s,p,E(i1 ,... ,in)}, 1 ≤ s ≤ 2. Finally, ‖η_j ‖_{0,p,h} ≤ Ch^s|u|_{s,p,Ω}, 1 ≤ s ≤ 2 and ‖T_eu − ν‖_{0,p,h} = ‖T_eu^∗ − ν‖_{0,p,h} = ‖z‖_{0,p,h} ≤ Ch^s|u|_{s,p,Ω}, 1 ≤ s ≤ 2. That completes the proof.

Remark 3. Introducing fractional order discrete Sobolev like norms ‖ · ‖_{k,p,h} and using the discrete interpolation technique it is possible to show that the statement of the theorem holds for all k, 0 ≤ k ≤ 2.

REFERENCES

[1] J. H. Bramble, S. R. Hilbert, Bounds for a class of linear functionals with applications to Hermite interpolation, Numer. Math. 16 (1971), 362–369.

[2] F. Brezzi, D. Marini, On the numerical solution of plate bending problems by hybrid methods, Rev. Française Automat. Informat. Rech. Opér. Sér. Rouge, Anal. Numer. R—3 (1975), 5–50.

[3] T. Dupont, R. Scott, Polynomial approximation of functions in Soblev spaces, Math. Comput. 34 (1980), 441–463.

[4] R. D. Lazarov, On the convergence of finite difference schemes to generalized solutions of the Poisson equation, (in Russian), Differencial’nye Uravnenija 17 (1981), 1285–1294.

[5] J. L. Lions. E. Magenes, Non homogeneous boundary value problems and applications, Springer-Verlag, Berlin-Heidelberg-New York, 1972.

[6] J. L. Lions, E. Magenes, Problemi ai limiti non omogenei, Ann. Scuola Norm. Sup. Pisa Fiz. Mat. 15 (1961), 311–326.

[7] L. Schwartz, Theorie des distributions I, II, Hermann, Paris, 1950/51. [8] H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, VEB Deutcher Verlag der Wissenschaften, Berlin, 1978.

Institut za matematiku (Received 19 09 1983) Prirodno-matematički fakultet 11000 Beograd